PHYSICAL REVIEW

VOLUME 121, NUMBER 1

JANUARY 1, 1961
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Explicit formulas are obtained for the Debye characteristic temperature of orthorhombic crystals by an
extension of Houston’s method of expanding the integrand involved in terms of appropriate harmonic poly-
nomials. © (elastic) values have been computed for twelve crystals and the results are discussed.

1. INTRODUCTION

T sufficiently low temperatures, approaching 0°K,
only the extreme low-frequency end of the lattice
vibration spectrum which corresponds to waves of
very long wavelength, will be excited. The propagation
of these waves, whose wavelength is long as compared
to interatomic distances, should not be affected by the
details of the atomic arrangement. The lattice specific
heat then becomes that of an elastic continuum, and
®p, the characteristic temperature determined calori-
metrically, should agree with ©(elastic) calculated
from elastic constants.

Many methods of evaluating O (elastic) for cubic
crystals are available.!'? For hexagonal crystals Wolcott3
has provided tables for evaluating O (elastic) over a
range of elastic parameters. For substances of lower
symmetry than hexagonal, such as tetragonal and
trigonal, the method of Betts, Bhatia, and Horton*
needs to be used. Here an analogous method for
orthorhombic crystals is proposed, which makes
possible the computation of their characteristic tem-
peratures, without being prohibitive in time and effort.

II. THEORY
In the Debye continuum model © (elastic) is given by
Oo(elastic)= (h/k) (ON/4xVI)3, 1)

where N is the number of vibrating units in the volume
V, & and k have their usual meanings, I is defined by

=y f0 s )
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and the v; are the velocities of propagation of elastic
waves in the continuum at 0°K. These velocities are
given by the three roots of the third order Christoffel
equation® and hence, in general, involve the solution of a
cubic equation. These roots will be functions of elastic
constants and direction of propagation of the wave.
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The problem of estimation of @ (elastic) is thus really
reduced to the evaluation of the integral I, which we
write as

I=p! f 16.9)d2. ®)

In (3), f(6,¢)=2":[v:] %% which can be expanded in
terms of harmonics, F; n(6,¢), having the same sym-
metry as the corresponding Christoffel equation®:

f08)= % Xl:ldszZm(a,d))- @)

=0 m=—

From the properties of spherical harmonics we have the
exact relation

1 4
. f f(6,)dQ2= aoo= ao. (5)

T Y0

Our approximation consists in stopping the summation
in (4) at a particular [ and . The coefficient a, is found
by solving the linear equations (4), obtained by giving
various values to (6,¢).

For orthorhombic crystals we take a twofold rotation
axis as the polar axis, §=0. The Christoffel equation is
invariant under the transformations

0=m—0, ¢=—¢ or ¢=o¢+.
The appropriate “orthorhombic harmonics” are
021'2,,, (0,(}5) = COS2’WL¢P2;27" (COS@), (6)

with 2m< 2 1, m=0,1,2---. Solving the correspond-
ing equations (4), we find

ao=L7f5—36fc+16fp-+48 fz+25f51/15, (7.1)
ap= [20fA+21f3'—48fc+48fD
+6415+75f5]/180, (7.2)
ao=[51974-+45f5— 10084480 fp+1344 f1,
+1575f,+825151/3780, (7.3)

in which the subscripts on f signify its value in the
corresponding directions. The directions chosen are,
A(100), B(001), C(010), D(101), E(1v30), F(021),
and G(102). In deriving (7.1), (7.2), and (7.3) all
orthorhombic harmonics (6) up to Oz, Ous, and Ogo,
respectively, are utilized. We stop at Ogo because Eqs.
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TaBLE 1. Debye characteristic temperatures and elastic constants for certain orthorhombic crystals.

Characteristic

) Molecular Elastic constants in units of 10" dynes/cm? temp. in °K
Formula Substance gcm™  weight cu ca2 c33 Ca4 Cos ce6 c12 c13 c2s Ref. @t O O3
CaCOs Aragonite 2.93 100.09 16.0 8.7 8.5 4.12 2.56 4.27 3.73 0.17 1.57 6 383 382 387
BaSO4 Baryte 4.50 233.43 8.62 9.17 10.8 1.20 2.87 2.74 5.23 3.41 3.56 6 224 221 222
SrSO4 Celestite 3.96 183.70 10.44 10.61 12.86 1.35 2.79 2.66 7.73 6.05 6.19 6 226 233 226
MgSO4-7H:20 Epsom salt 1.636  246.50 6.98 5.29 8.22 1.07 2.33 2.22 3.90 2.82 2.83 7 345 331 332
HIO; Iodic acid 4.629 175.93 3.03 545 4.36 1.84 2.19 1.74 1.19 1.17 0.55 7 157 159 160
NaK(C4H4Os) -4H20 Rochelle salt 1.77 282.23 3.62 4.72 547 1.27 0.308 0.975 2.31 2.73 2.69 8 213 207 204
Na2(CsH4Os) -:2H:0 Sodium tartarate 1.818 230.10 4.61 5.47  6.65 1.24 0.31 0.98 2.86 3.20 3.52 7 215 203 206
Sr(CHO:3)2 Strontium formate 2.69 177.67 439 3.48 3.74 1.54 1.07 1.72 1.04 —1.49 -—-0.14 7 232 234 235
Ss Sulfur 2.07 256.53 240 205 4.83 043 0.87 0.76 1.33 1.71 1.59 6 102 104 103
Alz(F,OH)2-SiO4 Topaz 3.5 218.07 282 349 295 10.8 13.3 13.1 12.6 8.5 8.8 6 743 772 1765
« uranium 18.9 238.09 21.47 19.86 26.71 12.444 7.342 7.433 4.65 2.18 10.76 9 230 238 240
ZnS04-7TH0 Zinc sulfate 1.97 287.56 4.00 3.22 545 0.50 1.70 1.81 1.32 1.08 1.1 7 312 292 298

(7) are found to be sufficiently convergent and also
because the subsequent formulas tend to become
unwieldy.

The Christoffel equation for the sound velocities for
the general direction (/,m,n), in case of orthorhombic
crystals, takes the form,

c11l?+cogmP-cssn®— pr? (cratcee)im (c13Fcss)in

(cratcee)im Coel? - Coom® - caani® — p?? (costcas)ymn =0. (8)

(crstcss)im (castca)mm Cosl* - caamP - c3m®— pv®
On solving this equation along the directions 4, B, ... G, defined above, one finds the following expressions for
fA, fB, etc. )
fa= [611]"%+ [655]_%‘1" [066]—%,
f B= [633]‘%4‘ [644]“%‘4‘ [655]"%,
fe= [622]“%'{‘ [644]—%'1' [566]—%,
Fo="[3(castcos ] [% (critcast2c85) +3{ (c11—c33)*+4 (cratcs5)?} 17

F [ (critcast-2c55) —3{ (crai—cs3)2+4 (crstcs5)2} T4,

Fe=[%Bcastcss) I [3 (c1rt3cae+4ces) +3{ (c11— 3022+ 2c66) >+ 12 (c1a+-co6)?} 13 )

-+ [% (611+3622+4666) - %‘{ (611— 3622+2066)2+ 12 (012+ 666)2} %]"%,

Fr=[%(csst+4cee) TH[F5 (Aoagtcast5cas)+ 1o (cast3caa—4dcoe)® 416 (costcas)?} 14
+ [T (4caatcss+5c4a) — 7o { (33 3caa—4020) >+ 16 (Cos+cas)?} 1],

fo=[3%(4caatcos) I [ (crat-4csstScss) +16{ (ct-3css—4css)*+16 (c1s+cs5)?} 11
+[T5 (c11t+4css+5css) — To{ (crat3css—4c35)*+16 (crstc55)2) ]2

III. CALCULATION OF O (ELASTIC)
AND DISCUSSION

The characteristic temperatures for almost all the
orthorhombic crystals for which elastic constants are
available, are calculated. The elastic constants and the
calculated O (elastic) values are presented in Table I.69
O, and B¢, and O¢ in the table refer to the charac-
teristic temperatures calculated from (1) using (7.1),
(7.2), and (7.3), respectively. ®¢ and ©¢® differ only
little from each other in most of the cases. However,
for SrSO4 and ZnSO,-7H.O this difference is about
2.6% and 2.7%, respectively. To improve the situation,

¢ H. B. Huntington, Solid State Physics, edited by F. Seitz and
D. Turnbull (Academic Press, Inc., New York, 1958), Vol. 7,
. 284.
P 7R. F. S. Hearmon, Advances in Physics, edited by N. F. Mott
(Taylor and Francis, Ltd., London, 1956), Vol. 5, p. 323.
8 R. F. S. Hearmon, Brit. J. Appl. Phys. 3, 120 (1952).
9 E. S. Fisher and H. J. McSkimin, J. Appl. Phys. 29, 1473
(1958).

one will have to use higher term approximations than
those used here.

For an accurate evaluation of © (elastic), the values
of elastic constants measured near 0°K should have
been used. In the absence of such data we are forced to
use elastic constants measured at or near room tem-
perature. Hence, the absolute values of the charac-
teristic temperatures are unreliable to some extent,
but the variation in ©(elastic) values in consequence
of the variation of elastic constants with temperature
is not very large.! No calorimetric data are available for
these listed substances in the true 7° region, to make a
comparison possible.
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