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In the present paper we study various aspects of the Ward-Takahashi equations. In perturbation theory
the equivalence between this set of equations and the requirement of gauge invariance is shown. It is then
shown that these equations are valid for composite particles as well as for elementary particles. Based on
our new formulation the definition of composite particles is given, and then we show with the aid of the
Ward-Takahashi equations that the photon is an elementary particle.

I. INTRODUCTION

N a previous paper the problem of how to express
the requirement of gauge invariance without
reference to field equations was discussed.! Starting
from a gauge-invariant but otherwise quite arbitrary
Lagrangian we derived a set of equations which will be
referred to as Ward-Takahashi (W-T) equations.? These
equations are supposed to be equivalent to the require-
ment of gauge invariance in the absence of a Lagrangian
to begin with.

In this paper we shall study some properties of this
set of equations.

In Sec. II we shall show that quantum electrody-
namics can be reproduced in the lowest few orders in
perturbation theory by combining the W-T equations
with a few fundamental postulates of the axiomatic
field theory. This verifies to some extent the assertion
that the complete set of W-T equations is equivalent
to the requirement of gauge invariance.

The derivation of the W-T equations casts some
doubt as to their validity for composite particles since
we have no Lagrangian formulation of composite
particles. For this reason we shall show in Sec. III that
these equations are valid not only for elementary
particles but also for composite particles. The technique
of introducing field operators for composite particles
which is used in this section will be discussed at length
in the Appendix.

In Sec. IV, we shall give a likely definition of bound
states. This definition is useful in the problem of
distinguishing between elementary and composite
particles.

Finally, in Sec. V we shall prove with the aid of the
W-T equations that the photon is an elementary
particle.

II. QUANTUM ELECTRODYNAMICS IN
PERTURBATION THEORY

In a series of papers® we have discussed the formu-
lation of field theories in terms of (1) the generalized

* This work supported in part by the joint program of the
U. S. Office of Naval Research and the U. S. Atomic Energy
Commission.

1 K. Nishijima, Phys. Rev. 119, 485 (1960).

2 The references to the generalization of the Ward identity are
found in reference 1.

3 M. Muraskin and K. Nishijima, this issue [Phys. Rev. 122,
331 (1961)7]. Also see reference 1.

unitarity condition, and (2) the parametric dispersion
relations, and it has been shown that one can reproduce
the renormalized perturbation theory based on these
two postulates alone. In this section we shall discuss
the perturbation theory with the W-T equations as a
supplementary condition which selects only the gauge-
invariant solution out of many other possible solutions.
This problem has already been discussed in a previous
paper in terms of retarded functions.!

First-Order Vertex Function

The generalized unitarity condition assures us of the
vanishing of the absorptive part of the first-order
Green’s function.® Thus in quantum electrodynamics
we are led to the equation in the first order,

0.0, D00 TLAL (=) (5)9 )11 0)
~0D,D.0[ TLAWIE0=0, (2.1)

where D,=vd,+m, D,=v7d,—m and ¢, ¢, and 4,
refer to the electron and radiation fields.

To the above equation expressing the vanishing of
the absorptive part one can apply the subtracted
parametric dispersion relation after decomposing the
Green’s function into a sum of invariants.* Then we
get a general solution of the following form:

0.0, D0| TLAW(%)¥a(¥)¥5(2)1]0)
= (Op) apd(x—)d (x—2),

where 0, is a vector constructed out of Dirac’s v
matrices and the differential operators. In order to
determine the operator O, we use one of the Ward-
Takahashi equations, i.e.,

(2.2)

0O TTA B
=eSr' (y—2)as[3(x—y)—3(x—2)],
where e is the electronic charge and SF’ is defined by
Se' (y=2)ap={0| T[¥a(¥s(x)]|0).  (2.4)
In the first order SF’ may be replaced by the unprimed

(2.3)

4 This means that we should apply the subtracted dispersion
relations to the coefficients of the invariants as has been discussed
in the case of meson-nucleon interaction. See reference 3.
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function Sr and we get
9
O sz_D"D'wl TLAu(@)¥a(y)¥s(2)]]0)

a
=—/Le('yu-a——) 6(x~—y)8(x—-z) (25)
aB

X

By comparing the solution (2.2) with Eq. (2.5), we find

9
(On)ap—0(x—1)3(x—2)
0,

I¢]
=‘ie("“g‘) b(o—9)8(e—2). (2.6)
aB

LM

If we imply that O, does not involve scalar products
of derivatives, this being a reasonable condition for the
choice of invariants. We find

0,=—1ey,+1iha,,(8/9x,). 2.7

This is the most general solution in the first order
satisfying Eq. (2.3). As has been discussed previously
the first term represents the Dirac-type interaction and
the second term gives the Pauli-type interaction, and
hence the solution (2.7) certainly is gauge invariant.

Photon Propagator

Our next problem is the calculation of the photon
propagator in the second order. The W-T equation for
the photon propagator is given by

d
O

d
(0|T[An(x)Av(:v)][0>=i5—5(x—y)- (2.8)

X Xy

The combination of Eq. (2.8) with Killén-Lehmann
representation® leads to

<0| T[:An(x)AV(y)][O>=BMDF(x—y)+GM(x_y):

where

G,,,(x)=6_;§—4 f e o () f i

. B\ 1
X etz ( 5,.,,—" ) ,
k2 ) B2

and Cr denotes the Feynman path for the k, integration.
From the unitarity condition one finds in the second
order

+0:0,(0] TL44(x)4,()1]0)
=& Tr[y,SP (¥ —9)7,SP (x—3)7]
o +E@x2y,ueay), (2.10)

5 G. Killén, Helv. Phys. Acta 25, 417 (1952); H. Lehmann,
Nuovo cimento 11, 342 (1954); M. Gell-Mann and F. E. Low,
Phys. Rev. 95, 1300 (1954).

2.9)
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where use has been made of the first-order vertex
function (2.2) and (2.7). S® and S are the con-
traction functions for the electron and positron defined

by
S ()= (Y0:—m)AD (x),

> (2.11)
SP (@)= (v"9:+m)AD (x),

and

1 .
i @= [ dp eratpaas--n).

Making use of the formula

Tr[v,SD (x—y)v,SP (x—y)7]

1 ® T 4m?
f d.<2-(.<2-4m2)%(2+——)

(27)8J ym2 3k K2

X f 8k e (8,2 B,2,)0 (ko) S (B -4-i),

we get
O.040| T[Au(=)4,(»)]]0)
+0.0,0 TT4,(x)4,(»)]]0)

1 ® T 4m?
f e —(K2—4m2)%(2+——)
@m)8Jym: 3k K2

% f BB ) (5, K — k) (1), (2.12)

Inserting the representation (2.9) into the left-hand
side of Eq. (2.12) one finds the expression for ¢(k?) in
the second order®:

& K2+2m?

32w &8

(@)= (2—4m2)0(2—dm?).  (2.13)

This weight function ¢ is related to K&llén’s® II by
o(a)=1I(—a)/a. (2.14)
In the above calculation ambiguities related to gauge

invariance do not occur at all.

III. THE WARD-TAKAHASHI EQUATIONS
FOR COMPOSITE PARTICLES
In reference 1 we introduced the Ward-Takahashi
equations which express in an implicit manner the
requirement of gauge invariance. This equation is
written in a symbolic way as

Oz

a
T[Au()- -]
Xu
—[ d(x—w )-l-ii- ]T[' -1 @31
- % e b dx, 64,(x) . )

6 The weight function ¢ here differs from the one defined in
reference 1 by sign.
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Let us write down this equation in a more explicit
manner as

a
O,—T[A4.(2) A, (x") A (x") - + - al(%a) s (25) - =+ ]

X
= (eq0(x—x,)F+epd(x—2ap)+- - )
XTLA, (") Ao (%) - - a(ia) @p () -+ ]

0
+i—b8(x—a")- TLA,(*")* - - pala) @p(23) - - + ]
ax,

aJ
+ig‘6<x—x") T4+ - palxa) op(@) -+ -]

xﬂ
where e, €, - - - are the charges of the quanta of fields
©a, ©b, ** *, respectively.

Simple examples of the W-T equations are given by
Eqgs. (2.3) and (2.8).

Since we derived the W-T equations starting from a
gauge invariant but otherwise arbitrary Lagrangian,
one might have the impression that these equations are
valid only for elementary particles. For this reason we
shall show in this section that they are valid for com-
posite particles as well as for elementary particles.
This conclusion suggests that one cannot distinguish
between elementary and composite particles by means
of electromagnetic interactions. This problem will be
discussed in the next two sections.

It has been shown in a previous paper’ that the
field operator of a particle ¢ either elementary or
composite can be constructed by the following pre-
scription:

t0a(r+38) on (6 —38):

im i =0.(x), (3.3

T T P 6
provided that

(Pyc| TLea(38) eo(—38)]]0)= f(&P)#0. (3.4

(2P, V)}

| P)c) denotes a one-c-particle state with energy-
momentum P, and the colons denote the normal
product defined by

0a0p: =T as]—{0| TLeags]| 0).

In the Appendix it will be shown that the limit ¢.(x)
does not depend on the direction of the time-like vector
P. If we combine Eq. (3.2) with (3.3) one immediately

7K. Nishijima, Phys. Rev. 111, 995 (1958). See also W. Zim-"

mermann, Nuovo cimento 10, 597 (1958); R. Haag, Phys. Rev.
112, 669 (1958).
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finds

.9
D,———T[A,,(x)A,(x')A,(x") s o) ]

X

=[ed(x—x)4 - JTLA, () A, (&) - - po(2s)+ -+ ]

d
i) TLA") - golws) -]

Xy

d
Fi—8(x—a"")- TLA,(2) - - o) - ]

0%,

where use has been made of the relation

lsigol[eaa (x—x4)Fend(x—2xp) J=ecd(x—2xc), (3.6)

with e.=e,+ep, xo=a.+%¢, xp=2x,—3%¢.

If ¢ is elementary, Eq. (3.5) is already involved in
the complete set of W-T equations, and the present
result shows that the W-T equations are compatible
with the limiting procedure (3.3). On the contrary, if ¢
is composite we get a new set of equations, but as one
can readily notice, the form of the W-T equations is
the same for both elementary and composite particles.
Thus we are led to draw a conclusion that one cannot
distinguish between elementary and composite particles
through purely electromagnetic phenomena; for in-
stance, the low-energy limit theorem for Compton
scattering holds regardless of whether the target
particle is elementary or composite.

IV. DEFINITION OF COMPOSITE PARTICLES

The question of how to distinguish between ele-
mentary and composite particles is certainly one of the
most fundamental problems in particle physics. In this
section we shall give a likely definition of elementary
and composite particles. Since we introduced one field
operator for each stable particle in the present scheme,
our criterion cannot be applied to unstable particles.

In the conventional Lagrangian theory we introduce
field operators only for those particles which are
supposed to be elementary so that in such a theory we
have a clear distinction between elementary and
composite particles. Since, however, the Lagrangian is
hardly determined from experiments, this is a rather
unrealistic definition. In particular, when we formulate
field theories in an axiomatic way without assuming the
existence of a special Lagrangian, this kind of criterion
is really meaningless. As a matter of fact, it has been
claimed in the axiomatic approach that there would be
no essential difference between elementary and com-
posite particles as far as the fundamental postulates

8 W. Thirring, Phil. Mag. 41, 1193 (1950); F. E. Low, Phys.
Rev. 96, 1428 (1954); M. Gell-Mann and M. L. Goldberger,
Phys. Rev. 96, 1433 (1954).
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are concerned and that it is to some extent a matter of
convenience to call a particle elementary or composite.”
If we proceed one step further from the fundamental
set of postulates, however, a possibility arises of making
a distinction between them. The fundamental set of
postulates is something like a set of equations and
allows in general many solutions, and in order to choose
a special solution one has to give boundary conditions.
Then it might be possible to distinguish between them
by giving different kinds of boundary conditions to
elementary and composite particles, and this is exactly
what we are going to do in this section.

We have the generalized unitarity condition and
parametric dispersion relations as the fundamental set
of equations. A set of boundary conditions will be given
by specifying the subtraction constants in the sub-
tracted dispersion relations. Thus the problem is
reduced to the question of how one can introduce two
different kinds of subtractions. A clue to this question
is already found in the Lagrangian theory. Suppose
that the nucleon and the pion are elementary -and that
the deuteron is composite, then the Lagrangian theory
implies that all parameters related to the deuteron,
such as the rest mass, magnetic moment, must be
determined as functions of more fundamental param-
eters such as the nucleon mass, the pion mass, and the
pion-nucleon coupling constant. Therefore no arbitrary
parameters should appear for composite particles. Thus
we are led to the following definition:

If no arbitrary parameters are introduced through
the parametric dispersion relations for all the G func-
tions involving a special field operator ¢, for a stable
particle ¢, we call ¢ a composite particle. A stable
particle which is not composite is called an elementary
particle.

This definition does not necessarily mean that a G
function involving ¢, always satisfies a nonsubtracted
dispersion relation, i.e., take the two-point G® function
for the ¢ field, then we need two subtractions in the
parametric dispersion relation for G®. In this case,
however, the subtraction constants are not arbitrary,
but they are determined subject to the renormalization
condition®:

. SP0®
im =—1,
D2+me2—0 PZ_i._ch

(4.1)

where we assumed that ¢ is a scalar particle for the sake
of simplicity. Another example is the electromagnetic
interaction which will be discussed in the next section.

Except for special cases as discussed above, however,
this definition implies nonsubtracted parametric dis-
persion relations for G functions involving composite-
particle variables.

Since very little is known about G functions, it will
be instructive to recapitulate some properties of the
vertex functions which are very closely related to the

9 See Eq. (4.12) in reference 3.
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G functions. Take, for simplicity, the neutral scalar
theory; then the p functions and p’ functions are
defined by

<OI T[‘P(xl) ce ‘P(xn)]l())conn

:fd‘yl- < diy, AF(x1—y1)' o
XAp(®a—yn)p(y1* - yn)
=fd43’1"‘d4 w AF (B1— 1) - -

XAF,(xn"'yn)P/(yl' * 'yn); (42)

where Ap’ denotes the Feynman propagation function
with radiative corrections. The Fourier transform of p
is the g function, and the Fourier transform of p’
defines the vertex function I'. Both G and I are functions
of scalar products of four-momenta, and in particular
they are equal on the mass shell, i.e.,

S(paps) =T (paps), for pl+m?=-- - = p,2+m?*=0. (4.3)

We know some interesting properties of the I's from
which we can conjecture on the properties of G’s.

Let us first consider a three-point vertex function
T (p2,pt,ps?) and put two of the p*’s on the mass shell;
then we have a function of a single invariant variable.
What we know about is the vertex function of this type.

Determination of the Binding Energy
Let us consider the vertex operator corresponding to
n+p—d, (4.4)

where 7, p, and d denote neutron, proton, and deuteron,
respectively. Putting # and d on the mass shell, we get
a vertex function which depends only on

x=—(pa—pn)% (4.5)

where pq and p, are the four-momenta of the deuteron
and the neutron on the mass shell. Assuming a non-
subtracted dispersion relation for I'(x), Blankenbecler
and Cook! have shown that the binding energy of the
deuteron can be determined in terms of other funda-
mental parameters of the theory such as the rest masses
of the nucleon and the pion, and the pion-nucleon
coupling constant.

This result suggests the following possibility: If a
composite-particle field is specified by nonsubtracted
dispersion relations, we will get only the free-field
solution—but not necessarily so for other elementary
particle fields specified by subtracted dispersion rela-
tions—unless certain relationships among rest masses
and subtraction constants are satisfied. In other words,
we have a possibility of determining the rest mass of
the composite particle in terms of other parameters in
the theory.

(1;]610{)' Blankenbecler and L. F. Cook, Jr., Phys. Rev. 119, 1745
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Problem of Higher Spins

It has long been conjectured that the spins of ele-
mentary particles should be either 0 or 4 and that
consequently particles with higher spins would be
composite. We shall discuss here the connection between
this conjecture and our definition of composite particles.

Let us first refer to the work of Lehmann, Symanzik,
and Zimmermann (LSZ) on the vertex function.!t

As an example we consider the interaction between
the nucleon and neutral pseudoscalar meson fields.
The vertex function py’ in position space is defined by

(O TLo (W ()3 (2)1]0)= f Didmd

XSF (y=n)ps' (g : )S¥' (§—2)- A’ (§—2), (4.6)
where SF’ and Ap’ are the Feynman propagation
functions for the nucleon and the meson, respectively.
The vertex function I's in momentum space is defined by

—1
o’ (yz:) =@ f d*p1d*ps

Xt ot e=aTg (py.py),  (4.7)

T's is a function of %, po? and (p1—p»)? multiplied by
certain invariants. If we put ipry+M =ipsy+M=0,
T's is a function of k2= — (p1— p,)? alone, and we can put

Ts=1vsf(x2). (4.8)

It has been concluded by LSZ that this function f
must satisfy

1, k(K2—4M2)3

— _— 4.9
8r? aM? (K2—’m2)2 ( )

| £(2)|2dx2 < 1.

We replace the nucleon field by a charged scalar field
and define the vertex function p’ by

(O] TLo ()2 () 2*(2)]]0) = f dgdind's

XAF (y—m)p' (g : HAF (§—2)-Dr'(§—2), (4.10)
where A’ and Dy’ refer to the charged scalar nucleon
and the neutral meson, respectively. We then define
the vertex function I' from p’ by Eq. (4.7). Then put
p2+M?= p>+M?=0, where M is the rest mass of the
charged scalar nucleon, and I turns out to be a function
of k2= — (p1— o), 1(%).

Corresponding to Eq. (4.9), we can derive
1 p= (-4}

_1.8; _(—_2——';7,52— [ f(2) | 2dk2 < 1.
4M? K\K"—

(4.11)

1 H. Lehmann, K. Symanzik, and W. Zimmermann, Nuovo
cimento 2, 425 (1955).
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What we can see from these results is the following:
We can always derive inequalities of the form

f ()| £ e <1, (4.12)

and the behavior of the coefficient ¢(x?) for large values
of % is completely determined by the spins of the parti-
cles on the mass shell. The function ¢(«?) in Eq. (4.11)
is simply given by

() =0® (/¢

where 0@ (x?) is the second-order weight function in
the meson propagator given by Eq. (5.8) of reference 3.

For large values of %, ¢(¥?) is asymptotically given,
apart from trivial numerical factors, by

(4.13)

c(k®)~k~? for a spinor nucleon,

(4.14)
for a scalar nucleon.

c(k®)~k
The function ¢(x?) is determined completely kine-
matically as shown by Eq. (4.14) and we can make a
general statement that the power of « in ¢(x?) increases
as the spins of particles on the mass shell increase.
This implies in turn that the vertex operator f(x?)
must fall off more rapidly as the spins of particles
increase. Thus for vertex operators involving particles
of sufficiently high spins we shall not need any sub-
tractions in the dispersion relations for an arbitrary
choice of particles on the mass shell. Thus if a high
spin particle is involved in a G function, we shall not
need any subtraction in the parametric dispersion
relation in view of the close connection between the
vertex functions and the G functions. From our defi-
nition of composite particles it follows that particles
with higher spins would necessarily be composite. In
this way we understood a possible connection between
the conjecture on higher spins and our definition of
composite particles, although nothing could be proved
rigorously.

Furthermore, since composite particles are distin-
guished from elementary particles by the absence of
subtractions in the dispersion relations, we might guess
that the cross sections of reactions involving composite
particles would behave at high energies in quite a
different way from those involving elementary particles
alone so that there would be an experimental means to
make a distinction between elementary and composite
particles by observing their high-energy behaviors.

V. ELEMENTARITY OF THE PHOTON

Based on the definition of composite particles given
in the previous section, we shall study the elementarity
of various particles. Since so little is known about
strong interactions, however, we shall confine ourselves
to the discussion of the electromagnetic interactions.
Study of the electromagnetic interactions alone is
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already very useful and bears a very rich content for
the present purpose. The electromagnetic interactions
are characterized among other things by the W-T
equations on which we base our arguments.

First let us write down one of the W-T equations for
a charged scalar particle either elementary or composite:

d
O x7(0 | T[AL(x) 0(y) ©*(2)]10)
’ =eAr' (y—2)[8(x—y)—o(x—2)], (5.1)

where e is the charge of the quantum belonging to th e
field, and Ap’ is the Feynman propagator of th's
charged scalar field. The function corresponding to ths
electromagnetic vertex is defined by

(—9)*0K,KL0| T[Au(x) 0(y) ¢*(2) ]| 0)

=pu(2;32). (5.2)
Then this p function satisfies the equation
4
B;Ip"(x; yz)=ie[ K.Ar' (x—2)- K5 (x—2)
—K A (x—y) - K.5(x—2)].  (5.3)

We rewrite this equation in momentum space and get

1(q—0)uSu(£,9)

—ze[<1+(q2+m2) f e _“) (p*+m?)
(1+(P2+m2) f e d_;) (q2+m2)] (5.4)

where ¢ is the Killén-Lehmann weight function for Ay’
and G, is defined by

puls y9)=—— [ tpaty etrorist=ag, (pg). - (5.5)
(20"

Next we decompose G, into a sum of invariants. There
are only two' linearly independent vectors p, and g,,
but it is more convenient to take (p+¢), and (p—¢q).
and the basic invariants. Furthermore, from the C or
CP invariance of the theory one can easily see that G,
must be symmetric in p and g¢. Therefore, (p—¢), must
appear always multiplied by a factor (p>—¢?). Then it
is not difficult to verify that the general form of G, is
given by

G (15;9) = (?+Q)uga
+Lp+9)(p—9)*— (p— 0 (P*— ) 1S

where G, and G, are the functions of scalar products
2 ¢ and (p—q)? alone, and symmetric in p and gq.
It must be remarked here that the second invariant is
so chosen that the product of the second invariant
with (¢g—p), vanishes.

(5.6)
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Inserting the representation (5.6) into Eq. (5.4), one
finds

ga=—e[1+<p2+m2)(q2+m2>

o (k2)dk?
f ] (5.7)
(p-Hii—ie) (@-Hie—ie)
The function G.(p%¢®) clearly cannot satisfy a non-
subtracted parametric dispersion relation, but it satis-
fies a parametric dispersion relation with one sub-
traction. The boundary condition to determine the

‘subtraction constant is given by

ga( 2=__m2, q2=-—m2)=—e. (5.8)

A similar argument can be presented in the case of a
charged spinor field.

From the above discussions we can draw a conclusion
that the photon is an elementary particle as a conse-
quence of the definition of composite particles given in
the previous section.!? As for the charged scalar particle
discussed above, however, one cannot immediately draw
the same conclusion as we shall see below.

The problem that we have to discuss is concerned
with the arbitrariness of the subtraction constant e.
This subtraction constant is nothing but the charge
and we have to be very careful about the arbitrariness
of this quantity. In Sec. IIT we have shown that a
linear relation

e.=eqstep 5.9)

holds if (0| TL¢.s]|c)7%0. This relation shows that at
least one charge is not arbitrary but determined by the
charges of other particles. Therefore, what we have to
do is to exhaust linear relations of this kind and find
the number of linearly independent charges. Take, for
instance, the charges of the proton, neutron and neutral
K meson as the basic charges, then the charge of a
strongly interacting particle is given by'?

Q=eds+e.N/24-¢55/2,
a=e(p)—e(n), e=e(p)+e(n),

es=e+e(KO).

This means that within the approximation of retaining
only the strong interactions there must be at least
three independent subtraction constants. This will
further mean that there must be at least three ele-
mentary particles among the strongly interacting
particles although we cannot tell which three would
be elementary.*

(5.10)
where

(5.11)
and

12 Rigorously speaking this proves just the elementarity of the
scalar and longitudinal photons. We made an implicit assumption
here that the elementarity of the scalar and longitudinal photons
implies the elementarity of the transverse photons.

13 If we assume e;=e;=e3=e as implied by experiments we get
the familiar strangeness formula Q=e¢(I5+N/2+S/2).

% One possibility is to take %, p; and A as the elementary parti-
cles. S. Sakata, Progr. Theoret. Phys. (Kyoto) 16, 686 (1956).
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If we introduce weak interactions we immediately
find that ¢(K°) =0, or e3=e¢;, from K°— 270 or 7t~
Thus the number of independent charges is reduced to
2 if we do not take account of leptons.

Thus we have to modify the previous result into the
following: There must be at least two elementary
particles among the strongly interacting particles.!®
The reduction of the minimum number of elementary
particles corresponds to the very unlikely possibility
that one out of three fundamental particles in the
strong interactions might be a composite particle
formed by means of weak interactions. In view of the
very weakness of weak interactions and the different
transformation properties of strong and weak inter-
actions in both charge and position spaces, it will not
be unreasonable to conclude that the minimum possible
number of elementary particles among strongly inter-
acting particles is three.

' If we further introduce leptons, we get one or two
additional neutrino charges depending on whether the
neutrino has two components or four components, e.g.,
(1) two-component theory:

e(e)=e(u ) =e(v)—es,
(2) four-component theory:

e(e)=e(v)—es, e(u)=e(vs)—ey,
where »; and v, denote two different two-component
neutrinos. We assumed the lepton conservation in
each case.!®

In the former case there must be at least one ele-
mentary lepton, and in the latter case at least two.
In view of the weakness of the leptonic interactions,
however, it is very likely that all leptons are elementary.

In order to reduce the number of linearly independent
charges to one, as demanded by experiments, we
perhaps have to introduce very weak interactions that
violate all the conservation laws except for the conser-
vation of charge,'” such as those interactions proposed
by Yamaguchi.’

To conclude, we have seen how useful the W-T
equations are for the discussion of the elementarity of
various particles.
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APPENDIX. CONSTRUCTION OF THE COMPOSITE-
PARTICLE FIELD OPERATORS

In the text a method of constructing a field operator
for a given stable particle has been given by Egs. (3.3)
and (3.4). The field operators constructed in this way
satisfy (1) the Lorentz invariance, (2) the micro-
causality, and (3) the asymptotic condition and hence
the unitarity. The last two properties are clear from
the construction of the field operator ¢, as has been
discussed in reference 7, but the first one may not be
very clear at a glance. It is the purpose of this Appendix
to show the Lorentz invariance of the composite-
particle field operators. Assuming for simplicity that
particles a, b, and ¢ are all spinless, we shall show that
the operator ¢.(x) in Eq. (3.3) does not depend on the
direction of the vector P, the energy-momentum vector
of the composite particle c.

First we study how to carry out the limiting process
in Eq. (3.3). When both the denominator and numerator
have finite limits separately the problem is rather
simple, so let us assume that both are singular at the
origin |[£] — 0. In order to study the nature of the
singularity at the origin we shall appeal to the integral
representation of the Feynman amplitudes.?

The denominator f(£,P) will be expressed by

f(E,P)—— f Bpertg(pP), (Al

2= [(ae (s a($,9) ’
«(p,P f s“f [(? ;_) +s—¢e]N

where N is a certain positive integer. By integration
by parts with respect to s one can reduce the power ¥
to unity, but it is not possible in general to increase
the power N beyond a certain maximum value. From
now on we understand that N always denotes this
maximum value. With the help of the integral repre-
sentation (A.2) one can study the singularity of the
function limg—of (£ P) at the origin |£| =0. They are

an

(A.2)

~ given, respectively, by

(1) N=1 f(&P) =Eli_rgf(£,P)~cx/€2,

(2) N=2 f(§P)~c:In|E|,
(3) N>3 f(& P)~finite.

(A.3)

In the first case the limiting value of the ratio will be
given by the ratio of the following two expressions:

lim& lim <I T[%(’H‘%E), <Pb(x"*£)]]>,
[€]—0 &—0

1 G. C. Wick, Phys. Rev. 96, 1124 (1954); R. E. Cutkosky,
Phys. Rev. 96, 1135 (1954); M. Ida, Progr. Theoret. Phys.
(Kyoto) 23, 1156 (1960). Here we adopted the result of the last
author.
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and
lim & lim f(§,P). (A.4)
| €|—0 £—0

Or, in order to maintain the formal relativistic invari-
ance in an explicit manner we can take the ratio of

lim lim &(| TLea(x+38), es(x—38)]])
[€]—0 £&—0
to
lim lim £2f(¢,P), (ALS)
[€]—0 £—0

where £2=8—g2.
Similarly in the second case we take the ratio of

a

lim lim &—(| TLa(x+38), 0o(x—3£)]])
[E[—0 £—0 0&,

to

a
lim lim £,—f(%,P).
[€]—0 £—0  9E,

(A.6)

The double limiting procedure can be carried out in
the following fashion: Assume the Fourier representa-
tion of a function f(£) to be

1
(2m)*

J©=—— [t este(y); (A7)

then the limit is given by

: 21)4 [os( fora). a9

Therefore, if g(p) has a representation of the type (A.2)
or generally a Feynman type denominator, the problem
is reduced to the evaluation of a Feynman integral.

(1) N=1. Instead of multiplying £ by f(£), one can
apply the differential operator — (9/9p,)? on g(p) and
utilize

AN 1
f a*p (—) = —2in?,
opu/ [(p+a)y+m’—ie]¥
for N=1,

=0’
for N>1.

lim lim f(§)=
[€]—0 £&—0

(A.9)

(2) N=2. The operator £,(8/8%,) on f(£) can be
replaced by (8/3p.)p. on g(p), and one can utilize

f d [ D ] .
d‘p— =2ix?, for N=2,
opul[(p+a)y*+m*—ie ]V

=0, for N>2,
=, for N=1. (A.10)
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For N> 3 we utilize

(A.11)

f a‘p _ - im?
[(p+ap-+A—ic]¥ (N—1)1(A—ie)¥—2

In any case it will be clear that the results no longer
depend on the direction of P but generally only on
P?=—mp2. Thus the independence of the operator
¢.(x) on the choice of the vector P, or in other words
the Lorentz invariance of ¢.(x), has been established.

Perhaps it will be instructive to give a simple example
to illustrate the above statement. Since it is very hard,
however, to illustrate this by a true composite particle
¢, we shall take an elementary particle as ¢. As has been
discussed in reference 7, the formula (3.3) is applicable
to a stable elementary particle as well as to a real
composite particle. So we consider the interaction
between a charged scalar nucleon field ¥ and a neutral
scalar meson field ¢, and we shall check as a simple
example the relation®

O T[¥ (e3¢ (=3¢ (W *(2) 1] 0)conn
(2q0V)Xq| TR GEW*(—3£)1(0)
=(0| TLe(x)¢ (y)¥*(2)]]0),

where |g) is a one-meson state with the energy-mo-
mentum ¢. As a model we shall take the interaction

Hint=g¢*‘//¢7 (A'13)

and check the relation (A.12) in the perturbation

theory.
In the lowest order perturbation theory we get

(gl TLY (x)¢*(3)110)

lim lim
[€]—0 £—0

(A.12)

——i f d5(g] ¢(2) | 0)K.0| TTY (¥ (5) 0(2)]|0)

=i [[aal o] g r(e—)an(—3),

where K,m=[1,—m?, and m is the meson rest mass.
Inserting (g| ¢(2)|0)=e¢"92/(2¢oV)* into the above
equation, one finds

LV *(—1 =__._1:g_ 4
QT EO - 301I0 = K

eikE
X »
[k I — i [ (k—3qy -+ M2 —ie]

where M denotes the nucleon rest mass. This expression
diverges logarithmically at the origin, and therefore

(A.14)

2 Note added in proof. This equation is true only in the lowest
order. In more general cases one applies the Klein-Gordon operator
on the variable x and then puts the momentum canonically con-
julgate to x on the mass shell in order to get the generally valid
relation.
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we shall evaluate the following limit:

9 ‘
lim lim &—(2g0V)Xg| TI¥ GEW*(—26)]10)
[€]-0 &0 3¢,
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Now we use the formula

1
AraHE=bre—li)= = [apay

—ig a eiP(z——u)—{-ipE
= f d— X 5 g’
(2r)t ok, L(p+3P)+M2—ie][(p—5P)*+M?—ic]
X[ ky ] then we find
((B+39*+M2—ie) ((k—39)*+M2—ie) s
2gm lim lim §—Ar@+3i—w)Ar(x—1t—u)
= (A.15)  |E|-0 £—0 9%,
(2m)

This is the coefficient of In| €| at the origin. Next we
evaluate

d
lim lim §,—
|€]—0 £—0 0§,
XO| T (x+3¢* (x— 3¢ (¥ *(2) 1| 0)conn.

In the lowest order perturbation theory this is given by?

O] T[Y (x+-39* (x— ¥ (3)¥*(2) 1| O)oonn

— (—ig [ dudLar (= 0Ar (—FE—0) -

S(Dp (u—v)Ar(y—0)Ap(z—0)

+Ar(y—w)Ar(x—3E—u)Dr(u—0)
XAr(x+3E—v)Ar(z—2v)].  (A.16)

One can check that only the first term contributes
when we take the limits, and we get

lim  lim g(0| 7L+ -- 1| Ohoonn

|]—0 £—0 9&,
= (—ig)? f du lim lim §—
[E]—0 &—0 0,

XAp(a+3E—u)Ar(x—3—u)

X f doD(u—2)Ar(y—0)Ap(a—1). (A7)

2 Ar denotes the nucleon propagator, and Dy refers to the
meson.

)
lim lim £——0|7T- - 1| 0)eonn
[E]—0 £—0 9&,

1 ]
d4P iP(a:-'u)fdtl
(21r)8f ) o
X[ Pu
(G-+3PI+M—ie) (p— 3P+ M —ic)
1

(2m)8
24m? 5
Y (x—u).

|

fd4P eiP(:c—u)z,L‘,’r2

(A.18)

Inserting this result into (A.17), we get

/ 2gm?

(2m)t

(—ig)*

2iw? fd“ Da )
v X—7
(2r)* ’
2gm?

(2m)*

XAF(y—v)AF(z—v)/
—-igfd‘v Dr(x—v)Ar(y—2v)Ar(z—1)

O TLo(x) (y)¢*(2)1]0).

Thus Eq. (A.12) has been verified.

In a similar way the statement on the W-T equations
in Sec. III can be checked in the perturbation theory
when ¢ is an elementary particle.



