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This paper is a continuation of an earlier study, from a many particle point of view, of the electromagnetic
properties of insulators. Here the system of an insulator and one electron is treated. The Coulomb inter-
actions between all the electrons in the system are allowed for to all orders of perturbation theory. The true
effective mass m* of the extra particle is defined as the curvature in wave vector space of the energy surface
connecting the ground state and the low-lying excited states of the interacting system. The central result
then obtained is that the response of the system to long-wavelength, low-frequency electric fields is exactly
that of a free electron of mass 7* moving in a medium characterized by the dielectric constant of the perfect
insulator. The energy levels of the system in a static magnetic field are also discussed. An alternative deri-
vation of a single-particle effective-mass equation, previously obtained by Klein, is given. The eigenvalues
of this equation are under certain conditions the energy levels of the interacting system in a magnetic field.
In an Appendix a Kramers-Kronig relation connecting the difference in optical absorption of the present
system and the perfect insulator with m* is derived. These results indicate that the usual effective-mass
theory of semiconductors of low carrier concentration includes the effects of the electron-electron interactions
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to an excellent approximation.

1. INTRODUCTION

XPERIMENTS on semiconductors containing a

few carriers, such as those dealing with shallow
impurity states, optical absorption and cyclotron
resonance, have long been interpreted with quantitative
success in terms of an effective mass model.! In this
model, the carriers are treated as free particles having
an effective mass m* (in the simplest cases a scalar),
moving in a medium characterized by a macroscopic
dielectric constant. Effective-mass theory is customarily
justified from the standpoint of the independent-
particle approximation.? In view of the experimental
success of the theory, however, one is led to suspect
that the assumption of weak electron-electron inter-
actions is sometimes not necessary for its derivation.
Recent theoretical work, mentioned below, has shown
that this is in fact the case. In the present paper we
further investigate this question. We consider the
system of an insulator plus one electron. We study the
response of this system to weak electromagnetic fields
using methods very similar to those applied in an
earlier paper® to the perfect insulator. The main result
we then prove is an inertial theorem which states that
the response of the system to long-wavelength, low-
frequency electric fields is exactly that of a free electron
of mass m* moving in a medium having the dielectric
constant of the perfect insulator. This result includes
Coulomb interactions to all orders of perturbation
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theory. Kohn *% has previously shown that the bound
states which occur when a small positive charge is
embedded in this system have a hydrogenlike spectrum
given by
m*e* Q> 1
2L OV 2

where Q is the embedded charge and «?(0) the static
dielectric constant of the perfect insulator.® Further-
more, Klein” has shown, and we shall also show, that
the spacing of the low-lying energy levels of this system
in a constant not too strong magnetic field is

~
I

1,2, (1.1)

(1.2)

where 3C is the magnetic field. The results (1.1) and
(1.2), like the inertial theorem to be proved here, are
exactly what one expects on the basis of the above-
mentioned effective-mass theory. They show that this
theory is exact for gently varying perturbations of the
system of an insulator and one electron. Consequently,
it is very nearly exact for semiconductors of low carrier
concentration.

In outline, the program of this paper is as follows.
In Sec. 2 we discuss the form of the many-particle
wave functions of our system, and define the true
effective mass m*. We also derive a longitudinal sum
rule satisfied by our system. In Sec. 3, we calculate the
response of our system to long-wavelength electric
fields of arbitrary polarization. In Sec. 4 we show that
the low-frequency response may be interpreted as the
inertial theorem stated above, and make some com-
ments about the response at higher frequencies and
about the case of more than one extra particle. Finally,
in Sec. 5 we discuss the response to a static magnetic

wo=eJC/m*c,

1W. Kohn, Phys. Rev. 105, 509 (1957).

5 W. Kohn, Phys. Rev. 110, 857 (1957).

8 Throughout this paper the superscript 7 indicates a property
of the perfect insulator and A=1.

7 A. Klein, Phys. Rev. 115, 1136 (1959).
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field. Appendixes A and C clarify some details of the
argument. In Appendix B we show that a Kramers-
Kronig relation® between the true effective mass and
the integrated electrical conductivity follows quite
generally from the inertial theorem.

2. EIGENSTATES, TRUE EFFECTIVE MASS,
AND SUM RULE

As our model we consider a lattice of nuclei (supposed
rigid and of cubic symmetry) and electrons which
interact with these nuclei as well as with each other at
the absolute zero of temperature. Qur system is ob-
tained by adding one electron to the perfect insulator
of reference 3. The Hamiltonian that describes this
system of (N+1) electrons is

H=H+H¢+H;, (2.1)
where
N1
Ho=73 (T:+V), (2.2)
i=1
and
47!'82 eik~xi—x;
He=—-3% 2 (2.3)

Q i<ik® k2

Here 7'; is the kinetic energy of the 7th electron and
V; its interaction with the lattice. H¢ describes the
Coulomb interactions between the electrons (Q is the
volume of the normalization box) and Hj, the electro-
static energy of the lattice. Because of the translational
symmetry of the lattice, the eigenstates of (2.1) may
be characterized by a wave vector k (confined to a unit
cell of the reciprocal lattice) such that

T,k (X1,Xg,* + + ) =W,k (X1F Ty XoF Ty * - *)
=exp(ik: te)Vn,k(X1,Xs,-+), (2.4)
where

H\I’n,k=En,k\I/n,k- (25)

Here T, is the operator which translates all electrons
through the lattice vector =, and » denotes all quantum
numbers needed in addition to k to specify the state
W, of energy E, . Let us assume for simplicity that
the ground state corresponds to k=0 and call the #
associated with this state #=0. We also require that
in the neighborhood of the ground-state (energy Fq,o)
there be a set of states of energy Fo,x, and that for small
enough k all other states E.i (#n70) satisfy the
inequality

Eyx— Eo,0> AE, (2.6)

where AE is a characteristic energy of the order of
electron volts. The foregoing requirements incorporate
the notion of an energy gap against all excitations in
our interacting system except those corresponding to
“intra-band” transitions of the ‘“‘extra particle.” They,
furthermore, make the unimportant simplifying as-

( 3V.) Ambegaokar and W. Kohn, Phys. Rev. Letters 2, 385
1959).

sumption that, except for direction of k, degeneracies
due to the point group symmetry of the lattice do not
occur near Fo,. The eigenstates ¥y, for small k, are
then the one-particle like states which may be put into
one-to-one correspondence with the set of Slater
determinants corresponding to N electrons filling a
certain integral number of Brillouin zones and one
electron near the bottom of a simple conduction band.
The true effective mass is defined by the expansion?®

Eox= Eo,o+ (B/2m*)+ - -, (2.7)

where we have used the assumed cubic symmetry of
the system. Let us also note for future reference that,
because of the invariance of the Hamiltonian (2.1)
under time reversal, the energy levels £, ; satisfy

En,k:En,—k, (28)
and the states ¥, may be chosen to have the property
(2.9)

We now proceed to derive a longitudinal f-sum rule
satisfied by our system of N+41 electrons. We start
from the identities

[H,p(q)]=q-i(q),

N+1)g
[:[H,p(q):l,p(~q):|= —"(i——”;—)q—;

\I/n,k*(xhx?}' : '):\I’",Ak(xlyx% o )

(2.10)
(2.11)

where the operators p(q) and j(q) are defined as follows:

N+l

plq)= 2 e, (2.12)
i=1

. 1 N+1 . .

i@ =— X (piitxiteiaxip,), (2.13)
2m =1

Here p; is the momentum operator for the ith electron.
Taking the expectation value of (2.11) in the ground
state ¥y,9, we have

(Eo,q— Eo,0) | (0,a|p(q) [0,0) |2
+ (Eo,—q— Eo,0) [ (0, —a|p(—q) [0, 0) |2
720 (Enq—Eo,0)| (n,a]p(q)[0,0) |
+§0 (En~q—Eo,0)| (1, —q|p(—a) [0, 0) |
' ~ (V+1)¢

m

(2.14)

Using time-reversal invariance (2.8) and (2.9) and the
definition (2.7) of the effective mass, we havel

lim | 0,0 @] 0,0 "+ ¥ foul= (N+1), (2.15)
a0 gy ¥ N0

9 This is the same definition as that used by Kohn?* and Klein.?
10 This relation is also a direct consequence of gauge invariance.
See reference 16.
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where fo.! is defined by

2m
Joul= Llfr} ——;(E,,,q— Eo,0) | (n,q]p(q)]0,0)|?
q

(v

and the last equality follows from (2.10). The matrix
element limy0(0,q]p(q)|0,0) has been discussed by
Kohn.? He has shown that

lqigg(O,q lo()|0,0)=

2m
=lim
=0 En,q—'EO,O

%@h@ (2.16)
q

(2.17)

k*(0)’

where xZ(0) is the static dielectric constant of the perfect
insulator. Substituting (2.17) into (2.15), we get the
sum rule

(! 2—{- l=(N+1 2.18)
m* Kr(o>) Z =

Since this sum rule contains the static dielectric
constant of the perfect insulator, a characteristic
many-particle effect, it cannot be derived in the
independent-particle model.

We shall see in the next section that the longitudinal
oscillator strengths introduced here characterize the
response of our system to perturbing long-wavelength
longitudinal electric fields. We shall also see that a
transverse sum rule having exactly the form of the
usual f-sum rule of the Bloch theory holds for our
system as well." This sum rule will characterize the
response to transverse fields.

3. RESPONSE TO FIELDS OF ARBITRARY
POLARIZATION

The program of this section is very similar to that
of reference 3, Secs. 2 and 3. We start by calculating
the longitudinal long-wavelength polarizability of our
system in terms of the exact many-particle wave func-
tions. We then make an expansion of this quantity in
powers of the Coulomb interaction and represent the
terms by graphs. As a result of the graphical expansion
we are able to isolate the long-range effects of the
Coulomb interactions which do not occur in the response
to a transverse field. Finally, we calculate the complete
tensor form of the kernel 7',, which relates the induced

11Tt is easily seen from the explicit form (3.11) of T, that Eq.
(3.22) implies the following transverse sum rule

m
—4+ 2 fot=N+1,
7”* n=0
where
fon'=lim | (,a]5(a)t4]0,0) |2,
0 7

in, q— 20,0

where tq is a unit vector perpendicular to q. A sum rule of the same
form is well known in the Bloch theory. Here, however, the
excited states indicated by the sum over » include states not
obtainable in the independent-particle approximation.
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current to a perturbing vector potential. The low-
frequency form of T',, which we explicitly exhibit here
leads at once in the next section to the inertial theorem
mentioned in Sec. 1.

Let us start, then, by calculating the long-wavelength
longitudinal polarizability, a(w), of our system. We
define this quantity by the relations

(3.1)
(3.2)

Pind (q)w) =a (q,w)Pext (qaw)7

a(w)=lim a(q,w).
q—0

Here pexi(q,w) and pina(q,w) are, respectively, the
Fourier coefficients of an external charge density
embedded in the system and the induced charge density.
To calculate a(w) we suppose the external perturbation
to be slowly turned on with a time factor e®, find the
perturbed wave function of the (N41)-particle system
to first order in the external potential, and take the
expectation value of the electronic charge density
operator in this wave function.? As a result we find*

4qre?
alw)=li — I
@=tm(=) (-9
% f Ao (—a, 0),p(a,) Poe—'e.  (3.3)

Here p(q,t) is the operator p(q) [Eq. (2.12)] in the
Heisenberg representation, i.e.,

p(q,)=ep(q)e, (3.4)

with H given by (2.1). In (3.3) the subscript 0 indicates
that the expectation value of the commutator is to be
taken in the ground state ¥y, Performing the time
integration indicated in (3.3) and introducing the
oscillator strengths of the last section, we have

4me? P(—@omp (@0 p(@)0n0(—@)no
a(w)=lim— > ( ’ 0+ ! )
=0 g0 Won—w—18 Won+tw-tis
de®

1 f 1
=—— hm{ -
o o[k (0) Tl (g7/2m*) —w—is

|
2/ 2m*) +w-+tis
e fo ) @ . ) (3.5)
R Gt
M 170 2won \ Wop—w—15  WonFwis
ire 1 4 fou! 1
T 0 mTAO) ] m i ZwOn(wo,.——w——is

1
L
wonTw—1s
12 This is a special case of the type of result discussed by R.
Kubo, J. Phys. Soc. Japan 12, 570 (1957).
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(a) 0.0
23
or = O
>
q
0,0

Proper N-particle Response Internal Coulomb Effects

(b) 0,0
> —
-)Q)q 0.0 Q
@)
>¢>
q
0,0

Improper N-particle Response Internal Coulomb Effects

I'16. 1. Graphs corresponding to the polarization of the perfect
insulator by a charge embedded in the (V4-1)-particle system.

The subscripts in (3.5) refer to the exact (N-41)-
particle eigenstates, the wave vector index has been
suppressed for brevity, and we,= E,— E,.

The quantity a(w) may also be calculated as an
expansion in powers of the Coulomb interaction. This
was done in detail in reference 3 for the perfect insu-
lator. We imagine the Coulomb interactions to be
turned on with a time factor ¢ and go over in (3.3)
from the Heisenberg representation to the interaction
representation, in which the time dependence of
operators is determined by H,.!* The terms of the re-
sulting perturbation series may be represented by
graphs.** In this graphical representation we take the
one particle ground state of the perfect insulator as
“vacuum.” Then the graphs that occur start and end
with one line traveling upward and labelled with the
one-particle quantum numbers, 0,0 (band 0, wave
vector 0). The classes of graphs illustrated in Figs. 1
and 2 occur. Here the dashed horizontal lines starting
at the crosses represent interactions with the external
charge, those ending at crosses represent measurements
of the induced charge. The solid line traveling upward
represents the one particle state 0,0 occurring as the
initial, intermediate or final state. The dashed hori-

18 Explicitly, the first term in the commutator of (3.3) now
becomes

11m4_7”i "Z)f dt hm (W, 00| Uy (— 0, 0)p(—q,0)
X PLUL(0, — 0)po(q,) ]| ¥o,0@)eiwtest,
where
U0, — )= 5 _(i)_fpjm dty- - - diy Ho(t)ertr- - - He(tn)entn,
=0

Here P is the usual chronologlcal operator; I ¢(®) and po(g,b) are
interaction representation operators, i.e., efotHce tHot and
eHotp (q)e~iHot and W o©® is the mdependent-partmle ground
state of the system

4 For more details on the graphical representation see J.
Goldstone, Proc. Roy. Soc. (London) A239, 267 (1957); J. Hub-
bard, Proc. Roy. Soc. (L.ondon) A240, 539 (1957)

zontal internal lines indicate Coulomb matrix elements
of wave vector q. The circles schematically represent
arbitrary graphs of interacting electrons with the
restriction that they cannot be split into two parts by
cutting either a single electron line labelled 0,0 or a
single Coulomb interaction line carrying momentum gq.
In the graphs of Fig. 1, the external interaction lines
are not attached to the part of the graph that starts
and ends with one line. The contribution of these
graphs to the polarizability a(w) of (3.5) is exactly that
of the perfect insulator which we here call a’(w). (The
parts of Fig. 1 labelled “internal Coulomb effects”
correspond to the normalization sum of the clothed
state W,,,, make a multiplicative contribution of 1,
and may thus be omitted.?) The graphs of Fig. 2
represent the contribution of the extra particle to the
polarizability. (Here again the vacuum parts may be
omitted.) Let us call the contribution of graphs of the
form of Fig. 2, 8(w). Then by our definition

alw)=al(w)+6(w).

We now consider the connection between the totality
of graphs and those of the form of Figs. 1(a) and 2(a).
The latter cannot be split into two parts by cutting a
single Coulomb line carrying momentum q. Such graphs
we call proper polarization graphs. Graphs of the form
of Figs. 1(b) and 2(b), on the other hand, we call
improper polarization graphs. For of(w) we have a
relation between proper and improper graphs. This was
discussed in detail in reference 3 and is

ol (0) =ap! (w)[1+a’ (@) ].

Here ap! is the sum of the contributions of all graphs
of the form of Fig. 1(a). A similar relation connects
B(w) and graphs of the form of Fig. 2(a) whose contri-
bution we call 8p(w). It is

B(w)=[1+a! () Br(@)[1+al () ]. (3.8)

Equation (3.8) follows from the fact that the contri-
bution of the most general 8 graph may be factored
into the parts obtained by cutting the Coulomb inter-
action lines carrying momentum gq. (See Appendix A
where the question of taking the limit ¢— 0 is also
discussed.) Since a general improper 3 graph is obtained
by attaching an N-particle polarization graph to one
or other or both of the external lines of a 8p graph, Eq.
(3.8) is proved. The relations (3.7) and (3.8) will prove
useful in calculating the response to transverse fields
since in this case, as we shall see, the long-wavelength
Coulomb effects represented by the factors [14a(w)]
do not occur.

We now calculate the response of our system to fields
of arbitrary polarization. To do this we calculate the
tensor T,,(q,w) defined by the relation

(3.6)

(3.7

Ju(qw) =T, (g,w)4,(q,), (3.9)

where A4,(q,w) is the Fourier coefficient of the per-
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(a)

s O
>X

Proper "extra-particle” Response Internal Coulomb Effects

oo (b

O

Improper ‘extra-particle” Response Internal Coulomb Effects

Fic. 2. Graph (a) represents the charge induced by the direct
esponse of the ‘‘extra particle” to an embedded charge. Graph
(b) shows the “‘extra particle” responding to the polarized medium
and thereby further polarizing the medium.

turbing vector potential'® and j.(q,w) that of the
induced current.® The method of calculating 7', is
similar to that described before Eq. (3.3). The result is'?

ie2 0
Tpv(q,w) z_ﬂ f df([]u(_q, 0>,jv(q,t)]>oe”iwtest
Gl Yo
¢ (N+1)

mce

8 (3.10)

Here j(q,t) is the operator j(q) [Eq. (2.13)] in the
Heisenberg representation.
Performing the time integration in (3.10), we get!®

e 1
To(aw) =T ﬁ(—qmv(q)no(
-V

Won—wW—18

S

! )——6-2- +1) (3.11)

+%_—_
wOn—l—w—f—is

mec £

Here again the subscripts refer to exact (N-41)-
particle eigenstates and the wave vector index has
been suppressed. Note that the terms in the sum on »
corresponding to #=0 (namely, those that refer to the
transition from ¥,0 to ¥o,q) give no contribution in the

15 Since only the Coulomb interactions have been included in
the Hamiltonian 7/, we mean here the fofal transverse vector
potential and the longitudinal vector potential due to external
sources. As in reference 3, we treat the long-wavelength part of
the transverse field self-consistently.

16 The relation (2.15) is equivalent to the statement
¢uTv(2,0)¢,/?=0 as may be readily verified from the explicit
expression (3.11) and the definition (2.16) of the oscillator
strengths. Thus (2.15), and consequently the sum rule (2.18),
follows from a requirement of gauge invariance, namely, that a
longitudinal time-independent vector potential induce no polari-
zation, since it describes no physical fields.
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limit of small ¢ since then wo, approaches zero and the
two terms in the large bracket have opposite sign.

By transforming (3.11) using the sum rule (2.18),
the long-wavelength longitudinal part of T',, may be
seen to be related to a(w) as follows:

T z(w)Elig; T/ ¢
! (3.12)

Equation (3.12) is a statement of gauge invariance,
namely, that the same longitudinal electric field
described either by a vector or scalar potential induces
the same charge.

Here, as in reference 3, we may use (3.12) to derive
also the transverse part of T,,. The first term of this
quantity [Eq. (3.10)] may be expanded in powers of
the Coulomb interaction. The graphs which represent
this expansion have the same form as Figs. 1 and 2.
It can be shown!” that the improper graphs, i.e., Figs.
1(b) and 2(b), in the limit of small ¢ have the tensor
form ¢,¢,/¢* whereas the proper graphs have the form
845 Thus only the latter contribute to the transverse
part of T,,. Now the equality (3.12) also holds for the
subseries represented by proper graphs in the expansions
of the right and left sides.!® Thus we conclude that

2

(&)
Ty(w)=lim £, T, (qw)ly=——ar(w),
q—0 Tc

(3.13)

where ap is the sum of graphs of the form of Figs. 1(a)
and 2(a), i.e.,

ap(w)=ap!(0)+Br(w), (3.14)

and t is a vector perpendicular to q. Thus the complete
tensor form of T',, is

w?
lim T, (g,0) = ———{ap(w)d,s
7—0 c

F[a(w)—ar(w)lg.q./¢}-

In the next section we shall discuss the physical
interpretation of (3.15). Before doing this, however,
it is convenient to display the low-frequency forms of
the response more explicitly. For the longitudinal case
we have, from (3.12) and (3.5), that

(3.15)

2
o m*cQ [«7(0) ]2'

17 See reference 3, Appendix B.

18 This was shown in reference 3 by the mathematical artifice
of applying the gauge invariance relation (3.12) to a hypothetical
medium in which the electron-electron interaction had no ¢2
divergence in the long-wavelength limit. For, in such a medium
the contribution of improper graphs approaches zero with ¢. It
is also possible, though tedious, to prove (3.13) directly by ex-
plicitly examining the contributions of certain related proper
graphs to the right- and left-hand sides of (3.12) and showing
these contributions to be equal.

(3.16)

lim T(w)=—
w0
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To find the form of the response to a low-frequency
transverse field we note that from (3.5)

dre? 1
lim wa(w)= e, (3.17)
w0 m*Q [k (0)
Now, for the perfect insulator
lin‘l) wlal(w)=0, (3.18)
and, thus, from the definition (3.6) of 8(w)
lim o8(6) 47e? 1 (3.19)
m w?f(w) =-——- . .
= et

Using the connection (3.8) between 8 and 8p and the
definition,?

(3.20)

(@) =———=1—ar/(w),

14a’(w)

of the dielectric constant of the perfect insulator, we
then find

fim 8 ()= lim — ) i () )
m w P W)= —_— = w W) K W) |”
w0 E e [14al(w)]p e o
(4
= @an
m*Q

Thus finally from (3.13), (3.14), and the fact that (3.18)

holds for ap!(w), we see that!t
2

lin}] Ti(w)=— (3.22)

m*cQ

We shall see in the next section that the response
calculated here is physically readily understandable.

4. PHYSICAL INTERPRETATION

We begin this section by showing that the low-
frequency limits of the expressions for 7';(w) and T (w)
which were derived in the last section [Egs. (3.16) and
(3.22)7] are identical to those one finds for a classical
system of an electron of mass m* moving in a medium
of dielectric constant & (w). :

What is the response of the classical system men-
tioned above to a perturbing electric field? Consider
first a transverse field. Let A(x,f) describe the total
transverse field in the system. The motion of the single
electron is determined by the equation of motion,

m*dix/dit=eF' (x,0) = — (e/c)A’ (x,0), (4.1)

where x is the position of the particle, E’ the electric
field it sees (i.e., the total field less its own), and A’
the corresponding vector potential. The motion (4.1)
gives rise to an average current density

3= (e/Q)dx/dt=— (e&/m*c QA (¥')t). (4.2)

Consider the long-wavelength Fourier transform of
(4.2). Since the difference between A and A’ is of order
A/N, we may neglect the contribution of this difference.
Thus we have

V(@)= (¢/m*cQ)A(w), (4.3)
where, as in previous sections,
J@=lmj(ae), AW=lmA(e). (@4
q q—

The classical dielectric medium responds to the total
field A according to

ja(w) = («¥/4mc) [k (w)— 1 JA (w). (4.5)

Thus the Fourier coefficient of the total current induced
in our classical system is

e w?

+— k! (w)— 1]]A (w). (4.6)

4me

w)=| —
i) [ m*cQ
At low frequencies the first term in (4.6) dominates.
This term corresponds exactly to the response of the
interacting system described by (3.22).

Consider now that an external time dependent charge
density is embedded in the classical system. Let A(w)
now describe the longitudinal field due to the external
source. The induced current may be broken up into
the following three parts: first, the response of the
“extra particle” to the external field as modified by
the medium; second, the current carried by the di-
electric medium in responding to and modifying the
external field; and third, the additional current induced
in the medium as a result of the motion of the extra
particle. The first current described above has, in
analogy with (4.3), the form

1 (@)= — (&&/m*c QA (w) /! ().
The sum of the second and third currents is
? [kl (w)—1

Jd(w)=4—n (@)

4.7

)[A<w>+A'<w)], C(@8)

where A’ (w) is the longitudinal vector potential set up
by the current j'(w) and is given by

A’ (w) = — (4mc/w?) ().
Thus the total response current is

j(@)=7"(w)+ja(w)

(4.9)

_ ¢ Aw) i’z_ Kl(w)—l)
m*cQ kl(w) 4dmc\ kI (w)
dre € 1
X[l-}-‘— ]A (w)
@ mFeQ k (w)

3 e Alw) N w? /KI(O))~1
m*eQ [k (w) J? I 47rc\ &I (w)

)A(w). (4.10)
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For an external source whose significant Fourier co-
efficients occur for very low frequencies. (4.10) reduces

to
eZ
A(w),

m*cQ [k1(0) (.10

iw)=-—

in exact agreement with the explicit form (3.16) of the
low-frequency longitudinal response function calculated
in the last section. We have thus proved that an
effective-mass picture of the response of the interacting
system of insulator plus one electron to low-frequency,
long-wavelength perturbations is exactly correct.

It is interesting that the decomposition of the induced
current according to the above classical discussion
exactly corresponds to a separation into topological
classes of the graphs which occurred in the quantum
mechanical discussion of the last section. Consider the
graphs which describe the expansion of the transverse
response function 7';(»). These have the form of Figs.
1(a) and 2(a). They correspond, respectively, to the
response of the medium and the “particle” to the total
transverse field. The case of a longitudinal field is more
interesting. The graphs which occur in the expansion
of T';(w) have the form of Figs. 1 and 2. Figure 1 shows
the perfect insulator responding to and modifying the
external field as discussed in reference 3. Figure 2(a)
and those graphs of the form of Fig. 2(b) that have
N-particle polarization graphs only between the in-
coming interaction line (corresponding to the inter-
action with the external source) and the proper extra
particle part show the “extra particle’” responding to
the external field as modified by the medium. The
remaining graphs of the form of Fig. 2(b) show the
medium in turn responding to the field set up by the
extra particle. v

It is only, of course, at extremely low frequencies
that the effective-mass picture of the interacting system
is exact.”® At higher frequencies, Egs. (4.6) and (4.10)
no longer hold for this system. It may be readily
verified, however, that when the quantity (e?/m*cQ)
is replaced by (—w?/4mc)Bp(w)? in these equations
they correspond to the exact results (3.13) and (3.12).
[Use Egs. (3.14), (3.6-8), and (3.20).] Since the ex-
pansion represented by Figs. 1 and 2 corresponds to
these exact results, we see that the classical decom-
position of the response current discussed above still
applies.

It should also be remarked that in so far as inter-

¥ In the limit of high frequencies our system behaves like a
iystem of (W+1) free particles of mass m. For from (3.11) we
ave
Iim ez N+1
w—® T,,.(q,w) = Tme Q@ w
20 The function Bp(w) describes the transition from the low-
frequency region where the motion of the extra particle is most
strongly influenced by interactions with the lattice and the other
electrons (8p < 1/m*w?) to the high-frequency region where the
particle behaves essentially as though free. (It is easy to deduce
from reference 19 that for high frequencies 8p(w) = 1/mw?.)
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actions between carriers may be neglected, results of
the form of (3.16) and (3.22) will continue to hold for
the system of insulator plus a few carriers. The response
of such a system would be described by N-particle
polarization graphs (Fig. 1) plus extra particle polari-
zation graphs (Fig. 2) for each carrier. Thus, apart
from terms smaller by a factor of (#/N), where » is

‘the number of carriers, we would have

62
lim T (w) = — — (4.12)
w0 m*cQ [kI(0) 2
and
. e
lim 7@ (w)=— 7. (4.13)
r= m*cQ

Physically these results mean that such a system
would respond to low-frequency, long-wavelength per-
turbations like a system of » free particles of mass m*
moving in a dielectric medium.

5. EFFECTIVE HAMILTONIAN FOR
STATIC MAGNETIC FIELDS

In this final section we consider the effects of a
static magnetic field on the system of an insulator and
one electron. Klein,” as mentioned in Sec. 1, has previ-
ously derived the results we shall obtain here. We
include this discussion both because it is a little more
explicit than Klein’s and, also, because it follows quite
naturally from the preceding considerations.

What will be shown here is that the low-lying energy
levels of the interacting (N-1)-particle system in a
magnetic field may be very accurately obtained from
a one-particle Schrédinger equation, namely,

1 /1 2
_(_v—fﬂIAext(x)) F(X) = WF(X) (51)
c

2m*\ 1

Here m* is the effective mass defined by Eq. (2.7),
A.x+(x) is the vector potential describing the external
magnetic field, u! is the static magnetic permeability
of the perfect insulator,” and W the energy measured
relative to the ground state of the (N4-1)-particle
system. The conditions under which (5.1) is valid are
as follows:

weKAE, (5.2)

1
| W A ext| <K (o) 1<,
a

ext

where w¢ is the cyclotron resonance frequency,
(e3¢/m*c) (3C is a representative value of the magnetic
field), AE is the energy gap, and « is the lattice parame-
ter. Under ordinary experimental conditions these
requirements are extremely well satisfied.

2t In reality, the correction obtained by taking into account the
modification of the external magnetic field by the permeability
of the system is of the order of the accuracy of (5.1). We include
this correction, however, for formal completeness.
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We now derive Eq. (5.1). The Hamiltonian de-
scribing our system in an external magnetic field is
H-+H'. Here H is the unperturbed Hamiltonian (2.1).
It contains all the Coulomb interactions. H’ describes
the interaction with a magnetic field. We shall see later
from a self-consistency argument that the magnetic
field which contributes to H' is the sum of the external
field and the long-wavelength field it induces in the
medium. Let this total magnetic field be described by
a vector potential A(x). We Fourier-analyze this
quantity as follows:

A(x)=2_, A(q)eir~
We choose V-A=0 so that

(5.3)

A(q)=t,A(q), where t.-q=0. (5.4)
Then we have
H=H/+H/, (5.5)
where
€ 14 .
H'=——2 pirA(x)=—-2 A(@)ty-i(q), (5.6)
mce i ¢ q :
and

62
Hy =——73_ A*(x;)
2me® i
62

2 toteA()A(d)e(q+q').

2mc® 4.9’

(5.7)

The operators j(q) and p(q) were defined in Egs.

(2.12-.13). We wish to solve the equation
(H+H)¥=EYV, (5.8)

Let us expand ¥ as follows:

V=3 @,V x (5.9
kK

where the ¥, ’s are the eigenstates of H and were
discussed in Sec. 2. The wave vector k runs over a
single Brillouin zone. In the ¥, representation the
Schriodinger equation (5.8) is

> k| H' |0 K)aw = (E—En)anx (5.10)

n' K’

Explicitly exhibiting the terms corresponding to #=0,
we have

> Ok H'|0K)ao v+ X (O H'|#' K )aw i
k’ 0

n’ %
Kk
= (E—‘Eo,k)do,k, (511)
and
> (nk|H' 0K )aow+ 2 (nk|H |7 K )aw v
k’ n’ 0
- (E—-En,k)an,k, (512)

We shall see later that, under the conditions (5.2),
the low-lying solutions of the Schrédinger equation

(5.8) satisfy

|E—Eoo| <AE; @nx#0 onlyfor ka<1. (5.13)

Then, solving for @k (#7%0) from (5.12) to lowest
order in H’, we obtain

2 (k| H'[0.k) a0,

0,0~ Lin,0 K’

(5.14)

Ap, k=

Substituting (5.14) into (5.11), and retaining only terms
quadratic or of lower order in 4, we find
£ | oxjjox)
kl
(Oak‘ Hll | n)k/l> (n:k” i Hl/ i O>k’>
s v 1
nk¢0 40,0 £in,0
= (E—FEo,1)00,x-

(5.15)

We shall see that Eq. (5.15) is equivalent to the
effective-mass equation (5.1).

Let us, then, explicitly consider the matrix elements
that have been retained in (5.15). In evaluating these
matrix elements we impose the second set of inequalities
stated in (5.2). We shall see later that the spread of
the wave packet (5.9) for the states of interest is of
the order of the fundamental cyclotron length (1/mwe)?.
Thus the above inequalities require that the magnetic
field vary gently over lengths comparable to the spread
of the wave packet and that this spread itself be large
compared to the lattice parameter. Under these cir-
cumstances the contribution of H;' to the first term in
the square bracket in (5.15) is

Ok Hy'[0)K)
=—(e/c) 2qa A @) (Ok|ty(a)[0,K")

= —(e/)A(k—K)tero- (O.k|ik—K) [0K). (5.16)

It is proved in Appendix C, to all orders of perturbation
theory, that for &, #<1/a

lim (O] tiso-j(k—K) [0K") = ti-K/m*. (5.17)

Thus under our conditions

(0k|H/|0K)=—(¢/c)A (k—K )ty k' /m*. (5.18)

The contribution of H5' to the first term in the square
bracket in (5.15) is

62

(0k|HY [0k )=—— 3 tg-tyA(q)A(d")
2mc? a0

X (0k|p(g+4q") [0,k
e
== tg tiw—gd (@) 4 (k—k'—q)

2me? q

X (Ok|p(k—K)[0K). (5.19)
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The contribution of Hy’ to the second term in the square
bracket in (5.15) is

> (Ok[H!|nK")(nK"| Hy'|0K')/(Eo,0— En,0)
n#0
¢ _ Al@Ak—kK—q)
2¢2 ¢ E,o—E,
n #0

XL, k|tew—q'j(k—k —aq)|n, k' +q)

X (1, k'+4q|ts"j (@) |0, k')

X (1, k—q|tiw—q j(k—k'—q) [0, k') ].

The following transverse sum rule is also proved in
Appendix C.

m Eﬂ LO, k| tx-r—q i (h—Kk'—q) [n.k "+q)
X (n, K'+q|ty-5(a) |0, k')
+(0, k| tq-j(a) |7, k—q)
X (1, k—q |t g j(k—k'—q)[0, k') ]/

(5.20)

m
(En,O— E0,0)+tq “tr—k/—q (—*)

m
=tq* tiw—q(0.k|p(k—Kk') [ 0,K).

(For k’=Kk, this reduces to the transverse sum rule of
reference 18.) Using (5.21), the terms (5.19) and (5.20)
can be combined. Then Eq. (5.15) reduces to

(5.21)-

e !
2 ao,k:[——A(k—k’)~—
K’ c m*

2

+ z:Am»A&—kuqﬂ
2 q

m*c?

kZ
=[E“E0,0—‘——:|d(),k, (522)
2m*

where we have used the expansion (2.7) for the energy
Eox. Equation (5.22) is in fact the effective-mass
equation (5.1), written however in “momentum” space.
To obtain (5.1) we form a wave function F (x) as follows:

F(x)=2"x aoxe™%, (5.23)

where the sum on k runs of course over one Brillouin
zone. Multiplying Eq. (5.22) by e’*'* and summing
over k, we obtain

1
(Z’:— EQ’())F(X) = —
2m*

V2F (x)

e
— Z A(k‘—k,)'kldo,k'eik'x
m*c k¥’
&2

+

2. A(g)-Ak—K —q)ao we™ =

(5.24)
2m*c? a.k, K

Now
A(q)=1 fA(x)e—i‘l"‘dx, (5.25)
and ¢
1 2 e G =A(x—X), (5.26)
QkcB.z

where A is a spread-out 6 function having the di-
mensions of a unit cell of the lattice. Using (5.25) and
(5.26), we obtain

1
WF(x)=— ; *VZF(X)
m
1
— iy Ax—x)AR) -V F(x)
m*c 7
62
+ f ix' A2()A(x—xVF(x),  (5.27)
2m*c?

where W= E—FE,,. Since 4(x) varies extremely little
over the dimensions of a unit cell, we have

e2

1 e 1
l:— V2——A(x)--v+
2m* 1

m*c

A2(x)]F(x)

2m*c?

=WF(x). (5.28)

To complete the derivation of (5.1) we must relate
A(x) to Awi(x). Now for consistency the field A(x)
must satisfy

VA (x) = — (4m/c)[(er) +Text ], (5.29)

where e is the source of the external field and (J.1)
the average current density induced by A in the N-
particle system. As discussed in reference 3, it must be
possible in the long-wavelength limit to write this
current to lowest order in 4 in the form

c ful—1
@m=-~(—_)WA
dr \ ul

Here p! may be interpreted as the static magnetic
permeability of the perfect insulator. Substituting
(5.30) into (5.29) and using the fact that V2Aex
= — (47/¢)Jext, we find

A(x) =p Ay ().
When (5.31) is substituted in (5.28), the result is
1 71

e
. ~'V —u IAext
2m*\ 1 c

(5.30)

(5.31)

2F(x) =WF(x). (5.32)

This is the effective-mass equation (5.1).

We conclude with some comments on the consistency
and accuracy of (5.32). First, we note that, for the low-
lying states, W~w¢ and the spread of the wave func-
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tions is indeed of the order of (1/mwc)?. Thus the in-
equalities (5.13) which we assumed in deriving (5.32)
are in fact implied by the conditions (5.2). Since, under
typical conditions for a cyclotron resonance experiment,
(we/AE)~10"%and (mwc)ta~1072, the latter conditions
are well satisfied. Second, we note that the spread of
the wave functions implies that for the states of interest
the quantity ed/c effectively has the value mwc/k,
where % is a representative wave number, i.e.,
k~ (mwc)t. Thus, effectively ed/c~k and our pro-
cedure of retaining terms up to the second order in
these two quantities is consistent. Finally, we remark
that it can be shown for crystals having a center of
symmetry that the terms omitted in deriving (5.32)
are effectively smaller by a factor of (we¢/AE).2 As
mentioned above, this factor is extremely small under
typical conditions. Thus the simple effective-mass
equation (5.32) in fact includes the effects of electronic
correlation to an excellent approximation.
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APPENDIX A

Here we discuss the factorization of graphs of the
form of Figs. 2(b) into proper parts. We refer to the
discussion of reference 3, Appendix A. The procedure
for factorization described there amounted to first
performing the time integrations®- associated with the
part of a graph on one side of a Coulomb interaction
carrying momentum ¢q while preserving their relative
order. When this was done the contribution of the
complete graph factored into those of the two parts
obtained by removing the interaction line carrying
momentum ¢ and in its place attaching two external
lines that preserve the sense of the momentum transfer.
In applying this procedure to graphs of the form of
Fig. 2(b) a slight complication arises. The complication
is due to the occurrence of the initial one-particle state
0,0 as an intermediate state, leading to energy .de-
nominators which vanish with 5 (the rate of turning
on the interactions). This, as is well known,* contributes
only a phase factor, undefined as 7 approaches zero,
which corresponds to the energy shift induced by the
interactions. Since both this phase factor and its com-

22 Since many-particle effects do not enter into the order of
magnitude arguments which give this result we refer to studies of
the motion of Bloch electrons in a magnetic field, i.e., reference 2.

2 See reference 13. This factorization has also been discussed
by J. Hubbard, reference 14.

# M. Gell-Mann and F. Low, Phys. Rev. 84, 350 (1951),
Appendix.
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0,0
Vs
Vs
x' € - V|'
q Fic. 3. A simple ‘extra-
particle” polarization graph.
V2
q
X >=-4y,
0,0

plex conjugate occur in the calculation of the expec-
tation value a(w), no real difficulty is caused. In the
discussion of the perfect insulator, in fact, the corre-
sponding phase factor and its complex conjugate were
explicitly removed by the elimination of unlinked
parts. However, even after the internal Coulomb effects
are eliminated in the graphs of Fig. 2, the possibility
remains of returning to the state 0,0. Thus the limit
n— 0 cannot be taken in these graphs until the con-
tribution of all of them are summed. This causes an
apparent difficulty. For, the factorization procedure
discussed above does not preserve the 5 dependence of
the factored parts. In carrying out the intermediate
integrations, the time factors ¢ (due to the turning
on of the Coulomb interactions) accumulate at the
limits of integration. In general, one finds that, if there
are / internal Coulomb interaction lines in the portion
of a graph between the incoming external interaction
line and the infernal line carrying momentum q about
which the factorization is to be performed, this line
effectively carries an energy [w+is+i(+1)n]. In
other words, the contribution of the factored part, in
which half the erstwhile internal line is now the in-
coming external line, is that of the complete graph of
the same form in which, however, the exferenal per
turbation is turned on with a time factor [sHHDule
instead of e*. This fact causes no real difficulty, how-
ever. For, the only factored parts which depend
crucially on 7 are those which start and end with one
line. But when all such parts are included in turn in a
particular improper graph, and the factorization per-
formed, the limit »=0 may be taken with impunity
for the reasons given above. The result (3.8) then
follows.

One other point requiring special discussion is the
question of taking the limit ¢ — 0 in the contributions
of B graphs, Fig. 2. An explicit factor ¢~2 occurs in their
contributions [see Eq. (3.3)]. It is important to note
that this causes no difficulty as ¢ — 0. When ¢nterband
transitions take place at the external vertices it is
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obvious that no divergence occurs. For the matrix
elements between Bloch functions of e+ which then
occur there are themselves linear in ¢. It is when ntra-
band transitions occur at the external vertices that a
special discussion is required. For the perfect insulator
this was given in reference 5, Sec. 2. The point there
was that the terms singular in ¢ occurred in pairs: one
had to consider together graphs in which each of the
troublesome intraband vertices was associated in turn
with the other point on the same electron-hole loop at
the same horizontal level. Then because the sign'* that
goes with these graphs is (— 1) where ! is the number
of closed loops and % the number of internal hole lines,
a cancellation occurred. Now for the graphs which
occur in Fig. 2 this method of eliminating the divergence
as ¢ — 0 sometimes does not apply since it is possible
that the external vertices do not lie on a closed loop.
However, the procedure exemplified below applies to
such cases. In Fig. 3, if an interband transition occurs
at V¢, and an intraband one at V;, the singular part
of the contribution (proportional to ¢~') is removed by
adding together graphs in which this vertex is replaced
by intraband vertices at the points Vs, V3, and V,. If
the vertex V¢ is also intraband, the graphs obtained
by attaching the outgoing interaction line at all possible
distinct points along the single particle-hole line
traveling from the bottom to the top of the page, and
causing intraband transitions at these points must also
be included. When the contributions of all the above
graphs are added together, the result approaches a
finite limit as ¢ — 0.

APPENDIX B

The inertial theorem discussed in Sec. 4 may be
equivalently stated as the following Kramers-Kronig
relation between the true effective mass m* and optically
measurable parameters:

PV m
1—— g(w)—ol(w) J[dw=-—.
e MCCREO

B.1

™ m* ®.1)
Here o(w) is the real part of the complex conductivity
of the system of insulator plus one electron and o (w)
that of the perfect insulator. The lower limit of the
integration indicates that the principal value is in-
tended at w=0 (i.e., limeo/e°). Equation (B.1) can
be shown to follow from the transverse sum rule
(reference 11) in the explicit model considered in the
preceding sections. However, it also follows inde-
pendently of that model from the low-frequency form
of the transverse response function for very general
reasons. This will be shown here.

Consider a system of (N-1) interacting particles
described by a response function, which relates a
transverse vector potential to the current it induces,
of the form

T(w)= —e/m*cQ+w?B(w), (B.2)
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where B(w) is a complex function of w whose real part
is finite at w=0. The system discussed in Chapter II
is a special case of (B.2). A result of the form (B.1)
follows from (B.2) if

e(N+1)

mcld

lim T (w) = —

w0

(B.3)

Physically (B.3) implies that the response of the
system of (V1) interacting particles to fields of high
frequency should asymptotically approach that of
(N+1) free particles of mass m. (This physical require-
ment is of course satisfied for our explicit model.’?) Now
— (i¢/w)Ti(w)=S (w) is the complex conductivity which
relates the induced current to an electric field. Since
this must be a cawsal connection, it follows that?®
(1) S(w) considered as a function of the complex
variable w is analytic in the upper half w plane, and
(i) S(—w)=5%w).

Using requirement (i), we have

S (w)
f /deO,
c W—W

where o' is a real number and ¢ is any closed finite
contour in the upper half w plane. If this contour is
deformed to run parallel to an infinitesimally above the
real axis from —o to 4o, and then along a large
semicircle in the upper half plane, we get

(B.4)

* wS(w) wed
Pw:f dw—irw'S(w')——(N+1)=0, (B.5)

o W—w' m

where the first two terms come from the integration
along the real axis (P, means that the principal part
of the integral must be taken at w=w’), and the third
term is the contribution of the large semicircle along
which T';(w) has the asymptotic form (B.3). Taking
the real part of (B.5), we have

Pw'fw de—f*ww’ Im{S()]

—c0 wW—w

——E(N-{—l)zo. (B.6)
ma

Let us now let w’ — 0 and substitute the assumed low-

frequency form of the response. Then, defining
o(w)=Re[S(w)], we have
® e m
Pof 0(w)dw=—-[N+1—-—-——]. (B.7)
— m m*

The symmetry requirement (i) implies that ¢(w)=

2 See, e.g., L. D. Landau and E. M. Lifshitz, Statistical Physics
(Addison-Wesley Publishing Company, Reading, Massachusetts,
1958), Sec. 122.
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o(—w), and thus

® e m-
f tr(w)dw=——~[]\7+1————~J.
2mQY m*

0+

(.8)

If the N-particle system has a finite dielectric
constant at w=0, as will be true for an insulator, we
have from arguments similar to those given above that

® me?
f o (w)dw=—N.
0 2mQd

Introducing (B.9) into (B.8), we get the result (B.1).
If a system of (N-n) particles has a low-frequency
response of the form (4.13), we similarly find that

(B.9)

2mQ p* m
1—— [a”(w)——al(w):]deT.
m

Tne 0+

(B.10)

Since (4.13) has been shown to be very nearly exact
for the system of insulator plus # particles, it follows
that (B.10) is also.

For the system of insulator plus one electron described
in Chapter II, ¢(w) has no singularity at w=0. This,
as is well known from similar treatments of the Bloch
model,?® is due to the neglect of damping. The integral
in (B.1) must be understood to omit the low-frequency
peak in the conductivity of the (NV-+1) system which
would be experimentally observed and which a more
realistic treatment would predict.

It is possible to define an effective mass for a semi-
conductor of large carrier concentration, for which the
theory of the main body of this paper does not apply,
by requiring that the low-frequency electric suscepti-
bility lead to a response of the form of Eq. (4.13).%
We see that the effective mass so calculated will also
characterize, according to (B.10), the difference in the
optical absorption of pure and doped material. However,
it is not, of course, obvious that the same value for the
effective mass would be measured by some other means
(e.g., cyclotron resonance). What we have shown in
the main body of this paper is that for low carrier
concentrations this is in fact so.

APPENDIX C

In this Appendix we evaluate some matrix elements
needed in Sec. 5. We first consider the quantity

1
lim (0, k+q|7,.(q)]0, k), AK-. (C.1)
a0 a

Now from the identity (2.10), i.e., [H,o(q)]=q-j(q),

26 F. Seitz, Modern Theory of Solids (McGraw-Hill Book
Company, New York, 1940).
27 W. G. Spitzer and H. Y. Fan, Phys. Rev. 106, 882 (1957).
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we have

lqigg 0, k+q|q-j(a) [0, k)

1
=lim (Lo, krq— Eo,1) (0, k+q|p(q) |0, k)
=0 g

1 1
~lim -Lekar—#} =

2m*k1(0)
=k-g/m*[x"(0)]. (C2)
Here we have used the identity?®
lim (0, k+q[p(@)[0, K)=1/[x'(©)],  (C.3)

and the expansion (2.7), valid for small %, for the
effective mass m*. In (C.2) and in what follows, ¢ is a
unit vector in the direction of q. To calculate (C.1) in
an arbitrary direction we make an expansion in powers
of the Coulomb interaction of the exact states |0,k)
and |0, k+q).> When the resulting series for (C.1) is
represented by graphs, one finds that these fall into
two classes symbolized by Fig. 4(a) and Fig. 4(b). In
these graphs the operator j.(q) occurs at the inter-
action line starting at the cross. The circles have the
same significance as those in Figs. 1 and 2. The solid
lines represent the one-particle states 0,k and 0, k+q,
(filled zones and one electron with wave vector k, k+q
in the lowest conduction band). By examining the
contributions of these graphs, one sees that

1in3 0, k+q/7.(@) [0, k)= gua(k)+ kb (k), (C.4)

where the first term is the contribution of the improper
graphs, Fig. 4(b), and the second that of the proper
graphs, Fig. 4(a). To calculate (C.1) we must now
determine the quantitites ¢(k) and &(k). One relation
for this purpose is given by (C.2). Another may be
most easily obtained by the artifice used in reference 3.
and in Sec. 3 of this paper. We examine the content of
the identity (2.10) in a hypothetical medium in which
the electron-electron interaction does not have a 1/¢?
singularity for small ¢. In such a medium the contri-
bution of the improper graphs goes to zero with ¢, while

O,k+q

0,k+q

)
(O
>
»;Qq 0.k
q

(a) (b)

T16. 4. The two classes of graphs which occur in the expansion of
the matrix element (0, k+q| 7.(¢) |0, k).
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that of the proper graphs remains unchanged. We then
conclude that?® (the subscript P means the contribution
of proper graphs alone)

lim (0, k-+q[¢-5(a) [0, k)
1
=lim ~(Zo, k14— F0,6) (0, k+q[p(q) [0, k) »
a0 q

=k-g/m*, (C.5)

since®

lim (0, k-+4[p(a) 0, k) p=(0,k[0K)=1. (C.6)

Using (C.4), (C.5), (C.2) and the fact that proper
graphs contributed the second term in (C.4), we see
that

k-
a(k)-l—k'Qb(k):’—n—g[l-l-a’(O)], (C.8)

and

k- gb(k) =k-§/m*. (C.9)

0, k+q—q'| ¢ 3(—q') |2, k+q) (1, k+q

§-4'/m*[x(0) P+ 22
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In (C.8) we have written the dielectric constant 7(0)
in terms of the polarizability «?(0) [Eq. (3.20)]. From
(C.8), (C.9) and (C.4) we conclude that

ky
lim (0, k+q/7.()[0, k) =—(6,+38u0,07(0)). (C.10)
¢ m

In particular, the transverse part of this vector is given
by
lim (0, k+q[t,-j(q) |0, k) =ty k/m*  (C.11)
g0

This is equivalent to the identity (5.17).

Finally, we wish to derive the transverse sum rule
(5.21). This is the transverse analog of the longitudinal
sum rule which arises from the following identity :

([Hp(@)]p(—d)]=~aq-dp(q—q)/m*. (C.12)

Taking the matrix element of the right and left sides
of (C.11) between the exact states [0k) and
|0, k4+q—q’), we obtain for small q and ¢’

4-3(q)]0, k)

n7=0 Epx—FEox

7-i(—4)0, k)

0, k+q—q'¢-3(q)|n, k—q')(n, k—q’
+Z( a—aq'[3-3 (0] q')( q
En,k—'EO,k
where we have used (C.3) and the expansion (2.7) to
transform the terms on the left-hand side of (C.13)
corresponding to intermediate states with #»=0.

A transverse sum rule follows from (C.13) in the
same way as the transverse sum rule of reference 11

followed from (2.18). We start by constructing the
tensor

7 0
Kﬂ’(q;ql;w)s {—2' f di e—iwtgst
X (O, k+q.__ q’l [j#<—ql, O)jy(q,l)]

+[+(a,0),5.(— 4, )]0, k)

n7#0

1
——3,,(0, k+q—q'|p(q—q) |0, k). (C.14)
m

=740, k+q—q'[p(q—q') [0, k)/m, (C.13)

We now consider ¢'-K(q,q’,w)-§. Using the sum rule
(C.13), one then sees that in the limit ¢, ¢’ — 0

lim ¢’ K-g=—q-q'/m*[x* (0) ]~

w—0

(C.15)

This relation is analogous to (3.16). Now, by a line of
reasoning similar to that which lead to (3.22) from
(3.16), one can show that

lim tq - K- tg=—tq-tq/m*,

w—0

(C.16)

Calculating the left-hand side of (C.16) explicitly from
(C.14), one finally obtains®

0, k+q—q'[ty-§(—q") |7, k+q) (2, k+q|te 3 (@) |0, k)

to-ty/m*+ 3

n#0 E, «—Eox

(0, k+q—a'[te-3(a) | n, k—q')(n, k—q'|te-3(— )0, k)

n70 Enx— o x

To lowest order in k, we may neglect the £ dependence

28 The energies Fox and Eq xq are not affected by the removal
of the extreme long-range tail of the Coulomb interaction. These
energies are related to the proper electron self-energy parts. [See
M. N. Hugenholtz, Physica 23, 481 (1957) and D. F. Du Bois,

=ty ty(0, k+q—q'[p(q—q') |0, k)/m. (C.17)

of the energy denominators in (C.17). The result is
then equivalent to (5.21).

Ann. Phys. 7, 174 (1959).] In the calculation of such parts the
Coulomb interactions lines are integrated over all momenta.

2 In the limit of small ¢, ¢’ the contributions of intermediate
states with #=0 cancel in the same way that they did in (3.11).



