RELATIVISTIC PARTICLE DYNAMICS

Using this expression for relative -coordinate, the
author has succeeded in showing that Darwin’s and
Breit’s approximately relativistic equations can be
considered as expansions to order v?/¢? of our theory.
The procedure is the same as that used in II.

DISCUSSION

In a paper where Dirac! generalizes the Hamiltonian
dynamics to include cases when the momenta are not
independent functions of the velocities, one finds that
either in the instant form or the point form of relativ-
istic dynamics one needs four Hamiltonians. In the
customary constructions of dynamics in the instant
form,® the role of Hamiltonian is played by the functions

4P, A. M. Dirac, Can. J. Math. 2, 129 (1950).
5 See reference 2 and II of reference 1.
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H, U, V, W, whereas in the point form,® the same role
is played by the functions H, X, ¥, Z. Our study has
shown that in the instant form a suitable choice of
coordinates on the instant plane transfers the role
played by H, U, V, W to the four functions H, X, ¥, Z.
Thus we oblain an instant form of dynamics which
displays the symmetrical form of the point form. Physi-
cally this choice can be justified on the grounds that,
in relativity, the energy H and the momentum R
[=(X,7,Z)] are components of the same four-vector
and must be treated symmetrically; an interaction
term introduced in H would call for similar terms in
X, V, Z. Besides, in relativity, when one introduces an
energy of interaction between the particles of a system,
one essentially increases its effective rest mass. This
increase in mass will in turn contribute to increasing
the total momentum of the system.

6 See reference 2 and I of reference 1.
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A model field theory is invented in the following way: Dispersion relations in the energy are assumed to
hold for all amplitudes. Unitarity gives the absorptive parts in the “physical” regions. If it is assumed that
the absorptive parts are otherwise zero (in violation of crossing symmetry and the Mandelstam representa-
tion), then the dispersion relations and unitarity form an infinite set of coupled integral equations for all
amplitudes. An exact solution (at least for the simplest amplitudes) to this set of equations can be found, in
which all self-masses, etc., are finite. The solution is equivalent to summing a certain class of Feynman
graphs, computed in the usual way. For a wide range of coupling constants, there are no “ghost” difficulties.

I

HERE are two quite distinct properties which
must certainly be demanded of any acceptable
physical theory. First of all, its consequences must agree
with experimental observation, and secondly, the theory
must be mathematically self-consistent.

One method of learning about the second property for
quantum field theory, without facing up to its full diffi-
culties, is to construct models, which violate enough of
the assumptions of the complete field theory to be solu-
ble, but (hopefully) few enough so that they are reason-
able analogies.

A number of model field theories have been produced
in the last few years.1? Of these, several' have given a
negative answer to the consistency question in that they
contain for all values of the coupling constants un-
physical singularities (ghosts) in scattering amplitudes,

LT, D. Lee, Phys. Rev. 95, 1329 (1954); R. E. Norton and W.
K. R. Watson, Phys. Rev. 116, 1597 (1959).

( 2 W. Thirring, Ann. Phys. 9, 91 (1958); Nuovo cimento 9, 1007
1958).

which correspond to the existence of states having im-
aginary energy and various associated and equally
undesirable properties.

Whether or not the undesirable properties of these
models occur in the complete field theory is of course a
question, a question which is only safely answered by
solving the real theory. Nevertheless, it may be of value
to construct different kinds of models, violating different
aspects of the actual theory, and see whether or not
difficulties such as ghosts exist.

We should like to do this here. We shall construct a
model field theory which is perhaps unusual in that it is
not defined in terms of a Lagrangian or Hamiltonian;
indeed we do not know if these functions even exist.
Instead we shall assume the existence of a complete set
of dispersion relations, which, together with unitarity,
form a set of coupled integral equations for the transi-
tion amplitudes of the theory. These equations will be
distorted by violating crossing symmetry; it is in this
that our model deviates from full-scale field theory. We
shall then obtain an exact solution to the distorted set of
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equations; this solution is our model theory. It will then
be shown that the solution has a perturbation expan-
sion, which may conveniently be expressed as a well-
defined set of Feynman diagrams computed by the usual
rules. Finally, we shall see that the model has finite
mass and wave function renormalizations, and, for a
wide range of values of the coupling constant, has no
ghosts.

In Sec. IT we construct the theory and explain the
assumptions involved, in Sec. III solve it, in Sec. IV
discuss its perturbation expansion, and in Sec. V sketch
alternative ways of looking at it and mention various
modifications.

II

We shall concern ourselves with a world which con-
tains two kinds of particles, labeled A and B. Both shall
be spinless bosons, and 4 is to be its own antiparticle
while B, the antiparticle to B, is distinct from B. The
A particle is scalar, so that the reaction B+B— 4 is
allowed with the BB pair in a relative S state. 4 and B
have experimentally observed mass p and M, respec-
tively, with 2M > u.

The first question which confronts us is how to con-
struct a field theory of the interactions of 4 and B.
Conventionally, field theories are defined by specifying
a Lagrangian density, and from this obtaining field
equations, perturbation expansions, and so on. It has
been suggested,® however, that field theories can equally
well be defined by writing down a set of dispersion rela-
tions which, when combined with unitarity, provide an
infinite set of coupled integral equations from which all
the transition amplitudes of the theory may be de-
termined. This second approach has the virtue of not
involving any unobservable quantities, such as bare
masses or coupling constants, at any stage of the de-
velopment. It has the fault, if it is a fault, that the con-
nection with the Lagrangian formalism is quite obscure;
for example, it is not known if the existence of the set of
dispersion relations follows from the existence of a
Lagrangian, or vice versa, or both.

We choose to define our theory of the 4 and B
particles by writing down a set of dispersion relations,
and we shall not concern ourselves about the existence
or nonexistence of a Lagrangian.

To be specific, then, we shall assume an .S matrix, and
define

T;;
Si=8i—i(2m)04(Pim Pj)—r, (1)
iV j
where P;, P;are the total 4-momenta of the states z and
7, and where N; and N; are the usual normalization

factors:
N.= II (2E).
particles in ¢
3 M. Gell-Mann, Proceedings of the Sixth Annual Rochester Con-

ference on High-Energy Nuclear Physics (Interscience Publishers,
New York, 1956).
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T';;is then a function of whatever independent variables

can be constructed from the momenta in the states 7 and

J; in particular, it is a function of the total energy

squared in the c.m. system, which we will call s, We then
assume?

1 ® ImTi,-(s’,- . )

o= [T )

T Y0

ds’. 2)

s'—s—ie

Here the dots indicate that whatever other variables T';;
depends on are the same on both sides of Eq. (2). It is
presumably true that Eq. (2) is not valid for an arbitrary
choice of variables other than s; we assume that there
exists a choice so that Eq. (2) holds; this choice is then
supposed to be represented by the dots in the argu-
ment T;;.

The set of dispersion relations, Eq. (2), are not com-
plete until we specify the Im7';;’s, since only then do
they become a system of coupled equations for the
various 7”s. The requirement that .S’ be unitary gives us
the relation (for P;=P;)®

1
’L(T“— T“*)Zzn FTMT],,*(ZW)%“(P%—P,J (3)

n

This equation must hold for s in the physical region,
that is for
s>max(M 2M ?),

where M ; ; is the total mass of state 7 or j. It says
nothing about other values of s.

In order to find an expression for ImT;;(s,- - ) for
unphysical values of s, an additional property is needed.
In real field theory this is provided by crossing sym-
metry—or perhaps more precisely by the Mandelstam
representation.® This asserts that a single function de-
scribes a number of related physical processes, each
process being given by the function in certain ranges of
its variables. Thus T';(s,--+) for certain unphysical
values of s represents some other reaction in its physical
region; application of unitarity to this reaction then
allows the evaluation of ImT;(s,---) for these un-
physical values of s.

It is, of course, too much to hope that we will be able
to find any exact solutions to the set of dispersion rela-
tions for a real field theory, so some minimal mutilation
of the equations is undoubtedly necessary. It is at this

4 Note that we assume the dispersion relations in the unsub-
tracted form. It should also be remarked that as yet dispersion
relations have not been written down in practice for more than
four particle processes (two in and two out, for example). However,
in view of the assumptions we shall make here, an explicit form for
multiparticle processes is unnecessary, and the form of Eq. (2)
suffices.

6 An additional comment should be inserted here. On occasion
we will also be interested in amplitudes involving virtual particles,
specifically form factors and propagators. We assume that such
amplitudes also satisfy dispersion relations of the type (2), where
s is the four-momentum squared of the virtual particle, and that
the unitarity condition (3) may be extended to obtain the ab-
sorptive parts of these virtual processes.

6 S. Mandelstam, Phys. Rev. 112, 1344 (1958).
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point that the mutilation will be made, and at which we
will part company with real field theory. For we
shall assume, in violation of crossing symmetry, that
ImT (s, - -)=0 except as specified by Eq. (3). This
leaves us with an infinite set of coupled integral equa-
tions for the T';;s, which are the same as those of a
correct field theory except for the presence of integrals
over negative values of s. No further distortion of the
theory will be necessary ; we will be able to find an exact
nontrivial solution of the dispersion relations as they
now stand.

Before we proceed to the construction of this solution,
however, a few comments may be pertinent. We have
chosen to use as the assumptions defining our field
theory an infinite set of coupled integral equations
rather than the existence of the usual Lagrangian. While
there is nothing wrong with this, it is certainly un-
aesthetic to have such a complicated set of assumptions.
In the real field theory a simple set of axioms has been
formulated” from which it is hoped that the Mandelstam
representation follows and, therefore, from which the
infinite set of coupled dispersion relations also (hope-
fully) follows. Since in the real field theory the disper-
sion relations include the crossing terms, and since we
have discarded the crossing terms, it is clear that our
mutilated theory must violate one (or more) of these
basic axioms. A little thought makes it clear (this will
become obvious later) that the axiom which is violated
is the statement that two field operators must commute
at spacelike separations. This is the axiom which is
usually associated with causality. However, since in our
mutilated theory all amplitudes still satisfy dispersion
relations, and, therefore, have no singularities in the
upper half-energy plane, our theory is still causal at
least in some sense. The commutability of two field
operators for spacelike separations, then, seems to be a
stronger statement than causality, and includes crossing
symmetry as a consequence as well.

Equations (2) and (3), together with the statement
that

ImT (s, -+)=0 if s<max(M2,M}?),

define the theory; or rather, they partially define the
theory. Equations (2) and (3) provide an infinite set of
coupled integral equations for all amplitudes; however,
there is no guarantee that the solution of these equa-
tions is unique. In fact, all analyses which have been
made of finite systems of such equations (either one or
two in practice) have shown there are many solutions.®
We may consequently expect that Egs. (2) and (3) still
actually encompass a number of different theories.
What we shall do is try to guess a solution of these
dispersion relations. We should like our guess to be
nontrivial—for example, one solution is all 7';;=0, but

7H. Lehmann, K. Symanzik, and W. Zimmermann, Nuovo
cimento 1, 1425 (1955).

8 F. J. Dyson, R. H. Dalitz, and L. Castillejo, Phys. Rev. 101,
}Lfg 6(%956); M. Baker and F, Zachariasen, Phys, Rev, 119, 438
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this is uninteresting—and still be sufficiently simple so
that we can actually evaluate at least some of the T;
exactly.

Therefore, we make the following guess: we look for a
solution which is such that all T;;=0 except those for
which the states ¢ and ¥ differ only in that any number
of A particles in 4 have been replaced by BB pairs in j
and vice versa, and for which both 7 and j contain at
least one A or one BB pair. It is evident that this guess
is consistent with the unitarity relation (3). The nonzero
amplitudes are now to be determined from the system
of coupled integral equations which the dispersion rela-
tions become after we impose this guess, and, as we
shall see below, this system of integral equations can in
fact be solved.

To make it clear where we stand at this point let us
write down the first few equations.

(1) BB scattering:

The relevant amplitude is T'p 5,5 where p’ and p
stand for the final and initial B particle four-momenta,
and §’ and P are the corresponding B momenta. We may
write

Ty .o5=T(s), 4)

where s= (p+p)? and {= (p'— p)2 From Eq. (3) we have
ImT (s,)

P
- T30, T o* (20 (q = p—P
5 (27) 2w, 5, ¢l pB,q q

lf d3p"fd3p" 1 1
2J omrd (2n)2 28, 26,
XTyp 0050 Top, o5 *(2m)'84 (0" +0"— p— D). ()

Here we have used the fact that T, ,3=0 unless =4 or
n=BB; also ¢ denotes the 4-momentum of an A
particle.

Equation (5) may be simplified directly : We note that
Tps,q is just a number; there are no independent
variables to be formed from p, P, and ¢ due to the
restrictions ¢?=p?, p*=p?= M2 Thus, we may define

Tpp,e= Tp’z':"ézg- (6)

Anticipating slightly, we note that T'(s,f) clearly need
not depend on ¢, so that we get from (5)

1 /s—4M?
ImT(s)=— 25(8—}!2)—1'6—(

T

)TIT(s)P- )

s
Inserting this into Eq. (2) gives the integral equation,
g 1 © ss'—AMINY | T(s)|2

_ f ( ) ds’. (8)
s—u2 16w Sy s’ s'—s—1e
We shall not now solve this equation; suffice it to say
that it is clearly soluble, so that T'(s) can be determined

T(s)=
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from it. For this process, notice, there is no coupling of
amplitudes—Eq. (8) is an equation involving 7'(s), i.e.,
BB scattering, alone.

(2) BB and BB scattering:

Both these processes are zero according to our guessed
solution; evidently this is consistent with Eq. (3).

(3) AB scattering:

Here the relevant amplitude is 7'y ¢, pq. We shall use
the notation

Uls,)=Tpq¢ pe )
where s= (p+¢)% (= (p—p')’. From the unitarity con-
dition (3) only states n=AB or n=BBB contribute in
the sum, and we have
ImU (s,t)

U dyp’ podiy 1
- Ef (27)? f (21)? 2B+ 20

XU(s,)U (s,t")*(2m)'s4 (p" +¢" —

')
lf d;;PII fdgp///f dg 1’ 1 1
2J @n)3d @n)3J (20)32E,. 2B, 2E5.

XTp' q',p”p”’z‘v”Tﬂq,:v”p'“z'»“*
X(ZT)464(P,’+p,/,+ =1/

—p—q). (10)
Using this in the dispersion relation for U (s,t) thus leads
to an integral equation coupling 4 B scattering to itself
and the process 4+ B — B-+B+5. Similarly, the dis-
persion relation for 4 B — BBB will involve 4B — AB,
AB — BBB and BBB — BBB. Thus the 4B scattering
process does not lead to a single uncoupled equation, but
is one of three coupled equations for the three ampli-
tudes describing the processes

A+Be A+B,
A+B <> B+B+B,
B+B+B < B+B+B.

For our purposes the solutions to these equations are not
necessary, so we shall not attempt to obtain them
explicitly.

In general we can see that the set of dispersion rela-
tions breaks up into finite sets of coupled equations for
finite subgroups of the amplitudes 7';;. In practice, of
course, it may be difficult to solve some of these sets of
integral equations once we get to sufficiently many
particles going in and coming out; however, the simpler
T';/’s can be evaluated.

There are some further types of amplitudes which will
be of interest, the first of which is the form factor for an
A particle. This is the continuation of the 4 BB vertex
off the mass shell for the 4 particle—symbolically,

Tosalim=F(s), so F(@)=g (11)
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From Eq. (3), then, we immediately have

I ()= — f dd f
mE ) e ) @eyiom, 25,
XT pp,p 57 (5)*(2m) 64 (p"'+p"'— @)

s—4M\ ¢ 1
=—T(s)F(s)*[( ) -—~] (12)
s 167
Thus the dispersion relation for F(s) is, as usual,®
1 ImF(s)
F(s)=- f ——ds’
rJ s'—s—ie
1 = sind(s")e®CIF(s)*
_- f ds', (13)
LETE s'—s—1e
where we write
s 3 )
T(s)=— 167r( ) sind (s)e®, (14)
s—4M?

Hence, once the equation for T'(s) is solved, we will
know F(s) by solving Eq. (13).

We are also interested in the propagator for an 4
particle. Its dispersion relation is!

1 4
As)= JTf ) ds’,

§—u? s'—s—ie

(15)

where

p(5)=20n(2m)%°(P,) (s—

so that it again involves the continuation of processes
of the form 4 — # off the mass shell of the initial 4. By
our rule, only n= BB appears in the sum, since 7', 4=0
except if #=BB. From this, it is easy to deduce that

p(s)z_l_;;m@,2(5_1”2)2(8—;42”2)5

The virtue of the propagator is that the self-mass and
the A-particle wave-function renormalization may be
obtained from it,!? if we happen to be interested in these
quantities. It is only in order to discuss the renormal-
izations that it is necessary to concern ourselves with
objects such as F(s) and A(s) which do not actually
represent physical processes.

Let us summarize where we are. We have formulated
a theory of the 4 and B particles which satisfies rela-
tivity, unitarity, and causality (in the limited sense that
ordinary dispersion relations hold). It has the correct
spectrum of eigenstates of the energy-momentum oper-
ator. It is soluble exactly (at least partially; that is, the
simpler amplitudes can be evaluated in practice), and

;1,2)"25(En2—‘3) ‘ Tn,ql2q2=sa (16)

(7

9 P. Federbush, M. L. Goldberger, and S. B. Treiman, Phys.
Rev. 112, 642 (1958).
10 H. Lehmann, Nuovo cimento 11, 342 (1954).
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the solution is nontrivial (i.e., there exists scattering,
etc.) The theory violates crossing (it seems that it has
to violate something if it is to be soluble) and therefore
the Mandelstam representation and the usual commuta-
tion rules.

We have formulated the theory by giving a rule for
writing down the infinite set of coupled dispersion rela-
tions for it ; however, we are unable to find a Lagrangian
explicitly. Whether or not one exists we do not know.

In the following we shall show that the theory is in
fact not even yet unique, and that some of the theories
encompassed have finite mass and wave function re-
normalizations. We shall also relate the model to its
Feynman graphs—i.e., its perturbation expansion, and
observe that summing the perturbation series gives the
correct expression for all physically observable quanti-
ties, but that the perturbation expansion does not exist
for unobservable quantities, such as the self-mass, which
are infinite in perturbation theory.

I

As derived in Sec. II, the equation determining BB
scattering is '

g 1 © os'—4MINY | T(s")|2
T(s)= - f ( ) | .
s—u2 1672 J 2 s’ s'—s—ie

A solution of this equation is readily obtained: Define

(18)

19)

then the analytic properties of 7'(s) which follow from
Eq. (18), together with the assumption that T'(s) has no
zeros, allow us to deduce analytic properties of D(s)
from which we may immediately infer that!!

— 2

S—u © 5! —4M2\}
f (<)
1672 am? s’
ds’

(s'—2)2(s'—s—ie)

This result for D(s) clearly has no poles, so that the
assumption that T'(s) had no zeros is consistent. It is
also worth noting that as s = 4=,

D(s)=1+

(20)

& oo —4MN\E ds
D(s) — 1——— f ( ) .
1672 J 452 s’ (s’ —u2)?

Thus if g is too large, D(s) will have a zero for some
s<p?, which implies a pole of T'(s) which was not
present in the original integral equation. Equations (19)
and (20) therefore constitute a solution to Eq. (18) only
for sufficiently small values of g2

11 This method for solving equations such as (18) is well known.
For details see for example G. F. Chew and F. E. Low, Phys. Rev.
101, 1570 (1956).
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It is easy to construct more solutions to Eq. (18): Let
us define a new D by

A (g/s—w?)
D (S‘) = _-_;‘ZS_—’

(21)
instead of by Eq. (18). At the moment, X is to be con-
sidered to be an arbitrary number; its range will be
restricted later. Again we may derive analytic proper-
ties of D(s) [still on the assumption that T'(s) has no
zeros, except possibly at the point so=pu?—g?/\ where
the numerator of Eq. (21) vanishes; a zero of T" here
does not imply a pole in D], from which, in analogy to
Eq. (20), we find

s—ut (5[5 —AM
D(s)=1+ f ( )
167['2 aM? Sl

s ds’
x A+ . (22
s'—w/ (' =) (s —s—i¢)

This is an explicit form for D(s); reversing the roles of
D and T in Eq. (21) thus constitutes a more general
solution of Eq. (18), from which the earlier case is ob-
tained by setting A=0. More precisely, Eq. (22) is a
solution of Eq. (18) for such values of A that D(s) has no
zeros, and hence so that 7'(s) has no poles not allowed
by Eq. (18). This requirement restricts the range of A.

D(s), as given by (22), has no poles, so T'(s) has no
zeros, except possibly at so. It is easily seen from Eq.
(18) that the only place where a zero could occur in T
is on the real axis above p2. Therefore, if 5o is to be a zero
of T, we must have

So= = g /N>, (23)
from which we conclude

A<0. (24)
If T(s0)#0, on the other hand, then we must have
D(s9)=0. It is easily found from Eq. (22) by straight-
forward algebra that if D(so)=0, then

1 © gs'—4M2IN\? ds’
=l
167l'2 AM? S' (S’—}.LZ)Z

A may be related to the expansion of T'(s) around the
point s=p?, as follows: From (21) and (22), it is clear
that near s=p?,

gz g o ' —AM2\}
- L)
s—u 1672 J 4pr2 s’

& ds’
X()\+ ) +0(s—u?).
A

(25)

T(s)=

(26)
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By also expanding Eq. (18) around the point s=yu2, we
find

2 © /) 2 3 2 /
g f (s 4M) ()\+ g\ ds
1672 J 4pr s s'-—pf"/(s'—y,?)

B 1 © rs'—aM2N\} /| T(s") |2
)\=————f ( ) )ds’. 27
1672 Jypre s’ s'—u?

Note that A<0, and A>A. The range of A therefore
cannot be outside the interval X to 0.

We have already noted that for A=0 this solution
reduces to that expressed by Eqgs. (19) and (20). There
we found D(s) — const as s — «, However, if A\520,
Eq. (22) shows us that as s — o,

D(s) > — (A\/16x2) In|s].

A—

From (21), then, we see T'(s) — —16x?%/In|s| ass — =,
independent of the sign or value of A. This, it may be
noted, is a sufficient degree of convergence to guarantee
the existence of the unsubtracted dispersion rela-
tion (18).

It was stated above that it is necessary to restrict A
to values such that D(s) has no zeros. This is necessary
in order that (21) and (22) be a solution of (18), since T
as defined by (18) has no poles except at 2. Incidentally,
if we had allowed the existence of bound states of the
BB system, there would be additional poles in Eq. (18)
at the square energies of these states; in such an event,
of course, we would have to require that D did have
zeros at these points. Under no circumstances, though,
could we tolerate zeros of D for negative s; their exist-
ence would correspond to bound states of imaginary
energies, which are commonly called ghosts.

Inspection of Eq. (22) shows that the A term in D is
positive (remember A <0) for s <p?, while the g2 term is
negative. For sufficiently large negative s, the N term
dominates; however, if g? is too large, there could be an
intermediate region of s where D becomes negative. A
restriction on the size of g* relative to A is therefore
necessary to ensure that D will have no zeros. The pre-
cise limits on A and g?, and the question of zeros of D in
general will be discussed in detail in Sec. IV and we shall
consequently drop the subject for the present.

We have obtained a solution of the dispersion relation
for BB scattering, which depends on two coupling con-
stants, A and g% which is valid for certain ranges of
values of N and g2, Let us now use this information to
evaluate further properties of the model.

It will first be convenient to define the phase shift for
BB scattering—note that only S-wave scattering exists,
so only the s-wave phase shift need be discussed. The
fact that we have only one nonzero phase shift is a
reflection of the lack of crossing symmetry. Define

3
ro=—tor(—) oo, o

$—
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Note that, for s>4M?

1 /s—4M2\}
mD(@)=—(———) Otet/s—i) (29
167 s
[ImD(s)=0, of course, for s<4M?2.] Thus, from Eq.
(24), we get the result
ImD(s)

sind (s)e® () = — ,
D(s)

(30)

as is implied by the notation; therefore, D(s) is the
conventional determinental function!? for S-wave BB
scattering. This interpretation will be very useful in
Sec. IV.
Equation (30) may be rephrased as
ImD(s)= —tand(s) ReD(s), (31)

which, coupled with the analyticity properties of D,
yields the integral equation

D(s)=1—

s—u2 pr° ReD(s’) tand(s')
f ds’,  (32)
4

1672 Jyarr (8" —p2) (s’ —s—1ie)
to which the solution is®®

D(s)=exp{ _s—,u‘“’ fw sl

T a2 (8" —u2) (s'—s—1ie)

ds’}.

(33)

We found in Sec. II that the form factor for the 4
particle—which is basically the continuation of the
amplitude T'p5, 4 off the mass shell of the A particle—
satisfied in our model the equation

1 p2 ImF(s")
F(s)=- f s, (34)
7w S s’ —s—1e
with
ImF (s)=F(s)* sins(s)e®®
=ReF(s) tand(s). (35)

Comparing this with Eqgs. (30) and (31), it is easily
shown that!

F(s)=g/D(s),

where we have used the statement that F(u?)=g. Note
that F(s) — 0like (Ins)™ when s — o, and ImF(s) — 0
like (Ins)~2. The unsubtracted form of the dispersion
relation for F, namely Eq. (34), therefore in fact exists.
In spite of this, the equation

(36)

ds’ @37

1 p° ImF(s)
Y

T Vo s'—p?

12 M. Baker, Ann. Phys. 4, 271 (1958).

13 R. Omnes, Nuovo cimento 8, 316 (1958).

14 This is a special case of a generally true statement in the
complete field theory. See for example J. D. Bjorken, Phys. Rev.
Letters 4, 473 (1960).
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does not put any restrictions on the value of g, but is
merely an identity. This is of course obvious since Egs.
(34) and (35) are a homogeneous integral equation for
F, and only determine F up to a multiplicative constant.

Next let us turn to the propagator for the 4 particle.
This was given by

1 1 f“" (S’—4M2 i
s—u 1672 J e s’ )

[F(sh|2 a5

A(s)=

—. (38)
(s'—u2)2 s’ —s—1ie

Here it is not necessary to solve an integral equation to
obtain A; all we have to do is evaluate an integral over
the known function F. The wave function and mass
renormalizations of the 4 particle are obtained from the
propagator by the usual relations!®

1 © o5’ —4M2\ 7 |F(s")|?
Z =14 f ( ) ( )ds’, (39)
16m? J a4 s’ (5" —u?)?
1 f‘”
1672 M4
s'—4MENE /| F(5') |2
X( ) ( )s’ds’ . (40)
s ) \—wp
(We use the notation Z; for the wave function re-

normalization of the 4 particle; Z, will be used for that
of the B particle.) Equivalently, then, we can say

Zi ud =+

A(s) = Z57/ (s—nd?), (41)
ass— oo,
A(s) may be evaluated as follows: Notice that
1 1 /s—4M2\? g 12
Im =— ( ) ()\ f ) . (42)
D(s) 162 s s—u2/ |D(s)

Furthermore, 1/D(u?)=1, and since D has no zeros,
[D(s)T has no poles. Hence

s—u2 R ss'—4AM2ENY 1|2
D(s)-=1— f ( )
16w 4aM? s’ D(S,)
2 ’
R ds

X()\ I s'-—;ﬂ/(s’——uz)(s’——s—ie)‘ *3)

From this a certain amount of algebraic manipulation
results in

g2 e s’ —4M2N?

161r2£M2( s )
1 1

= 14 (s—p2)N/g

1
x[1———3<zs-1—1><s—u2>]. (44)
D(s) g

1
D(s")

2 ds’

("= w2 (s'—s—1¢)
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If this is inserted into Eq. (38), and Eq. (36) is recalled,
we obtain an explicit expression for the propagator:

NN 1
’ Cs—w s—pt 1 () (s— i)

1 ! A Zs1—1 2 45

x[ e )(S—u)]- (45)

By allowing s to go to infinity in this equation we can
find the self-mass
duP=pl—pe®=g¥/\.

(46)

This same expression can also be obtained directly from
Eq. (40) by performing manipulations analogous to
those used in deriving the expression (45) for the
propagator. The bare mass is seen to be larger than the
physical mass, since A is negative, as is to be expected.*

It is most interesting that the self-mass is finite [ Z3 is
obviously finite as well since certainly the integral in
(39) converges if that in (40) does]; this results from the
fact that F(s) — 0 as s — o, which in turn comes from
the fact that D(s) — « like Ins. If A=0, then D(s) —
const and 8u? is logarithmically infinite.

The renormalizations associated with the B particle
are all trivial; due to the simplicity of our solution of the
infinite set of dispersion relations, there is no amplitude
of the form 7', p for any #. Therefore the propagator for
the B particle is given exactly by the free-particle

result:
" s(s)=1/(s—M?). 47)
The corresponding renormalizations are then
8M?=0, (48)
and
Zy=1. (49)

Finally, we may mention the vertex renormalization
(which we call Z;). There is no rigorously known ex-
pression for Z; in usual field theory [analogous to Eq.
(39) for Zs, for example ] which may be used as a defini-
tion of Z;. It has been conjectured'® that the relation

imF (s)=gZ1/Zs (50)

is rigorously true, but no proof exists. If Eq. (50) is
accepted as provable in Lagrangian field theory, and
therefore used as a definition in the dispersion approach,
then we find Z;=0, and this must in fact be the case in
any theory with finite mass renormalization.

There are additional processes which may be evalu-
ated exactly; however, these are not of any particular
interest in themselves and they are not relevant to any
of the more fundamental properties, such as renormali-
zations. We shall therefore content ourselves with the
solutions we have already obtained, and turn our atten-
tion to the perturbation theory associated with the
model.

16 K. Symanzik, Nuovo cimento 11, 269 (1959).
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It was observed in Sec. IIT that the object D(s)
defined in Eq. (24), and written explicitly in Eq. (25),
is just the determinental function' for BB scattering.
From Eq. (29) it is seen that ImD(s) is essentially just
the two Feynman graphs of Fig. 1, computed by the

P

(a) (b)

F1c. 1. Feynman graphs for BB _scattering due (a) to the A
coupling between two B and two_B particles, and (b) to the g
vertex coupling an 4, a B, and a B particle.

usual Feynman rules. It is therefore to be expected that
the entire scattering T'(s) is equivalent to the set of
Feynman graphs formed by all chains built up out of the
basic graphs of Fig. 1. The first few of these are shown in
Fig. 2.

That this is in fact true may be verified directly. Let
us compute the BB scattering produced by the sum of all
the chain diagrams of Fig. 2, where the usual Feynman
rules are used to compute each graph. From what has
been said before, it is not surprising that the de-
terminental method!? is the most convenient way to
evaluate the sum of all these graphs.

In lowest order, the scattering amplitude is produced
by the graphs of Fig. 1; the Feynman amplitude for

these is
. g’
F1 = 1()\0",‘" .
s—u?

Here )\ and go are the unrenormalized coupling con-
stants associated with the BBBB and BBA vertices. In
accord with the prescription of the determinental
method, we assume the mass renormalization to have
been performed ; u? is therefore the physical mass of the
A particle.

The phase shift in lowest order is readily computed
from Eq. (51), and we find

1 ¢ 2
(sinéei“)l: —— ~(>\o+ g )
167 w s—u?

(51)

(52)

Here 6 is the center-of-mass system phase shift, w the

\/SY
A 2AQ§

F16. 2. Chain graphs constructed from the basic graphs of Fig. 1.
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center-of-mass energy of one B particle, and ¢ the
corresponding momentum. Thus

w=(s?/4)},

The determinental approach now instructs us to use
as the lowest order ImD just (—sinde?®);. Thus in lowest
order,

1 gs—4M2\} g
ImD1(S)=—( ) (Ao-’- ) (53)
s s—u?

g= (s2/4—M2)%.

16w

From this, we compute the lowest order D:

Dy(s)=1+

s— u? f ImD;(s") oy

s
(s'—s—ie)(s'—u?)
s—ut 2 s’ —4AM2N\E
L)
™ aM? S,

2 ds’
x(xﬁ &) (54)

=) (') (5" —s—i€)

™

The scattering amplitude, in lowest order determinental
method, is finally given by

¥ ImD;(s
s )I (s) (55)

T(s)= 167r( .

s—4M? Dy(s)
This result is identical with the solution we obtained
before by solving the dispersion relation, except that
Eq. (55) involves the unrenormalized coupling con-
stants N\ and go. However, Eq. (55) is not exact, but
represents only the result of the lowest order de-
terminental approximation. The succeeding orders of
the determinental method serve only to alter Eq. (55)
by replacing Ao and g by other constants, which are to
be identified with the renormalized coupling constants A
and g.

To see this, let us carry through the second order
determinental approximation. First it is necessary to
compute the Feynman amplitude to second order. This
comes from the graphs of Fig. 2(b), and is given
analytically by

F f ay"” i 7
T J ey - (37— p—py— 2

7
X[(—i)\O)2+2(—i)3>\og02
s—u?

rear()] o

From this we may evaluate the second order contribu-
tion to the phase shift, applying the usual Feynman
parametrization to Eq. (56), and throwing away a self-
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mass term, we find

(sinde®),

=1—;;£[[I(S)—I(u2)]
G+ E) )]
-{() v )]k o
where

1 x(1—x)s/4— M?
1()—I(2)= fo do In(_——x(1—x)y2/4—M2)’
so that

I(s)= (S_4M2) [2 cosh=(s/4M)i—ix], (58)

and « is a constant given by

a=f0 dxf d4q(q2+x(1—-i)u2/4—M2) - 89

According to the determinental method, now, the second
order ImD is found from the relation

ImD,= — (sinde?),— (sinde®)1D;. (60)

Looking back at the expression for D;, Eq. (54), and
evaluating the integral gives

1
Dy )
161r2 1672 s—u?
g
X[I(s)—I(w)]——B, (61)
1672
where 8 is the constant
© ss'—4AM2N\} ds’ ©2)
=[,()
e s’ (s"—u?)?

The function I(s) in Eq. (61), which comes from evalu-
ating the integral in Eq. (54), is identical with the
function defined from the Feynman graph by Eq. (58).
It is now a matter of straightforward algebra to
substitute (57) and (61) into (60), and obtain

1 /s—4M2\?
ImD2(s)=——( ) ()\ , (63)
167 s
where we define
Mo\ 2
)\=)\o+ia(——),
4
N e N

() ()
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(a) rx<O0
D(s)

N

NG

T(s)

5

»2 s

(b) x>0, D(se) =0

D(s) T(s)

BN \\ I

(c) A>0,D(so) #0
D(s) T(s)

, k U
FEe NY T

Fi1c. 3. Schematic plots of D(s) and T'(s) for various choices of

X and g2 In case (a), A <0 and g2 small enough so that D(s) hasno

zeros. In (b), A>0 and g2=16x#%/8, so D(so)=0. In (c), A>0 and
D(So) #0.

Thus ImD, has precisely the same form as ImD;, in
terms of the new constants A and g2 defined by Eq. (64).
The only effect of the next order of the determinental
approximation, then, has been to change the constants
in Eq. (54). It is not difficult to convince oneself that
this will be the only effect of any number of orders of the
approximation.

Finally, we may write the result of summing all the
Feynman graphs of Fig. 2:

()= A (82/ §)—u? ’

161r2 f ( s —ul ) (s"—u2) (s'—s—1ie)

(65)

which is identical with the dispersion theoretic result of
Sec. III. _

This method, however, gives Eq. (65) as the BB
scattering amplitude with no restriction on the values
of X and g%, while the dispersion relation required that
A <0, among other things, and we must ask why this
difference appears. The answer to this was essentially
given already in Sec. III: The form of the dispersion
relation used there assumed that there were no BB
bound states. But if, for example, A>0 in Eq. (65), T'(s)
must have a pole below and may have a pole above p?.
The upper pole exists if the denominator vanishes for
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VAR

F16. 4. Feynman graphs for the ABB form factor.

wr<s<4M? Above 4M? only the real part of the
denominator can vanish; if it does T'(s) has a resonance
at that point.

The lower pole, on the other hand, must represent a
bound state if it occurs for s>0, and this violates the
assumed dispersion relation. If the lower pole occurs
below s=0, it represents an unphysical state, and the
model is not self consistent.

The various possibilities are perhaps more con-
veniently described by the schematic graphs of D(s) and
T(s) given in Fig. 3. We know D(s) — — (\/1672) In|s|
as s— o, so T'(s)— ~(In|s|)~L. That is, T(s) >0
from below at both + and — infinity independent of the
sign of X. T has a pole at s=p?, with a positive residue,
so T'— —  below the pole and + o above. If A <0 and
g% is small enough, D has no zeros, so u? is the only pole
in T. Hence we have case (a) of Fig. 3. If A>0, ReD
must have zeros above and below p?. If one of these (it
must be the lower since so<w? for A>0) coincides with
so, we have Fig. 3(b). If not, we have Fig. 3(c).

As drawn in Fig. 3, case (a) is perfectly consistent.
However, it is possible with a sufficiently large value of
£* to make the D(s) curve dip below the axis, so that D
has two zeros, and it is even possible to adjust the vari-
ous parameters so that one of the zeros occurs on the
negative axis.

The case 3(b) is also one which could be unphysical.
If the lower zero of D is negative, there again exists a
bound state of negative s, and therefore imaginary
energy, which certainly reflects an unphysical situation
and an inconsistency. We may ask for what values of A
and g? these difficulties occur. From Eq. (61), we have

2

D(s)=1+——(x+ §
—

1 g2
1672

16

)[m)—fwn— 8. (66)

u2

The function I(s)—I(u?) can be calculated explicitly,
and is seen to have the following properties:it— —  as
s— ==, It increases monotonically below u?, and be-
comes positive there. It remains positive up to a value
s*>4M?, beyond which it decreases monotonically
again. It has a single maximum, reached between u?
and 4M32.

Using these properties we can draw several con-
clusions. First, if g2= 1672/, the only possible zeros are
so and s*. 5o is uninteresting since a zero there does not
produce a pole in 7' s* is above 4M2, so only the real
part of D vanishes, and this represents a resonance in 7.
Second, if g2 <167%/B, a zero of D must be such that the

ZACHARIASEN

product
M- (g/9)—w I () =1 (w) ]

is positive at the zero. Now A4 (g2/s)—p?<0 if s<s,,
A (g%/s)—u2>01f s> 50, and I (s) — I (u?) is positive only
between u? and s* Hence, if A<0, zeros of D must be
confined to the region u? <s<so, while if A\>0, they must
be in the region so<s<u?; otherwise, they can only
exist for s>s*>4M? in which case they correspond to
resonances. The only time an unphysical situation can
therefore arise is if A>0, and 5,<0, i.e., if 0 <A <g?/u2.
Finally, if g2>16x?%/8, zeros must be confined to the
complementary regions.

It should be remarked, by the way, that the condi-
tions obtained here which allow zeros of D do not require
that D really have zeros. The actual existence of zeros
depends in a complicated way on the values of g2, \, u?,
and M?; since D(s) is an explicitly known function,
whether or not it has zeros is an answerable question,
but the answer is still very complicated, and will not be
given here. The important point is that the above
analyses show there are values of the various parameters
for which perfectly good physical solutions exist.

We may remark, incidentally, that a theory defined in
terms of a set of dispersion relations, as ours was, can of
course not have any ghosts. The analyticity properties
of the amplitudes are explicitly assumed by the selection
of the dispersion relations, and poles on the negative
axis are thereby excluded once the amplitude 7'(s) is
defined as the solution of Eq. (18). The theory defined
by Eq. (18) exists only for certain values of A and g>—
those, in fact, such that A <0, and for which D has no
zeros—however, once we extrapolate from the dispersion
relations to a well-defined set of Feynman graphs, the
graphs may be used to define a theory which is now
valid for all values of N and g% It is in this extended
theory that the ghost question takes on meaning. For
certain ranges of A and g% the extended theory agrees
with the original one defined by the dispersion relations.
For other values of A and g? the extended theory agrees
with a modified dispersion type theory which assumes a
certain number of BB bound states ; this is so for values
of X and g2 such that D has zeros above s=0. For the

+("}g+(l)
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F16. 5. Feynman graph for the A-particle propagator.
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g
g 3 \
O + A+ + ——
g 9 A
g

F16. 6. Feynman graphs contributing to the A-particle self-mass.

remaining values of N and g2, the D of the extended
theory has zeros for s <0 so the theory has ghosts, and
is therefore unphysical.

To summarize the situation thus far, we have found
the perturbation series equivalent to the model as it was
defined in terms of its set of dispersion relations, and the
perturbation expansion of the scattering amplitude
exists. We can say in addition that there is a wide range
of values of the coupling constants and masses for which
there are no unphysical singularities of the scattering
amplitude, i.e., for which there are no “ghost” states.

It is next of interest to see if we can obtain the ex-
pressions of Sec. ITI for the form factor and propagator
as well as the scattering from the Feynman graphs.

The form factor should be clearly given by the sum of
all graphs of the type shown in Fig. 4. But the scattering
was the sum of all graphs of the type shown in Fig. 2.
Evidently if we multiply the graphs of Fig. 4 by
1/{g[A(g%/s—u?)]} we reproduce the graphs of Fig. 2.
We should therefore expect

_ gT(s) _ 8
M (@/s—w) D(s)

and this is in fact in agreement with Eq. (36).

Similarly, the propagator is given by the graphs of
Fig. 5. The scattering graphs of Fig. 2 may be produced
from these by the following procedure.

First subtract the free propagator (1/s—u?). Next
remove the external legs. Then multiply each end by
(1/9A+(g%/s—w?)]. Then add the two lower order
scattering graphs, A+ (g%/s—u?). Thus we expect

r(=r+— ﬂ"‘““"’""(h Loy

s—pu? g s—u
X[A(s)— (1/s)—u21;

except not quite. Due to the renormalization prescrip-
tion, we should replace 7 and A in (68) by Z;T and Z:4,
where T" and A are now the renormalized scattering and
propagator. With this alteration and some algebra, Eq.
(68) is easily shown to coincide with Eq. (45) of Sec. TII.

Thus all the results of the dispersion approach can be
obtained from the Feynman graphs. Even the self-mass
can be found, in agreement with Eq. (46), by a pseudo-
argument based on the Feynman graphs. If we write
the unrenormalized propagator in the form

Ao(s)=1/[s—pi—2(s)], (69)
where Z(s) is then given by the sum of all proper graphs,

F(s) (67)

(68)
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Fic. 7. Feynman graphs contributing to Zi.

then the self-mass is conventionally defined
our=2(s =N2)1

where renormalized coupling constants, etc., are to be
used in Z. Now for our model 2 in the sum of all graphs
shown in Fig. 6. Note that each term in this series is
logarithmically divergent; that is to say, perturbation
theory gives an infinite mass. If B represents the basic
bubble of Fig. 6, it is clear that

o2 =3 (u2) = g2B— gNB> g\ B - - -
=g'B/(14+\B).

However, B is infinite, so this reduces to the same result
we had earlier.

An argument like this is, of course, not reliable, and
the result is believable only because it was obtained in
Sec. III by unambiguous mathematics.

The same kind of argument can be used to evaluate
Z1. Z1is defined, in perturbation theory, as the value of
the sum of all proper vertex graphs when all three
particles are on the mass shell. The proper vertex graphs
are shown in Fig. 7. Thus we find

(70)

(1)

(72)

which gives Z1=0 since B is logarithmically infinite.

It is unclear if this statement that Z;=0 means
anything ; however, it does agree with the conjectured
relation (50).

To conclude this section, it may be remarked that the
sets of Feynman graphs corresponding to any other
transition amplitudes of the model are easily identified.
Namely, the only allowed graphs are those built up from
the basic diagrams of Fig. 8. As an example, think of
AB scattering. The Feynman graphs for this process
appear in Fig. 9; Fig. 9(a) shows explicitly the structure
in terms of the basic graphs of Fig. 8, and Fig. 9(b)
shows the same graphs ‘“‘stretched out” to emphasize
that they are Feynman graphs and that no time
ordering of the vertices is implied. It is clear that this
set of graphs corresponds to the set of dispersion rela-
tions for 4 B scattering and its related processes as given
in Sec. II.

F1c. 8. Basic Feynman graphs for the model.
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The same prescription evidently will give the Feyn-
man graphs for any process of the model.

v

To summarize, we have constructed a model field
theory which does not suffer from any ghost difficulty,
at least for a large range of the coupling constants, and
in which the mass and wave function renormalizations
are finite. This finiteness is achieved at a very small
price, namely the existence of a four-particle vertex,
perhaps a reflection of the Ag* interaction in pion
physics.

It is appropriate to remark that the drawback—if it
is a drawback—of this model in not having a Lagrangian
or Hamiltonian can be removed if one gives up the
relativistic invariance. The interaction Hamiltonian,

Hing=g0 2.

“‘_————(dlp-f‘ﬁ'-rbp[;ﬁ' +dﬂ+5’bllT5ﬁ'T)
»,3’ (SEpEﬁ’wpﬂ'»’)%

1
)3 .
.5 ,9"" (16EpEﬁ’Ep"Ep+ﬁ’—p” :
XprBz’r’pr” 6p+iz'~p”

defines a soluble theory which has no ghost difficulties
(again for a large choice X and g?) and in which we still
have

+No

opP=g*/X.

The graphs which occur are the same as those illustrated
previously for the relativistic case, except that they are
now to be interpreted as time ordered rather than as
Feynman graphs. This model is very similar to the Lee
model'; it differs only in the presence of recoil and of the
A term. Thus, a fairly slight modification of the Lee
model results in removing the ghost difficulty.

One final comment. The model presented here has
been exhibited as an exactly soluble but distorted field
theory. It may equally well be viewed as the first ap-
proximation to an undistorted field theory. In Sec. IV
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F16. 9. Feynman graphs for 4B scattering.

it was shown that for this model the lowest order
determinental approximation was in fact exact; hence,
for a true field theory with an interaction Lagrangian

Line=gopa(x) o5 (x)+Aops!(x),

our model is precisely the lowest order determinental
approximation. One may thus take the view that we
have here a full-scale field theory (and therefore, of
course, an insoluble one) to which the first of a well-
defined sequence of approximations gives finite mass
shifts, etc. This might tend to support the view that the
exact mass shifts in the true field theory are also finite.
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