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Numerical values for the difference in u-meson capture rates from the two hyperfine states of a mesonic
atom are obtained for F¥, Al*’) and P%, employing the simple Mayer-Jensen version of the shell model for
Al?” and P, and an intermediate coupling version for F¥. In all these cases, we get considerably larger
values than those found in previous estimates, thus rendering experiments more feasible. In view of the
consequences of atomic conversion on the observation of the capture-rate differences, conversion effects in
the rate and asymmetry of u-meson decay electrons are discussed also.

I. INTRODUCTION

HE influence of the hyperfine interaction between
nuclear and muon spin on the nuclear capture

rate of p mesons has been pointed out by Bernstein
et al.,! and experiments to measure the resulting
difference in the capture rates from the two hyperfine
levels of the u-mesonic atom ground state have been
attempted.? The reason for the interest in a detection
and quantitative analysis of this effect is that it arises
from a spin dependence of the basic weak capture
interaction, and thus offers a possibility for testing the
u~-capture Hamiltonian for such a spin dependence. To
give an example, if one takes a simple Fermi and
Gamow-Teller interaction with respective coupling
constants gr, g¢, then the muon capture rate by a
proton in the triplet state A, is proportional to (gr+g6)?
in a singlet state A; to (gr—3g¢)?, and a measurement
of A, A separately (e.g., by determining the deviation
of the decay electron time distribution from a simple
exponential) can serve to establish the presence or
absence of either interaction. For complex nuclei, on
which the experiment has to be performed, nuclear
matrix elements will enter. For this case, rough esti-
mates were made! on the basis of the Schmidt model;
the interpretation of measurements becomes then more
uncertain. The purpose of this paper, therefore, is to
calculate these nuclear matrix elements more accurately
using the shell model. The effect is expected to be
largest for nuclei with an unpaired proton (its spin
being strongly correlated with the nuclear spin), but
will exist in other cases, too. The most suitable isotopes
(odd Z, odd 4, Z~10) would be N5, F Na%®, Al*,
P3t CP%, C1¥, and others. For most of these, especially
the (2s,1d) shell nuclei, accurate configurations are not
known. We therefore, after deriving general expressions
for the capture rates on the shell model (Sec. II), shall
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utilize the simple version of the shell model® for Al¥
and P# (Sec. III), assuming a successive filling of the
(14 %) and (2s %) shells. We note that such a treatment
still consists in an improvement over the Schmidt
model insofar as it permits a calculation of the unknown
parameter £ of Bernstein ef al.,! which represents the
ratio of the effectiveness of the Pauli principle (exclud-
ing the capturing proton turned neutron from the
neutron shells) in reducing the rate of u capture by the
zero-spin shells and by the outside proton. For F%, the
exact configuration is known,*® and is used for calcu-
lating our nuclear matrix elements in Sec. IV. In all
three cases studied, we find up to three times larger
results than those obtained by tentatively setting.
£=19in the formulas of the work cited in footnote 1.
These results are discussed in Sec. V. As pointed out
by Telegdi,2 conversion of the upper to the lower
hyperfine state can occur by Auger electron ejection
with a rate comparable to the capture rate difference,
thereby strongly influencing the decay electron time
distribution. This will be discussed in Sec. VI, where
the influence of conversion on the decay electron
asymmetry is also studied.

II. DERIVATION OF THE GENERAL EXPRESSION FOR
THE CAPTURE RATE DIFFERENCE ON THE
SHELL MODEL

For calculating the muon capture rate in complex
nuclei, we use the effective capture Hamiltonian of
Primakoff,®” which contains vector, axial vector, and
pion-induced pseudoscalar interactions. In calculating
the spin-averaged square of the transition matrix
element, we kept the retardation factor of the neutrino
space wave function, except in the small pseudoscalar
case, where it was replaced by the lowest term of its
multipole expansion. By further employing the closure
approximation on the sum over final nuclear states
(i.e., replacing the neutrino momentum » by its average

3M. G. Mayer and J. H. D. Jensen, Elementary Theory of
Nu7clear Shell Structure (John Wiley & Sons, New York, 1955),

L T4 1L
P 4J. P. Elliott and B. H. Flowers, Proc. Roy. Soc. (London)
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7 in the phase space), we arrive at the result for the
muon capture rates (sec also work cited in footnote 6):

J+1 J 1 P

L U | ——
W1 2+ 2n%agt 14 (5/ M)
XV A+A | Yomy), (la)
1 72 27+1
A=A~ A=
a1+ (5/ M) T(J+1)
XWoms| (B4+B)-J[ W) (1b)

Here, Ay are the capture rates in the two hyperfine
states with spin F=J=41%, J being the nuclear spin.
M is the mass of the nucleus; the muon Bohr radius
is given by

az= (137/pZ)(1+p/M) ()

(we use units with Z=c¢=1 and electron mass m.=1);
7 is the average momentum of the emitted neutrino,
u the muon mass, and the matrix elements are taken
over the nuclear ground state. We have further:

A=a): 3(1+79[Y(r) P, (3a)
A'= § (a'+a" ot a) 7 ir W ()Y (x,) jo(o7:5), (3b)
B=03": o3 (1470 (r) P, (3¢c)
B'= > (boi+b*e’+ib" o' Xa?)
177
X (e (x;) jo(iri),  (3d)

the sums over 7 and j running over all nucleons in the
nucleus. The muon space wave function ¥ (r;) is normal-
ized to 1 in the limit of Z— 0; 7, is the spherical
Bessel function. The primed operators, which connect
different particles, represent the effect of the exclusion
principle on the neutron produced from the proton
which captured the muon. Finally, we have the combi-
nations of effective coupling constants®7:

a=|Gy|*+3|G4|*—2 ReG4*Gp+|Grl?, (4a)
o= [le2, (4b)
o= |G4|>—% ReG4*Gpr+3|Gp|?, (4c)

b=2ReG4*(Gy—G4)—2 ReGy*Gp+4 ReG4*Gp, (4d)
b =Gv*(Ga—1Gp), (4e)
b =ReG4*(G4—2Gp). (4f)

For calculating the nuclear matrix elements appearing
in Egs. (1a) and (1b), we have to use a completely
antisymmetrized nuclear wave function (spin indices
are suppressed for the time being),

¥(1, - A)=N3_ pep®(P1,---PA), (5)

where ® will be taken as a product shell-model wave -
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function,

(1;(1, . A):\I/l(l’ . '%1)‘112(%1.*{-1, .. '7’1:1‘,‘712)‘ ..
‘I/T("'A); (6)

consisting of completely antisymmetric wave functions
of the shells ¥, each containing », particles. ¥,(1,- - -%,)
is considered the unfilled shell, the only one which
possesses nonzero spin, and consists of both protons
and neutrons, whereas the other ¥, are either pure
proton or pure neutron shells with zero spin. The
operators (3) in (1) which have to be taken between
states (5) are either one- or two-particle operators (in
case b multiplied by the operator J=J;4---4+J,,
symmetric in all particles) of the form

QU=22:0001), QP=2:x Q15,7 ()

(in matrix component notation, ¢ represents the space,
spin, and isospin coordinate of particle ¢). We can then
reduce our nuclear matrix elements to those taken
between states ®, by using the following two theorems:

Theorem I: (¥|Q®|¥)=(D|QV|d), (8a)
Theorem I1: (¥|Q®|¥)=(®|0,?|d), (8b)
where
Qa(” — Q(z) (Qa)
if 4, 7 lie in the same shell ¥,
Qu®= 2 [QG4,i'7)—Qi7,57)] (9b)

i#]

if 7, 7 lie in different shells ¥, ¥,. The proof of these
two theorems is straightforward, using general sym-
metry properties of ¥ and the orthogonality of different
shells ¥,, ¥,. The same theorems hold also if Q® is
multiplied by J, as in case (1b). By applying Egs.
(8a) and (8b) to our Egs. (1a) and (1b) now, we obtain
the general results for the muon capture rates on the
shell model:

A=K[(Zui/Z%)a+(2) ], (10a)
AN=K[(2J+1)/T(J+1DJ(r-1)+(1’-T)), (10b)
with
K= (1/2n%)[#/ (14 (3/M))]
=[(1,1)/a]Z?, (11a)
Zett/Z3= (T | s 5 (A+7 [ (r) P ). (11b)

Here, the parameter yA(1,1) was used by Sens® to
replace the (unknown) 72, and was determined by him
experimentally by fitting measured capture rates to
Primakoff’s® formula for . The effective nuclear charge
Zess* was introduced by Wheeler,? and was accurately
calculated by Sens?® for a variety of nuclei.

8 J. C. Sens, Phys. Rev. 113, 679 (1959).

® J. Tiomno and J. A. Wheeler, Revs. Modern Phys. 21, 153
(1949).
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The remaining matrix clements are:

r—1 r—1
@)=— 2 ngngXep—n. 2 104,

a1 =1
+n,(n,—1)S,, (12a)
(C-D=nb¥,(1,- - n) |3 A+ [P (r) P’ T|
X¥. (1, n)), (12b)
(r'-Jy=—n, E:llanqr—l—n,(n,— 1)E,, (12¢)
—
with the further notations:

Xoo=F (1, - n ¥ (1, - ny") | 77V (1,17)

X[ W, (1,2, ng)¥ (1,2, - +ny)), (13a)

T‘N':(\I/Q(l; v '17/9)‘1/7‘(1,; te 'nr,)l (7'+1T_.1/+ T_}T,’_l,)

Xw(l’ll) [\I,q(l’yzy o 'nq)\I/T(l)Z,J ot '1’L/)>, (13b)
Se=(.(1,- - -n,) ] ' 2w (1,2) [‘I’r(l; ceemg)), (13¢c)
DM:<\I'Q(1; ot ‘"q)‘l/r(l,y' ' '”rl) I
XL(ritr 2 r e (L1 F (ot
RO R ON NG M PSS )
X[ (1,2, - ng) V(1,2 -n,")),  (13d)
E,= <\I’r(1a ceemy) i 7'+17'~2|:Y8(1:2)
+v(1L,2)]- I ¥, (1,- - -n,)),  (13e)
where finally
w(1,2) =y (t)¢ (12) jo(Pr12) (a'+ 0" 0" - 0*), (14a)
vs(1,2) =y ()¢ (12) jo(9r12) Red’ (o' +0?), (14b)
Ya(1,2) =13y (r)y (r2) jo(r12)
X[Imd' (o' —6?)+b"0' X a*]. (14c)

Actually, only A\ will be calculated in the following.

A simplification can be made in Eq. (13) for matrix
elements taken between filled shells. The wave function
of such a shell

g= (Wf)nim™s, (15)
with ¢#r, n,=2j41, is a Slater determinant
Vo1, )= (n,)*2 pery;(P1)
Xyii-1(P2)- - ¥i-i(Pny), (16)

and the matrix element of an operator O(1,1”) becomes

simply

<\IIQ(1:' : 'HQ> 10(171/) I\I,Q<1’ T 'n(I)>
znq—lzm<¢jm(1)10(1;1’)l¢1m(1,)>; (17)

i.e., the matrix element taken over the single orbitals

¥ im, averaged over all their orientations.

III. EVALUATION USING THE MAYER-JENSEN MODEL

The configurations of the nuclides investigated by us
are according to the Mayer-Jensen shell model (apart
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TaBLE I. Parameters of the K-shell muon wave
function inside the nucleus.

Z N aja? b/ad
T19 9 0.88351 0.02134 0.002958
Al 13 0.82724 0.03405 0.004623
pa 15 0.79615 0.03970 0.005517

from the common (1s3), (1p3), and (1p;) shells):

B (251)a?(253)5 J=%; (18a)
Al (1dg)a"(1dy) 5, J=3%; (18b)
P (1dg)a®(1dy),°(251)2*(253),Y, J=3%.  (18¢)

Note that all these configurations suggest a state
J=1+47% of the Schmidt model. I actually represents
an anomaly of the Mayer-Jensen model, the 2s shell
being filled before the 1d shell; moreover, the unfilled
neutron shell is not determined, our assumption of 2s
only being justified by the more exact evaluations of
the configuration.*:®
The normalized radial wave functions used are

ot 22 ke
Ru(f’):; W) (ar)t exp[—3 (ar)?], (19a)
RQ[(T)='0‘Z—%(—£)%(OW)1[§——’_—3 — (07)2]
2\ (2143)11 2
Xexp[—3(ar)?], (19b)

giving rise to a mean square nuclear radius

1 - 1
— 2 n{re=—— 2 n[2(n—1)+I+5], (20)
A ¢=1 Aa? =1

and by equating this to the nuclear radii quoted by
Sens® in his Table II, we were able to determine the
parameter =188 (Fv¥), 178 (Al¥"), 173 (P%). The
K-shell muon wave functions were calculated numeri-
cally by Ford and Wills.® From the tables given by
them, we could obtain an analytic expression of the
wave functions, valid only inside the nucleus (i.e., in a
region where 72R,;(r) is appreciable) of the form (large
component only):

Y(r)=N{1—ar*+0br’), (21)
with the coefficients given in Table I. The normalization
is as mentioned after Eq. (3), namely,

47rf Y(r)rdr=maz®. (22)

0

The factor N represents the reduction of the wave
function from 1 due to the nuclear extension.

10 K. W. Ford and J. G. Wills, Los Alamos Scientific Laboratory
Report LAMS-2387, 1960 (unpublished); and private communi-
cation.
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The simple configurations all have only a single
particle in the unfilled shell (Al?” a single hole, which
can be treated exactly like a particle). Thus, the
angular part of (I'+J) will give the same results as
those obtained from the Schmidt model, and (I’-J)
becomes fairly simple, too (e.g., £,=0), and is further
simplified by expanding jo(9r12) in a power series and
only keeping the first three terms (the next higher term
was estimated to be no larger than 29,). The results are:
Fo. (T J)=32bI(2s), (23a)

(I D)==31'—b")[A0(15,25)+34:(1s,25)
+A41(1p,25)+A46(25,25)
+342(25,25)], (23b)

Al (- J)=1bI(1d), (24a)
(I D= —{(14/15) ()’ —¥"")[4,(15,1d)
+34:(1p,18) J+ 7Y — 30"") A0(1d,1d)

+((17/5)6'—0")4,(1d,1d)}, (24b)
Pt (T-J)=2b1(2s), (25a)

(T X)==3{0"—b")[A:(15,25)+3A4,(15,25)
+A4:(1p,25)+34:(1d,25)

+A0(25,25)+345(25.25)], (25b)
with the notation:
I(nl)= f R () (r)rdr, (26a)
0
A= L—32LoLo+ (1/60)7*(LoLed-L),
A= 3RL2— (1/15)5La L, (26b)
Ay (1/30)7 L2,
L) = f PR (r) R (P (7). (26¢)
0

These radial integrals are easily evaluated using Eqgs.
(19) and (21) together with Table I. We then get

Fo:  (I-J)=1.061b=—5.703,

(T Jy=—1.271(b'—b"")=3.416, (27a)
Al (T J)=2.028b=—10.90,

(I« J)=—2.5206'+0.96695"" = 4.529, (27b)
P (T-J)=0.7975b=—4.288,

(T’ D)= —1.022()'— ") = 2.746. (27¢)

The numerical values of b, ¥, and " were obtained
using Primakoff’s® coupling constants, Egs. (1b) and
(1c) of his paper; these are valid under the assumptions
of universal Fermi interaction for the bare couplings,
Gell-Mann’s" conserved vector current hypothesis, and

'R, P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193
(1958).
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Tasre II. Fractional hyperfine differences of muon
capture rates in Al%¥, P3t,

AN/A (AN/N) g1 AN/A

AlR? () —0.53 —0.30
: —0.17

® —0.46 —0.28

pat () —0.46 —0.32
—0.25

®) —0.44 —0.31

an induced pseudoscalar interaction according to
Wolfenstein.!?

For obtaining AN/X, we take the values of Eq. (27)
and Eqs. (10b) and (11a). We have not calculated A,
but will use the following procedure for getting its
magnitude. The experimental capture rates of Sens®
can in the average be fitted by Primakoff’s formula®8:

AA,Z)= (L) Zet[1-06(A—2)/24],  (28)

with the parameter values yA(1,1)=188 sec™!, §=3.15.
The deviation from this fitted A of the experimental
capture rates in individual nuclides® can be interpreted
in two extreme cases as (a) deviation of yA(1,1) alone
(resulting from a different average square neutrino
momentum 72, to which v is proportional), (8) deviation
of 8 alone. Deviations of both yA(1,1) and § will give
results in between. In these two cases (which are
considered here simply to show us the effect of the
uncertainty of 7 on our results), we get slightly different
values of K, except for F*) where the deviation between
experimental and fitted A is quite large. This case will
therefore be treated separately in the next section. The
results for Al*” and P% are shown in Table II. For
comparison, the second column presents the values
(AN/N) g=1, obtained by using the Schmidt model and
assuming an equal effect of the exclusion principle on
the spinless nuclear core and the outside proton, a
procedure tentatively suggested by Primakoff.® The
last column shows the experimentally important quan-
tity AM/A, designating the total muon disappearance
rate A=A-Aqe, which contains the decay rate Agee
=4.505X10% sec™. Note that the ratio between the
first and the last column also depends on the case,
(e) or (B). As mentioned earlier, the more exact values
of column 1 are much larger than those of column 2.

IV. EVALUATION FOR F¥

In the case of I, the Mayer-Jensen model does not
really establish the configuration (18a) uniquely.
Detailed theoretical investigations on the configurations
of this nucleus, however, have been made,*% and we
shall use the results of Redlich® for our calculations.
He has ‘determined the ground-state (I'=3%,J=3%)
configuration of F¥ to be a mixture of various (2s;),

12 T,. Wolfenstein, Nuovo cimento 8, 882 (1958).
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(1ds), and (1d3) orbitals in the three-particle unfilled
shell, with amplitudes presented in his Table VI. This
table is not, however, complete, as far as the phases of
the 7° states are concerned. The full specification is
shown® in our Table III, with amplitudes in the
column labeled R. The relevant unfilled-shell wave
function to be used in our matrix elements (12) is
given by

V. (1,2,3) =2« ca¥ra(1,2,3)

(the sum over « including the primes on ¢.), and

Vo (1,2,3)=30 X ro g (Guge, 7T 5 2| 3T'T',TT)
X (7.0 7x(2),LT"T" Daju(3),TT., T T ),

where (k)= (123), the sum over I runs over distinct
41 only, and particles 1, 2 add up to the antisymmetric
parent state [7"/,J'"], which in turn adds up with 3 to
TT,, JJ .. The fractional parentage coefficients

(GigT"J"5 | }T'T,TT)

can be found in Redlich’s paper,® expressed in terms of
Racah coefficients, the latter ones being given in tables.!*
This representation of the wave function by fractional
parentage coefficients has the advantage that three-
particle matrix elements can be directly expressed by
one- and two-particle ones. Nevertheless, use of the
complete wave function would lead to excessive labor
in calculating our matrix elements (12), (13). For this
reason, and also because we did not expect them to
depend very critically on different configurations, we
proceeded in three consecutive steps of approximations,
labeled A4y, A5, A5in Table ITI, by retaining successively

(29a)

(29b)

TasrLE III. Three-particle configurations of the I unfilled-
shell ground state, with amplitudes c,, parent state quantum
numbers [7”,J'], and j3 state normalization N’, and approxi-
mations A1, As, A3 used in this work.

State [71",J’] N’ Ca R Ay A, As
(3)23 12 V2/3 o 030 0 0 0
(33 12 c2 017 0 0 0
01 ¢’ —008 0 0 0
(3)23 12 s 012 0 0 0
03 ¢y 001 0 0 0
(3?3 12 V2/3 o 003 0 0 0
(3)2% 10 ¢s 052 0 0.69 0.61
01 ¢ =037 0 0 —0.44
GHsz 1 cs 001 0 0 0
01 o =033 0 0 0
5?3 10 ¢ 022 0 0 0
01 ¢’ 0.09 0 0 0
324 10 VZ/3 0.55 1.00 0.72 0.65

13 M. G. Redlich (private communication).

4 A, Simon, J. H. Van der Sluis, and L. C. Biedenharn, Oak
Ril(llge) National Laboratory Report ORNL-1679, 1954 (unpub-
lished).
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only the largest configurations, with amplitudes kept
in the same ratio as in column R. The first approxi-
mation 4; should then—and did—give the same results
as the simple model for ¥ of Sec. III. By comparing
the results of these successive steps, we also get an
idea about the actual dependence on configurations,
which indeed turned out not to be too critical, and gave
justification to our approach. 43 is already expected to
give very accurate results, as the neglected amplitudes,
except possibly ¢s’ and ¢, are much smaller than those
which were kept. We shall also subdivide our matrix
element (I”+J) of Eq. (12c) into the parts coming from
D, and from E, (physical meaning of D,,: the captur-
ing proton turned neutron tries to go from a filled
shell ¢ to the unfilled shell 7, or vice versa; of E,: the
particle goes from the unfilled shell to the unfilled shell;
this matrix element should be largest because it has the
best overlap), and finally get the numerical results:

A;: (T-J)=1.061b=—5.703,

(r'-J)p=—0.195(8'—b")=0.524,

(X' ) p=—1.076(b'—b"") =2.892, (30a)
Ay (T-J)=0.894b= —4.806,

(1" J)p=—0.1955'-+0.134" = 0.435,

(' J)p=—0.737b'4+0.5925" = 1.770, (30b)
A (T-J)=0.879=—4.724,

(T’ J)p=—0.1595"-+0.187b" = 0.467,

(- J)p=—0.8445'40.2495""=1.405; (30c)

the numerical values of the & are again obtained as in
Eq. (27). For finding AN/A, we compare the experi-
mental capture rate of Sens® with Burkhardt’s'® calcu-
lated capture rate, obtained by using the shell model
for ¥ as given by Elliott and Flowers,* which is
similar to Redlich’s model. Burkhardt fits his results
to the experiments by assuming a neutrino momentum
=85 Mev/c=0.80 y, a value which is no more than
a reasonable guess,'® and then finds y=d'/a’=1.7.
We shall assume here that a”/a’=1.53 as given by the
universal Fermi interaction,® and then obtain from
Burkhardt’s formula and the experimental A the value
$=0.84 u, which we use in Eq. (11a) to calculate K.
This is a unique way for finding A\, Eq. (10b), and for
A we take the experimental result® 2.54X10° sec™. The
results for AN/ are then presented in Table IV, in our
three successive approximations. Again, the Schmidt
model value and the experimentally important quantity
AN/A are shown too, and again our values are much
larger than those of the Schmidt model.

15 G. H. Burkhardt and C. A. Caine, Phys. Rev. 117, 1375
(1960).

18 The value of 7 used in our Egs. (4) to obtain b, ¥’, and b”
numerically is 0.75 u, following a reasonable guess of Primakoff,®
However, the G are quite insensitive to changes in 7,
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TaBLE IV. Fractional hyperfine differences of muon capture
rates in F9, three successive approximations.

AN\ (AN/N) £1 ANA

F1 Ay —0.62 —0.22
Aq —0.70 —0.42 —0.25

As —0.77 —0.28

V. DISCUSSION OF THE RESULTS

In looking first at the configuration dependence of
the F¥ results, Eq. (30), we notice that (I'"+J), which
represents the capture rate if there were no exclusion
principle, decreases by only 179, in going from A4; to
As, whereas the dominant exclusion principle effect,
given by (I'+J)g, decreases by 519,. This means that
if the configuration becomes more mixed, the final
neutron has many more states to which to go, and
the exclusion principle effect in the unfilled shell is
reduced, whereas the main part of the hyperfine effect,
(I'+J), has a weaker configuration dependence. If this
were true more generally, then, considering our one-
configuration results of Al?” and P%, it could be said
that the values of Table II, large as they are, probably
still underestimate the actual hyperfine effect (and so
may A4 3 of Table III, although to a lesser extent).

The hyperfine effect, being essentially a spin-
dependent effect, stems mainly from the outer protons
in unfilled shells. As our results are so much larger than
those with £=1, which means equal Pauli principle
reduction in muon capture by inner and outer shell
protons, we can conclude that there should be a
predominance in capture by the protons in the outer
regions of the nucleus. Indeed, AN/X is thus a measure
of such a nuclear structure dependent effect as the
relative capture rate by intranuclear and surface
protons—as was recently also stated by Lubkin'—
but for drawing quantitative conclusions on this point,
assumptions on the structure of the basic weak inter-
action have to be made (as we did in obtaining the
numerical values of Tables IT and IV). Conversely, if
we accept our numerical results for the nuclear matrix
elements, measurements of AN/A then become a tool
for finding out the relative magnitude and sign of the
spin-independent and spin-dependent parts of the weak
interaction Hamiltonian, as mentioned in the Intro-
duction.

VI. DISCUSSION OF CONVERSION EFFECTS

The foregoing considerations have to be modified if
there is an appreciable conversion from the upper to
the lower hyperfine state, as noted by Telegdi.? Such a
conversion will, in the region of Z around Al, be caused
predominantly by Auger electron ejection,'® and its
rate is sufficient to cause the effect discussed in the

17 E. Lubkin, Phys. Rev. 119, 815 (1960).
18 H. Primakoff, reference 20; and unpublished.
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work cited in footnote 2; instead of the positive curva-
ture! in the logarithmic time distribution of u-decay
electrons created by the hyperfine effect [which curva-
ture is incidentally only dependent on (AM)? so that,
from experiment, one would not be able to tell which
of the two hyperfine states absorbs faster], a negative
curvature can be caused by conversion? (dependent on
AN, whose sign could then be measured and thus more
information on the relative sign of Gy, G4 be given).
Indeed, this negative curvature will be found if the
conversion rate R> |A\| (which seems to be the case!®
in the region around Al), and if AN<O (this is also true
for F¥ Al*’, and P% with the universal Fermi inter-
action, which was assumed in obtaining our numerical
results). The latter condition is valid only under the
assumption that the nuclear magnetic moment is
positive, so that the state F=J-3% is the higher lying
one; but this is again satisfied for the nuclides con-
sidered by us. Such a negative curvature has been
found.?

In the light of these remarks, our discussion should
then be as follows. The decay electron time distribution
to be measured depends on the conversion rate R and
on AN/A, the latter quantity containing the interaction
constants and also the nuclear matrix elements (which
can be considered as known, for example, from the
present calculation). A measurement will thus allow us
either to determine the structure of the weak inter-
action, if an independent value of R is known!®; or,
alternatively, if the universal Fermi interaction is
assumed (as in this work), to make predictions on the
conversion rate, and even on the density of conduction
electrons near the nuclei (see below) which enters as a
factor in R, thus essentially an atomic and solid state
effect.

To conclude our discussion, we remark that the
time-dependent decay electron rate is not the only
observable quantity containing AN and R; there is also
the decay electron asymmetry from polarized muons.?
These asymmetries are measurable, but quite small.?!
Nevertheless, we thought it worth while to state
explicitly the decay electron rate and angular distri-
bution as a function of time. The nucleus-muon wave
function as a function of time is given by

ou()=a MO Yrarp™+a MO Yros—™, (3la)
where?
J+3 -
[a M(0)[2= |a-2(0) 2= (31b)

(27+1) (27+1)2
if we assume a muon spin in the -4z direction. The

19V, L. Telegdi, work cited in footnote 2, and private communi-
cation.

20 This was pointed out to the author by Dr. J. Bernstein.

2T, B. Egorov, A. E. Ignatenko, and D. Chultém, Zhur.
Eksp. i Teoret. Fiz. 37, 1517 (1959) [translation: Soviet Phys.—
JETP 37 (10), 1077 (1960)].

2 H, Uberall, Phys. Rev. 114, 1640 (1959).
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probability density 3 s (£)| ¢ (¢)) and muon polar-
ization 3 w{eu(f)|o.*| eu(f)) can then be calculated
if we know the time development of n, M= ]a,M(¢)|?
n_M=|a_M(1)|2 These quantities, however, obey the
equations

dn+/dt= —A+1’L+—ZM' RMr,n_,_, (32)
dn M /dl=—A_n_ "+ Ry'n,,
where  Ai=Ni+Adeey, #e=2.mnsM, and Ry’
=3 pu'Rarsrr. We denote by Rara the conversion
rate from the Mth magnetic sublevel of the higher
hyperfine state to the M’th sublevel of the lower state,
and Ry’ is obtained by averaging Ry over all initial
states with a weight p/= (J+M+3) (J+1)21(2T+1)?
corresponding to the muon arriving in the K shell
polarized with spin in the +z direction. This conversion
rate can be obtained simply by a perturbation calcu-
lation using a Fermi hyperfine interaction,
H=(87/3)uu u.d(r,—r.), (33)
between the magnetic moments of the muon and of
the electron to be Auger ejected (a 3s conduction
electron in the case of Al*"); the result is

Ry =[R/T 2T+ VLU +3—M")(T+5+M")du
+3(J+3—M)+3—M")owm

+5T+3+M)YT+H3+M) o u—1]; (34a)
here
64r Z—1 ym\3 uc?  J
R=—- (*) —y—, (34b)
9 1378 \ 4 ho2J+1

which represents the conversion rate R, averaged
over M and summed over M’. The quantity y is defined

by

11
N’ cond e (O> B — )
vs cona a(0)] 7r1373y

(35)
and can be found from Knight shift data'®® to be
y=2.7, for Al. This gives a value of R=8.4X105 sec™,
to be compared with our value AA=—3.3X105 sec™!
for Al?”. Now Eq. (32) can be solved, and, using Eq.
(34), we find that if the decay electrons from muons
in the K shell of spinless nuclei had a rate and angular
distribution with respect to the muon spin,

W= qo+ay cosd, (36a)
then the corresponding rate and angular distribution
from muons bound by similar nuclei with spin would be

2 W. D. Knight, in Solid State Physics, edited by T. Seitz and
D. Turnbull (Academic Press, Inc., New York, 1956), Vol. 2.
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given by

w= Ao+ A4 cosd, (36b)

e—A-t

1
Aozao{ﬁ._e—mwme_{_

2741 2J+1

J+1 R

2J+1 R+AN
J J+1 1

2
A1=a1 ‘—(l—i—* )67“("\++R)t
127413\ 2741
J 1 2
+~~‘~(1— )e‘*’\*i
27413 27+1
JH11 2 2 R
- -~—-~~(1+—)(1— B W
27413\ 2741 2741 REAN

X[e_A_g__ e—(A++R) t] }’ (36d)

[ed-t— e (Arti] }, (36¢)

dropping a term in A; which oscillates too rapidly with
time for being observable. Equation (36c) represents
just the conversion effect discussed by Telegdi,? and
Eq. (36d) represents for R=0 the hyperfine depolar-
ization effect considered by the author® (for times ¢
small compared to the muon lifetime) and by Lubkin.*
Ao as well as A, depends on R and on A\, which can
thus both be measured. Equation (36) shows that for
large conversion rates R, not the “slow’” exponential
with Ay will survive at large #, but the “fast” one with
A_. This is really the reason for the negative curvature
in Ind,. In the same case, the surviving term in the
asymmetry will be (assuming, for example, that
R>|AN])

1 2\ 4743
Al—»—al—(l—————— —
3\ 271/ s+

i.e., the sign of the asymmetry will be reversed; but it
is doubtful to what extent this effect or even much of
a detail in Eq. (36d) would be measureable.?

eMA_t: t>>A:t“1’ (37)
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