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Nucleon-nucleon dispersion relations have been used to discriminate among various sets of solutions
given by MacGregor for low-energy proton-proton scattering. This has greatly reduced the ambiguity

existing in the phase-shift analysis at low energy.

I

PHASE-SHIFT analysis of proton-proton scat-

tering experiments below 40 Mev has recently
been given by MacGregor.! In this energy range the
only accurate measurements are angular distribution
measurements. MacGregor’s analysis has shown that
there are four different typés of solution that fit the
differentjal cross-section data equally well. These four
types of solutions have been listed by MacGregor as I,
II, III, and IV and they differ chiefly in the magnitude
and sign of the three P-wave phase shifts used. Within
each type of solution a great ambiguity still exists
owing to the multiplicity of S-D phase-shift combina-~
tions for each set.

Solution types! I and III have positive nuclear
polarization, while IT and IV have negative polariza-
tions. An extrapolation of the high-energy polarization
measurements indicates that at low energies the nuclear
polarization is small and positive. Thus the ambiguity
is reduced from 4 to 2 semi-infinite phase-shift sets,
i.e., types IT and IV are ruled out by polarization argu-
ments. We may mention here that the recent measure-
ment of polarization at 16 Mev and 25 degrees in the
lab system by Blanpied? supports the above conclusion
as this polarization is positive and equal to (0.62=0.5)9.

Polarization measurements being able to remove the
ambiguity partly, accurate angular distribution meas-
urements of polarization as well as triple scattering
experiments are required even at low energies, and these
may be difficult to perform. Since no data from triple
scattering experiments exist in this energy region at
the present time, it may be interesting to see whether
the dispersion relations for nucleon-nucleon scattering
of the type written by Goldberger, Nambu, and Oehme?
and the present author? can permit a choice between the
types I and IIT (IT and IV being ruled out by polariza-
tion arguments). We show in this paper that this, in
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fact, is possible. If we go through the solution types I
and IIT, we observe that the phase-shift combination
(28,7 +80N), where 8;¥ and 8, are, respectively, the
nuclear *P, and 3P, phase shifts, is positive for type I
and negative for type III. Thus if we can write a dis-
persion relation for that part of the scattering ampli-
tude whose real part at low energies is proportional to
the above combination of the phase shifts, it may be
possible to discriminate between types I and III. In
Sec. IT we show that it is possible and dispersion rela-
tions, in fact, favor solution type I.

Having selected type I as acceptable solution, the
problem now is how one can be able to assign precise
values to S and D phase shifts in the solution type I.
In this connection also dispersion relations can be
helpful. In Sec. IIT we show that dispersion relations
somewhat restrict the values of .S and D phase shifts.
In fact we show that the average P-wave phase shift
[6¥ = (80N +36:¥+56,")/97 should be less than the one-
pion exchange contribution (OPEC). This in turn puts
an upper limit on the D-wave phase shift and rules out
the solutions giving large polarization.

Before closing this section we give a summary of the
dispersion relations we shall employ. As is well known,
the scattering amplitude for nucleon-nucleon scattering
in the c.m. frame can be written as follows:

T= (m/E)[HH—cl Iﬂ'g . IH2+1:(0'1+02) . IH?,
+0‘1 ‘meos- mH4+01 ‘Nog- IIH5:I,

where m is the nucleon mass and E is the c.m. energy.
I, m, and n are unit vectors in the directions of kXk’,
k'—k, and k’+k, respectively. k and k’ are the c.m.
momenta in initial and final states. In references 3 and
4 it has been shown that simple relativistic dispersion
relations can be written for Hy, H,, H4, and Hs in the
forward direction. These relations for p-p scattering are:
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where 7=1, 2,4, 5 and in the last term - signs are to
be taken for i=1, 2, 4 and — signs for ;=5. H; are the
corresponding amplitudes for the proton-antiproton
scattering. u is the pion mass and fi?=f?/4r is the
pion-nucleon coupling constant. C; appearing in (1) are
just constants which usually appear in unsubtracted
relations. We may remark here that in the limit of the
forward scattering Ho=H,4. For (Hs/sinf) no simple
relativistic dispersion relation can be written. But in
the nonrelativistic limit a simple relation can be written
for (H,/sind). This relation for forward scattering is

()
Im(H3 k/Z,T)/T)-r__O

42 f e ()
B (K2 Re-m2)

Here 7 is the momentum transfer and Cj is a constant.
In the last integrals of (1) and (2) the interval p?—m?
<k*<m? is the unphysical range where more than one
meson contribute. The relations (1) and (2) have not
yet been proved rigorously.

kam (Hy(B2%7)/7) =0
k' (k'2—F2)

II

We wish to write a dispersion relation for the ampli-
tude whose real part at low energies (<10 Mev) is
proportional to (28,¥+8,") because such a relation will
enable us to distinguish between solutions of type I and
IIT as remarked in the Introduction. From the expres-
sions for Hi, etc., in terms of the phase shifts, we see
that such an amplitude is

V (k%)= H,(F?)+2H,(k*)— Hs(k?%)

E
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The expressions a1, etc., are the same as defined by

Stapp et al.® From Egs. (1) we see that the dispersion
relation for V (k?) with one subtraction at k=0 is
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where

Q=Tm (H,+2H,+H5).

5 H. P. Stapp et al., Phys. Rev. 105, 302 (1957).
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For low energies, where P-wave phase shifts are small,

2
ReV(k2) =;€[252N+50N:|,

©®)
2
ImV (k)= ;[2 (82724 (607)2+2¢1(28:N +607) ]
=U(¥),
where §;¥ and §¥ are nuclear P, and 3P, phase shifts

and ¢ is the Coulomb phase shift for /=1 and is given by
n=e*/hv.

The last integral in (4) involves unphysical contribu-
tion for the region p?—m?<k?<m® and the physical
contribution from the proton-antiproton scattering for
k22> m?. The latter should not be so important because
of the large denominator (k24m?) (k"> k2+m?) appear-
ing in it and we shall neglect it. The unphysical con-
tribution comes from more than one meson and it has
been conjectured by Goldberger ef al® that this con-
tribution is the Fourier transform of nuclear potential
of order more than two. Now our relation involves P or
higher waves. The impact parameter for P waves at 4
Mev [where we shall apply relation (4)] is 3.3u~* and
so these are not much affected by the potentials in the
region <u~! where the fourth and higher order poten-
tials are important. So it may be justified to neglect
the unphysical contribution from the region p?—m?
<k*<m? and we shall do so. We shall, however, show
later that the conclusions which we draw are not
affected by the inclusion of the two-meson contribution
on the right-hand side of Eq. (4). We may remark here
that Lapidus® has shown by direct calculation that for
low energies the entire contribution from nucleon-
antinucleon scattering and the unphysical region is
negligible, at least for the amplitude H;. Neglecting the
above-mentioned contributions, we can write relation
(4) on using (5), as

¢1= tan_lny

mk3 2k% ImV (k)

+ f K, (6)
BEHD) 7 e K ()
where ImV (k?) is given by (3) and ‘
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We apply (6) to the phase-shift set solutions given by
MacGregor at 4.203 Mev. For this energy &= (0.0236)*

X (4.203)%u and we take Emax= (0.0236)%5u (lab energy
5 Mev). U(k?) is given by (5). The integral in (7) is
evaluated as follows: We take the energy dependence
of 8,¥ and &~ below 5 Mev as

52N= dgks, 5()N = (lok3,

6 L. 1. Lapidus, Zhur. Eksp. i Teoret. Fiz. 36, 283 (1959)
[translation: Soviet Phys. JETP 36, 193 (1959)].
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and after integration we again use these equations to
get @, and @, in terms of 5V and §,¥. The energy de-
pendence of the Coulomb phase shift is taken as

¢1=tan"n=tan"'(1/2Rk), with R=7%2/me*=~20.6p",

for

0<k<ko=(0.0236)}(0.2)%u
and

¢1=1/2Rk, for ko<k<kmax.
Then

F (k)= 2(265"+00")b1—2[ 2(8:")*+ (867)* Jbo,  (8)

where

2 kmax'—k k+k0
b1=[1‘—“1) In
™ kmax+k k_kO
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where no=1/2Rk¢=0.35. At 4.203 Mev, b;~1.15 and
by~ —0.03.

F(k?) is positive for the solution type I at 4.203 Mev
and negative for the solution type III. Now the first
term on the right-hand side of (6) is certainly positive.
If we can show that the second term is also positive,
then only the solution type I will be compatible with
the dispersion relations and the solution type III will
be thrown out. The second term on the right-hand side
of (6) will certainly be positive if ImV (k?) is positive
definite, because in the range of integration k' is always
greater than k. If we follow MacGregor’s analysis of
the p-p data below 40 Mev, we see that all his solutions
(except possibly type IV which, however, we have ruled
out on polarization arguments) give positive ImV (k'?).
Above 40 Mev, Coulomb effects are negligible and in
the notation of Stapp et al., ImV (k%) can be written as

ImV (k")
E's1
=—(—)[2 sin? 8Py+- Z {2(21+3) sin%g; 1
m \k odd I

F2(+ 1D (I41) cos2é;41 sin2b;, 141
+ (142)% sin2¢&;41 sin (61,14 14+ 8132,2401)
+2(l+2) COSZ@H.l sin261+2,l+1}]. (9)

Each term with the exception of one in the above sum-
mation is positive definite. The exception is the ampli-
tude-mixing term

sin2é&.1 sin (62,41 6142,141),

which may be positive or negative. But this term in
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general is much smaller than cos2&.; sin25; ;1. This is
the case for all the five solutions of Cziffra ef al.” for
the p-p scattering at 310 Mev. This was the case below
40 Mev, as already seen. Therefore we can conclude that
ImV (%) is almost certainly positive. Hence the right-
hand side of Eq. (6) is positive. Hence the dispersion
relations throw out solution type ITI. We may remark
here that solution type IV gives negative F(k?) and is
therefore thrown out by the above argument also.
Solution type II is compatible with (6) but we have
ruled it out on polarization arguments.

One further remark: Data at 4.203 Mev were also
analyzed by Hull and Shapiro.® They gave two types of
solution sets, for both of which F(k?) is negative, and
they are, therefore, also thrown out by the above
argument.

We now come to the consideration of the two-meson
contribution arising from the second integral in Eq. (4)
which we have neglected. This contribution should be
added to the right-hand side of Eq. (6). It has been
shown by Grashin and Kohsarev? that at 10 Mev the
two-meson contribution to §,¥ is about 69 of the one-
meson contribution while to 8,V it can be as large as
that of one meson. But the two-meson contribution to
both §¢" and 8;" is of the same sign as that of one meson,
which is positive for 8,V and is negligible for 8,¥ at 5
Mev (see reference 7). Thus the two-meson contribu-
tion to our amplitude, which is proportional to
(26:N4507), is of the same sign as the one-meson con-
tribution which is positive. Hence the conclusions which
we have drawn are not altered by the addition of the
two-meson contribution to the right-hand side of (6).

We conclude this section with the following observa-
tion: As we have seen, the amplitude ReV (k?) is posi-
tive for type I at low energies and negative for type
II1, and it is the type I which is compatible with the
dispersion relations. If we calculate ReV (k?) for the
phase-shift sets I and IT of the modified analysis by
Cziffra et al.” of p-p scattering at 310 Mev, we see that
it is the solution set I which gives positive ReV (k%)
while the set II gives negative ReV (£?). Thus in this
respect the phase-shift sets I and II of Cziffra et al. at
310 Mev resembles, respectively, the solution types I
and IIT of MacGregor at low energies. But the solution
type III of MacGregor which is similar to solution set
II of Criffra et al., is rejected by dispersion relations.
This may be an evidence in favor of solution set I of
Cziffra et al.

r

We now show that the dispersion relations can also
put an upper limit on §¥ which in turn puts an upper
limit on the D-wave phase shift. For this purpose we
write a dispersion relation for the triplet part of H,
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which is given by
T(#)=3H (&) +1[2H, (%) +Hs (k%) ]

E 1
=—— > [(2+3)ar, 1+ 2= Dag, 11

m 4ik odd 1
+(2+1as,. ] (10)
At low energies,
ReT=96"/2k,
(11)

1
ImT = 5[9(51"2)”—{- 1816V |=U1(%2),
where
8V = (1/9) (585N 38,V +8,V),
(¥ )ev= (1/9)[5(32")*+3(8:7)*+ (8o™)2].

From Egs. (1) we see that the dispersion relation for
T (k%) with one subtraction at £2=0 is

o 2
ReT(/ez)/k2= _flzﬁ _; 1 f dk/inT(f_)_
4 wktp/4) wto  RP(RP—R)

1 o Q4(%)
— f k" . (12)
wymt (R (R Bm?)

91=Imi(3ﬁl+2ﬁ2—ﬁ5)

As remarked in Sec. II, we shall again neglect the
second integral on the right-hand side of Eq. (12). We
now apply the truncated relation thus obtained at low
energies (<5 Mev) and can write it as

where

P
R 118M2(k2+#2/4)
B o2 [o(k)—10.(F)]
| T (13)
97!'2 kmax k’2'—k2
where
4 el Uy ()
P =—84— | ———ar, (14
P

with kmax and & as defined in Sec. II. In writing (13) we
have also made use of the optical theorem

ImT (k)= (k/4m)[o (k) —Los (k)]

where ¢ is the total cross section and o, is the singlet
part of the cross section. The integral in (14) is evalu-
ated as in Sec. IT and we get

F1(B2)= (— §Y)b1+(652) 4D, (15)

The last integral in (13) is positive as o (k2) — %0, (£'2)>0
and k<E’. Thus

Fi(B%) <f+

mk?

182 (k2 4-u2/4)

(16)
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The quantity on the right-hand side of the inequality
(14) is the one-pion exchange contribution to Fi(k2).
From (13), (14), and (15) we get

kS
by(— V)= ft—————
1 182 (ki 12/4)
B oo o#) 1o, k)
| A= ), (1)
972 e F— I

The integral in (17) is positive, as remarked earlier.
Also (3™?),, is positive and b, is negative but very
small. For k and Auax given in Sec. II, b3~ —0.03 and
bi=~1.15. Even for those solutions of MacGregor at
4.203 Mev which give the largest (672),y, — b2(6V2),y s
not more than 0.011 if §¥ is measured in degrees. Thus
Eq. (17) gives an upper limit on (—§¥) which is

) mk? 180

("' 5N)in degrees <f12———— —+0011 s
18u2 (2 +u/4) =
i.e., essentially (—&") is less than the one-pion exchange
contribution which is 0.1526 at 4.203 Mev, 6" being
measured in degrees. This limit is also given by meson-
theoretic potentials.® For 4.203 Mev and f,2=0.08, the
above inequality gives an upper limit on (—§¥) meas-
ured in degrees as 0.142. Now if we go through the solu-
tions of MacGregor at 4.203 Mev, we see that (—§V)
increases with increasing D-wave phase shift. Thus
upper limit on (—&¥) puts an upper limit on the D-
wave phase shift. For solution type I which is the only
solution compatible with the dispersion relations and
polarization arguments, the upper limit on the D-wave
phase shift is 0.2°. The upper limit on (—§¥) or D-
wave phase shift given by OPEC at once rules out the
phase-shift solutions giving large polarization (given,
for example, by Hull and Shapiro8).

We now sum up the conclusions of the paper. The
dispersion relations can discriminate between the solu-
tion types I, IT and III, IV given by MacGregor and
it is the former types which are compatible with them.
This combined with the polarization arguments, gives
solution type I as the only acceptable one. Further, the
dispersion relations put an upper limit on the D-wave
phase shift. This to some extent restricts the values of
the D-wave phase shift which are otherwise possible
within the solution type I and rules out solutions giving
large polarization.
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