EIGENVALUES OF DENSITY MATRICES

ators. If a1, as are the annihilation operators
corresponding to a complete orthonormal set of one-
particle states, density operators of successively lower
orders can be obtained from

Tp=(N—p)" 2 alpy1ai". (15)

It is easy to verify that this relation is independent of
the choice of basis, but not so easy to obtain useful
information from it.

As one consequence of the theorem proved earlier
in this paper, suppose one has a given function
K (x1,22,%1",25'). A necessary condition for K to be a
second-order density matrix for a 3-particle system is
that the first-order density matrix obtained from K
have the same positive eigenvalues as K itself. From
the eigenfunctions, possible wave functions for the
system could be constructed according to Eq. (4a).
Likewise, knowledge of the eigenvalues of the second-
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order density matrix of a 4-particle system gives
extensive information about the wave function. In the
latter case, for example, if the positive eigenvalues were
nondegenerate, the wave function would necessarily be
of the form

\0=6—% Zr )\récrgr(laz)gr(&él):

where the coefficients ¢, have modulus unity. In the
other extreme, where the density operator has six
eigenfunctions with eigenvalue 1 and all other eigen-
values are zero, the wave function would be

Y=06"1 305 crogr(1,2)8:(3,4),

where the ¢’s form a unitary matrix. The extra coeffi-
cients ¢ appear in these last expressions because,
without knowledge of the wave function, the functions
G, are indeterminate by a phase factor and, in the case
of degenerate eigenvalues, by a unitary transformation.
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The theory of electromagnetic wave propagation through an anisotropic ionized layer, including the
effects of the nonlinear terms in the Boltzmann transport equation, is presented. The method of solution of
the nonlinear equations involves an expansion of all of the dependent variables in a Fourier series in time.
The differential equations describing wave propagation are then solved, for each frequency in the series, for
plane wave propagation, including all of the reflections within the plasma layer. A solution in closed form has
been obtained, under small signal conditions, for the field at the 4th harmonic in the Fourier series. A
discussion of the properties of the wave at the second harmonic frequency as a function of the dc magnetic
field strength, the electron density, the electron-neutral particle collision frequency, the field strength of the
incident wave, and the thickness of the plasma layer is given.

1. INTRODUCTION

“HE propagation characteristics of an electromag-
netic wave in the presence of an ionized medium

have been discussed by Schliiter,!? Bailey,*=5 Spitzer,$
Brown,” and many others.? These discussions are based
upon a set of equations which includes Maxwell’s equa-
tions and the dynamical equations for an ionized gas.

* This research was supported in part by the U. S. Air Force
Cambridge Research Laboratories.
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The dynamical equations are obtained, at least im-
plicitly, from the Boltzmann equation, and they are
inherently nonlinear equations. However, the usual pro-
cedure is to linearize these equations since a general
method for obtaining solutions to the nonlinear equa-
tions is not available. It is the purpose of this paper to
discuss the effects of the nonlinear terms in the equa-
tions on electromagnetic wave propagation phenomena.

Relatively little has been reported on solutions to
these equations when the nonlinear terms are included.
Ginsburg® has discussed the mixing of two electromag-
netic waves when one of the waves, at frequency ws,
causes an electron density gradient which varies at the
w1 rate. The interaction of this electron density variation
with a second electromagnetic wave, at frequency ws, is

9V. L. Ginzburg, J. Exptl. Theoret. Phys. U.S.S.R. 35, 1573
(1958) [translation: Soviet Phys.—JETP 35(8), 1100 (1959)7].
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then discussed. Huxley and Ratcliffe’® have discussed
the case of cross-modulation, the so-called Luxemburg
effect. This occurs when the modulation on a strong
electromagnetic wave produces a variation in the elec-
tron-neutral particle collision frequency, because of its
electron temperature dependence, at the modulation
rate. This modulation is then transferred to a second
signal which is traversing the same part of the medium.
These papers®%! discuss the interaction of a strong
signal and a weak signal with a plasma when the strong
signal produces a variation in one of the plasma parame-
ters. Although such phenomena are related, in a certain
sense, to the nonlinear nature of an ionized gas, in effect
these discussions relate to the interaction of an electro-
magnetic wave with a plasma in which one of the plasma
parameters varies as a function of time.

Sturrock™ has given a general approach to the effects
of nonlinearities on electron plasma oscillations in the
absence of collisions. Dawson® has discussed several
special cases for a similar situation. However, a hydro-
dynamical approach is employed in these two papers
and they are, therefore, restricted to low-frequency
phenomena.

It is the purpose of this paper to discuss the nonlinear
interaction of an electromagnetic wave incident on a
layer of ionized gas in the presence of a dc magnetic
field. The ionized medium is assumed to be of finite
thickness in the direction of propagation of the wave
and infinite in extent in the other directions. It is as-
sumed that the ordered motion of the plasma caused by
the electromagnetic forces predominates over the ran-
dom motion caused by thermal and pressure effects and,
therefore, these terms in the equations are neglected in
the following development. However, the effects of
electron-neutral particle collisions are included in the
theory. An iteration technique is employed in order to
solve the nonlinear equations, and this scheme restricts
the validity of the solutions to the case of small ampli-
tude signals. A solution, in closed form, is found for the
second harmonic power generated within an ionized
medium because of the nonlinear interaction of the

wave and the plasma.

In subsequent reports on this work, we will discuss the
experimental verification of the theoretical predictions.
In addition, a measure of the range of validity of the
small signal theory, in terms of the magnitude of the
incident power, will be given. The equations describing
the propagation of the incident wave will be reiterated
to obtain the effects of the nonlinear terms on propa-
gation at the fundamental frequency. We will also
discuss effects introduced when the incident wave pro-
duces ionization within the plasma layer.

071, G. H. Huxley and J. A. Ratcliffe, Proc. Inst. Elect. Eng.
96.3, 433 (1949).

1P, A, Sturrock, Proc. Roy. Soc. (London) A242, 277 (1957).

12 J, M. Dawson, Phys. Rev. 113, 383 (1959).
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2. AN OUTLINE OF THE THEORY

The theoretical model to be discussed is assumed to
have the following properties:

(a) The plasma is electrically neutral in the absence
of the externally imposed electromagnetic wave.

(b) The electron density is uniform in the absence of
the externally imposed electromagnetic wave.

(c) All inelastic collisions between the plasma con-
stituents are neglected.

(d) Only elastic collisions between electrons and
neutral particles are included, and these are assumed to
be represented by a constant, », which is independent of
the electron velocity.

(e) Thermal gradients are neglected.

(f) Pressure gradients are neglected.

(g) The positive ion current is neglected.

(h) The plasma has a finite thickness, d, in the direc-
tion of propagation and is infinite in the other directions.

(i) The externally imposed electromagnetic wave is a
plane wave propagating normal to the plasma surface.

(j) The externally imposed dc magnetic field is as-
sumed to be uniform throughout the extent of the
plasma.

Assumptions (a), (e), (f), (g), and (j) are generally
accepted as providing a reasonable model of an ionized
gas under steady state conditions. Assumptions (c) and
(d) are good approximations in the case of He gas when
the electron temperature is above two electron volts,
particularly in the case of propagation of a weak electro-
magnetic wave. Assumptions (b), (h), and (i) are not
usually satisfied in a practical situation. However, these
conditions can be approached experimentally® and have
been reasonably approximated in the experimental ar-
rangement to be discussed in a subsequent report.

The following set of equations will be used to describe
the interaction of an electromagnetic wave with an
anisotropic ionized medium under the above set of
assumptions:

VXE=—0B/o1, V-B=0; 1)
VXH=0D/dt+env, V-D=e(n—mny); (2)
n/dt+V -nv=0; (3)

v/ dt+ (v- V)v=(¢/m) (E4+vXB)—wv; 4)

and D= &E and B=pH, where E and H represent the
electric and magnetic field intensity vectors, respec-
tively; e is the dielectric constant of free space; uo is the
permeability of free space; # is the electron density ; #
is the steady-state ion concentration; v is the electron
velocity vector; e is the charge of an electron and is
negative; m is the mass of an electron; and » is the
electron-neutral particle collision frequency. Mks units
are used throughout this discussion. Equations (1) and

18], Kannelaud and R. Whitmer, J. Appl. Phys. (to be pub-
lished).
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(2) are Mazxwell’s equations, Eq. (3) expresses the
conservation of the number of electrons, and Eq. (4)
expresses the conservation of momentum of the elec-
trons. Equations (3) and (4) can be obtained® by taking
the first and second velocity moments of the Boltzmann
equation if it is assumed that the collision integral is
independent of the electron velocity. It can be seen from
Egs. (2), (3), and (4) that the terms #v, (v-V)v, and
vXB are quadratic with respect to the physical vari-
ables, and these are the nonlinear terms which will be
taken into account by the present theory.

Since a method of obtaining a general solution to a set
of equations such as Egs. (1) through (4) is not avail-
able, a perturbation technique for obtaining an ap-
proximate solution will be employed. It will be assumed
that each of the variables E, B, #, and v can be expanded
in a Fourier series of the form

f(r,0) =fo+ hZ fu(r)e—itet, ©)
=1

where the incident wave is assumed to be at frequency
w and £, -->>f; and f) is a constant. This as-
sumption is justified when the incident wave is of suffi-
ciently low amplitude so that the nonlinear terms are of
second order importance. The procedure then will be to
write Egs. (1)—(4) in terms of the series representations
of the dependent variables given in Eq. (5). The non-
linear terms will be written as products of the appro-
priate series. Then, in each equation, terms multiplied
by the same power of e~ will be equated. This will
result in a set of equations, similar to Egs. (1)-(4), for
each power of e¢~**. Within each of these sets of equa-
tions any term which involves a dependent variable
with a subscript which is higher than the power of ¢~#¢
for that particular set of equations will be neglected.
For example, in the set of equations for the ¢~%%* power
there may be terms of the form f,f,, f:f;, f,*f5, etc., where
the asterisk indicates the complex conjugate. All terms
involving f; or higher will be neglected since it is as-
sumed that fy<<f<f;.

The next step will be to solve the individual sets of
equations. Each set of equations consists of four equa-
tions in four unknowns and, therefore, each set can be
reduced to one equation in one unknown. For example,
the single equation for the e3¢ set will appear as

L(f;) =G (tf,),

where L is a differential operator. Such an equation will
be treated as an inhomogeneous equation in which the
right-hand side is a known function which has been
determined from solutions to the lower order equations.
This equation can be solved directly. In addition, the
equations can be reiterated at any step to provide
successively more accurate approximations to the solu-
tions obtained up to that point. A discussion of this will
appear in a subsequent report.
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3. THE GENERAL EQUATIONS

If the series form for the dependent variables in Eq.
(5) is substituted into Egs. (1)-(4), these equations can
be combined to form a single equation for E;, the
electric field for the Ath harmonic, in terms of lower
order quantities. This equation is

[v—ihw+ (vo- V) —0.X ]
XLVXVXEn+ (ihw/c)Br— (ihw/?) (V- Er)vo]
— (thes/®)w 2E 1 — (w0 2/ Ve X (VX ER) =Gy,  (6)

where
0.=—(e/m)By, wt=mnoe?/meo, O]

and G, is of the form

h—1
Gi=5(1—6r) 2 ADs-,

8=l
1 L QoD 4 Dep),  (8)

where A and D represent typical variables such as v, B,
or n, and 81 equals zero for #5%1 and one for z=1. The
factor “one-half” enters since when a term such as
“yXB” is written in Eq. (4) the implied meaning is
“RevXReB.” Because of the iteration procedure
adopted here, in which it is assumed that each succeeding
term in the series of Eq. (5) is much smaller than the
preceding term, all terms of order greater than % will be
dropped in Eq. (8). This simply implies that these
terms are assumed to be of second-order importance
when compared with the remaining terms. Equation (6)
then reduces to

[y —ihw+(vo- V) — e X ]
X[VXVX Byt (iho/c)Br— (ihw/c?) (V- En)vo]
— (ihw/)w 2 Er— (0,2/c)VoX (VX ER)
_ihe (1= 81)

22

©)

-1
X 2 {(VeXBrs)— (m/€) (Ve V)Vis

s=1
+ (m/eno)[v- tho+ (VO' v)— “)cxjnsvh—s} )

and this equation, with the appropriate boundary con-

ditions at the surfaces of the layer, is to be solved.
The method for obtaining plane wave solutions to

Eq. (9) is straightforward. Setting =1 and assuming

Ej okt (10)

where ki is the propagation vector of the wave at fre-
quency w, the right-hand side of Eq. (9) reduces to zero.
The equation for E, is linear and homogeneous, and the
solution for the jth component of E; is

E1j=E1,'ie:hikl'r, (11)

j::x)y’ z)
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where the ki; are well known* and the E;;= are de-
termined by the boundary conditions. Setting A=2
yields an inhomogeneous equation in which the right-
hand side can be determined from the solution for E;.
The E,; are then given by

Ezj o (Ewi)jei z'k2~r_|_ (Ezp:l:)je:l:ﬂkl T

where the Ea* are the complementary solutions and the
E,,* are the particular solutions to the inhomogeneous
equation and k; is the propagation vector of the wave at
frequency 2w. The E,,* are completely determined
from E;, and the E,.-* can be determined from the
boundary conditions. By induction the general solution
to Eq. (9) can then be written as

Ey= (Ert)es 4 5 (B ), I, e ikoms, - (13)

where the partitions of % should be arranged in an
arbitrary order and so numbered.'s »# then indicates the
number of a particular partition and the sum is taken
over all the partitions of /. ¢ signifies all the integers in
a particular partition and the k, should be taken with all
=+ combinations. The E,#* are the complementary
solutions and the E;,* are the particular solutions to
Eq. (9), and k;, is the propagation constant obtained
from the solution to the homogeneous equation for E;.

In order to simplify, somewhat, the calculations to
follow, two additional assumptions will be made. First,
it will be assumed that vo=0. Since it can be shown that
vo enters into the equations in such a manner that vy is
compared with ¢, this assumption is easily satisfied in
most experimental arrangements. Secondly, the follow-
ing discussion will be restricted to the case of propaga-
tion in the x direction where the uniform dc magnetic
field is assumed to be in the z direction. This case has
been chosen because of the ease in which it can be
realized experimentally. In this situation it is known!
that

Ei= (o1 2+ JoErF) e ikiest 3 By Aot itz
where k1. is independent of the dc magnetic field and
Elx:hz'ylEly:t, (15)

(12)

(14)

where
w kit —w?]

lzw[vw—l—i(wf—w"')].

Later in the discussion it will be shown that the effects
of the nonlinear terms are predominant in the region
w=w,. Since the z component of the incident field does
not depend upon By, and E, never enters into the
equations in such a way as to be multiplied by By, the 2
component can only affect the harmonics as a second
order effect. Consequently, it will be assumed thatE,=0
because of the simplification in the resulting equations.
Hereafter, ki, will be written k1. (These conclusions

¥ (16)

14 R. F. Whitmer, Microwave J. 2, 3, 47 (1959).
15 E.g., the partitions of 4 are (1,3); (1,1,2); (1,1,1,1); (2,2).
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concerning the importance of Ei, have been verified
experimentally, as will be discussed in a subsequent
report.)

From the homogeneous part of Eq. (9) one obtains,
for the general case,

thw
ky=——-
¢ 2/ heo[ I 2 i ] 3
w pt/ hwl Pw? —w 2 +ihowy i
x[—1+ ! ? ],(17)
ho(HPo? —w— w2 —v2)+iv(2hw?— w,2)
and

wo[ 2kt —w?]

Yh= .
ho[ hov+i(w 22— h?) ]

(18)

Before proceeding to the solutions of Eq. (9), it isof
interest to examine the nonlinear terms. The nonline-
arities enter into the equation in three terms, vXB,
(v-V)v, and nv. The effects of these terms can be
foreseen intuitively through the examination of the case
kh=2. For this case

+ik
V1><B1= Elyi[iﬁo(kl2—'w2/62)E1yi
woeno
. /)BT, (19)
:bikl
(Vl . V)Vl = ——‘*El zi[.’i'o(—“w2/62)E1 zi
wo’c*e*ng .
ik FJo(kP—e?/H) Er*],  (20)
1
V1 =—————FE1, [ £o(— /) E1,*
wpePce*ng
+ho(B—w?/*) EyE],  (21)

since the terms involving E,+E;~ cancel. The right-hand
side of Eq. (9) then becomes

G2=wwp2(iik1) (Elyi)2[ r(m)c 1]

2

oo Wwyt W

ww2 WP

. . (v—2iw) 4
X[Zo(k2—w?/c?) +yo(w2/c2)'y]]+'yl[———— ——]

><[—aﬁo(wﬁ/cz)+37o(k12—w2/62):] }1 (22)

where the terms multiplying yiw. and »— 24w come from
n1vy, the term multiplying 4/w? from viXB;, and the
term multiplying i/w,? from (vi:V)vi. First, it is ap-
parent that the nonlinear terms may be of the same order
of magnitude, depending upon the values of the plasma
parameters, and therefore all three terms must be re-
tained in Eq. (9). Furthermore, if w,=0, which implies
that the longitudinal component to the electric field at
frequency w is zero, all the nonlinear terms are zero
except for the v;XB; term, and this term has only a
longitudinal component. Therefore, the wave at the
second harmonic frequency is longitudinal and there is
no power flow associated with this wave. Hence, the
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Fi1G. 1. The plasma layer and the reflected and transmitted waves.

propagation of energy is affected by the nonlinearities
only to a third-order approximation when w,=0. The
effect of the dc magnetic field is to couple the longi-
tudinal wave to the incident transverse wave, giving
rise to second-order effects. In addition, since k; and v
have resonances in the region w=w,, it would be ex-
pected that the nonlinearities are most effective within
this frequency range. It can be shown that the coupling
of E;t with E;~ does not affect any of the even har-
monics but does play a role in the generation of the odd
harmonics.

In order to proceed to the solution of Eq. (9) it is
necessary to introduce the boundary conditions. The
plasma will be assumed to exist between x=0 and x=d,
with free space on either side of the plasma. The geome-
try of the system is as shown in Fig. 1. Since E, and E,
are related it is sufficient to employ the condition that
the tangential components of E and H are continuous
across the boundaries in order to completely détermine
the required fields. Following Stratton,'¢ (E %), is given

by

Epr Pur
Eht . P},_g

(Bag) Erh), prct |’ (23)
(Ehc_)@! Phc_

where
1 0 —1 -1
—k 0 —k R
Bog= 0(’ gikod __eik’;.d _.e—hikhd , (29
0 koeikod __kheikhd khe-ik"d

16 T, A. Stratton, Electromagnetic Theory (McGraw-Hill Book
Company, Inc., New York, 1941), p. 511. .
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and

Prr= _‘6h1E0+Zm [(Eﬂﬁ+)m+ (Ehp_)"‘]”’
pre=—koiEdnt+2m(k)nl (ErsH)m— Bz )mly

pret=Zn [(EryH)m [T, eiFome (25)
+ (Enp)m I eithamd],,
D=2 m(k)m[ (Enzt)m IT, eiFomd
= Eip)m [ e ithomd],,
where it has been assumed that
Ei=foEoeiottike, (26)

In principle, then, one can determine completely the
field both inside the plasma layer and in free space from
the above equations. Therefore, each term in the solu-
tion for the Ath harmonic, Eq. (13), has been specified
with the exception of E;,. E;, is, in each case, known
from Eq. (9) and Eq. (13); however, the form of E;, is
much too complex to write down for the #th harmonic
and, therefore, it will be derived for the specific cases to
be discussed in this paper.

4. THE SECOND HARMONIC

In this section the solution for the second harmonic
wave will be discussed in detail. The wave at the second
harmonic frequency can be determined from Eq. (9) and
Eq. (13) by setting A=2. The nonlinear terms for this
case have already been written in Eq. (22). (E:,%),
becomes

(Bzp®)y= (eD/mcw) (SE/a) E, (27)
where
a=[(1+b1)*—e2(1—b:1)2 P, (28)
S:‘:= [2(1:1:1)1)618“‘:]2,
where 6,= (15F1)/2 and
—mo
D=iblgp X (29)
gr—qo
where
b1=0k1/w,
e1=e““d,
g=2i(4—w 2/ w?)—4v/w,
m=7y(?/w,?) (3i—v/w)+ (1—b) (—yww/w?), 30)

0=4w/w,
= vww/wp+yi[(1=0:2) (0*/w?) Bi—v/w) ~i],
g=—4(w./w)(1—bs),
r=2i[4(1—b:%)—w2/w?]— (4v/w) (1 —b:2),
and Eq. (23) was used to obtain E;,* in terms of E,.
Now Eq. (23) can be used to determine (Ey%),.

Since the most accurately measured property of the
second harmonic wave is the power, at 2w, which is

radiated from the plasma layer, this quantity will be
calculated directly. If P, is the power per unit area, at
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frequency 2w, in free space, then
P2=%R8(E2tXH2t*), (31)

where E;; can be determined from Eqs. (23) and (27).
Equation (31) can be written as

Py= (1/2u0c)[(ReEzo)*+ (ImEy)?], (32)
where
Esy=eE?DD/ (mcwad), (33)
and
1 =1 —e (SH)+e(S7)
D=|—1 —by b bl[(S+)_'312(S_)] ’ (34)
0 —e 1 —[e2(SH+(ST)]
0 boes —by — bl[:312 (S+) - (S-—):]
b2= Ck2/2w,
ex=e'F2d, (35)
. A= (1+4by)2—e2(1—by).
Equation (32) then can be written as
Pay= (2u0€®/m?c) (Po/w)*Q(w / w,v/w,we/w,wd/c), (36)

where Py is the incident power and Q is a dimensionless
function of the plasma parameters.

Before discussing P,, the following characteristics of
the field at 2w can be noted. First, there are two waves
at 2w, one with a propagation constant of % (corre-

sponding to the complementary solution) and one with

a propagation constant 2%; (corresponding to the par-
ticular solution), Furthermore, Esc,="72E2,, where v,
can be obtained from v, by replacing %, by %k, and w by
2w. In addition, when w=w,, k;, and hence 2%;, exhibits
a resonant characteristic whereas k; does not. Therefore,
it may be expected that the wave corresponding to the
particular solution will contain the major portion of the
power in the second harmonic wave.
From Eq. (33) and Eq. (36),

Q=DD*DHD*/(AA*aa™), 37

where Q is the quantity to be investigated in order to
predict the dependence of the power radiated, at the

60T T T T T T T T T T T T T T T T T T T
A . i
a0l w4 =
2.0 -
<] - -
v
8 N ~w-=0005 n
-)
(ol -
&=8 ]
-2.0¢ l l I ]
IS SR DU SO DU NSNS WSS VU & N JUUU U U S A SUSN SO SN SR SN 1
4.0.2 5 .8 A 1.4 1.7 2.0 2.3
We

F16. 2. Second harmonic power versus we/w for wp/w=0.4.
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F16. 3. Second harmonic power versus w./w (near resonance)
for wp/w=0.2.

second harmonic frequency, on the plasma parameters.
The value of Q for various extremes of the parameters
can be seen immediately. For example, if the ambient
electron density goes to zero, then w,=0, ki=w,, and
v1=0. Therefore, D=0 and, consequently, 0=0, as
would be expected. Similarly, if w,=0, ¥,=0, D=0, and
therefore 0=0. It can be shown that in this case a
purely longitudinal wave exists within the plasma at the
second harmonic frequency, and since no power is
transmitted by this wave the output power, Ps, is zero.
If d goes to zero then it can be seen that D=0 and
therefore Q=0.

It is of more interest to examine the resonance
properties of Q. However, due to the complexity of this
function it is not easy to perform such an examination.
Therefore, curves of the output power, at the second
harmonic frequency, as a function of the plasma parame-
ters, obtained from computer plots of Eq. (36), will be
presented. A typical case, wd/c=18.63, is used.

From Eq. (36)

mZC P 2 (38)
O o (Pl

where P, and Py are in watts/m?2. LogioQ versus w,/w is
plotted in Fig. 2 for w,/w=0.4 and for two representa-
tive values of v/w. For the low value of »/w it can be seen
that there is one major peak in Q near w./w=0.915 and
that there are several smaller resonances in Q on either
side of this value of w./w. In addition, there is a series of
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T16. 4. Second harmonic power versus w./w (near resonance)
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resonances near w./w=2X0.915, but these peaks are
much smaller than the major peak. For thelarge value of
v/w, all of the resonance effects are smoothed over and
the amplitude of Q is much lower than in the preceding
case. In Figs. 3 and 4, log1,Q versus w./w in the region
of the major peak is plotted for several values of »/w, for
wp/w=0.2 and 0.7, respectively. From these curves it
can be seen that the amplitude of Q decreases with in-
creasing »/w and that the width of the resonance curve
increases with increasing »/w. For low values of v/w
there are many minor resonances and these are smoothed
over as »/w increases. The position of the major reso-
nance is given by

(wC/w) Qmax = [1— (w?/w)2]%+ (V/O))2,

where Qmax indicates the value of P when w./w is
adjusted for maximum second harmonic power. This
indicates that for small values of w,/w and v/w the
resonance occurs for w,/w=1; and as w,/w is increased
the position of the resonance shifts to lower values of
w/w, whereas the shift is to higher values of w./w as »/w
increases. The minor resonances, which appear only for
»/w<0.03, are caused by reflections within the plasma
layer. These disappear for high values of »/w due to the
increased attenuation within the plasma. The position
of the maxima and the minima corresponding to these
boundary resonances is given approximately by

o o= 1= <wp/w>23[1———(‘;—’f—‘gff] }*, (40)

(39)
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where
w[4m+1
ﬁ_—_-_[.___._.._:l’ m=1’2: 3, (41)
al 4
for the maxima and 3 satisfies the relationship
1-3
tan(aB)=—ap (42)
1+4
for the minima. In these equations
B= (c/w) Reky, (43)

so that these resonances due to the boundary effects are
caused by standing waves within the plasma produced
by the wave propagating at frequency » with a propaga-
tion constant ;. All of the resonances predicted by Eq.
(40) do not appear in Figs. 3 and 4. However, for very
low values of v/w (i.e., »/©w<0.0001) they do exist.

It is probably of more practical interest to examine
Qumex as a function of the parameters. In Fig. 5, 10g10Qmax
versus »/w is plotted, and Fig. 6 shows log10Qmax Versus
wp/w. It can be seen from these two figures that the
maximum second harmonic power is obtained when »/w
approaches zero. Of course, the width of the resonance
line approaches zero under this condition so that a finite
v/w, that is v/w>10-5, is desirable. From Fig. 6 it can be
seen that for 0.1<w,/®w<0.9, Om.x is a constant and
that outside this range Qmax decreases from this con-
stant value. The relationship between Qmax and the
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plasma parameters is given approximately by

log100=—1.8425 logio{1— (1.6)"°[ (/) — 0.5}

- 2.5 long/w, (4:4)

and this empirical relationship is plotted as a dashed
line, for a single value of »/w, in Fig. 6. The relationship
between Qmax and wd/c is relatively simple. For low
values of v/w and w,/w reflections between the bound-
aries cause Qmax to oscillate as wd/c is varied through
multiples of quarter wavelengths within the plasma.
However, as the attenuation within the plasma in-
creases, that is for higher values of v/w or w,/w, then
Qmax 1s relatively insensitive to changes in wd/c.
Finally, Eq. (36) shows that P, has a square-law de-
pendence on P for constant values of w and the plasma
parameters. In addition, it indicates that P, varies
inversely as the square of the driving frequency, pro-
viding the parameters w,, », and d are adjusted so that
wy/w, v/w, and wd/c are held constant as w is varied.

R. F. WHITMER AND E. B.

BARRETT

5. SUMMARY

The Boltzmann transport equation, coupled with
Mazxwell’s equations, has been solved, under a small
signal plane wave assumption, including the effects of
the nonlinear terms in the equations. Using a Fourier
series expansion in time for all of the dependent vari-
ables, a solution to the equations has been obtained, in
closed form, for the wave at the Ath harmonic of the
Fourier series, including the effects of all of the reflec-
tions within the plasma layer. The theory predicts that
a major peak in the power at the second harmonic fre-
quency exists near w,/w=1 for low values of w,/w and
v/w. As w,/w increases, the peak shifts to lower values
of w,/w, and to higher values of w,/w as v/w increases.
Minor resonances occur on either side of the major peak
because of the standing waves within the plasma layer.
An additional peak, of reduced magnitude, exists near
w./w=2. The second harmonic power varies directly as
the square of the input power and inversely as the
square of the frequency of the input wave.

The peak value of the second harmonic power, Qmax,
has been examined as a function of the plasma parame-
ters. The theory indicates that Qumax is essentially con-
stant in the range 0.1<w,/w<0.9 and that Qun.x de-
creases rapidly outside this range. Also, Qmax is inversely
proportional to »/w and relatively insensitive to the
thickness of the plasma layer. An approximate equation
relating Qmax to the plasma parameters is given.

In subsequent reports on this work, a discussion of the
experimental verification of this theory, the effects of
the nonlinear terms on propagation at frequency w, the
limits of the small signal theory, and the effects of
ionization produced by the incident wave will be given.
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