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importance, as has been suggested by Castner and 
Kanzig, and ought to influence the construction of the 
trial function, especially the nature of all the polarized 
orbitals in the vicinity of the hole. The proper way of 
dealing with the problem is presumably to set up a 
quite general wave function in which both the positions 
of the ions that determine the displaced equilibrium 
configuration and the linear combinations of ground 
and excited free-ion functions that determine the 
polarized orbitals are left free to be determined by an 
over-all variational calculation, instead of being 
specified from the beginning. Such a procedure would 
be very much more difficult since it would no longer be 
possible to isolate terms characteristic of a hole-free 
crystal, whose behavior can be calculated from the 
experimental properties of the macroscopic crystal. 
Furthermore, neither the excited orbitals for the K + 

and Cl~ ions nor multicenter matrix elements involving 
these orbitals are available. I t will be seen that such a 
calculation lies outside the scope of the present work. 

I. INTRODUCTION 

*~T~"̂ HE Hall effect at audio frequencies is a well 
A understood phenomenon in both metals and 

semiconductors. The experimental method used at these 
very low frequencies is a simple measurement of the 
Hall emf developed across the sample when a current 
flows in the sample and a static magnetic field is applied 
perpendicular to the current flow. The theory of this 
effect yields the simple and well-known result (we 
neglect any effect of band structure throughout), 
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In conclusion, it has been possible to show that one 
can expect a valence-band hole in its ground state to be 
self-trapped; however, the details of the associated 
electronic and ion core configurations cannot be 
predicted without additional calculation. 
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J H a l l = - i W E X H 0 , (1) 
where 

ao=ne2r/m, RQ= •—(nee)"1, (2) 

and where Ho is the static magnetic field applied and n 
is the number of carriers per unit volume. We use the 
convention that RQ is positive for electrons and negative 
for holes. 

In general a Hall current or a Hall electric field will 
be produced by a microwave or an optical electric field 
with a static magnetic field perpendicular to the applied 
electric field. A simple measurement of a Hall emf is no 
longer feasible at these high frequencies. If a plane 
polarized electromagnetic wave is incident on a sample 
and if there is a static magnetic fieldjpresent which is 
perpendicular to the incident electric field then both the 
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reflected and the transmitted waves will have their 
planes of polarization rotated from the incident polari­
zation and will be elliptically polarized. When we discuss 
the reflected wave it is customary to call it a Kerr 
(magneto) rotation whereas the transmitted wave is 
referred to as a Faraday rotation. Both the Kerr and 
the Faraday rotations yield information about Hall 
currents and have been experimentally measured in 
semiconductors, ferromagnetics and to a much smaller 
extent in normal metals. 

In both semiconductors and ferromagnetics a local 
relation between current and electromagnetic fields is 
valid. In this case one may define complex indices of 
refraction for a right-handed polarized wave propagat­
ing through the sample (iV+) and for a left-handed cir­
cularly polarized wave (7V-). By a simple electromag­
netic argument one may show that if the incident beam 
is plane polarized the reflected beam becomes elliptically 
polarized with the major axes rotated by the Kerr angle 
$K and with ellipticity €K where, 

<f>K=-Im(N+-NJ)/(N*-l), (3) 

eK=-Re(N+-NJ)/(N*-l). (4) 

The transmitted beam has a Faraday rotation OF 
and an ellipticity ep given by, 

6F=(fid/2c)Re(N+-N-), 
for ud(N+-NJ)/2c«l. (5) 

eF= (ud/2c) lm(N+-N-), 
fora>d(N+-NJ)/2c«l. (6) 

Here d is the thickness of the sample. 
The complex indices of refraction N+ and iV_ may be 

expressed in terms of the conductivity and polariza-
bility tensors of the solid.1 The conductivity (a) and 
polarizability (a) tensors are defined by 

1 dE BE 
J = +a +<rE. 

4TT dt 9t 

Then if we let Ho be along the z axes, 

G!0 
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(7) 

(8) 

(9) 

and one finds for N+ and iV_ 

iV+
2= (l+47ro:o+47rcro/ico) — i^wai+^irai/ico), 

N-? = (1+4xceo+47r(7o/^co)+i (47ro:i+4:war i/ioo). 

The conductivity and polarizability tensors are to be 
found from a microscopic model of the solid. 

The Faraday rotation in semiconductors at micro­
wave frequencies has been observed in several experi­
ments.2,3 The sample is inserted into a circular wave-

1 See, for example, Petros N. Argyres, Phys. Rev. 97, 334 (1955). 
2 R. R. Rau and M. E. Caspari, Phys. Rev. 100, 632 (1955). 
3 H. Suhl and G. L. Pearson, Phys. Rev. 92, 858 (1953). 

guide which has two degenerate TEn modes. Ho is 
applied along the axis of the waveguide and perpen­
dicularly to the surface of the semiconductor. Using a 
simple free electron model, Rau and Caspari deduced a 
value for the Hall mobility from the measured rotation 
which was in approximate agreement with other dc 
experiments on the Hall mobility. 

There has been a large amount of experimental work 
on the Faraday and Kerr effects in ferromagnetics, both 
in the microwave and optical frequency range.4 In 
general these effects are several orders of magnitude 
larger than in normal metals; this is related to the large 
Hall effect in ferromagnetics. Experiments have shown 
that the Faraday, Kerr, and Hall effects are propor­
tional to the net magnetization of the sample and not 
to the external magnetic field as is the case with the 
nonferromagnetic solids. Argyres has given a micro­
scopic theory of the Faraday and Kerr effects in ferro­
magnetics at optical frequencies.1 

The experimental data on normal metals in both the 
microwave and optical region are very meager up to 
the present time, mainly because the Faraday and Kerr 
rotations are several orders of magnitude smaller than 
in ferromagnetic metals. For example the Kerr rotation 
at optical frequencies is about a thousand times smaller 
in Ag than in magnetized iron.6 The Kerr rotation at 
optical frequencies in nonferromagnetic metals was 
first observed by Majorana.5 He was able to detect 
small rotations of the order of 0.01 minute per kilogauss 
by the use of a sensitive photoelectric detector. In the 
microwave region, the only published experiment at 
present is that of Cooke.6 Cooke observed the Kerr 
rotation in a circular cylindrical cavity with two de­
generate TEu modes. The metal sample formed the end 
plate of the cavity and there was a static magnetic 
field perpendicular to the sample surface and along the 
axes of the cavity. Cooke was able to observe a rotation 
in several metals including bismuth, iron, and nickel, 
but no quantitative data on the rotation was given. He 
also observed that the angle of rotation increased with 
Ho. In Sec. I l l , we shall give a detailed theory of the 
Kerr rotation in a circular cylindrical cavity such as the 
one used by Cooke. 

One can account for Majorana's results at optical 
frequencies by the following simple theory. At optical 
frequencies for good conductors we have cor̂ >>l. Use the 
result of Sec. I I for the Hall current when coiO$>l, 

iHaii = i W £ # o / ( ^ r ) 2 . (10) 

Thus the conductivity and polarizability tensors are 

ai=-Roao2Ho/^T2, ai = 0. (11) 
Let 

N=n—ik, (12) 
4 See, for example, H. Konig, J. Optik 3, 101 (1948); and C. 

Hogan, Revs. Modern Phys. 25, 253 (1953). 
5 Q. Majorana, Nuovo cimento 2, 1 (1944). 
6 S. P. Cooke, Phys. Rev. 74, 701 (1948). 
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then from (3) we get 

4TT 
4>K=— Ima1/{(n-ik)[(n-ik)2-l']}. (13) 

co 

We may get approximate values for n and k at optical 
frequencies by neglecting any polarization current7 

j=a0E/ (1+icar)+icoE/4w. (14) 

One then finds, 

n?-k2= l-47ro-o/co2r, 2 / ^ = 4TT(7O/CO3T2. (15) 

Thus from (13) and (15) 

TABLE I. Optical Kerr effect in normal metals; X—5000 A. 

<t>K = -
(TQRQHO 

COT (47rcro/co2r — 1) * 
(16) 

The theory of Eq. (16) has been compared to the data 
of Majorana in Table I. A positive rotation $K means a 
rotation from the x to the y axes with the reflected beam 
traveling along the — z axis {xyz is a right-handed triad). 
We see that the simple theory is able to account for both 
the sign and the order of magnitude of the observed 
rotation and hence conclude that the Kerr rotation 
observed by Majorana at optical frequencies may be 
accounted for by a Hall current given by Eq. (11). A 
Kerr rotation at optical frequencies in normal metals 
has also been observed recently by Stern and Myers.8 

We define a "transverse" Hall current to be a current 
whose divergence is zero and hence there is no associated 
charge density. For example a transverse Hall current 
flows in the experiment of Cooke. If the divergence of 
the Hall current is nonzero we shall call it a longitudinal 
Hall current and it will have an associated charge 
density. An example is the experiment of Spiewak at 
microwave frequencies where H0 is parallel to the 
surface of the sample and the Hall current flows per­
pendicularly to the surface of the sample and has a 
nonzero divergence.9 

An attempt to observe the Hall effect in supercon­
ductors at audio frequencies was made by Lewis.10 The 
sample was a superconducting prolate spheroid with an 
audio frequency magnetic field applied. The emf between 
the equator and the pole was measured. A null result 
was found and Lewis concluded that the Hall coefficient 
R defined by, 

E H a i i = - £ ( J x H o ) , (17) 

was less than one fifth of its value in the normal state. 
We shall show that the result of the microscopic theory 

7 See, for example, N. F. Mott and H. Jones, Theory of the 
Properties of Metals and Alloys (Dover Publications Inc., New 
York, 1936). 

8 E. A. Stern and R. D. Myers, Bull. Am. Phys. Soc. 3, 416 
(1958); E. A. Stern, Bull. Am. Phys. Soc. 5, 150 (1960). 

9 M. Spiewak, Phys. Rev. 113, 1479 (1959). 
10 H. W. Lewis, Phys. Rev. 92, 1149 (1953): and Phys. Rev. 100, 

641 (1955). 

Metal 

1. Ag 
2. Au 
3. Al 
4. Pt 
5. Bi 

(nec^XlO1 3 

v-cm/amp-
oersted 

(calculated) 

10.4 
10.5 
3.4 

4.1 

RoXlO™ 
(observed) 

8.4 
7.2 
3.9 

~2.0 
—1000 

&K 
(theory) 

min/kilo-
gauss 

+0.0040 
+0.0046 

$K 
(Majorana 
expt) min/ 
kilogauss 

+0.0085 
+0.0095 
+0.0031 
+0.013 
+0.0018 

of Sec. IV is in qualitative accord with the null result 
at audio frequencies observed by Lewis. 

No direct experiments have been reported as yet on 
the Hall current in superconductors in the microwave 
or the optical frequency range. However the Hall 
current does play a somewhat indirect role in the 
analysis of certain experiments on superconductors such 
as the magnetic field dependence of the surface im­
pedance. For example in the experiment of Spiewak at 
microwave frequencies there is a longitudinal Hall 
electric field in the superconductor for that geometry 
where Ho is perpendicular to the microwave electric 
field.9 An analysis of the magnetic field dependence of 
the surface impedance for such an experiment includes 
effects due to a Hall current as well as magnetoresistance 
effects.11 Both these effects give a contribution to the 
magnetic field dependence of the surface impedance 
which is quadratic in Ho for small Ho- A more direct 
measure of the Hall current in a superconductor would 
be a measurement of a Faraday or a Kerr rotation. A 
measurement of a microwave Kerr rotation in a circular 
cylindrical cavity with the sample forming the end 
plate of the cavity and H0 along the axis of the cavity 
(this is the geometry of Cooke,6 as well as the geometry 
treated in Sec. II) cannot be considered for a bulk super­
conductor since the magnetic field inside the bulk 
superconductor will not be perpendicular to the surface 
and the sample would go into the intermediate state 
were such a field applied. However, if the sample were 
a thin superconducting film or in general, any small 
superconducting sample, the magnetic field Ho could 
penetrate the sample and also be in the same direction 
as the axis of the cavity. We shall discuss the approxi­
mate dimensions required for this purpose in Sec. IV. 

In Sec. I I , we derive a relation for the nonlocal, 
transverse Hall current in the normal metal by solving 
the Boltzmann equation. In Sec. I l l , we give a detailed 
analysis of the microwave Kerr rotation in a circular 
cylindrical cavity with the normal metal forming the 
end plate of the cavity. The result for the Kerr rotation 
in the cavity shows that this experiment provides a 
good test for the validity of the nonlocal Hall current 
in normal metals. 

In Sec. IV, we give a qualitative discussion of the 

11 G. Dresselhaus and M. S. Dresselhaus, Phys. Rev. 118, 77 
(1960). 
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relation between a longitudinal and a transverse Hall 
current in a superconductor. We then give a detailed 
microscopic theory of the transverse Hall current in a 
superconductor based on the Bardeen-Cooper-Schrieffer 
model of the superconductor and including the effect 
of collective excitations by means of the generalized 
random phase approximation given by Anderson and 
by Rickayzen.12,13 The final result for the Hall current 
is expressed in Q space. For small Q this gives the simple 
result that the Hall current is proportional to the 
microscopic analog of the fraction of normal electrons 
of a two-fluid model. 

In Sec. IV, we also show that our result is in quali­
tative accord with the null result of Lewis at audio 
frequencies. We also discuss the application of our 
result for arbitrary Q to small superconducting samples 
such as thin films. 

II. HALL CURRENT IN NORMAL METAL FROM 
THE BOLTZMANN EQUATION 

In this section we treat the transverse case where the 
static magnetic field Ho is perpendicular to the semi-
infinite metal. In general we shall find a nonlocal relation 
between the Hall current and the electric field; this is 
similar to the nonlocal relation between current and 
field in the theory of the anomalous skin effect. The 
discussion of a nonlocal Hall current has already been 
treated by several authors. A quantum theory of the 
nonlocal Hall current (transverse case) was first given 
by Mattis.14 His result was very similar to the equation 
to be derived in this section, but his derivation was 
somewhat incomplete due to neglect of certain terms 
in the Hamiltonian and the related problem of the 
choice of vector potential for H0. In Sec. IV we present 
a quantum theory for the Hall current in both normal 
and superconducting metals which includes all the 
terms of the Hamiltonian. The result of Sec. IV for the 
normal metal is identical to the result to be obtained 
in this section by solving the Boltzmann equation. A 
frequency dependent Hall effect has also been discussed 
by Donovan.15 The Hall current has also been included 
in discussions of the magnetic field dependence of ultra­
sonic attenuation in metals. For example, Kjeldaas and 
also Cohen, Harrison, and Harrison solved the Boltz­
mann equation and for the case of the sound wave 
parallel to Ho they find a Hall conductivity,16-17 

a(q)^Roao2Ho[ 
*Ai r i— 

dd sin30 

o [ml—i(lqcosO—a)T)~]2 
(1) 

12 P. W. Anderson, Phys. Rev. 114, 1002 (1959). 
13 G. Rickayzen, Phys. Rev. 115, 795 (1959). 
14 D. C. Mattis, thesis, University of Illinois, 1957 (unpublished). 
15 B. Donovan, Proc. Phys. Soc. (London) A68, 1026 (1955). 
16 T. Kjeldaas, Jr., Phys. Rev. 113, 1473 (1959). 
17 M. H. Cohen, M. J. Harrison, and W. A. Harrison, Phys. Rev. 

117, 937 (1960). 

To derive (1) one needs to assume 

0)cT<<Cl, (2) 

where coc is the cyclotron frequency eHo/mc. 
The result to be derived in this section is identical to 

(1) although the derivation is carried out in a simple 
manner in real space by means of a general method due 
to Chambers.18 Wtih the assumption that co c r« l , one 
finds for the Hall current in real space 

J*(r,*) = 

where 

3 RQaQ
2 

4TT I2 

r R 

I dm— 
J R* XR-[E(r ' , / - i ? A o ) X H 0 ] exp( - i ? / / ) , (3) 

R = r - r ' , (4) 

and vo is the Fermi velocity. An experimental test for 
the nonlocal Hall current given by (1) or equivalently 
by (3) is proposed in Sec. I l l on the microwave Kerr 
rotation. 

Chambers has given a general solution to the Boltz­
mann equation which is a convenient starting point for 
the derivation of this section.18 Heine has shown ex­
plicitly that Chambers solution satisfies the Boltzmann 
equation.19 

The Chambers solution gives for the current 

J ( r ,0 = \ dtp*— v ( r ' / ) 
W J dE J c 

• E ( r , / ) c r ( l " ' / ) / T * / . (5) 

The independent variables are r, /, p, and t'. The de­
pendent variable rr is the position along its trajectory 
that an electron which has final momentum p at (r,/) 
finds itself at time t'. Clearly the equation relating r' 
to the independent variables is determined by the 
equation of motion of the electron in the electric and 
magnetic fields present. The value of c depends on the 
boundary condition at the surface of the metal. For 
specular reflection c= — <*> whereas for random scatter­
ing c— — oo except when the trajectory cuts the surface 
in which case c is the latest time prior to t that the 
trajectory cuts the surface. The Fermi function is 
denoted by /o. 

Consider a constant magnetic field Ho perpendicular 
to the metal surface and an electric field E(r,t) parallel 
to the surface. We keep terms in the current linear in 
E and in the product EXH 0 . The equation of motion 
of the electron gives 

v ( r ' / ) = p/tn+ (e/c) vXHo, (6) 
where 

v = p M (7) 

and p designates the momentum of the electron at (r,t). 

18 R. G. Chambers, Proc. Phys. Soc. (London) A65, 458 (1952). 
19 V. Heine, Phys. Rev. 107, 431 (1957). 
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From (5) and (6), 

J(r ,0= \fdApp—\ - + — v X H o ( * - 0 
hzm2 J dE Jc \m mc J 

where 
• E ( r , , / , ) ^ ( ^ , ) / r < (8) 

p^pp. (9) 

The integration over p is carried out to give 

J(r,0 = 
3ne2v0 ffu.f[ p+—pX1tlo(t~0 

mc 

>'R(T',t')<r<*-i'»rdt'. (10) 

All momenta appearing implicitly in (10) through the 
coordinate r ' are to be evaluated at the Fermi surface. 
We now express the integration over momentum solid 
angle dAp in terms of the R solid angle dA. Since 

ev0 
R=v0p(t-n+-—(pXHo)(t-ty7 (11) 

2mc 

we have to first order in Ho that 

. xr R e i 
£ = - — RXHo . (12) 

volt—t 2mc J 
I t is clear that (11) and hence (12) is valid only if the 
first term on the right-hand side of (11) is much larger 
than the second term. Since the important times in the 
integral are t—t'^r then a>cr<<Cl. Thus (2) is a basic 
limitation on the validity of our derivation of the Hall 
current in the normal metal. 

From (11), neglecting terms of order Ho2, 

Thus, 
| R | = 2 2 = w 0 ( / - O . (13) 

— 3<T0 r / K e \ 

J(r,*)= dAJ RXH 0 ) 
47rlvo2J \t-t' 2mc / 

X f dR( +—RxH0} 
Jc* \t-t' 2mc / 

+ RxHoJ-EOrVV*''. (14) 
2mc 

Since, 

J(r,0 = 
-3 (7 0 

2mc 

VQ-

dAp~dA-\-^o)crdA, 

r r° RR 
I I dApdR-z~.'E{t\tf)e-Iiil 

(15) 

RR 

r r 0 R 
—Rr [ E ( r ' / ) XUo3e~R'ldRdA 
R 

ev0 r r° R 
f I dRdA~E(xf/) 

2mc J JC' R 

.(RXHo)*-*'1 . (16) 

Define the z axis as along Ho. Denote the polar angles 
of R by (dj<p) and of v0(t—tf)p by (dp,<pp). Then from 
(U) 

0=0*, (17) 

Vo' 

„ T «2TI—6>c.R/2fl0 p0 R R 

I ddsmdl d<p\ dR E ( r ' / > ~ M . 
Jn J—a«Rl2vn J\> R R 

(19) 

(p=<PP—a>eR/2vo. (18) 

The first term of (16) may be written in terms of 6, <p as 

2ir-acR/2vo *0 R R 

*>,> R R 

Make the change of variable in (19) 

<p'=<p+a)cR/2vQ, (20) 
and use that 

R(0, <p'-ucR/2v0,R) 

= R(^^ ,
l«)-« eR(HoXR)/2woffo. (21) 

Then the total current in (16) reduces to 

3a-o r rc' R 

MJ J0 RA 

do-Q n C & 
J ( r , / ) = — I — R'K{Tf,t-R/vo)e-RildW 

4TT/ J Jn R* 

32W r r° R 
dAdR—R 

4TT/2 J Jc> R 

•[E(t',t-R/vo)XHo]e~R'1, (22) 

where cr is the value of R corresponding to c. 
The first term gives the well-known Chambers 

formula for the anomalous skin effect; the second term 
gives the nonlocal transverse Hall current in a normal 
metal. 

III. MICROWAVE KERR ROTATION IN CIRCULAR 
CYLINDRICAL CAVITY 

In this section we give a detailed theory for the 
microwave Kerr rotation in a circular cylindrical cavity 
which has two degenerate modes, such as the cavity 
used by Cooke.6 The Kerr rotation is expressed in terms 
of the microscopic, wave number dependent conduc­
tivity tensor of the sample by the use of an electro-
dynamic perturbation theorem derived by Redfield.20 

The result is explicitly applied to the case of a normal 
metal whose conductivity tensor has been derived in 
Sec. II. I t is shown that a measurement of the micro­
wave Kerr rotation in the cavity as a function of the 
mean free path gives a good experimental test for the 
nonlocal Hall current in a way which is very similar to 
the verification of the anomalous skin effect by measure­
ments on surface impedance as a function of mean free 
path. Although the cavity geometry described in this 
section cannot be used to measure a transverse Hall 
current in a bulk superconductor it seems that it could 
be used to measure a transverse Hall current in small 
superconducting samples such as very thin films. 

20 A. G. Redfield, J. Appl. Phys. 25, 1021 (1954). 
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FIG. 1. The two degenerate TEn modes in a cylindrical cavity 
of circular cross section. 

The cavity is a cylindrical one of circular cross 
section which has two degenerate TEn modes. The two 
degenerate modes are sketched in Fig. 1. The sample 
forms the end plate of the cavity and a static magnetic 
field Ho is applied along the cavity axis and per­
pendicular to the metal surface. Clearly this geometry 
causes a transverse Hall current flow in the sample. 
The Kerr and Faraday rotations in a generalized micro­
wave gyrator have been discussed by Redfleld.20 The 
circular cylindrical cavity described in this section is a 
special type of microwave gyrator. We define mode 1 as 
the mode excited by a coupling loop (̂ 4) entering the 
cavity when HQ=0. Another coupling loop (B) enters 
the cavity and can be rotated by 90° around the 
cavity axis so that it is coupled with either mode 1 or 
mode 2. Let I hi denote the current in the coupling loop 
B when it is in position 1 and coupled completely with 
mode 1 and let Ih% denote the current in loop B when 
it is in position 2 and completely coupled with mode 2. 
I hi is zero unless the dc magnetic field couples the two 
modes and its magnitude is proportional to the rotation 
of the microwaves in the cavity. If the gyrator is a 
cavity near resonance so that most of the loss occurs 
inside the cavity then by use of reasonable assumptions 
about the cavity coupling Redfield shows that20 

0 ; 
tbi coe J> iaaE2-iwMoH lX

aH2), (1) 

where Q is the Q of the cavity, e is the energy stored in 
the cavity for fields Ei, Hi in the cavity, Ex and Hi 
are the unperturbed (#o=0) fields in the cavity at 
resonance, and E2 and H2 differ from Ei and Hi by a 90° 
rotation. Also aa is the antisymmetric part of the con­
ductivity tensor and xa the antisymmetric part of the 
magnetic susceptibility tensor. Local conductivity and 
susceptibility tensors have been assumed in (1). Also 
(1) is valid only for small rotations ©<<Cl. 

Since we wish to consider nonlocal conductivity 
tensors we give a slight generalization of Eq. (1). We 
start with the electrodynamic perturbation theorem 
derived by Redfleld20 

dij—dji^— I Ej2aaEidv, (2) 

where a a is the ij component of the admittance matrix 
of the microwave gyrator and Ey is the field in the 
gyrator when F y = l and Vi=0 whereas E* is the field 
in the gyrator when F * = l , Fy=0. For our purpose i 
and j refer to the coupling loops A and B. We follow 
the conventions of Montgomery et al.21 in the definition 
of the admittance matrix. Using the derivation of 
Redfleld, one may generalize (2) to give 

ij-aji=- J Ey(q)o-a(q)E,(q)Jq, (3) 

where o"a(q) denotes the q Fourier component of the 
antisymmetric part of the conductivity tensor defined as 

j(q) = a(q)E(q). (4) 

Using (3) one may show the generalization of (1) is 

e 
0)6 J 

E1(q)(r«(q)E2(q)(fq, (5) 

where for our purpose we have put xa(<?) = 0. 
We apply (5) to the TEn mode of the cavity. Let the 

cavity axis and Ho be along the z axis, then we may 
separate out the z dependence in the electric fields 

E\x=Ei* (x,y)E(z), E2x = E2x (x,y)E(z), 

E^=Eiy (x,y) E (z), E2y = E2y (x,y)E(z). 
(6) 

Also aa(q) will be a function of qz only so that (5) 
reduces to 

Q 
© = - fDE(?.)]Vfo.)<*?. 

we J 

X I I dxdy[_Eix(x,y)E2y( — x, —y) 

-E2x{x,y)Eiv(-xy -y)~]y (7) 

where <ra(qz) now denotes a number and not a tensor; 
that is 

/ 0 - 1 \ 
*°(g) = ( M?.). 

We assume the boundary condition of specular re­
flection at the surface of the metal. Then the semi-
infinite metal slab may be replaced by an infinite metal 
medium if we take22 

E(z) = E(-z), E{qz) = E{-qz). (8) 

Also if the magnetic field is perpendicular to the metal 
surface it must satisfy 

Ho(z) = H0(-z). (9) 
21 C. G. Montgomery, R. H. Dicke, and E. M. Purcell, Principles 

of Microwave Circuits (McGraw-Hill Book Company, Inc., New 
York, 1948). 

22 D. C. Mattis and G. Dresselhaus, Phys. Rev. I l l , 403 (1957). 
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The metal surface is at s = 0 . If the magnetic field is 
parallel to the metal surface one must take 

Ho(z)=-HQ(-z). (10) 

Then using a method outlined by Serber and also used 
by Mattis and Dresselhaus22 one may add a current 
sheet at z—0 in Maxwell's equations and show that 

E(q.) -a E'(0) 

q.*+K(q.)' 
(11) 

where E'(0) denotes dE/dz at 2 = 0 and K(qz) is defined 
by 

c2 

Kq.)=—K(q.Mq.)- (12) 

If we place our coordinate system at the center of the 
cavity then for the TEni mode we have 

Eiy(xyy) = Ely(-x,-y), E2y(x,y) = E2y(-x,-y), (13) 

so that, 

4GDE'(0)]2 r *a(?*) 
0 I ^ coeTr J 0 lq?+K{qz)J 

X I I dxdy[Elx(x,y)E2y(x7y) 

-E29(x9y)Ely(x,y)]. (14) 
For the TEm mode, 

Elx(rfi) = costyJiikrf/far+$m26J1'{k1r), 

Eiyirfi) — sin# cosdJi(kir)/kir— sin0 cos0//(kir), 

and for mode 2, 

E2x(r,d) = cos6 smdJi(kir)/kir—cosd sin6Ji(kir), 

E2y{rfi) = s i n W i ^ i ^ / A i f + c o s W i ' ^ i r ) , 

(15) 

(16) 

where J\{x) is the Bessel function of first order and 
Ji(x) is the first derivative, and 

E(z) = - (a/fa)*-™' sinhz, (17) 

where we have introduced polar coordinates (r,0). Also 

*i=*1.841/a, h=w/C, (18) 

where a is the radius and C the length of the cavity. 
The electric field lines for the two degenerate modes are 
shown in Fig. 1. The eigenfrequency OJ is given by 

aP/c^W+k*2. (19) 

To evaluate (14) we use 

Elx{rfi)E2y{rfi)-Ely{r,d)E2x{rfi) 

= / i (* ir) / i ' (* i0/*i ' - (20) 

The energy density of one mode in the cavity is, 

7TC02 fa 

e= I rdriZJi'-ikirW+Mkrf/ikxr)*}. (21) 
16&12&3

 J0 

Define 

M 

so that 

Also define 

dx x [ ( / 1 ' (x ) ) 2 +Ji 2 (x) /x 2 ] , 

N-- • f dxJi(x)Ji(x), 

(22) 

(23) 

(24) 

then (14) becomes 

9 = 
( MJITT co3 J 

«Hq*) fl6w2 

J dq* 
. o lq?+K(qz)J. e (25) 

and for a TE1U mode A^=0.14 and M=0.45 . The result 
(25) may readily be interpreted in terms of a simple 
physical picture. The Kerr rotation after one reflection 
from the sample for a plane wave of infinite extent in 
the xy plane may be shown to be equal to the third 
factor in Eq. (25). The mean time of damping of the 
electric field of the wave is 2Q/co. If vg is the group 
velocity of the wave in the z direction the wave makes 

Qvgki/wr (26) 

reflections before being damped out. Also 

vg = hc2/oj. (27) 

Thus the second factor in (25) corresponds to the mean 
number of reflections made by the wave in the cavity 
before it is damped out. 

The last factor kzc/a) arises because the value of Ef(0) 
at the metal surface is smaller by this factor in a 
waveguide than for a plane wave of infinite extent in 
the xy plane, for a given electric field strength far away 
from the metal surface. Since the primary current is 
proportional to Ef(0), the Kerr rotation in a single re­
flection is reduced in the guide from its value for a plane 
wave of infinite extent in the xy plane by the factor 
k%c/oo. The first factor is a number of order unity which 
depends on the mode under consideration and hence 
may be referred to as a structure factor. The result of 
(25) may readily be generalized to a TEun mode. 

The preceding discussion makes clear an important 
advantage of any experiment on the Kerr rotation in a 
microwave resonant cavity, namely that the observed 
rotation 0 is of the order of Q times the Kerr rotation 
for a single reflection. Since we shall show that the 
rotation for a single reflection is very small and since 
Q values of order 104 are available this is an important 
advantage of this type of experiment. 

The real part of © corresponds to the angle of rotation 
whereas the imaginary part of 0 corresponds to the 
ellipticity of the elliptically polarized wave. 

We now apply (25) to the nonlocal current in a 
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normal metal. The main features of the result are most 
clearly brought out by considering two limiting cases. 

(a) The microwave region at room temperature has 
cor<<Cl and /<<CX where X is the penetration depth (or skin 
depth). Local relations for both the Ohmic current and 
the Hall current are valid. Using the result of Sec. I I 
for small q gives for the Hall conductivity, 

and 
0"Hall (QZ) = ora {qz) = RQ(7O2HO, 

i£ ((/) = 471-20X7 0A2. 
Then (25) gives 

'8N\ /Qh2c2\/-du(l+i)a0HoRo 

\ M / \ 7TO!2 / V 2c ) (T> 
where 5 is the classical skin depth 

5=c/(27TCO(7o)*. 

(28) 

(29) 

(30) 

(31) 

The order of magnitude of the rotation is one minute 
per kilogauss for a Q of 104. 

(b) The extreme anomalous limit is valid when 

gz/0/7Tco»l and E»X. (32) 

Then from Sec. I I the Hall current for large q is 

3<TQ RO<TQ HQ 
<Tmn(qz)=va(qz) 

and also 

K{qz)=~ 

l I 

4xico 3x0*0 

Mzl 

(33) 

(34) 

Both (33) and (34) are independent of mean free path. 
From (25) 

/SN\/Qh2c2\/ 128 co 
®-= ( " ) ( ) ( ~ RoHQ(^3+i) 

\ M / V 7TC02 / V 9VJ C 

<T<?V0\L
2 (0) / 4^0XL2 (0) \ * \ / he 

X 1 -
l2c2 \ 3TTCO )")(T> 

(35) 

Like the surface impedance in the extreme anomalous 
limit the Kerr rotation 0 ^ is independent of mean free 
path. Here XL2(0) is defined by 

XL
2(0) = WC2/^247T. (36) 

I t is convenient to examine the Kerr rotation as a 
function of the parameter a defined as 

a=3l2/282. (37) 

Then if we plot the ratio @/©oo as a function of a1/6 it 
will approach unity for a large compared to one whereas 
for small a the rotation increases linearly with a1/Q as 
given by Eq. (30). Denoting the real part of © by &R 

and the imaginary part by @z, we have 

and 

®R 9 T T / 2 7 \ 1 / 6 

= _ ( _ ) ^2/3^1/6 f o r a ^ l , (38) 
0 ^ 64 V 8 / 

© 
-^vSQVOoo* f o r a 1 / ^ ! . (39) 

Both ®R/®00
R and ®T/@J are plotted versus a1/6 in 

Fig. 2. The dotted parts of Fig. 2 have been inter­
polated. For comparison we show in Fig. 3 a plot of the 
inverse of the surface resistance and the surface reac­
tance in the microwave region as derived by Reuter 
and Sondheimer, plotted as a function of a1/6 along the 
abscissa.23 The constant A is independent of a, 

A = 6^ (iroo/ec2)f (mv0/3n) *. (40) 

Also specular reflection has been assumed. The similar 
behavior of the Kerr rotation and of the surface im­
pedance are evident from a comparison of Figs. 2 and 3. 
I t is clear that the saturation of the Kerr rotation and 
of the surface impedance for large a1/6 is simply due to 
the currents being limited by the skin depth rather than 
the mean free path. 

IV. THEORY OF HALL CURRENT IN 
SUPERCONDUCTORS 

There are several important differences between a 
transverse and a longitudinal Hall current in a super­
conductor. In the longitudinal case Ho is applied parallel 
to the surface of the superconductor so that a bulk 
sample can be used. In this geometry the Q wavevector 
of the incident microwave field is parallel to the Hall 
current. In the transverse case when Ho is applied per­
pendicular to the surface of the superconductor a bulk 
specimen cannot be used. This is because in any 
specimen whose thickness is large compared to the 
penetration depth the magnetic field lines will be very 

®>/®l or ©"/©« 

1/6 

FIG. 2. The rotation ratios ®R/®«,R and ®7/®o/ are plotted versus 
the parameter a1'6 (a=3Z2/2S2). 

23 G. E. H. Reuter and E. H. Sondheimer, Proc. Roy. Soc. 
(London) A195, 336 (1948). 
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A/R,A/X 

FIG. 3. Surface impedance in the microwave region 
versus the parameter a1/6. 

nearly parallel to the surface. Consider for example a 
thin superconducting disk of radius r0 and thickness d, 
with an applied field Ho normal to the plane of the disk. 
If one assumes the current in the disk is given by the 
London equation, 

j = ( - l A A r ) A , (1) 

where V-A=0 and AL to surface=0, then one may 
readily show that the magnetic field inside the disk 
will be approximately in the z direction (direction of 
Ho) and approximately equal to the applied field Ho if 

dr0/\L
2(T)<l, (2) 

where \L(T) is the London penetration depth. Since 
typical values of AL(JT) are of order 10~5 cm and if 
d=10~7 cm as in the thin films of Ginsburg and 
Tinkham24 then the maximum value of To is ro= 10~3 cm. 
Such small superconducting disks have been used in 
experiments of Androes and Knight on the Knight 
shift.26 For thin films with d=10~7 cm the important 
values of wave vector q are q^d~l or g£o~£o/d£>l. I*1 

this region a nonlocal theory is known to be valid and 
the London equation (1) gives a current which is much 
too large. A more accurate criterion than (2) would 
allow the radius ro to be much larger, of the order of 
fo^ lO - 1 cm. 

Another important difference between the transverse 
and longitudinal Hall current is the charge density 
associated with the longitudinal current. Let Ho be 
along the z axis and define a wave-number-dependent 
conductivity tensor by 

Jy(Q) = ^x(Q)Ex(Q)+ayy(Q)Ey(Q). (3) 

Let the incident 'microwave electric field be along x, 
then for the transverse case as in the experiment of 

24 D. M. Ginsburg and M. Tinkham, Phys. Rev. 118,990 (1960). 
26 G. M. Androes and W. D. Knight, Phys. Rev. Letters 2, 386 

(1959). 

Cooke we may take Ey(Q) = 0. For the longitudinal case 
we get from the continuity equation for current and 
V - E = 4TTP 

Ey(Q)=-brh(Q)/i». (4) 

In general one would expect that the driving term 
would be similar in both the transverse and longitudinal 
current except for effects arising when diffusion takes 
place in the longitudinal case. The detailed microscopic 
theory of this section will be carried out explicitly only 
for the transverse current; however since we qualita­
tively expect the driving term cryx(Q) in the longitudinal 
case to be the same as in the transverse case we may 
then apply the results of the microscopic theory in a 
qualitative manner to the Lewis experiment and also 
compare this theory with a two fluid model theory 
postulated by Dresselhaus and Dresselhaus for the 
longitudinal case.11 

The detailed microscopic theory for the transverse 
case makes the following basic assumptions. We let Ho 
be along z and the incident microwave field along x so 
that the Hall current will be along y only and it will be 
transverse, 

dj,Jdy=0. (5) 

Further it is assumed that Ho is uniform throughout 
the sample; such an assumption would be valid for small 
superconducting specimens as discussed earlier. A per­
turbation theory is used to include the effect of Ho and 
the microwave field so that the Hall current will be 
proportional to Ho- Clearly such an assumption fails in 
large magnetic fields; when applied to small samples 
perturbation theory will be valid when 

a)cd/vo<Kl, (6) 

where d is the small dimension of the sample and coc is 
the cyclotron frequency eHo/ntc. 

We assume the BCS model26 for the superconductor 
and also include the effects of collective excitation^ by 
the generalized random phase approximation given by 
Anderson and by Rickayzen.12,13 We shall show ex­
plicitly that the collective coordinates are zero in the 
transverse Hall current for an appropriate choice of 
gauge if the two-body interaction F(k,k') is independent 
of the angle between k and k'. This shows that in the 
transverse case, for the appropriate choice of gauge, 
the inclusion of collective coordinates is not mandatory; 
one can obtain the same result by the use of perturbation 
theory assuming the BCS ground state (without col­
lective effects being included) to be the eigenstate when 
the electromagnetic fields are zero. The formalism used 
in this section includes the collective excitations ex­
plicitly and hence could be used to treat the longitudinal 
Hall current. 

The notation used in this section corresponds closely 
to that of reference 13 and is briefly summarized here. 

26 J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 
108, 1175 (1957); hereafter called BCS. 
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u AHo(Q) 

FIG. 4. Geometry for transverse Hall current in superconductor. 

The potential F(k,k') denotes the interaction respon­
sible for the superconducting transition. The operator 
which creates an electron in the state of momentum k 
and spin cr is denoted as ck)(T*. I t is more convenient to 
use the quasi-particle operators introduced by Bogo-
liubov and by Valatin, 

yko^UkCkt—VkC-ki*, yki=UkC-ki+VkCk\*, (7 ) 
where, 

w = i ( l + e*/£*), Vk2 = ^l-ek/Ek). (8) 

The energy of an electron in the normal state is ek> 
measured from the Fermi surface. The energy gap is Ik 

and 
Ek=(ek*+Ik*)K (9) 

The collective variables in the superconductor are 
defined as13 

P (Q) = E k m (k,Q) (7fcfQO*7*i*+7iN-Qi7Ao) 
+n(k,Q) (7fci*7fcf «i+7fcfQo*7ifeo), (10) 

^ * ( Q ) = Ek7(iT,*)[»(*>e)(7iH-QO*7ib1*+7iM-omo) 

-w(*,Q)(7AH-Q0*7*0+7fcl*7AH-Ql)] , ( 11 ) 

^*(Q) = E k V(KMKk9Q)(y^Qo*yki*-yk+Qiyko) 

+P(k,Q) (7JH-Q0*7fc0-7*i*7*4-Qi)], ( I2) 
where, 

KKQ)= UkUk+Q+VkVk+Q, m(k,Q) = ukvk+Q+vkuk+Q, 

n(k,Q) = ukuk+Q—vkvk+Q, p(k,Q) = ukvk+Q—vkuk+Q. 
(13) 

The microwave electromagnetic field is described 
by the vector potential A(t,t) and 

A(r>0 = E .* < ( " -* ) 'A„( r ) . (14) 

Here s - 1 will be identified with the phenomenological 
relaxation time as in the work of Mattis and Dressel-
haus.22 We further express Aw(r) as 

A C O W - E Q ' a „ ( - Q ' ) exp( -*Q ' - r ) . (15) 

Since the microwave electric field is in the x direction, 
fl«(—Q') is along x and for the transverse case Q' is 
along the z axis. A diagram of the geometry is shown in 
Fig. 4. Clearly it suffices to consider one value of Qr 

in (15) so that we drop the sum over Q'. Also for this 
gauge, 

V-A(r,0 = 0. (16) 

The static field Ho will be represented by the vector 
potential 

Atf0(r) = a # o ( - Q ) exp( -^Q- r ) 

+a*0(Q)exp(iQ.r) , (17) 

where we arbitrarily choose a#0(—Q) to be in the y 
direction and Q to be along x. We then take the limit 
that Q —> 0 in the final result since H0 is assumed not 
to vary along the x direction. Since Ho is real, 

w(e)=feo(-e). (18) 

This choice of magnetic field representation has several 
important advantages. We shall show explicitly that for 
this choice all collective coordinates are zero; such a 
result would not be valid in a more general choice. For 
example with the choice of magnetic field 

AHo(r) = aHo(Qy) exp(iQyy)x+c.c, (19) 

neither the charge density nor the other collective 
coordinates would be zero and thus would greatly com­
plicate the formalism. (For example, the charge density 
would go to zero only in the limit Qy—»0. Another 
advantage of (17) is that a current proportional to 
ao>{—Q')aHo( — Q)ei{i*-is)t flows in the y direction only. 
For the choice of magnetic field (19) there would be an 
added current flow in the % direction which is propor­
tional to au( — Q')aHo{ — Q)ei((j3~is)t and which arises 
from the Lorentz force exerted by the microwave mag­
netic field on the static London current which flows 
along the direction of a#0(—Q). However, for a small 
superconducting sample (i.e., d small in Fig. 4) any 
Hall current flow in the z direction would not be im­
portant physically due to the presence of the boundary 
and hence can be neglected. 

For our choice of gauge, 

and 

Q - a * . ( - Q ) = Q ' - a . . ( - Q , ) = 0 , 

Q ' -a f f „( -Q) = n H o ( - Q ) - a . ( - Q ' ) = 0> 

Also define 
Q - a « ( - Q ' ) = e a » ( - g O ^ O . 

Q"=Q+Q' . 

(20) 

(21) 

(22) 

The field free Hamiltonian of the system is1' 

H o = E «tc*»*c*»+ £ M k , k ' ) 
kcr kk'qaa' 

y\Ckrff' C—k'+qa C—Jc+qffClco', \^3) 

where Fi>(k,k;) includes the unscreened Coulomb and 
electron phonon interactions. For our choice of gauge 
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the perturbation Hi is 

F i = # i u r o ) + # A „ , (24) 
where 

HA{HQ)=—2aaHo( — Q) Jlkky[l(k, —Q) 
X (Yfc-Qo*Y/co—7ki*yk-Qi) 

~P(k, - 0 ( T * - Q O W - Y * - Q I 7 * O ) ] + H X . , (25) 

FA„= -2a^(-eo^ ("- i s ) £fc fcp(*, - e o 
X (7fc-Q'o*7fco-7/oi*7/c-Q'i)-^(^, - Q 0 

X (7/c~Q'o*7A;i*-7/c-Q'i7fco)]+H.c., (26) 

and a = efi/2mc. For our choice of gauge the term 
a#0(—Q)-a«(—Q') is zero. Also the paramagnetic 
current operator is 

j„(Q") = (eh/2m)£k(2k+Q")ll(k,Q") 
X(yk+Q>>o*yko--yki*yk+Q>>i)-p(k,Q") 

X (7fcf«"o*7fci*—7fcfO"i7fco)]+H.c. (27) 

I t is proved in Appendix A that the diamagnetic part 
of the Hall current is zero for our gauge so that Eq. 
(27) gives the total Hall current. 

The method we use to evaluate the Hall current is 
similar to a method used by Rickayzen in his treatment 
of the dielectric constant of a superconductor.13 The 
random phase approximation is used to derive equa­
tions of motion for the 77 operators and including the 
effect of the driving terms Hi in the Hamiltonian. Only 
terms which will give a contribution to the current 
linear in the product #//0(—(?)#«(—(?0 are retained. 
Since we assume only the Fourier components Q and 
Qf are present [namely aHo(—Q) and aw(—Q')~\ then 
the only component of current proportional to the 
product aHo(—Q)ao>(—Qf) excited is j(Q")- Thus we 
need only consider equations of motion for 7 products 

of the form 

7kfQ"0*7fcl*j 7/<4-Q"l7fcO, 7 k+Q" 0*7 k0> 7kl*7k+Q"l- ( 2 8 ) 

The equations of motion with no driving forces are 
given in the random phase approximation by27 

[#o,7fcf<ro*7*i*] 

= vk(Q")yk+Q„fyki*+(\- fk- fk+Q,>) 

X{VD(Q")tn(k,Q")p(Q") 

+Mk,Qff)Bk(Q
,,)~il(k,Q,,)Ak(Q

ff)}. (29) 

[H o,y k+Q"iyko] 

= -Vk(Q")7k+Q"l7kO- iX — fk — fh+Q") 

X{VD(Q")m(k,Q")P(Q") 

+in(k,Q")Bk(Q")+il(k,Q")Ak(Q")}. (30) 

|~ffo,7*+<3"o*7*o] 

=£k(Q")yk+Q»o*yM+(fk+Q"-fk) 

Xl-Vn(Q")P(Q")n(k,Q") 

+im(k,Q")Bk(Q")+ip(k,Q")Ak(Q")}. (31) 

[#o,7M*7*+Q"l] 

= -£k(Q"hki*yk+Q"i- (fk+Q"-fk) 

X{-VD(Q")P(Q")n{k,Q") 

+im(k,Q")Bk(Q")-$p(k,Q")Ak(Q")}. (32) 

These reduce to the equations given by Rickayzen 
when T= 0.13 In this notation, 

vk(Q") = Ek+Ek+Q», Ek(Q"y=Ek+Q>.-Ek, (33) 

h=f{Ek), (34) 

where / is the Fermi function. 
When we include the driving terms Hi the equations 

of motion are 

[ F , 7 . + Q " 0 * 7 M * ] = ^ ( C " ) 7 * + Q " 0 * 7 M * + ( l - A - A + Q » ) { ^ ( e " ) w ( ^ e " ) p « 3 " ) + ^ ( ^ e " ) 5 , ( e " ) 
-m,QlAk(Q''))-aaHo(-Q){2kyl(k+Q\Q)yk+Q'o*yki*+2kAk>Q)yk+Qi*yk+Q+Q'o* 
— 2kyp(k+Q', Q)yk+Q>iyki*+2kvp(k,Q)yk+Q>+Qo*yk+Qo} —a exp(iwt)aa(—Q') 
X {(2kx+2Q)l(k+Q, Q')yk+Qo*yki*+2kJ(k,Q')yk+Q>1*yk+Q+Q>o* 

-(2kx+2Q)p(k+Q,Q')yk+Q1yk1*+2hp(k,Q')yk+Q+Q>0*yk+Q.0}. (35) 

CHl7^o.a7*o]=-^(e,07^«»mo-(i-/t-/w-Q'0{^(e,o»(*,G'Op(e'o+i»(*,e,,)5*(G'') 
+U(k,Q'')Ak(Ql}-aaHo(-Q){-2kyl(k,Q)yk+Q+Q'iyk+Qo-2kyl(k+Q',Q)ykoyk+Q'i 

— 2kyp(k,Q)yk+Q+QIiyk+Qi*-{-2kyp(k+Q', 07*H-<3'O*7M} —aau(—Q') exp(itu) 

X{-2kJ(k,Q')yk+Q+Q'iyk+Q'o-(2kx+2Q)l(k+Q,Q')yk0yk+Qi 
-2kxp(k,Q')yk+Q+Q>iyk+Q>i*+ (2kx+2Q)p(k+Q, Q')yk+Q0*yk0}. (36) 

c^)7,+Q.o*7M]=-E,(e")7-t+<2"o*7M+(/,+Q"-/*){-Fi,(e")p(e")«(^c")+f^(^o")54(e") 
+ip(k,Q")Ak(Q"))-aflHo(-Q){2kyl(k+Q',Q)yk+Q'0*yk<,-2kyl(k,Q)yk+Q'+Qo*yk+Qo 
—2kyp(k+Q', Q)yk+Q'iyKo—2kyp(k,Q)yk+Q'+Qo*yk+Qi*} —aa^i—Q') exp(itS>) 
X{(2kx+2Q)l(k+Q, Q')yk+Qo*yko-2kJ(k,Q')yk+QI+Qo*yk+Q'o 

-(.2kx+2Q)p(k+Q,Q')yk+Q1yko-2kxp(k,Q')yk+Q+Q'0*yk+Q>1*}. (37) 
27 T. Tsuneto, Phys. Rev. 121, 402 (1960). 
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+2kyp(k+Q', Q)yk*yk+Q'Q*+2kyp(k,Q)yk+QWk+Q+Q>1} —aau(—Q') exp(#w) 

+ (2kx+2Q)p(k+Q, Qf)yki
:'yk+Qo^+2kvp(k)Q

f)yk+Qfoyk+Q+Qfl}) (38) 
where & = a)—is. 

The Eqs. (35) through (38) are equations involving operators. If we let ^ be the wave functional of the system 
in the presence of Hi and ^o be the wave functional when # 1 = 0, then we need to find the expectation value 

<*| j„(Q") |*>. (39) 

Thus we form expectation values in Eqs. (35)-(38) with the wave functional ty. The equations from now on will 
always refer to such expectation values and not to operators. 

We also use the simple theorem 

<^|F,7iN-0"o*7*1*|^> = «(^|7iH-Q"o*7*i*|^>, (40) 

which is valid as long as H may be written as the sum of a static and time dependent Hamiltonian and if ty is only 
needed to first order perturbation theory with the time dependent part of the Hamiltonian being the perturbation. 
The result (40) is clearly applicable to our case since the only time dependent part of H is HAW. 

In Eqs. (35)-(40), we need expectation values of products which differ by momentum Q (i.e., yk+Qo*7ki*) to 
first order in (iHo(-Q) and expectation values of products which differ by momentum Qr (i.e., Y/t+Q'o*7/d*) to first 
order in aw( — Q). The total equation of motion for yk+cp/k quantities to first order in auo is 

0=MQ)yk+Qo*yki*+(l-fk-fk+Q){VD(Q)m(k,Q)p(Q)+Mk,Q)Blc(Q)-m,Q)A!c(Q)} 
+aaHo(-Q)2ky(l-fk-fk+Q)p(k,Q), 

o=-v*(0Y*fflmo-(i-/*-/t+o){7/>(Q)»(*,e)P(e)+i»(*,o)5t(o)+i/(*,eM*(e)} 
+aam(-Q)2ky(l-fk-fk+Q)p(k,Q), 

o=£»(g)7iN.«oVo+(/n.o-/t){-FD(G)»(*>e)p(e)+i»(A,o)5Jt(g)+^(*,Q)4k(Q)} 
-aaHo(-Q)2ky(fk- fk+Q)l(k,Q), 

0 = -Ek(Q)ykl*yk+Q1- (fk+Q-m-VD(Q)n(k,Q)p(Q)+im(k,Q)Bk(Q)-±p(k,Q)Ak(Q)} 

-aaHo(-Q)2ky(fk-fk+Q)l(k,Q). 

The commutator of y pairs with H has been set equal to zero since a,Ho(—Q) is static. When F(K,k) is independent 
of angle a self-consistent solution of (41) is 

p(Q) = Bk(Q) = Ak(Q) = 0, (42) 
and 

yk+Qo^yki^== -2aaHo(-Q)ky(l- fk~ fk+Q)p(k,Q)vk--
1(Q)y 

yk+Qiyko=2aaHo(-Q)ky(l- fk- fk+oJpik^Vk-KQ), 

yk+Q^yk^2aaHo(~Q)KUk~h+Q)K^Q)Ek(Q)~\ 

yk*yk+Qi= ~2aaHo(-Q)ky(fk~fk+Q)l(k,Q)Ek(Q)~1. 

(41) 

(43) 

In the same manner one finds the expectation values of y products which differ by Q' to be 

P(Q') = Ak(Q') = Bk(Q') = 0, (44) 
and, 

yk+Q'o*yki* = 2kxau(-Q^exp(itw)p(k,Q')(l-fk-fk+Q.)lci-Vk(Q'U-\ 

yk+Q'1yk<>=2kxa„(-Q')exp(it6>)p(k,Q')(l-fk-fk+Q,)Zw+Vk(Q')y\ 

y,c+Q'0*yk0= -2kxa„(-Q') exp(itu)l(k,Q')(fk-fk+Q,)lw-£k(Q')J-\ 

7*i*7w-«'i= - 2 f e a „ ( - 0 O ^{it&)l{k,Q'){fk-fk+Q,)lih+Ek{Q')-]-\ 

(45) 

To derive (45) we have replaced the commutator by cbyy because there is an exp(^co) time dependence in HA^. 
The final equations of motion are derived from (35)-(38) using the expectation values given by (43) and (45). 
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We also use (40) to replace the commutators in (35)-(38) by wyy. Thus one finds 

^ W . Q » O W = * * ( Q ' O T I H - « » O W + ( 1 - / W * « ' 0 { ^ ^ ^ 

- 4 a 2 a i , o ( - e ) « w ( - e ' ) e x p ( f t e ) ^ { ; ( ^ + e ' , 0 ^ ( ^ ' ) ( l - / - t - A + < 2 ' ) [ " - ^ ( e ' ) ] - 1 

x (A-ZH-OODH-^OOII-1- (k*+Q)p(*,Q)Kk+Q, G O a ^ - Z ^ O O - ^ © ' ) ] - 1 

- (kx+Q)l(k+Q, Q')p(k,Q)(l-fk-MQ>>r1(Q)+kJ(k,Q')p(k+Q', QKl-fM-fw) 
XVM-KQ)- (kx+Q)p(k+Q, Q')i{kmh-h+o)MQri 

+kxp(k,Q')l(k+Q', Q)(fw-fw)&w-l(Q)}. (46) 

^H«''mo=-y*(G'07^o'u7*o-(i-/*-/^«'0{V'D(g,0«(*,G'Op(e'')+i»(*,Q/,)5*(Q'/) 
+m,QnA,(Qn}-^aHo(-Q)atll(-Q')exp(m)ky{-l(k,Q)(kx+Q)p(k+Q,Q') 

x(i-/^Q-/4+O")C"+"*+<2(e')]-i+/(^+G,,0^(^e')(i-/fc-/^)C"+^(e')]-1 

-#(*,G)(*,+0/(*+g>Q')(/^«-/n.o»)[«+-£*fo(e')]-i-#(*+e',e)w(*,eo(/*-/tfoO 
xO-^Ce')]-1-We')i>(W, QKi-UQ-fw)***-1®) 
+ (kx+Q)l(k+Q, Wp(k,Q)Q--fk-f»Q>>rKQ)-k4(k,Q')Kk+Q', Q) 

x (fk+Q-UQ")£lc+Q'(Q)-1+(h+Q)p(k+Q, gOWX/*- /* -*)^) - 1 } . (47) 

- 4 a » a z r o ( - g K ( - e 0 e x p ( » M i ) ^ { - Z ( * + g ' , g ) W ( f e , e ' ) ( / * - / i H - « ' ) C « - 5 * ( e ' ) 3 - 1 

+/(*,<?)/(*+Q,eo(/^o-/^o(*.+0[a-^«(G,)]-i-#(*+e,,e)#(*,o')*.(i-/*-/iM-<»o 
xC^+^(0')]-1-^(^)(^+G)^(^+(3,C')(i-/.+Q-/*+Q")C<i-^+Q(G')]-1 

+ ( fc+TO+0, Q')l(k,Q)(fk-fk+Q)Ek-
1(Q)-l(k,Q')kJ(k+Q', Q)(fk+Q,-fk+Q^Ek+Q^(Q) 

- (kx+Q)p(k+Q, Q')p(k,Q)(l-fk-fk+Q)Vk^(Q)+p(k,Q')kxp(k+Q', Q) 
X(\-fk+Q'-fk+Q-)vk+Q--1{Q)). (48) 

<iWW«»i= -£*(Q'07*i*rn-o"i- (/*-«—/*){- VD(Q"MQ")n(k,Q")+Mk,Q")Bk(Q") 
-i^(*,e'O^*(e,O}-4«*aff.(-0a«(-gOexp(«a)Ay{/(*>g)(ft,+g)/(*+g>go(/^«»-/M-o") 
xCco+^eCOJ-'-^^+G', ej^^QOCA-Zn-aOCfi+^tCGOD-'-^^+G', 0MQO 
x(i-/*-/w.<j.)*j:«-»'*(g')2-l-#(*,e)(*.+0#(A+e,e,)(i-/n-«-/kfO") 
x[«+vt(G')]-i+«(*,e')f(*+e', ex/**—UQ->)£*+Q - X ( 0 - (*,+<?)/(*+& e'V(*,e) 
x (/*-/n.o)^t(e)-i+(*«+e)#(*+(?, e,)^(*,G)(i-/fc-//H-e)^-i(e) 

-p(k,Q')p(k+Q', Q)* , ( l - /n -« ' - / iN-9»)-n-o- 1 (G)} . (49) 

Equations (46)-(49) are the basic equations of motion for the Hall current with driving terms proportional to 
*Ho(—Q)au(—Q). 

A self-consistent solution of (46)-(49) together with the equations defining the collective variables is gotten 
simply for the case that F(k,k') is independent of angle which we assume throughout. 

pk(Q") = Bk(Q") = Ak(Q") = 0. (50) 

The solution (50) is easily seen to be self-consistent since the driving terms in the equations of the collective 
variables are proportional to an odd function of ky and hence yield zero upon symmation over k. 

Using (46)-(50), the current may be simplified to give 

MQ")*=MQ")*=o, (51) 

jo>(Q")v=—Sa2(e:h/m)am(—Q)aa(—Q') exp(iwl) J2* V&*M(e*,«*+<J'>eM-«"). (52) 
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where 

M(ek,ek+Q',ek+Q») 

= -P(k,0")l(k+Q', Q)p(k,Q')(l-flc-fk+Q,) p{k,Q")p{k+Q',Q)l{k,Q'){fk-fk+Q.) 

Do-^(e")X"-"*«2')] Z*+Ek(Q')Tz-MQ"n 

_p(k,Q")Kk,Q')p(k+Q',Q)(l-faQ-fw) p{k,Q")p{k,Q')l{k+Q',QKfw-fw) 

l"-n{Q")1vk+Q'{Q) LS>-Pk(Q")lE^v(Q) 

l(k,Q")l(k,Q')l(k+Q',Q)(fk-fk+Q/) l(k,Q")P(k+Q',Q)p(k,Q')(l-fk-fk+Q,) 

ls>+£u(Q")T&+&(ff)l t<b+Ek(Q»)Ts>- nifm 
l(k,Q")Kk,Q')l(k+Q', 0 (/*.«'-/«-«») l(k,Q")p(k,Q')P(k+Q', QXl-fM-fw) 

lo>+Ek(Q")-]Ek+Q,{Q) ^+Ek{Q")-]vk+Q/{Q) 
• ( w - » - « ) . (53) 

Also, form by an integration by parts over the polar angle 8 
M(eic,ek+Q>,tk+Q") — M(ek,6k+Q",eic+Q>). (54) between k and Q'. This gives 

The case of physical interest is the limit Q —> 0 since dM 
this gives a magnetic field which is uniform in the x (#2(?/2w)£ k£k£ (eiceic+Q*,ek+Q>) 
direction. Thus using a series expansion in powers of Q, k 0«*+e' 
w e f i n d =Q/2Q'Z*kJkzM(ek,ek+Q>,tk+Q>), (59) 

h2 r dM 

so that, 

h2 [ dM 1 •"xc--/
 m

 v wv " / " v ' / " J 

+-^Q (ek,eh¥Q>,en.Q») + • • •. (55) X £ k ^ W f teb,€jH-Q',€A+«'). (60) 

r̂ , r ^ ^ . / r rv . • . As a special case of (60) we first consider the normal 
The first term in (55) gives zero upon summation , , -, ,, , ,, , ,, t .-, 

, XT . ,_.„* , .i . state and prove that the quantum theory for the 
over k. Using (54), one can show that , u n ± • u r^rw • *J /• i ± ±*u 

fe v n transverse Hall current given by (60) is identical to the 

[ §y[ n i QM result from the Boltzmann equation given in Sec. II. 
(€fc,€A4-Q',ejH-Q") = (ekiek+Q'^k+Q')' T n e matrix element for the normal state is 

dejc+Q" JQ=O 2 dek+Q' 
( 5 6 ) „, , „ /(«'>-/« f dfW) i 

M(e,ef,e')= 1 
The partial derivative on the right of (56) means ek (w+e—e')2 der 6o-\-e— e' 

is to be kept constant. Thus the current is 
- ( « - > - « ) , (61) 

riz where 
Jy(Q') = -4*2—QaHo(-Q)a„(-Q') exV(ia>t) e ^ e>^ek+Qf. (62) 

Thus, dM 
X E kx

2k2 (e/c,€/c-f-Q',€/c+Q0, ( 5 7 ) r ^ / n , r - l 9 L 1 / / , A 
k de*+Q, [<2 T 1 Lfc ky

2kzM(e,e',ef) 
where 

7T / • * f0 0 

Af(efc,€A4.Q',€jH.oO = I d0sin30cos0| dk khYf{e')-f(e)~] 
Of(2<irY J* J* 

P2(k,Q')(l-fk-fk+Q>) PKW) df(Ef) 

["-^(OT &-vk(Q') BE' 

P(k,Q'Xfk-MQ>) P(*,G0 <?/(£') 

X [— —1 
L(w+e-e')2 (w-e+e')2J 

''(2x)3 •/„ e'(2x)3 

J*00 df(ef*)r 1 1 
^ £5_1 | 

. - — v, _ . , , _ , ~- j - .- , _ _ . _ _ _ , _ Q d € ' Lw+€—€' CO— H-V. 
(63) 
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The integration yields Using 

LQT1 E k ky*k2M(e,e',e') [ dp\, _ 1 \ dl2 

1 mo) nT sin30d0 

[dp2 i vdl2 i 

rn sm°v<w 
! I (64) 

(2T)2 h2" JO ta>+hvoQ'COSOJ' \dM 1 2 d2f(E) 
-—(€,€ ,€ ) = ; — - , (75) 

IdE' J€^e co-is dE2 

so that 

i , (G0 = ^ o . o ^ o [ - ^ ( - 0 0 e*p(*f l*] Q n e findg ^ ^ c u r r e n t . s 

d0 sin30 . , ^ A <*2^3*#o 

[!-*(/() 'cos0-cor) J 
XI , (65) Jv(Q) = —— r r l si sin30 cosW0 

where we have taken the phenomenological relaxation y j ^ 6 ^ __ (75) 
time s - 1 to be equal to r. Since J0 E dE2 

Use 

£ ( - ( ? ' ) = —<*« (--(?') exp(i<at)a>, (66) 
c 

e d2f(E) 

E dE2 

ft6 = ^ 6 ( l + § € / E j O , (77) 
then 

e <P/(E) m /•« e d2f(E) 
the result (66) gives the same Hall conductivity as J £fi^& = I dekwh~ 
derived by the Boltzmann equation treatment of Sec. J 0 E dE2 h2 J-& E dE2 

I I . When expressed in real space (65) gives the same 
result as Eq. (3) of Sec. I I . +s(™\\ 3 f°° d f_^l^_ 

We now return to the case of the superconductor \h2/ F J * E dE2 ' 
given by (60). The general result may be written as a 
double integral over energy e and over angle 0 as and integrating by parts 

, ,s oi2e T00 € d2f(E) /m\2 f /-00 df(E) 
Jy(Q') = -iHoa„(-Q') exp(i«0 dkW — = 5{ - ) kF* - 2 I ^~~de 

Jo E dE2 \h2/ \ J0 dE 2ir2hQf 

X J ddsm*6cosdf dek3M(e,e',e'), (67) 
--5(m/h2)2kF*{l-A/AT}, (79) 

where (1—A/Ay) corresponds to the microscopic analog 
i - i of the fraction of normal electrons pjp of a two fluid 

wherein general, model » Thus, 

e^W/ltn, e' = V(k2+2kQfcos6+Q'2)/2tn. (68) R^HQ p , ; -, 

i* ((?') = — ( c o - i O ^ C - g O exp(i«0 , 
An important special case of (67) is for small Q', (1+iwr)2 pi c J 

namely (80) 
fiv0Q'«I, (69) 

and either where we have again identified the phenomenological29 

voQ'<^oo or voQ'<^r~l. (70) relaxation time s~l with r. Since the last factor is 
E( — Qf), the Hall conductivity for long wavelengths 

Then we may expand in a power series in Q'; (small Q') is the first factor of Eq. (80). 
At T= Tc, this gives the usual Hall conductivity for 

h2 e the normal state in the long-wavelength limit. The 
E = ^ H kQ cos0—+^(? H , (71) result (80) may be interpreted in a qualitative manner 

J from a two-fluid model viewpoint. The normal com-

f ^yr .. ponent of the primary current flow is proportional to 
(e €' €'\ pn/p in a two-fluid model [primary current denotes the 

dEf Je'=e current proportional to E( — Qry\. If we make the addi­
tional assumption that only the normal component and 

X ( E ' - E ) + - e ' 2 + - - - . (72) 
28 J. Bardeen, Phys. Rev. Letters 1, 399 (1958). 

T h e first t e r m does n o t c o n t r i b u t e to t h e c u r r e n t since . 2 9 [ r h e identification of s~* with T may not be completely valid 
in the superconducting case since the relaxation time 01 quasi 
particles depends on their excitation energy. However no such 

S k ky
2kzM(e)eJe) = 0. (73) question arises in the important special case of / —> °°. 
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not the supercurrent is acted on by the magnetic field, 
then we expect a Hall conductivity proportional to pn/p. 
We note that in order to get the constant of propor­
tionality in (80) from a two-fluid model, we must make 
a specific assumption about the conductivity of the 
normal electrons in the two-fluid model; in the absence 
of a detailed theory such an assumption is little more 
than guesswork.30 To get the same constant of propor­
tionality as in (80), one must take for the conductivity 
of the normal electrons, 

^0 Pn 

j»=—r—K (8 1) 
1+iwr p 

An important application of the general result (67) 
is to small superconducting specimens such as thin 
films. Let d be the thickness of the film or more generally 
d is the small dimension of the superconducting speci­
men. Then for very thin films such as those used by 
Ginsberg and Tinkham, we have that24 

/»<*, d / £ 0 « l , dco«fl0. (82) 

The electric field is uniform inside such a film and HQ 
normal to the film surface will also be uniform inside 
the film under the appropriate conditions on the sample 
dimensions discussed earlier. We assume that random 
scattering takes place at the surface of the specimen; 
then the important Q' in the film are of order drl so that 
(V£O^>>1 and one needs to evaluate the integral of Eq. 
(67) in the extreme anomalous limit. 

Since both the Lewis experiment and the Spiewak 
experiment give longitudinal Hall currents, we may only 
make a qualitative comparison with Eq. (80).9~n 

APPENDIX A. DIAMAGNETIC HALL CURRENT 

The general diamagnetic current operator is 

-e2 

Jz>(r)= E ck+Q^ck)ffe-^'^AH0(r)+Au(r)l (1) 
MCA k,q,<r 

where A is the volume. Since 

J(Q) = (2ir)-* f J(r) exp(iQ• t)dh, (2) 

A(Q) = (27r)-M A(r) exp( - ;Q-r )dV, (3) 

30 D. Shoenberg, Superconductivity (Cambridge University 
Press, New York, 1960). 

then, 

-e2 

mcA k,q,cr 

X C a ^ 0 ( q - q , ) + a w ( q - q , ) ] J (4) 

or in terms of quasi-particle operators 

JD(qO = — (e2/mcA) £ m(k,q) 

k,q 

X (yk+qV*7ki*+7h}-QiykQ)+n(k,q) 

X (7k+ql*7kl + 7k+qQ*7k0) 
X[a f f ofa-<z ' )+a„(?-Y)] . (5) 

Since we only have <IHO{ — Q) and aw(—Qf) present 
the only component of current excited in JD{Q") 

-e2 

J D ( Q " ) = { E \jn(k,Q')(yk+Q*o*7ki*+7k+Q>i7ko) 
mcA k 

+£m(k,Q) (7k+Qo*7ki*+7k+Qi7ko) 

+n{k,Q)(yk+Ql*yki+yk+QH*yk^o>(-Qf)}. 
(6) 

We need the expectation values to first order in 
a>Ho(—Q) of operators which differ by momentum Q 
(i.e., Y/C+QO*7/CI*) and to first order in aw{—Q') of 
operators which differ by momentum Q' (i.e., 7*4-Q'I*YM*) . 
These results are given in Sec. IV by Eqs. (43) and (45). 
These equations show that 7^+^0*7^1* is proportional 
to an odd power of kx and hence the sum over k in Eq. 
(6) clearly yields zero for our choice of gauge, 

J D ( Q " ) = 0 . (7) 
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