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where q is the number of excitons, rq is the exciton 
lifetime, and € is the minimum energy to produce an 
exciton. If it is assumed that the collisions between 
excitons and trapping centers obey classical kinetic 
theory, the number of free electrons during x raying is 
given by 

n=Tn<rvq(N0-N)q, (6) 

where rn is the lifetime of a conduction electron, <r is 
the cross section for ionization of a trapping center by 
an exciton, and vq is the thermal velocity of the exciton. 
Substitution of Eq. (5) into Eq. (6) gives the depend­
ence required by Eq. (4). 

For a numerical estimate, e may be taken as 10 ev, 
r e as the optical exciton lifetime of 10~8 second, and <r 
as 10-15 sq cm. The mean lifetime of a conduction 
electron against trapping by an F center has been 
calculated by Redfield14 as 7X10~10 sec at 200°K. If it 
is assumed that this is the predominant process estab­
lishing a steady-state electron concentration at 300 °K, 

14 A. G. Redfield, Phys. Rev. 94, 537 (1954). 

Expressions for the attenuation ad and at of plane dilatational 
and shear sound waves are obtained by solving the Boltzmann 
transport equation for the electron distribution function / without 
assuming the existence of a relaxation time r for the collision term 
in this equation. Instead the collision integral is considered to 
arise explicitly from the interaction of electrons with thermal 
phonons and impurities. Making the usual "ideal metal" assump­
tions, it is found that the attenuation in general depends on a set 
of effective relaxation times TLM which are associated with the 
various terms in the expansion of / in a series of spherical har­
monics YLM(0,<P)', the TLM are independent of the subscript M} 

and hence the same set {TL} determines both aa and a*. Explicit 
expressions for TL are derived. 

For the case in which all the TL equal to one another and equal 
to r say, the analytical expressions for ad and at obtained here are 

INTRODUCTION 

BELOW about 20 °K, the attenuation of ultrasonic 
waves in metals arises primarily from their inter­

action with the conduction electrons. Pippard1 gave an 
extensive kinetic treatment of this phenomenon in 
terms of the free-electron model of a metal. His basic 
idea is that the steady-state distribution of the elec­
trons, determined under the combined influence of the 
electric field set up by the sound wave passing through 
the metal and the collisions of the electrons with lattice 

1 A. B. Pippard, Phil. Mag. 41, 1104 (1955). 

Tn can be taken as 10~9 sec. Finally, vq from the exciton 
effective mass15 is about 107 cm/sec. Substitution of 
these quantities gives a value for n of ~ 10~26 (dE/dt) 
(NQ—N). This may be compared to the experimental 
recovery rate if a value is assumed for k', the rate-
constant for the reaction between free electrons and 
negative-ion vacancies. Again from kinetic theory, for 
a capture cross section of 10~14 sq cm and an electron 
velocity of 107 cm/sec, kr equals 10~7 cc per electron-sec. 
Thus, (k/kf) equals «10~26. Although the agreement 
is fortuitous, these calculations show that an exciton 
transfer mechanism is consistent with the observed 
recovery process. 

A final point is that the energy required to recover 
F centers is independent of the extent of optical 
bleaching. This suggests that the recovered F centers 
are isolated and not clustered, which is consistent with 
the conclusion of Konitzer and Markham11 that "the 
F center is in a perfect lattice, no matter how it is made." 

15 W. R. Heller and A. Marcus, Phys. Rev. 84, 809 (1951). 

the same as those of Pippard. However, usually TL are not equal 
to one another. It is then found that when X2>1 (X is the wave­
length of the sound wave and / a mean free path of the electrons), 
r in Pippard's expressions must be replaced by T% and, contrary 
to what is usually assumed, a would not be in general proportional 
to the electrical conductivity a (acen). When \<Kl, the attenua­
tion, with one exception, is independent of {TL} and is the same 
as that given by Pippard. For \~l, and TL not equal to one 
another, a may be calculated numerically if the ratios TL/TI are 
known; the results of one such calculation show that the devia­
tions from Pippard's analytical expressions are at most about 
20%, provided r in the latter is identified as T%. 

Lastly, the possible influence of electron-electron collisions on 
attenuation is briefly discussed. 

vibrations and other defects in the metal, is not identical 
with that which the electrons would have if they were 
locally in thermal equilibrium. Hence there is a dis­
sipation of sound energy into heat energy. Steinberg,2 

using Pippard's model, formulated the problem in terms 
of the Boltzmann transport equation. In both these 
treatments the existence of a relaxation time r for 
collisions is assumed. In the Boltzmann formulation 
this assumption is expressed by the equation 

[ a / / ^ l o i i = - ( / - / ) / r , (l) 
2 M. S. Steinberg, Phys. Rev. I l l , 425 (1958). 
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where the term on the left-hand side is the collision in­
tegral in the transport equation, / is the distribution 
function of the electrons, and / is the distribution func­
tion which the electrons would have in the presence of 
the sound wave if they were locally in thermal 
equilibrium. 

As a next step, it is clearly desirable to ask, firstly, as 
to what extent Eq. (1) is valid and, secondly, as to 
what value (or values, if different) of r should be used 
in the various expressions for the attenuation of plane 
dilatational and shear soundwaves. The answers to these 
questions naturally depend on the form of the inter­
actions that give rise to the collision integral. Paren­
thetically, it may be mentioned that the comparison of 
theoretical results with experimental data is generally 
made by assuming that the r for the attenuation prob­
lem is the same as that appearing in the expression for 
the electrical conductivity of a metal. 

In this paper we consider the collision integral to 
arise explicitly from the interaction of electrons (1) with 
thermal phonons or lattice vibrations and (2) with any 
impurities present in the metal, and obtain the relevant 
solutions of the transport equation which determine the 
attenuation of plane dilatational and shear sound waves. 
We make a number of simplifying assumptions and 
approximations. Principal among these are the use of 
the free-electron model for the metal, and of the colli­
sion integral derived by Bloch3 for the electron-phonon 
interaction. We also make all the other usual assump­
tions on which the celebrated Bloch-Griineisen formula 
for the electrical conductivity of a metal is derived.4 

The starting point of this investigation is the ex­
pansion of/in a series of spherical harmonics YLM(Q,<P)> 
Our results are then most conveniently expressed by 
formally introducing a set of effective5 relaxation times 
TLM which are associated with the various terms in this 
expansion. For the assumptions mentioned above, the 
TLM are found to be independent of the subscript M. 
The determination of attenuation entails the solving 
of an infinite set of linear algebraic equations, and 
analytical expressions for the attenuation are obtained 
in this paper for the following three cases: (1) when the 
wavelength X of the sound wave is much larger than a 
mean free path I of the electrons; (2) when X<<C/; and 
(3) when there is no restriction on X but all TL 
(L—1,2,3,- • •) are equal to one another. When TL are 
not all equal, as is usually the case, and when X~/, one 
has to obtain the attenuation numerically. This can 
be done if the ratios TL/TI are known, and the results 
of one such calculation are discussed in Sec. 6. 

A comment on the method of calculating the attenua­
tion may be usefully made here. Pippard calculated the 
attenuation by essentially calculating the Joule heat 
associated with the steady-state electronic current. In 

3 F. Bloch, Z. Physik 59, 208 (1930). 
4 See, for example, A. H. Wilson, The Theory of Metals (Cam­

bridge University Press, New York, 1954), 2nd. ed., Chap. 9. 
6 See comments following Eq. (30). 

this method it is the electrons which irreversibly lose 
some of their energy to the thermal energy of the 
metal, the sound wave somehow supplying to the 
electrons an equivalent amount of energy at the same 
rate. Steinberg, on the other hand, set up the equations 
of motions for wave propagation in the metal by adding 
to the elastic stress tensor a kinetic stress tensor associ­
ated with the steady-state distribution function / . In 
this paper, we set up the equations of motion for the 
ions by considering somewhat more explicitly the forces 
on the ions which arise from the electron-ion interaction. 
We assume that the total force on the ions is composed 
of (a) the force due to the electric field set up by the 
sound wave, (b) the force due to the transfer of mo­
mentum to the ions in electron-ion collisions, and 
finally (c) an elastic restoring force independent of the 
electron-ion interaction. If the TL are all equal to one 
another [case (3) above], the results on attenuation by 
our method are, of course, identical with those obtained 
by Pippard and Steinberg. 

In Sec. 2 of this paper the problem is formulated in 
terms of the Boltzmann equation and the method of 
calculating the attenuation is described. In Sec. 3 the 
collision integrals due to electron-phonon and electron-
impurity interactions are analyzed and explicit expres­
sions for TL are derived. The relevant solutions of the 
transport equation are obtained in Sec. 4 and the 
various expressions for the attenuation in Sec. 5. 
Finally, the results are discussed in Sec. 6; here the 
possible influence of electron-electron collisions on 
attenuation is also briefly discussed. 

2. BASIC EQUATIONS 

Let an ultrasonic wave of wavelength X in the metal 
be characterized by a displacement s and particle 
velocity u; for a plane wave travelling in the positive 
z direction, 

s=*&0e
iiatr-ke\ ds/dt=u, (2) 

where k=2ir/\. For a dilational wave s and u are 
parallel to the z axis. For a shear wave we shall take s 
and u to be along the x axis. 

In the presence of a sound wave a certain electric 
field F is set up in the metal. The stationary distribution 
/ for the electrons will then be determined by the 
Boltzmann transport equation: 

df eF rdfi 
—h v • gradrjH grad v /= — , (3) 
dt m l dtJcon 

where v is the velocity of an electron, and e and m its 
charge and mass, respectively. In terms of / the elec­
tronic current density Je and the number of electrons 
N per unit volume are given by (h is Planck's constant) 

/2emz\ r 2mz r 3'={-v)rf(y)dy; N~)f{v)dv- (4) 
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Integrating (3) over all v, one obtains 

dN pre ft 
• K l / « ) d i v J , = If 

dt 
-+(l/«)divJ#= I — dv=0. (5) 
' J Lddon 

In (5) the second equality arises from the fact that the 
number density of electrons does not change due to 
collisions. Equation (5) is just the equation of continuity. 

Next one relates F to the total current density J = ie 

—Noeu by Maxwell's electromagnetic equations (in 
Gaussian units): 

(die d u \ a2F 
-i\V— ) + 

at / dt2 

r /die du\ a2Fi 
curl curlF= -c~2\ 4TT( N0e— )+— , 

L V dt dt/ dt2 J 
(6) 

where No is the number density of electrons in the un­
disturbed metal, and where we have neglected—as we 
shall do throughout this paper—powers of u higher 
than the first. If the collision term in Eq. (3) is known, 
Eqs. (2) to (6) are sufficient to determine completely / 
and F in terms of the particle velocity u associated 
with the sound wave. 

In accordance with the remarks made in the Intro­
duction, the equations of motion for wave propagation 
in the z direction may be written as 

d2s d2s 
p— = pl3 Noef+h, 

dt2 dz2 
(7) 

where p is the density of the metal. The first term on 
the right-hand side of (7) arises from the elastic restor­
ing force and /3 is the square of the velocity of the wave 
arising from this force, i.e., in absence of the electron-ion 
interaction or the terms —Noel? and I c ; the second 
term — A V F is the force per unit volume on the ions 
due to the electric field F set up by the wave, and finally 
Ic is the momentum imparted to the ions per unit time 
per unit volume by the electrons in collisions with the 
ions; Ic is given by 

Ic f — J fmv\ — I d\. (8) 

The last two terms in (7) lead to a force which is out 
of phase with the displacements of the ions and hence 
are responsible for the attenuation of the wave. 

On substituting (2) into (7) and putting k — ki—ik^ 
one can obtain the velocity V=ca/ki, and the intensity 
attenuation a in nepers/cm as 2&2. When &2/&i<3Cl, as is 
the case in the problem considered here, we may pro­
ceed as follows: Let co 2 /^ 2 =Z=Zi+iZ 2 , where Zi and 
Z2 are real. Then, if powers of (k2/ki) higher than the 
second are neglected, it may be shown that 

and 

a~(co/F3)Z2 , 

F 2 ^Z 1 [ l+3o; 2 /4^ 1
2 ] . 

(9a) 

(9b) 

3. ANALYSIS OF THE COLLISION INTEGRALS 
AND AN INTEGRATION OF THE 

BOLTZMANN EQUATION 

For convenience, we first introduce the following 
symbols, etc.: 

The wave vector of an electron will be denoted by K, 
and its energy by EK- In the free electron approximation 
(ft=A/2ir), # K = w v , £ K =& 2 | K|2 /2w. The values of v, 
K, and E at the Fermi surface will be denoted by v0, K0, 
and Eo, respectively. v0 and No are related by 

mv0=h(3No/STr)K (10) 

/o, the thermal equilibrium distribution function for the 
electrons in an undisturbed metal, and / are given by 

/o(K) = {expl(EK-Ea)/KTl+l}-\ (U) 

V/fl2 I Will2 \ / 1 p 1 

(dK-T -*-*)/"-H • 
' fi2 I mu 

/ ( K ) = | e x p | ( — K -

(12) 

where E\ is introduced in (12) to include the changes 
in the number density of the electrons associated with 
the passage of a dilatational wave. (Z£i=0 for shear 
waves.) 

The direction of K will be specified by the polar 
angles (0,<p); we take the direction of propagation of 
the sound wave (z axis) as the polar axis and measure 
the azimuthal angle (p from the z-x plane. For conveni­
ence the spherical harmonics YLM(0,<P) will be defined as 

F L ^ M - P L ^ C O S ^ C O S M ^ for O ^ M ^ L , 

and 

F L M ( M = PL |M|(cos0)sinlf<? for -L^M<0, 

where PLM(cosd) are the associated Legendre poly­
nomials. The expansion of / in spherical harmonics will 
be written as 

f=fr-u— £ CLM{K)YLM{eM, (13) 
dE^LM 

where the summation, in general, is over all integral 
values of £ , including zero, and over all M such that 
— L^M^L. The coefficients in a similar expansion 
for /wi l l be denoted by CLM(K). To the first_power in 
u, the only nonzero CLM are Cio=mv and COQ=EI/U 
for the dilatational waves and Cn~mv for the shear 
waves. We shall also write (13) in the form 

dfo 
f=f-u E cLM{K)YLM{e,v), (14) 

dEia iM 
with 

CLM(K)~CLM(K)— CLM(K). (15) 
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3.1. Electron-Phonon Interaction 

The Bloch collision integral is discussed in detail in 
Wilson4 and is given by [Wilson, Eq. (9.33.6)] 

<^-lcoll 

& |q2 | 
= — E { [ ( 9 l q + l ) / ( K + q ) ( l - / ( K ) ) 

VnaMah q. vq 

- 3 l s / ( K ) ( l - / ( K + q ) ) ] X O ( £ K - £ K + q + ^ q ) 

+ [ 3 l _ q / ( K + q ) ( l - / ( K ) ) - ( 3 L - q + l ) / ( K ) 

X(l-f(K+q))MEK-EK+q-huq)}, (16) 
where q is the wave vector of a phonon of frequency vq 

(=wo\q\/2w, wo being an average velocity of sound) 
and energy hvv (S is the Sommerfeld-Bethe electron-
phonon interaction constant, V is the volume of the 
crystal under consideration, Ma is the mass of an atom, 
na the number density of atoms, and dlq is the phonon 
distribution function. 

sin (>//&) r+0° 
Q(x) = , I Q,{x)dx=Trh. (17) 

%/ it *J —oo 

Q(x) acts as a kind of 8 function differing from zero only 
when x—0. Finally the summation in (16) is over all 
values of q, lying within a sphere of radius qo— {6ir2na)^ 
(Debye spectrum for phonons). 

The collision integral (16) vanishes if we substitute 
into it fo r / (K) and 9dq, respectively, the corresponding 
thermal equilibrium distribution functions, namely, 
/o(K) from (11) and 9fcq°, where 

9lq°= [exp(A VJKT) - 1 ] " 1 . (18) 

The collision integral also vanishes for / (K) = / (K) and 
9lq=iVq, where 

JVq= {exp[(*yq-ftq. U)/KT~]-1)-\ (19) 

However, the collision integral (16) does not vanish if 
we set / (K) = / (K) and 9lq = 3lq°. This shows that when 
the electron gas is at rest, / ( K ) and 9lq relax due to 
collisions towards/ 0(K) and 3Zq°; on the other hand, 
when the electron gas contained in a macroscopic ele­
ment of volume possesses a mass motion (as in the 
presence of an impressed sound wave), we may assume 
that / ( K ) relaxes due to collisions towards / ( K ) , pro­
vided we assume also that 9lq relaxes towards Nv We 
note that the phonon gas represented by Nq also has a 
finite macroscopic momentum; this is not unreasonable 
since the sound wave passing through a metal, imparts 
momentum to an element of the metal as a whole.6 

6 It will be realized that the above argument is, by no means, 
rigorous, since we have assumed that the collision integral itself 
is not modified due to the impressed sound wave and that the 
collision events can be considered, to some extent at least, localized 

Now in order to determine the steady-state distribu­
tion function / ( K ) from (16) and the transport Eq. (3), 
we should, to be consistent, write similar equations for 
9lq and solve the two transport equations simultane­
ously for / ( K ) and 2flq. Instead of doing this, for 
simplicity we shall determine / ( K ) by setting7 in (16) 
9lq=JVq. Let us now substitute into (16) dl^—Nq and 
for/(K) from (14), and simplify the resulting expression 
by using the condition that (16) vanishes for / = / and 
9(lq=iV"q. The remaining expression is proportional to u 
and, in addition, contains higher powers of u through 
its dependence on / (K) and Nv Since we neglect powejs 
of u higher than the first, we may replace / (K) and Nq 

by /o(K) and 3lq°, respectively. Finally, we substitute 
for 9lq° from (18), remember that 3Zq°=9fl_q

0, and re­
place the summation over q by an integral (for this step 
see Wilson,4 p. 259). We then obtain for the collision 
integral (16) the expression 

d/Jcoii 

= Z I — 

&irznaMahkT LM J Vq exp(hi>q/KT) — 1 

X { / o ( & ) [ i - / o ( & + , ) ] 0 ( £ K - £ K + q + A i ' q ) 
+ /o (&+, )C l - /o (£K) ]Q(£K"&+q-Aj ' , ) } 
X{cLM(\K+q\)YLM(dF

y(p
f)~cLM(\K\)YLM(e,<p)} 

Xq2dq sm8d8dvr, (20) 

where (8,m) are the polar coordinates of q with K as the 
polar axis and (6',<pf) are the polar coordinates of 
K + q in the frame of reference in which the polar co­
ordinates of K are (6,<p). With K as the polar axis, the 
polar coordinates of K + q may be written as (&,-&). 
Now in (20), YLM(Of,<pf) is the only term which depends 
on the azimuth m and it can be readily integrated over 
w by using the group-theoretic properties of the three-
dimensional rotation group. The result is 

/.2T 

J YLM(Wdvr=27rYLo(M)YLu(e,v). (21) 

The integration over 8 is carried out by using (17) and 

in space and time, even though the collision probabilities in (16) 
are calculated quantum mechanically. These interrelated ques­
tions have been discussed by Holstein [T. Holstein, Phys. Rev. 
113, 479 (1959)]. He has shown that when the interaction between 
the thermal phonons and the impressed sound wave is taken into 
account, the collision integral (16) is so modified that it vanishes 
for / = / a n d 9Iq = 3lq°. To the first power in u, Holstein's collision 
integral leads to the same results as the procedure adopted in 
this paper. 

7 We note that in solving the electrical conductivity problem, 
one sets 3Xq = 9flq° in (16). The error involved in such a procedure 
is not appreciable so long as one is not considering second order 
phenomena like the thermoelectric power; see, for example, J. M. 
Ziman, Electrons and Phonons (Oxford University Press, New 
York, 1960), Sec. 9.13. 
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is analogous to the corresponding step in Wilson,4 p. 261. 
Using (21) and integrating (20) over 8 and m, one 
obtains8 

Vo \ (ii»)* / T> 

/A¥EK^ 

+ 'T zHz(e*+l) 

-<r*\(e1,+'+l) 

X { Z LcLM(v)-CLM('n + z)YLo(lJL)']YLM(6,cp)}, 
LM 

(22) 

= UY.#LMYLM(0,<P), 
LM 

(23) 

where Z^HVJKT, r\— (E K —E 0 )Ar , K©=AW0?O, and 

and 

— ) , — = 2 - M — ) , 

/ nTz\-ir KTZ D / T\2 i 
! » = ( l + ) 1 + ( ~ ) 2 2 

V £ K / L 2£K £ K V e / J 

(24) 

(25) 

We next substitute (13) into the left-hand side of 
Eq. (3), note (a) that our considerations apply only to 
isotropic metals (i.e., for which the electrical conduc­
tivity tensor is a scalar) so that F||u, and (b) that 
du/dt=ia)U, and du/dz— —iku, and equate the resulting 
expression9 to the right-hand side of (23). One then ob­
tains for CLM(EK) the integral equation 

(£)l<* 'ia)—ikvYio($,<p)) 

eFv 
X [ E C L M ( £ K ) F L M ( M ] F 1 M ' ( M 

LM U 

= E ^ M F L M ( ^ ) , (26) 
LM 

where we have to put M' = 0 for the dilatational waves 
and Mf— 1 for the shear waves. 

We now note that $LM [see the expression within in 
the square bracket of (28)] are different from zero only 
for values of EK such that \EK~~EQ\O^KTZ<K&; 
we, therefore, write CLM(EK) in the form CLM(EK) 
= C L M ( £ O ) + 4 M ( £ K - £ O ) , and assume that in this 
small neighborhood of E0, CILM(EK—EO)<KCLM(EO). 
Then integrating (26) over EK, we obtain to zero 

8 The limits of integration ± ®/T in (22) are on the assumption 
that iVo>0.25w0. When iVo<0.25wa, the limits of integration be-
come ± ( 0 / r ) ( 4 i V < ) K £ / £ o ) * . 

9 It has been assumed here that changes, if any, in the tempera­
ture of the electron gas can be neglected. We note that the attenua­
tion per wavelength resulting from heat flow (either among the 
electrons or between the electrons and the lattice) is at most of 
the order [(Cp/Cy) —1] or 10~7 at liquid helium temperatures; 
here Cp and Cv are the specific heats at constant pressure and 
constant volume, respectively. 

order in KT/EO the following equation for CLM(EO) : 

0 - c o - ; / b o F 1 0 ( M ) [ E C L M ( E 0 ) F L M ( M ] 
LM 

eFvo CLM (EO) — CLM (EQ) 
I W ( M = - E ' , (27) 

U LM TL 

where we have used (15) to eliminate CLM(EQ), and 
where 

1 / m \ * 1 /T\* r^ 

TL~\2EJ M 2 \ 0 / */_„ 

^ #•+«/* * & ( i - F L 0 ( M ) ) r i i i 
X 

BIT \l-e-z\{ez-l)\. 

* 1 /T\* r+®iTzHz(l-YLv(n)) 

BIT \l~e~z\(ez—l) 

(28) 

( m \ * 1 /T\z /••* 

2E 0 / Af t 2 \©/ J^ 
(29) 

The prime on the summation sign on the right-hand 
side of (27) implies that the term £ = 0 is to be excluded 
from this sum. This is because the integral f$w<&E 
vanishes, as it should £see, Eq. (5)]. Finally, since 
KTZ/EQ < 10~2, the expression (25) for cos/x may be 
approximated to 

c o s ^ [ l - (D/Eo)(T/@)h2J (30) 

I t will be observed that Eq. (27) determines CLM(EK) 
at EK—EQ only. This is, however, sufficient to deter­
mine Je and hence attenuation. I t should be mentioned 
that in -order to completely justify the step leading to 
Eq. (27) from Eq. (26), one must still verify that 
dLM(EK-Eo)«CLM(Eo) for | E K - E 0 | <KTZ<K®. We 
shall not take up the verification of this inequality here; 
but we mention that one may convince oneself of its 
validity by noting that all the integrals $LM are of the 
same form and that for the conductivity problem, for 
which the collision integral is just (22) with all CLM^O 
except CIQ, it has been found to be true at all tempera­
tures.10 Finally we remark that the TL, as denned in 
(29), may be formally regarded as a set of effective 
relaxation times; for example, when the expression for 
r i from (29) is substituted for r in the expression 
<J— (Ne2/m)r for the electrical conductivity one ob­
tains just the Bloch-Griineisen formula. (Note that TL 
are undefined as a function of the energy E K of an 
electron and hence are not the relaxation times in the 
usual sense of the term.) 

Evaluation of TL 

To evluate TL from (29), we note that FI,O(AO is 
identical with the hypergeometric series11 E(Z-f-l, •—L; 

10 See, for example, W. Ehrenberg, Electric Conduction in Semi­
conductors and Metals (Oxford University Press, New York, 1958), 
p. 168; also reference 4, pp. 278, 310. 

11 E. T. Whittaker and G. N. Watson, A Course of Modern 
Analysis (Cambridge University Press, New York, 1946), 4th ed., 
p. 312. 

file:///Ek~~
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1; | (1 — cos/z)). Hence (29) may be immediately written as 

1 / m \ * 2 /D\ / T V L ( {D/T\2r-1 

TL \2EJ A¥\EO/\®/ - i l LEoV©/ J 

( Z + l ) ( i + 2 ) - • • ( L + r ) L ( L - l ) ( i - 2 ) - • • ( £ - r + l ) 
X-

where 
<V!)22' 

/2r+3(r)""X 
e / r s2H-3j2 

At very low temperatures, T/&<Kl, the integrals (32) 
become independent of T and the series in (31) is in 
increasing powers of (J1/©)2. Hence for sufficiently low 
temperatures all but the first term in the series may be 
ignored. One then has 

T , / T L = * £ ( £ + ! ) , T«&. (33) 

Using the table of integrals for J2r+ 3(®/T) given in 
Wilson4 (p. 337), one finds that for L— 2 expression (33) 
is correct to within 10% for T / 0 < 1 / 2 O ; and for L 
up to 6 it is correct to within 10% for T/®< 1/40. For 
larger Z, the approximation (33) for T\/TL is a good one 
only at still lower temperatures. Because of this, it is 
of interest to obtain here the values of T\/TL in the 
high-temperature limit T^>® (although the attenua­
tion of sound waves due to electrons is negligible at 
these temperatures). Noting that for T^>®, the factor 
[exp(s) —1][1 — exp(—z)~] in (29) may be replaced by 
s2, and transforming the integration variable from z to 
cos/i, we may obtain from (29) 

TI/TL = 2(E0/Dy f 
c o s - ^ l -D/Ro) 

( 1 - F L 0 M ) 

Xsin/ii/x. (34) 

Since D/E{f^l, for simplicity we evaluate (34) at 
D/Eo~l. One then has T\/TL=2 for all even L. For 
L~3 and 5, TI /TZ,= 7 / 4 and 17/8, respectively; and as 

L —» oo, TI/TL —> 2. Therefore, whereas TI /T 2 changes 
in the whole temperature range by only about 50%, 
the variation of T\/TL with temperature for larger L is 
much greater. 

3.2 Electron-Impurity Scattering 

The collision integral due to the scattering of elec­
trons by the impurities may be written in the form 
[Wilson, Eq. (9.4.1)] 

Pi =-^f[/(K0-/(K)] 

Xtt(EK-EK,)\(K'\AV\K)\*dK'. (35) 

The factor Q(EK—EK') in (35) ensures that the colli­
sions of electrons with impurities are elastic. Now, since 
the momentum of the electrons is not conserved in 

o ( « • - ! ) ( ! -*-•) 

, (3D 

(32) 

collisions and since the right-hand side of (35) is ob­
tained on the assumption that impurities are at rest, 
expression (35) vanishes for f=fo, but not for the dis­
tribution function / ( K ) which represents electrons with 
a mean momentum mn per electron. Since in the pres­
ence of a sound wave impurities also move with a 
velocity u, we consider the scattering of electrons from 
states Ki —> K/ , where ^Ki a n d ^ K / are the momentum 
of the electrons in the reference frame in which im­
purities are at rest and thus heuristically modify the 
collision integral by making the replacement : 

^ ( E K - E K O K K ' I A F I K ) ! 2 ^ 

&(EKI- -iWMKx'lAFl'Ki)!* 

Since #Ki = #K—mu, AKi^SK 7 —mu, the collision in­
tegral so obtained vanishes for / = / . 

If we now substitute for/from (14) into the modified 
collision integral, use the condition that it vanishes for 
/ = / , and then ignore powers of u higher than the first, 
we obtain 

L3/Jeoll irk2 \ 

df*\ 

dEK) 

X£ [CLM(EK) I [ F i M ( M - W 0 V ) ] 

X f i ( £ K - £ K < ) l < K ' | A F | K ) i W . (36) 
•'} 

We assume now that the matrix elements {K ' |AF |K) 
depend only on the angle between K and K' and not 
individually on the directions of K and K' in the metal. 
Then taking the polar coordinates of K' as (/JL,VT) with 
K as the polar axis, and integrating (36) over £ K ' and 

m with the help of Eqs. (17) and (21), we may write 
(36) in the form 

\df-\ / dfo \ 

Ld/JCoii V 

CLM(EK)YLM(6,(P) 

Jcol l 

with 

1 VK2/dK 

dEK/i TL (EK) 
(37) 

TL(EK) 
—( — ) D-^oW] 
h \dEK/J0 

X|{K'|AF|K)|2sinM(fM. (38) 
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The integration of (37) over EK is straightforward and 
we thus see that for impurity scattering also CLM(EO) 
are determined by Eq. (27). Further, to the approxima­
tions made in this paper, when the electrons are scat­
tered by both phonons and impurities, one has only to 
write for 1/TL in Eq. (27) the expression 

1 1 
(39) 

where TL
(P) are given by (29) and T L ( 0 [ = T L ( 0 ( ^ O ) ] 

are the effective relaxation times for the electron-
impurity scattering. 

Evaluation of TL{{) 

We first rewrite (38) in a more convenient form. Let 
the fraction of impurity atoms, all of the same kind, 
be denoted by x, and let x ^ l - We suppose the im­
purities to be distributed at random and we denote by 
U(r) the difference in potential between the dissolved 
and solvent atoms. Further let P(ix) be the probability 
that an electron (energy EQ) in a unit volume (wave 
functions \pK and fa of the electron normalized to unit 
volume) is scattered through an angle fx per unit solid 
angle per unit time. Then (38) for E K = ^ O may be 
written in the form 

— = 2ir f [ 1 - YMlPfa) sinMz, (40) 
rd) J 

with 
TL 

( 2wm\2\ r 
— ) J^'*tf(r)iMr (41) 

The ratios TI (* ) /TL (* ) would naturally depend on the 
form of U(r). 

As an example, we consider here U(r) to be a screened 
Coulomb potential: U(r)cc (r~l) exp(—c\r). Mott12 has 
shown that the potential of a polyvalent impurity dis­
solved in a monovalent metal is approximately of this 
type. In the Born approximation P(/x) is proportional 
to [ ( l - cos / i )+q 2 / (2 i r 0

2 ) ] - 2 , and the ratios n ^ / W ^ 
may be easily found to be given by 

n«> JQL'(»)-QO'(») . 

TL«>~Ql'(*)-Qo'(d)' 
3 = 1 - (42) 

where QL(%) is the Legendre function of degree L of 
the second kind,13 and Q'(d) = dQ(z)/dd. From (42) 
we see that n ( i ) / r JL ( i ) depend on the range cp1 of the 
potential and on the wave-number KQ of the Fermi 
electron. For Z,=2, using (42), one finds that T I ( 0 / T L ( * ) 

12 See, for example N. F. Mott and H. Jones, The Theory of 
Properties of Metals and Alloys (Oxford University Press, New 
York, 1936 and Dover Publications, Inc., New York, 1959), p. 87. 

13 See reference 11, pp. 318-320..The first three QL{ d) are: 

Go(30 = i l n [ ( a + l ) ( 3 f - l ) - i ] , Gi(30« * e o ( 3 0 - l , 

e»(aHi(3*-i)Qo(aF)-*aF. 

monotonically decreases from the value 3 to unity as d 
increases from 1 to co. For a polyvalent impurity dis­
solved in copper,14 q_ 1=0.55XlO~8 cm, and one has 
2=1.87 and r 1

( i ) / r 2
( * ^ 1 . 4 . A similar calculation for 

a polyvalent impurity dissolved in silver or gold gives 

tion for other values of L. 
T I V 0 / T 2 ( 0 ^ 1 . 3 7 . We have not made a similar calcula-

4. SOLUTIONS OF EQ. (27) 

By rearranging the terms and remembering that 
(?II(EO) = #M>O for the shear waves and Cio(Eo) = mvo for 
the dilatational waves, we may rewrite Eq. (27) in the 
form 

(ico—ik VQ YIQ (0, <p) )C0i 

+ E ' I ua—ikvoYio(6,<p)-\ \CLMYLM(0,<P) 
LM L TLJ 

4 
( eF m\ 

—+-)voY1M>(d,<p). (43) 
U T\J 

For convenience, we suppress from now on the argu­
ment EQ in CLM(EO). Since in the absence of the sound 
wave all CLM^O, it follows from the orthogonality of 
YLM(Q,<P) and YLM'(0,<P) that the only nonzero CLM are 
CLI for the shear waves and CLO for the dilatational 
waves. Of these nonzero CLM, we have actually only to 
determine Cn and Cio, as these coefficients determine 
completely J e and hence F through the electromagnetic 
Eqs. (6). 

4.1 Determination of Cn for Shear Waves 

Using the identity 

(2L+l )F io (0 ,«OF L i (M 
= ( L + l ) F x _ 1 ( 1 ( ^ ) + L F i + 1 ) 1 ( ^ ) , 

and equating the coefficients of different spherical har­
monics on the two sides of (43), we obtain the following 
infinite set of equations for C L I : (L~ 1, 2, 3, • • •). 

CLl~iyL(bL,L-lCL-l, l+#L,L+lCL+l,l) 

^ C I + W T O - U C T O S L , ! , (44) 

where 5 L , I = 1 for L=l and is equal to zero otherwise, 
and where 

7 L = W L ( 1 + W O T L ) _ 1 , IL = VQTL, (45) 

bL>L-i=(L-l)/(2L-l), 

and 

with 

bL,L+1=(L+2)/(2L+3), (46) 

A (T1) = mv9ll+aF/(N0eu)Ji) (47) 

0-= (Ne>/m)Ti. (48) 

14 Values of q"1 are taken from reference 12. It should be men­
tioned that the values of TI^/T2W obtained here have a semi­
quantitative significance only, since the Born approximation for 
PQi) for the short-range interaction under consideration (C\/KQ~\) 
is not a very good one. 
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Cu rnay be readily determined from Eqs, (44) for the 
following three cases: 

Case I: \yi\, [72], I73I, etc., Much Less Than Unity15 

Under these conditions Cn, C2i, C31, • • • form a 
rapidly decreasing sequence. Hence putting CLI~0 for 
Z ^ 4 into (44), we obtain for Cn the expression 

A{n) r l 8 1 
Cn= 1—Yi72H yaiy?>~\—7i2722+-

1+uorjL 5 175 25 
(49) 

Case II: | Y I | , I72I, etc., Much Greater Than Unity15 

For this case Cn is given by16 

Cn^frrA ( r O C l + i c o r O - ^ r 1 . (50) 

Case i 7 7 : ^4// TL -Eg^a/ to One Another 

Let ri = r2=T3- • • = r say, and 71=72=73 ' * * = 7 say. 
In this case an analytical solution of Eqs. (44) is 
possible for the whole range of values of 171. CL\ are 
given by 

CLI~-

(2L+1)A(T) 

)Jn X 
^ F n ( M ^ i ( M 

27rZ(L+l ) ( l+^W)^ 0 ^0 l - f y F i o ( M 

XsmSdddcp. (51) 

Integrating (51) for L = l , one obtains for Cn the 
expression 

C u = M ( r ) ( l + « o r ) - y ^ [ ( l + 7 a ) ( l - ^ ( 7 ) ) - l ] , (52) 

where 

*w=i 
1 z*1 dx 

2^-i 1—iyx 
1 — 7 - 1 tan_17. 

In the limit |Y|>£>1, Eq. (52) reduces to 

C n = | 7 r ^ ( r ) ( l + ^ r ) - 1 7 - 1 . 

(53) 

(54) 

4.2 Determination of 'do for Dilatational Waves 

From Eq. (43), one readily obtains the following set 
of equations for CLO : 

iwCoo—-3^oCio = 0, (55a) 

C10—i7i(^ioCoo+^i2C2o)=^(r i ) ( l+ia ;Ti)~ 1 , (55b) 

15 One may readily convince oneself that in order that (49) and 
(50) form a good approximation, it is sufficient that the first few 
\JL\ in the sequence yi, 72, 73, • * • satisfy these conditions. 

16 Divide each of the equations in (44) by the respective 77, 
appearing in it and write Cn as a ratio of two determinants D\ and 
Z>2' Cu~ {A{TI)/MI){DI/D<L). If one now expands D\ and D2 in 
series in which successive terms contain the inverse of the products 
of more and more y's, one finds that the leading term in each of 
these series is independent of 7's. Hence in the limit \JL\ —> <*>, 
D1/D2 would be independent of y's and would have the same value 
as for the case where all the JL are equal to one another. Equation 
(50) then follows by comparing the above expression for Cn 
with Eq. (54). 

and for V^2 

CLo—iyL(bL,L-iCL-i,o-\~bL,L+iCL+i,o)=:Oi (55c) 

where now 

bLiL+1=L/(2L-l), bL>L+1=(L+l)/(2L+3). (56) 

Equation (55a) may be seen to be equivalent to the 
equation of continuity (5). Eliminating Coo between 
(55a) and (55b), we obtain 

C10 (1 — jiyikvo/<a) — iyibi2C2o=A (r 1) (1+icor i ) _ l . (55d) 

Analytical expressions for C10, by solving Eqs. (55c) 
and (55d), are readily obtained for the three cases dis­
cussed in Sec. 4.1. 

Case I: First Few | 7 L | Much Less Than Unity15 

In this case C10 is given by 

C 1 0 =^( r i ) ( l+ icor i ) - 1 

/i7227.d I 
175 

X 
r 1 4 12 r 

1 iyik(v0/u)-) 7172 7i72273~l 
L 3 15 175 J 

(57) 

Case II: First Few \yi\ Much Greater Than Unity15 

C10 for this case is given by (see footnote 16) 

Ci0 = A ( r 1 ) ( l + ^ r i ) - 1 7 r 1 [ - | ^ ( V ^ ) + ^ ] - 1 . (58) 

When the first few 171,1^4, one has to solve Eqs. 
(44) for Cn or Eqs. (55c) and (55d) for C10 numerically. 

Case III: All TL Equal to One Another 

In this case C10 is given by 

A(r) 

g(y) 
Cv 

(1+KOT) -1*T+h,(isr) • (59) 

Expression (59) is valid for all values of 7. For | 7 | ^>1 , 
(59) reduces to 

C1Q = A (r)(l+iccr)-1y~1l~lik(vo/co)+i7ry'\ (60) 

5. EXPRESSIONS FOR THE ATTENUATION 

5.1 Shear Waves 

Writing Cn^AB, where A is given by (47), and using 
Eqs. (4), (10), and (13), we obtain for 3e the expression: 

J e = (a¥+Noeu)B. (61) 

Substituting (61) in (6) we obtain for F the expression 

4wiuNoeu(B— 1) 
F = — 

c2(k2+Bk0
2) 

(62) 

where &0= (^iritoa/c2)? is the reciprocal of the classical 
skin depth of the electromagnetic waves of frequency co. 
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In (62) a term o>2/c2 has been neglected in comparison 
with k2. 

Using Eqs. (2), (8), (61), and (62) in the equations 
of motion (7), one obtains, after some algebraic manipu­
lation, for Z=cc2/k2 the expression 

Z=L 
LBW+k2} pk2Tl 

(63) 

The attenuation and the velocity of shear waves 
may now be readily calculated from (63) by using Eqs. 
(9) and different expressions for Cu or AB obtained 
in Sec. 4; the expressions for the attenuation for the 
three cases discussed in Sec. 4 are given below. We note 
that in this calculation it is sufficient to regard the k 
appearing in (63) to be real; in what follows we denote 
the real part of the wave number by k instead of ki. 

Case I: kh<£\ 

In this case Cu is given by (49), and the inequalities 
&2«|&o2| and k2<^\Bko2\ are also satisfied. Hence the 
expression within the square bracket of (63) may be 
replaced by B~l. One then obtains for the attenuation 
at of the shear waves the expression 

at- r 2 l **«,+ • •• , 
SpV? L 35 J 

(64) 

where Vt is the velocity of the shear waves. 

Case II: kl{^>\ 

Now Cu is given by (50) so that B = 3r/(4kli). We 
have to subdivide this case into two: 

H a : When % » 1 , but & 2 « | B k t ? | « | h2|, V i s given by 

at~- (65) 

l i b : When H i » l , &2»|&0
2 |, o > n » l ; in this case 

k2^>\Bko2\ also, and 

at= 
tnNo 

pVtTl 
(66) 

We note that the frequency coc at which k2~ \Bk§2\ is 
given by, using (50), CCC=2T(3VtzN0e

2/(4:mc2vo))K For 
most metals (coc/27r)~109 sec-1. Since (66) is valid only 
for o£>>coc, this case is not experimentally realizable at 
the present time. (It will be noticed that for high fre­
quencies the attenuation is determined by n , whereas 
at low frequencies it is determined by r2.) 

Case III: All TL Equal to One Another 

For this case the preceding cases (I) and (Ha) can 
be combined together. Using for Cu the expression from 

(52), we obtain for the attenuation 

at mvoNo 

where 

and 

a> pVt' 
-Gt{U)y 

Gt(kl) = -
go+(kl)~2go-l 

kltl-go-go(kl)-2-] 

go=*(*0=l - (W)-1 t a n - W . 

(67) 

(68a) 

(68b) 

Here 1=VQT. For kiy>ly (67) and (68) lead to the ex­
pression (65) for the attenuation; for kl<£A, the ex­
pression obtained from (67) and (68) is the same as 
that obtained from (64) by putting in it r = n= r 2 = T%. 
Finally the expression for the attenuation corresponding 
to case (lib) above is given by (66) with n replaced 
by r. 

5.2 Dilatational Waves 

Writing again Cio^=AB, and using the same procedure 
as outlined above for shear waves, we obtain for Z 
the expression 

Z=/ 
iwtnNo / 1 — B v r 1+ia)/ (ncop

2) 

pW T l V B /LI+W(TICOJB)S 
(69) 

where o)p
2= (4Te2No/m) is the square of the plasma fre­

quency and fid is the square of the velocity of the dilata­
tional waves in the absence of the electron-ion inter­
action. For most metals a>p^1016 sec"1, and it is easily 
verified that the terms (co/nco/) and (co/nwp

2J5) are 
negligibly small compared to unity at the ultrasonic 
frequencies currently available. Hence the expression 
within the square brackets of (69) may be replaced by 
unity. The various expressions for the attenuation corre­
sponding to different Cio evaluated in Sec. 4 are then 
given by the following: 

Case I: « i « l 

u2A7^2 r 9 

L—**««+• ••!, (70) 
\SpVi L 35 

where V d is the velocity of the dilatational waves. 

Case II: kh»l 

For this case Cio is given by (58); the attenuation is 
independent of the TL and is given by 

TTMVQNOO) 

« d = (71) 

This expression for ad is valid for all values of kl£>>l, 
irrespective of whether wn is less or greater than unity. 

file:///SpVi
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Case III: All TL Equal to One Another 

By substituting (59) into (69), we may obtain 

aa MVONQ 
- = Gd{kl), (72) 
a> pVi 

where 
Gd(kl) = Bkl(i-go)(g0)-

1-(kl)-^. (73) 

Expression (72) for ad is valid for all values of kl. I t 
reduces to (71) for feCM, and to (70) for kh<£\, when 
the substitution T—TI — T2=TZ etc., is made in (70). 

I t will be observed that for UTC$>1, the attenuation 
of dilatational and shear waves, given, respectively, by 
(71) and (66), have different qualitative behaviors as 
regards to their dependence on a> and r ; further (66) 
is smaller than (71) by at least a factor (Vt/vo)~10~z. 
Strictly speaking our treatment is invalid for c o n » l , 
since here (following Pippard and Steinberg) the strain 
field of the impressed sound wave is regarded as classi­
cal. In the free-electron approximation a quantum 
mechanical calculation for the attenuation17 of dilata­
tional waves gives just the expression (71); for quantized 
shear waves, the attenuation is zero since these waves 
do not interact with the electrons in the free-electron 
approximation.18 

A comment on the velocity of the dilatational waves 
is also necessary here. In terms of Z the velocity Vd 

is given by (9b). For every case discussed in the pre­
ceding paragraphs, we have for Vd an expression of the 
form 

Vf=pd+i(mv<?Nf>/p)+ e{ViniN,/p). (74) 

The last term, which is of the order 10~5PV, is associ­
ated with the attenuation and is frequency dependent. 
The second term has a simple interpretation since 
lmvo2No is just the bulk modulus Ke of the electron 
gas; we note that Ke/p is of the same order of magni­
tude as Pd. The experimentally observed velocity is, of 
course, that given by (74) and not just #<** which is in 
contrast to the case of shear waves where Vt

2~pt. 
Finally we mention that for the case all TL equal to 

one another, (Case I I I above), the results obtained here 
are identical with those obtained by Pippard1 and 
Steinberg.2 These results have been included here to 
facilitate comparison of our results with theirs and with 
experimental data. 

6. DISCUSSION 

The results on attenuation obtained in this paper 
possess certain features which are missed in the more 

17 See, for example, R. W. Morse, Progress in Cryogenics (Hey-
wood, London, 1959), Vol. I, pp. 219 S. 

18 It may be of interest here to mention that the first and 
second terms in the numerators within the square brackets of 
both (63) and (69) arise, respectively, from the electric force 
—iVo^F and the impulsive force Ic in the equations of motion (7). 
In all cases for the dilatational waves and shear waves, except the 
case l ib , (WTI^>1), for shear waves, the attenuation arises solely 
from the electric force term; in the case l ib , however, it is the 
term Ic which determines attenuation. 

phenomenological treatments of the problem where one 
assumes the existence of a single relaxation time in 
accordance with Eq. (1). Some of these features are 
discussed below. 

6.1 « ! « ! 

In this case the attenuation of dilatational waves19 is 
given by (70) and is proportional to the effective re­
laxation time T2. In the temperature region in which 
both the electron-phonon and electron-impurity scat­
terings are significant, T2 is in general, not proportional 
to n . Hence the attenuation ad also as a rule will not 
be proportional to the electrical conductivity <r. Neglect­
ing the k2hk terms, etc., compared to unity in (70) 
and making use of (39) and (48), we may write for 
ctd/<r, the expression 

ad r2 ( r i ^ + f r i W ) - 1 

— - — = , (75) 
So Tl ( T 2 ^ ) ) - 1 + ( ^ 2 ( i ) ) - 1 

where 
S=4:tnWo>2/(15pVd*e2). (76) 

Let now T0 denote the temperature at which TI ( P ) 

= Ti(i), i.e., at which the electrical resistance due to 
impurities equals that due to the electron-phonon inter­
action. Taking TI(J>) = 3 T 2

( P ) and Ti(i) = 1.4r2
(i), as ob­

tained in Sec. 3, one then sees from (75) that for r<$CTo, 
a*/S<r&0.71, and for T » r 0 , ad/So^0.33. A plot of 
ad/So- against T/TQ is given in Fig. 1, which has been 
drawn for T<<C©, so that n ( p ) oc T~b. We note that most 
of the variation of ad/So- with T is confined to the tem­
perature region 0 . 5 7 ^ T^ 1.52V 

I t will be realized that the numerical values in the 
above example cannot be taken too literally, since they 
are based on the values of TI /T 2 for the specific electron-
phonon and electron-impurity interactions, and also 
since P(M) for the latter has been calculated in the Born 
approximation (see reference 14). Nevertheless, one 
may expect that, in general, T I ( P ) / T 2

( P ) would be suffi­
ciently different from Ti ( i )/T2

( i ) to make the deviations 
from proportionality of a to cr experimentally observ­
able. Experimental measurements on aluminum by 
Filson20 and Lax21 and on silver by Lax,22 however, show 
that a is proportional to a. The reason for this dis­
crepancy is not known. I t would be of interest to have 
experimental measurements of a and a on specimens 
having different and varying amounts of impurities. 

19 The discussion for shear waves is similar since the attenuation 
of both these types of waves is determined by the same set of TL. 
We add that, as pointed out by Pippard (reference 1, p. 1110) in 
metals in which the electrons occupy more than one Brillouin 
zone, there may occur for dilatational waves an additional relaxa­
tion effect (and hence attenuation) due to a periodic transfer of 
electrons from one zone to another. This effect is not considered 
in our work and has yet not been experimentally observed. 

20 D. H. Filson, Phys. Rev. 115, 1516 (1959). 
21 E. Lax, Phys. Rev. 115, 1591 (1959). 
22 E. Lax, Technical Report No. XVII, Office of Naval Re­

search, December, 1959 (unpublished). 
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FIG. 1. Typical variation of a/S<r against T/Toin the tem­

perature region where T«Debye temperature ®. S is a constant 
given by (76), and T0 is the temperature at which the electrical 
resistance due to electron-phonon interaction equals that due to 
the impurities in the specimen. 

As regards the absolute magnitude of the attenuation, 
Filson20 and Lax21-22 find that if one uses n in expression 
(70) for attenuation, ceexp/Weor is about 1.5 for alumi­
num and 1.8 for silver. On the other hand, if we use r2 

in (70), as one should, then aexp/o:theor is even larger 
since according to the calculations of Sec. 3 r 2 < r i . In 
connection with these discrepancies between theory and 
experiment, we make here the following two comments: 

First, the reason why the values of both r 2
( p ) / r i ( p ) 

and r 2
( 0 / r i ( i ) given in Sec. 3 are less than unity is that 

for the particular electron-phonon and electron-
impurity interactions chosen, the scattering or P(jx) is 
predominantly in the forward directions. As may be 
verified by using (40), if the scattering were relatively 
more in the backward directions or if there were a 
minimum in P(/A) around M = 9 0 ° , then r 2 / n would be 
greater than unity. Such a situation, for example, can 
arise for the electron-phonon interaction if the "Um-
klapp" processes (ignored in the calculation of Sec. 3) 
contribute significantly to the collision integral at the 
temperature under consideration, since for these proc­
esses the scattering is predominantly in the backward 
directions.23 At room temperature the "Umklapp" 
processes contribute to a as much as 80%; and, although 
their relative contribution decreases with decreasing 
temperatures, there seem to be both experimental 
evidence and theoretical arguments to indicate that 
they continue to contribute significantly down to very 
low temperatures.24 A further discussion on this point 
will not be given here, since it is rather involved, and 
also because there exist other effects, like those due to 
deviation of Fermi surface from spherical shape, which 
may be of comparable magnitude and which have not 
been considered in this paper. 

Second, we mention that in an "effective mass" 
approximation in which the Fermi surface is spherical 
bu t the energy of an electron is given by h2\ K|2/2w*, 

23 See, for example, Fig. 113 of reference 7 or Tables II to V in a 
paper by A. B. Bhatia and K. S. Krishnan, Proc. Roy. Soc. 
(London) 194, 185 (1948). 

24 See reference 7, p. 370. 

where m* is the effective mass of an electron, the various 
expressions for the attenuation given in Sec. S have to 
be modified as follows: First eliminate the Fermi ve­
locity v0 from these expressions by means of (10), and 
then replace any m appearing explicitly in these ex­
pressions by m*. Thus, for example, in expressions (64) 
and (70) for at and ad for £ / i « l , the factor mv0

2 outside 
the square brackets is to be replaced by (3Nohz/8ir)* 
X( l /w*) . When the factor mvQ is eliminated from ex­
pressions (65) and (71) for at and ad for % » 1 , the 
resulting expressions become independent of the effec­
tive mass parameter.25 We see also that the factor S in 
(76) is independent of w* and thus the effective-mass 
approximation cannot account for the observed magni­
tude of attenuation in silver and aluminum. (Note that 
TL also contain m*—but the ratios TL{P)/TI{V) or 
TL{i)/ri{i) are independent of m*. The dependence of 
nip) and T I ( 0 on w* may be found in reference 4 and 
will not be given here.) 

Electron-Electron Collisions 

I t is well known that in the free electron approxima­
tion the interelectronic collisions do not contribute to 
the electrical resistance of a metal. However, they would 
influence the attenuation of sound waves. For a 
degenerate Fermi gas the relaxation time r2

ee for inter­
electronic collisions is proportional to T~2. Hence, 
writing (r 2)- 1= (r 2

( j , ) ) - 1 +(r 2
( i ) ) - 1 +(r 2

e e )~ 1 , we see 
that when &/i«l and T « © , or1 will depend on tempera­
ture in the manner 

cr^ai+anP+OpT*. (77) 

Thus there exists the possibility of determining r2
ee 

from the attenuation measurements. A rough theo­
retical estimate of r2

ee shows that the last two terms in 
(77) should be of the same order of magnitude, at about 
3°K in copper. 

6.2 Attenuation over a Wide Range of 
Frequencies of Sound Waves 

Mason26 has compared Pippard's analytical expres­
sion for ad with experimental results on tin over a wide 
range of values of kh as follows: Assuming that r=n 
in (72) and using the values of n from the electrical 
conductivity measurements, he multiplies (72) by a 

25 Recently Blount [E. I. Blount, Phys. Rev. 114, 418 (1959)] 
has obtained attenuation [assuming Eq. (1) for the collision in­
tegral] in such a way that his expressions contain not only m* 
but also an interaction parameter A ( = 1 in the free-electron 
approximation) for the direct interaction between electrons and 
the impressed sound wave. If we take this latter interaction to be 
the same as that between longitudinal thermal phonons of long 
wavelengths and electrons, then in the spherical band approxima­
tion \A\ =m*/m. If we substitute this value of A and »0= (h/m*) 
X (3N0/&ir)l in Blount's expressions, the pffective-mass depend­
ence of his expressions becomes identical with that given above.^ 

26 W. P. Mason, Physical Acoustics and the Properties of Solids 
(D. Van Nostrand Company, Inc., Princeton, New Jersey, 1958), 
p. 329. 
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FIG. 2. Attenuation as a function of kl2. Here k = 2w/ (wave­
length of sound wave) and h^von, a mean free path of the elec­
trons. Numerical calculations of this paper using for r z / n 
the values from Eq. (33). Pippard's analytical expression 
(72) with r = T2. 

normalization factor 9TCP such that the theoretical 
values of attenuation agree with experiment for kh<^l. 
He then finds that the theoretical limiting value^of 
aa/(a for kl{^>\ is only about 40% of the observed value. 
If we make a similar comparison with the theoretical 
results of this paper, we would have to multiply our 
expressions by a factor 9HPX (ri/r2) to obtain numerical 
agreement with experiment for &/i«l; and hence our 
limiting value of ad/a> for khy>l would be TI/T2 times 
greater than Pippard's. Since as a rule r i>r2 , we see 
that experimental results on tin are in better agreement 
if r in Pippard's expression is identified as r2 rather than 
n . It should be mentioned that in view of the rather 
idealized assumptions made in this paper, our con­
siderations hardly apply to tin, and it would be desirable 
to have measurements over a wide frequency range on 
some of the alkali and noble metals, particularly in 
view of the results already discussed for silver and 
aluminum for the case kh<£l. 

We have seen above that if we identify r appearing 
in Pippard's analytical expression (72) as r2, then for 
both kl2<Kl and kl2^>\y (72) reduces to the expressions 
obtained in this paper. For the intermediate values of 
kl2, however, the attenuation calculated from our Eqs. 
(55) will in general be different than that calculated 
from (72), if the various TL appearing in (55) are dif­
ferent from one another. As an example, we have 
calculated numerically the attenuation for dilatational 

FIG. 3. heii/h as a function of kl2. based on the numerical 
calculations of this paper. - - - P i p p a r d ; (heU=h for all kh in 
this case by definition). For explanation of he{{ see text. 

waves for several values of kl2 assuming that the im­
purity scattering can be neglected and that the ratios 
TI/TL are given by (33). The results of these calculations 
are shown in Fig. 2, where ad/cc is plotted against U2. A 
plot of ad/u as obtained from Pippard's expression (72) 
with T?~T2 is also given. We note that the maximum 
difference between the two curves is about 20%. 

A more sensitive way to compare the results given in 
Fig. 2 would be as follows.27 Take the numerically calcu­
lated value (or the experimental value) of ad/oo at a 
given frequency and equate it to (72). This would de­
termine a value of kh, and hence of /2. We designate this 
value of h as an effective h at this frequency and denote 
it by /2

eff. Doing this at several frequencies would give 
a value of heii at each frequency. Now plot heU/h 
against co or kl2. (Note that /2

eff=/2 for &/2«l.) Such a 
plot based on the numerical calculations outlined in 
the preceding paragraph is given in Fig. 3. If all the rL 

were equal to one another, one would just obtain for 
heii/h a horizontal straight line of ordinate unity. It 
should be mentioned that a comparison such as above 
would be meaningful only if the experimental data on 
attenuation (after allowing for the background attenua­
tion due to causes other than the interaction of sound 
waves with electrons) is accurate to within a few percent. 

27 This procedure is reminiscent of the manner in which the 
experimental data on specific heats Cv is compared with theories; 
here instead of plotting Cv against T, one plots an effective Debye 
© against T. 


