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The effect of the martensitic transformation in sodium on measured values of its specific heat is analyzed.
It is shown that the only important effect at low temperatures is to produce a mixture of the two phases. The
measured specific heat is very closely given by the sum of the specific heats of each phase measured sepa-
rately. An analysis of the various experimental measurements gives the result that the effective mass of
conduction electrons in the bce high-temperature phase is greater than 1.5 times the free electron mass while
in the hcp low-temperature phase the corresponding value is less than 1.21. Using further experimental data
it is estimated that the effective masses in the bcc high-temperature phase and the hcp low-temperature
phase are 1.7 and 1.1 times the free electron value, respectively. These effective mass values imply that there
is substantial contact of the Fermi surface in the hcp structure with the “A4” faces of the Brillouin zone. The
large effective mass in the bce phase indicates a large enhancement of the specific heat of the conduction
electrons in sodium by correlation and electron-phonon interaction effects. The correlation effects alone
appear to increase the specific heat of a free electron gas at a density corresponding to 7,=3.96 (in units of
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the Bohr radius) by about 40%,.

L. INTRODUCTION

N the last several years there has been great progress
in understanding the many-body problem and the
effect of correlation between particles. In particular,
the properties in the high-density limit of a degenerate
electron gas have been thoroughly investigated.
Properties such as the specific heat, correlation energy,
and plasmon energy have been calculated.* 0 Yet there
have been no experiments performed that can be com-
pared directly with theory.

There have been several causes of this. The exact
theory uses a model of an electron gas in a background
of a uniform, ‘“smeared out,” positive charge. Any
effects of a periodic lattice is missing. In practice this
model is best approximated by the electrons in body-
centered cubic sodium metal. The property that appears
to best test the theory is the electronic specific heat of
sodium at low temperatures. The correlation energy of
the electron gas is only a small fraction of the total
binding energy in sodium and cannot be directly
measured. A measurement of the plasmon energy and
lifetime as a function of wavelength is another possible
check on the theory. However, in this case, the experi-
mental difficulties of working with thin sodium films
in order to measure the characteristic energy losses of
high-energy electrons passing through the films does
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not permit enough accuracy to give a critical check on
the theory.

Measurements on the low-temperature specific heat
of sodium have been made by various investigators*—16
but the interpretation of these measurements in terms
of an electronic specific heat that can be compared with
theory has been complicated by the phase transfor-
mation that occurs in sodium at low temperatures and
produces a variation in the experimental results. The
purpose of this note is to show what is the effect of the
phase transformation on the specific heat, and then to
show that the present experimental data indicate a
surprisingly large effect of correlation.

An additional difficulty in comparing theory with
experiment is that the theoretical results have been
expanded in a perturbation scheme about the high-
density limit and give useful results for values of
7,<2517 Here, 7, is the radius, in units of the Bohr
radius, of a sphere that has the same volume as the
average volume per electron. It thus is a measure of
the density of the electron gas. The electron densities
that are generally found in actual metals correspond to
7s>2. Thus, it is seen that the theoretical results have
to somehow be extrapolated in order to be compared
with experiments on real solids. There is apparently
some difficulty in performing this extrapolation. Pines,®
and Quinn and Ferrell® give the result that the corre-
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lation effects decrease the specific heat of sodium about
109, from the value it has in the ordinary band theory
calculation while a reasonable extrapolation of the
results of DuBois® to 7,=3.96, the value for sodium,
and the results of Fletcher and Larson® indicate an
enhancement of the specific heat by perhaps 309, or
more. It is interesting that there is not even qualitative
agreement among theoreticians as-how to extrapolate
the theory indicating that there is need of developing a
physical insight into the effects of correlation.

II. PHASE TRANSFORMATION

Barrett®? discovered and investigated the fact that
both sodium and lithium, in contrast to the heavier
alkali metals, undergo a change in crystal structure at
low temperatures. It was found that the transformation
was a martensitic type occurring in Li around 80°K
and in Na around 40°K. Sodium changes from a high-
temperature body-centered cubic structure to a low-
temperature hexagonal closed-packed structure with a
¢/a ratio equal to the ideal of 1.63.

A martensitic transformation®? is a special type of
transformation between two crystallographic modifi-
cations of a solid. In contrast to the nucleation and
growth by diffusion type of transformation where
atoms move many atomic distances, a martensitic
transformation occurs by a coherent movement of
many atoms the order of an atomic spacing. This
movement usually consists of the combination of a
shear movement between planes and a slight rearrange-
ment within a plane. There is essentially no activation
energy for a martensitic transformation and it can
therefore occur at low temperatures in contrast to
diffusion-type transformation. Two other important
properties of this transformation for our purposes are
that it can occur over a range of temperatures and
when the temperature is changed that part of the
material which transforms does so practically instan-
taneously. At the low temperatures where sodium
transforms, stresses produced by strains in the medium
surrounding the transforming nuclei cannot be relieved
and the transformation proceeds till the induced stress
energy stops further transformation. If the temperature
is further lowered, the increased difference in bulk free
energy between the two phases favors further trans-
formation till the increased induced stress energy again
cancels the gain in bulk free energy difference. When the
temperature is so low that the bulk free energy differ-
ence no longer changes significantly with decreasing
temperature, the composition of the material will no
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longer appreciably change. The fraction of the material
that has transformed at any given temperature depends
on the past history of the sample such as the amount
of cold working it has been subjected to, its purity,
grain size, and surface condition. In general, at absolute
zero a sample of sodium will consist of a mixture of
the two phases.

If the strain produced by the transforming region
(both in itself and in the surrounding untransformed
medium) does not exceed the elastic limit when growth
stops, the new phase region is said to be in thermoelastic
equilibrium. In this case the transformed region will
have a singled-valued size as a function of temperature,
growing and shrinking as the temperature is lowered
or raised. When, however, the elastic limit is exceeded
the transformation will show a temperature hysteresis,
the more usual state of affairs.

One important experimental consequence of the
practically instantaneous nature of the martensitic
transformation is that the transformation cannot be
detected by keeping the temperature constant and
observing if any heat of transformation is produced as
a function of time. In practice once a given temperature
is reached no further transformation will occur.

Further studies of the martensitic transformations
in sodium have increased our knowledge. It has been

AMOUNT OF LOW-TEMPERATURE PHASE (ARBITRARY UNITS)

50 60

40
TEMPERATURE °K

I1e. 1. Transformation curves for sodium from reference 23;
o, temperature cycle after annealing at 170°K; @, temperature
cycle after annealing at 270°K ; W, subsequent temperature cycle
after warming to 70°K only.
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estimated?® that the Debye temperatures of the high-
and low-temperature phases of sodium at 20°K are
153 and 160°K, respectively. Figure 1 shows the results®
that were obtained on the composition-temperature
curve of sodium as it undergoes its martensitic trans-
formation. The interesting result is that when the
temperature is raised from liquid helium temperatures
to 30°K very little if any transformation is occurring.
It appears that at these temperatures no thermoelastic
behavior is occurring.:2

III. EFFECT OF PHASE TRANSFORMATION
ON SPECIFIC HEAT

In this section some simple thermodynamic ideas
will be used to estimate the effect of the phase trans-
formation on the specific heat. The phase transfor-
mation can affect the specific heat in three different
ways. (a) It changes the composition of the sample.
Each phase will have a different specific heat and the
measured specific heat will depend on the relative
mixture of the two phases. (b) The heat of transfor-
mation that is evolved as one phase transforms into
the other will add to the true specific heat producing a
measured value that is larger than the actual value.
This effect is proportional to the amount that is trans-
forming at a given temperature. (c) Stresses induced
in the sample will change the value of the specific heat
since the specific heat is a function of stress.

It is not too hard to show that the effect (c) is not
important. We estimate it as follows. Under a stress 7
the change in specific heat C is AC=(9C/d7)r7. In a
solid under constant stress C=9H/dr, where H is the
enthalpy of the solid. In cubic solids it can be shown
that if 7 is a shear (dC/d7)r=0 and an effect occurs
only if the stress is a pressure. In hexagonal materials,
C does depend on the shear stresses but the order of
magnitude change in C can be obtained by considering
the effect of pressure stresses. Under a pressure p,

AC=(8C/3p)rp=(0°"H/8p0T)p=T(d(Vew)/0T)p,

since (92H/3paT)=T(8*V/dT?)=T(d(Va,/dT). Here
a,=V-1(38V/dT), is the volume thermal expansion
coefficient and V is the volume. The Griineisen relation
Va,=+vBC, where 3 is the compressibility and v is the
Griineisen constant, a dimensionless number around 2,

then gives
AC (
C

At low temperatures the first term in the parenthesis
in (1) is much smaller than the second term. The second
term at low temperatures has values between one and
three. Hence at low temperatures

AC/C=583p. 1)
For pressures equal to the elastic limit, 8p is less than
2 D. L. Martin, Proc. Roy. Soc. (London) A254, 433 (1960).
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a percent. Even if all of the sample had this stress, a
highly unlikely upper limit, the percentage change in
C is small. Thus we can neglect the change of specific
heat produced by stresses.

Effect (b) depends on the amount transforming per
unit temperature interval. If Fig. 1 is representative
for all sodium samples as the experimental evidence
indicates,?** then effect (b) must be negligible as the
temperature is increased between 0°K and 30°K since
no transformation is occurring. Because the specific
heat is usually measured when the temperature is
being raised, effect (b) should not be important below
30°K. It can be argued, however, that since the trans-
formation varies from one sample to the next, Fig. 1
may not be representative of the samples employed in
some specific heat measurements. In particular, as the
temperature is varied in the liquid helium range some
transformation may be occurring in some samples.
Even in that unlikely case we will show that the
electronic value of the specific heat will not be effected
by (b). That portion of the sample that is transforming
must be in thermoelastic equilibrium since from Fig. 1
the hysteresis effect extends to past 30°K for that
portion that has exceeded the elastic region. For the
thermoelastic portion of the sample, the transformation
is occurring reversibly and the heat of transformation
is given by T'AS, where AS is the difference in entropy
between the two phases. At any temperature 7', AS
is given by JSoT(AC/#)dt, where AC is the difference in
specific heat between the two phases. At liquid helium
temperatures and below, AC=AT3+BT and thus
AS=3AT3+BT. The contribution of the heat of
transformation to the measured specific heat, if df/dT
of the sample transforms per unit temperature change,
is

dQ/dT=TAS(df/dT)= (3AT*+BT?) (df/dT).

One expects df/dT to be well behaved near absolute
zero and thus it can be expanded in a power series in T':

df/dT=a+bT+- - -.

We see that the heat of transformation does not produce
a linear term in 7" in the specific heat and thus effect
(b) cannot in any way affect the electronic specific heat.
In addition, because the available experimental data
indicate that no thermoelastic effect occurs with in-
creasing temperature below 30°K, we will also assume
that (b) does not affect the Debye characteristic
temperature.

By the process of elimination only effect (a) can vary
the measured specific heat at low temperatures. That
effect (a) exists, i.e., the two different phases have
different specific heats, is guaranteed by thermodynamic
requirements. The low-temperature phase at 0°K must
have a lower internal energy than the high-temperature
phase. The high-temperature phase on the other hand
must have a larger entropy at a given temperature,
and thus a larger specific heat, in order that its free
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TaBrLE I. The various experimental results on the electronic
specific heat and Debye temperatures, 6p, for samples of sodium
below 3°K. The electronic specific heat is expressed in terms of
the ratio of an effective mass of the electrons, m*, to the free
electron value, .

Sample
Investigator m*/m 0p(°K) preparation
Gaumer and Heer* 1.21 158 cast
Lien and Phillips®  1.33 156 cast
Roberts® 1.224-0.04 158 cast
Parkinson and :
Quarringtond 1.6 +0.16 158 cut from lump

a See reference 15.
b See reference 16.
o See reference 11.
d See reference 12.

energy, U—T.S, become lower at elevated temperatures.
Experimental measurements? confirm this reasoning.

Effect (a) implies that the specific heat of a sample
of sodium at low temperatures is given by C= fC;
+ (1— f)Ch, where f is the fraction of low-temperature
phase present and C; and Cj, are the specific heats of
the low- and high-temperature phases, respectively,
C1>C,. The specific heat should be well behaved at
low temperatures and vary as y7T-+B7% The only
variation between various experimental results should
be in the values of 4 and 8. We use this property in
the next section to analyze the available experimental
data on the specific heat of sodium.

IV. INTERPRETATION OF EXPERIMENTAL
MEASUREMENTS

Table I summarizes the various experimental results
on the low-temperature specific heat of sodium that
give a value for the electronic contribution. Two other
measurements have been made, one by Rayne!* and
another by Simon and Zeidler,"® which show anomalous
behavior at low temperatures. From what was said in
Sec. III this anomalous behavior is probably not related
to the phase transformation. All of the investigators
listed in Table I found that at low temperatures the
specific heat of sodium varies as yI'+B7%. As shown in
Sec. IIT only effect (a), the variation of the composition
of the sample between the two phases, can affect v and
the same can be said for 8 with a little less certainty.
To determine what the mixture of the two phases was
in the various samples used by each investigator we
use the fact that the high-temperature phase must have
the larger specific heat. The results of Parkinson and
Quarrington® (PQ) and Roberts (R) are of particular
interest because their measurements were made in
the same laboratory, the main difference being in the
method of preparation of the sample. Yet the specific
heat measured by PQ was 109, higher at 1.5°K and
59, higher at 20°K than that measured by R. This
difference is much larger than can be explained by
errors of measurement and must be real. The sample
used by PQ had more of the high-temperature phase
in it than the sample of R. Another interesting obser-
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vation is that R, and Gaumer and Herr'® used entirely
different experimental methods in measuring the specific
heat, but prepared their samples in similar ways and
obtained very good agreement. Thus, the difference in
the experiment results appear to be only due to differ-
ences in the method of preparation of the sample.!!
This is consistent with our reasoning that differences
in the specific heat can be caused by differences in the
proportion of the two phases in the sample. The specific
heat values of Lien and Phillips'® are between those of
PQ and R, indicating that their sample had more of
the high-temperature phase than that of R but less
than that of PQ.

A plot of the effective mass determined by various
investigators as a function of the specific heat measured
at 2°K is shown in Fig. 2. The values at 2°K are taken
because that is the highest temperature where 3 of the
4 investigators have experimental points. The measure-
ments of Lien and Phillips extended only up to 1.4°K.
Their data were extrapolated to 2°K by assuming the
same temperature dependence as they measured below
1.4°K. The experimental values of R and PQ for m*/m
have their estimated limits indicated. The values of
Gaumer and Heer, and Lien and Phillips should be
more accurate than those of R since they made measure-
ments at lower temperatures. If our reasoning is correct
and only effect (a) causes the variation, the data should
be consistent with a straight line, as it is. The straight
line is drawn in Fig. 2 to give most weight to the most
accurate points. Since the electronic contribution to
the specific heat at 2°K is less than half of the total
specific heat it does not necessarily follow that the plot
should be linear. There is a definite trend in the experi-
mental values. Those samples that have more of the
high-temperature phase as determined by their larger
values of specific heat, also give a larger value for the
effective mass of the conduction electrons. We conclude
from this that the high-temperature phase has a higher
value of effective mass of the conduction electrons than
the low-temperature phase. We can further conclude
from Tig. 2 that m*/m>1.5 for the high-temperature
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F16. 2. Effective mass of the conduction electrons versus the
total specific heat at 2°K. The values of m*/m are the same as
shown in Table I.



EFFECTS ON THE ELECTRONIC SPECIFIC HEAT OF Na

phase and m*/m<1.21 for the low-temperature phase.
The Debye characteristic temperature 8p does not vary
appreciably from one phase to the other at very low
temperatures as shown in Table I though there is an
appreciable variation above 3.5°K. Figure 3 illustrates
the variation of fp with temperature according to the
results of PQ and R.

An estimate of how much of each phase is present in
the various samples of sodium can be made using the
estimates of the Debye temperatures of the two phases.
At 20°K the Debye temperatures of the low- and high-
temperature phases are 160° and 153°K, respectively.
The sample of PQ had a Debye temperature of 155°K
while that of R had a Debye temperature of 158.6°K,
both at 20°K. Therefore about 309, of the sample of
PQ and 809, of the sample of R were in the low-tem-
perature phase. From this we extrapolate from Fig. 2
that m*/m for the low- and high-temperature phases
are about 1.1 and 1.7, respectively.

Since there is such a large difference in the effective
mass between the two phases of sodium the questions
naturally arise—can this large difference be understood,
and which value, if any, should be compared with the
many-body theory of a dense degenerate electron gas.
Experimentally it is found that the volume of the low-
temperature phase is 0.2740.169,% larger than the
high-temperature phase. This small volume change in
a free gas model cannot explain the large effective-mass
difference between the two phases. The difference can,
however, be explained by a distortion of the Fermi
surface near the Brillouin zones.

The wave functions of sodium for values of the k
vector not too close to the Brillouin zone faces is in-
sensitive to the crystal structure, but depends mainly
on the volume per atom. The dependence on crystal
structure occurs only for those values of k close to the
Brillouin zone faces. In the hcp low-temperature phase
of sodium, if one assumes a spherical Fermi surface of
radius ko, the Brillouin zone “A4” face,? which is parallel
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F16. 3. The Debye temperature versus temperature for two
different samples of sodium. Curve 4 is the results of reference 11
and curve B is the results of reference 12.

26 A, H. Wilson, Theory of Metals (Cambridge University
Press, New York, 1954), 2nd ed., p. 89.
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Fi1c. 4. The effect of correlation on the effective mass of a free
electron gas as determined by the electronic specific heat. The
solid curve represents the theoretical results of DuBois.? The
point is the value determined from the experimental measure-
ments of the electronic specific heat of sodium. The indicated
errors are only rough estimates. The dashed curve is a possible
interpolation.

to the ¢ axis, is a distance 1.04 k¢ from the center of
the Brillouin zone. The Brillouin zone “B” face, which
is perpendicular to the ¢ axis, is a distance 1.11 &, from
the center of the Brillouin zone. In the bcc high-
temperature phase of sodium the closest face is 1.14 k&,
from the center of the Brillouin zone. Because of the
close approach of a spherical Fermi surface to the
Brillouin zone “A” face of a hcp structure, it is rea-
sonable to expect that the Fermi surface will actually
be distorted from a spherical shape. The experimental
values for the effective masses indicate that the Fermi
surface makes a substantial contact with the “A4” face
in the hcp phase. The decrease in the Fermi surface
area overcomes the increased effective mass in the
vicinity of the contact. It is clear then that only the
high-temperature bcc phase of sodium approximates a
free electron gas and theory should be compared with
the values of that phase alone.

V. COMPARISON WITH THEORY
AND CONCLUSIONS

Band-theory calculations, which do not include the
correlations effects on the effective mass, show that the
electrons in bee sodium approximate a free electron gas.
Their effective mass is almost exactly equal to the free
electron value.?” Any difference from the free electron
value must be due to effects neglected in the ordinary
band-theory calculations. One such effect, as is men-
tioned frequently above, is correlation effects. Another
such effect is the electron-phonon interaction.!?:28
Estimates of the electron-phonon interaction contri-
butions to the effective mass is that it will increase it
by about 209,. The accuracy of this type of calculation

21 F, S. Ham, Solid State Physics, edited by F. Seitz and D.
Turnbull (Academic Press, Inc., New York, 1955), Vol. 1, p. 127.

28 M. J. Buckingham and M. R. Schafroth, Proc. Phys. Soc.
(London) A67, 828 (1954); J. J. Quinn, Bull. Am. Phys. Soc. 5,
199 (1960).



402

has been questioned since it is not clear that the
electron-phonon interaction can be calculated sepa-
rately from correlation effects. For lack of anything
better we will nevertheless assume that the effects of
correlation and electron-phonon interactions can be
estimated separately. Then the experimental data that
m*/m=1.7 for the bcc phase of sodium indicates that
correlation alone increases the effective mass of the
conduction electrons (7,=3.96) about 409,. This result
is in disagreement with the calculations of Quinn and
Ferrell,® and Pines,'® but is consistent with the results
of DuBois® and Fletcher and Larson.? Figure 4 shows
the theoretical calculations of DuBois as the solid line
and the experimental point with approximate errors
from the results on bce sodium. The dashed line is a pos-
sible interpolation between the results.

The large value of the effective mass of the electrons
in bee sodium is quite surprising. Yet, it is not at
variance with the theoretical calculations of DuBois,
and Fletcher and Larson, and estimates of the effect of
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electron-phonon interactions. However, it would still
be highly desirable to obtain further experimental meas-
urements on the electronic specific heat of sodium. In
particular, a measurement on a sample in which the
transformation to the low-temperature phase has some-
how been inhibited would be of great interest.

The large change in effective mass between the bcc
and hcp phases is also surprising. The substantial
contact of the Fermi surface to the Brillouin zone “4”
face implies a fairly large energy gap at the zone face.
This disagrees with the model of Cohen and Heine?®
for sodium. However, the contact explains why the
hcp phase has the lower energy at absolute zero. The
lowering of the energy levels in the vicinity of the
contact lowers the total energy of the solid.

The author is indebted to Professor M. H. Cohen
for a stimulating discussion and to Professor Ralph D.
Myers for a critical and informative discussion.

2 M. H. Cohen and V. Heine, Advances in Physics, edited by

N. F. Mott (Taylor and Francis Ltd., London, 1958), Vol. 7,
p. 395. :
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A general treatment of ultrasonic attenuation of both longitudinal and transverse waves in superconduc-
tors, valid for an arbitrary mean free path, is given on the basis of the Bardeen-Cooper-Schrieffer theory. The
interaction between the ultrasonic waves and electrons is assumed to be given by a self-consistent electro-
magnetic field. Instead of the customary theory of the attenuation based on the Boltzmann equation, a
different formulation is developed using the density-matrix formalism. The ratio of the attenuations in
superconducting and normal metals for the longitudinal wave turns out to be approximately independent of
the mean free path. The attenuation of the shear wave due to electromagnetic interaction is shown to be very

small in the superconducting state.

1. INTRODUCTION

LTRASONIC attenuation in metals at low temper-
atures, predominantly electronic in origin, has

been an object of active researches in recent years,
yielding valuable information on the properties of nor-
mal metals as well as superconductors.!* Bommel and
Mackinnon? first observed the rapid fall in the attenua-
tion below the critical temperature. While it clearly re-
flected the decrease of the normal component, this steep

* Supported in part by the Office of Ordnance Research, U. S.
Army.

1 I‘}:)r general review of the subject, see R. W. Morse, Progress
in Cryogenics, edited by K. Mendelssohn (Heywood & Company
Ltd., London, 1959), Vol. I, p. 220.

2 Concerning the ultrasonic attenuation in superconductors, see
J. Bardeen and J. R. Schrieffer, Progress in_Low-Temperature
Physics, edited by C. J. Gorter, (North Holland Publishing Com-
pany, Amsterdam (to be published)]. .

3H. E. Bémmel, Phys. Rev. 96, 220 (1954); L. Mackinnon,
Phys. Rev. 98, 1181, 1210 (1955).

drop could not be accounted for by the simple applica-
tion of the two-fluid model and waited for the Bardeen-
Cooper-Schrieffer (BCS) theory* for its satisfactory ex-
planation. According to the latter theory the ratio,
as/an, of the attenuations of a longitudinal sound wave
in superconducting and in normal state varies with tem-
perature as 2f(ep), where f is the Fermi function and e,
is the temperature-dependent energy gap. The agree-
ment between this formula and the experimental data,
obtained for pure superconductors mostly in the fre-
quency range around 50 Mc/sec, is reasonably good and
is one of the strong supports of the BCS theory.? In fact
this is one way of obtaining an empirical value of the

4 J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 108,
1175 (1957).

5 R. W. Morse and H. V. Bohm, Phys. Rev. 108, 1094 (1957);
R. W. Morse, H. V. Bohm, and J. D. Gavenda, Bull. Am. Phys.
Soc. 3, 44 and 203 (1958).



