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The Serber-Pais charged-scalar strong-coupling method is extended to the two-nucleon system. It is shown
explicitly that whereas the nuclear force depends on the renormalized coupling constant alone at the large
internucleon separations, its dependence on the unrenormalized coupling constant alone becomes increasingly

pronounced as the two nucleons come closer together.

I. INTRODUCTION

HIS work is motivated by our desire to study
explicitly and in a consistent manner the long-
standing conjecture in the charged-scalar strong-
coupling theory that whereas the nuclear force depends
on the renormalized coupling constant alone at the
large internucleon separations, its dependence on the
unrenormalized coupling constant alone becomes in-
creasingly pronounced as the two nucleons come closer
together. If one considers two extreme cases—namely,
the case of very large separations, in which the nuclear
force depends on the renormalized coupling constant
alone, and the case of an exact overlap between the two
nucleons, in which the nuclear force depends on the
unrenormalized coupling constant alone (Chapter III),
one will inevitably arrive at the above conjecture. To
achieve our objective it is necessary to carry out
numerous transformations and to examine various
problems, new and old, which bear physical significance
by their own rights.
In this work we make use of the Serber-Pais method,
a new method in the charged-scalar strong-coupling
theory, which is powerful in the variational procedure
and is particularly suitable for the treatment of the
effects of the quantum mechanical field fluctuations,
Chapter II is devoted to series of the transformations
which will bring into evidence the isobaric energy
spectrum of the system. The fields are then separated
into a static part (of the order of the coupling constant
¢) and a fluctuating part (of the order of g°) so that we
may expand the theory in the ratio of the fluctuating
field and the static field in a strong coupling limit.
Chapter III is devoted to some customary problems,
such as self-energy, nuclear force, and isobaric energy.
It is shown there that the nuclear force, which has the
exchange characteristics at large separations, becomes
isotopic spin-independent at small separations. Finally,
emphasis is given to Chapter IV, in which we study the
normal modes to evaluate the zero-point energy shift
of the meson fields due to the presence of the source
functions. This energy shift of the order of g° combined
with the self-energy terms of the order of g exhibits
explicitly that the dependence of the nuclear force on
the unrenormalized coupling constant alone becomes
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increasingly pronounced as the two nucleons come
closer together.
II. TRANSFORMATIONS

We write the Hamiltonian for two nucleons, 4 and B,
coupled to the charged scalar field as follows:

H=Hmes+Hint, (1)
where
Hon=3 5 f [ (1) + ()b () 1o,
PV (2)
Hiw= (2m)ig 3 f [ (6) 7 Aatbe(T)
+up(t)rpadpe(r) Jdr, a=1,2. (3)

The operator of total charge of the system is given by
T=2+51+745)+5(1+78),

@
3= f L (E)ma(r) — o () (1) Jr.

In the above equations we assume the extended source
model. The Hermitian fields ¢.(r) and their conjugate
momenta m,(r) satisfy the usual commutation relation,

[7a(r),6(r") 1= — iBagd (r—1'). ®)

A feature which distinguishes the Serber-Pais method!
from the customary one lies in the fact that they
introduce in the theory an arbitrary scalar ¢-number
function f, called the “distribution function,” in such
a way that all the transformations are homogeneous in

- f. Since f can be chosen by any suitable criterion, their

method opens a general way for the application of
variational methods. The Serber-Pais method consists
of two distinct sets of transformations. The first one,
which is independent of the value of the coupling
constant or of any nonrelativistic approximations,
represents series of rigorous transformations which
bring into evidence the isobaric energy spectrum. The
second one represents. the transformations which
specifically refer to expansions valid only for the
extended source model and for large values of the

L A. Pais and R. Serber, Phys. Rev. 105, 1636 (1957).
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coupling constant. In the case of a single nucleon they
start with the separation of ¢ and 7 into a “bound”
part and a “free” part (marked by a prime)?:

¢a=¢a'+§ [ 16, wa=wa'+§ [ ©

in which the normalization factor F(=/ f?) has been
so introduced that the bound parts, characterized by
collective coordinates,

1 1
Qa':_' f ¢oc7 sz=_“ f oy (7)
F? d F? f
will satisfy the canonical commutation relation
[Pa,Qs]= —18as. (8)

The transformation (¢,r) — (¢',7") is not exactly
canonical, corresponding to a transition from a com-
plete to an incomplete set of free-meson states; the
latter should be supplemented by bound states gen-
erated by the collective motion:

[ma (1),08' (') 1= —18ag[6 (r—1) = (1/F) f(0) f(x') ). (9)

Note that the primed variables are orthogonal to f and
commute with the P’s and Q’s:

[roi= [ 1m0,

[Paps’ )= [7a',0s]=0. (11)

We now return to the two-nucleon system. In
analogy to Eq. (6) we expand ¢ and = into a “bound”
part and a “free” part (marked by a prime):

(10)

1 1
=¢a +I:;) E[(fA*be)QAa"f—(fB—bfA)QBa]J
(12)
=m —l—i Pao+ 5P ]
Ta=Te +1+bF%[fA 4ot fBPBa),

Hmes = Hmezs’_"% Z [

0

(1+b)2(PAa2+PBa2+2bPAaPBa)

CHUN

where

F=ffA2=ffB2, FAB=ffAfB, b=Fap/F. (13)

The Q’s and P’s are so defined that (PisQ4a),
(PBa,QBa) are independently canonical pairs:

DU ¢ay a™ f oy
l—l—beff S md

I-_b;:f[fft—bfzz]#a,

PAa

PBa_l_;ﬁ f[fB_bfA]Ta: (14)

[Pae,Qa8]=[PBa,QBs]= —10ap. (15)

We require that ¢, and m," be orthogonal to the f’s:

ffA¢a,:ffB¢aI=O, fwaa'=ffB7ra'=0. (16)

The primed variables then commute with the P’s and

Q’s:

[P aads' 1= [PBasps’ 1=[ma',Qas]=[ma",0ps]=0. (17)
Note that the primed variables are not exactly
canonical :

1
[wa'<r>,¢ﬁ'(r'>]=—iaaﬂ[xr—r')—

1-0* F

{4 (0) Fa() o) o)
—b(fa(r)fB(r’)JrfB(r)fA(r’))}]- (18)

In terms of these variables we obtain

+——1—i{ (QA3+QBQ2)((1+1)2) f fut f—2b f f;w2f3)+2QAaQBa((1+b2> f Fac? fa—2b f waf)}

1-5F

_’_______

1
Hin :Hin I+ (2'”)%g
t t ,_.bF

=2'4(Qa1Pa2— Q2P 41)+ (Qp1Ppa—

QBZPBl)-

f (ractta-+15a165)[ (Qa—505) fat (Qsa—50uaa) 57,

[QAa f 6o (fa—bf5)+0na f $u'c?(f3—b1) ” (19)

(20)

1)

2 Where variables of integration are omitted they are understood to be the three dimensional volume element dr.
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Introduce polar coordinates: Instead of using the transformations (22), it is more
convenient to use the new canonical variables:
QA1=QA COSﬂA,

Q4r=Qa sindy, 0=30st0s),  Y=301—0s),
P 41=(cosf4)Pa— (sinf4)Q4*Poa, Py= (Pos+Pop), Py= (Pos—Pog), (24)
P o= (sinf4)P cosf “1Poy,

42= (Sinf) Pt (cosf )07 Poa where (Pg,0) and (Py,¥) are independently canonical
QB1=QB COSGB, (22) pairs:
Oas=Casind, [Pod]=LPyt]=—i. (25)

PBlz (COSOB)PB'— (sin@B)QB_lPeg,
P32= (sinHB)PB—{- (COSBB)QB_'IPOB,
where (P@A,OA), (PBB,BB), (PA,QA), (PB,QB) are in-

Along with the transformations (22) and (24) it is
convenient to change the state vector ® into &', given by

dependently canonical pairs: &' =0 4}QpP. (26)
[Poa0a]=[Posf5]=—1, The operators Hmes, Hint, and =, considered to act on
[P4,Q4]=[P5,Qs]=—1. (23) @, then become

1
Hmes= Hmes,+4
2 (140)

(P304 [(PotPy)*— 11+ Pp*+3057 [ (Po— Py)*— 11}

1
E{—)b cos2Y{ P aPp—31047'Q5 7 +31(Q5 P a+Q4 Pp)+1047'07 (P — P}

1

—|—2 T )b sin2¢{ (Pa+3Q4)Q57 (Po— Py)— (Pp+3iQ5)Q4 (Pot+-Py)}
1 1
+5———<1 b);;{ (02405 )((H—b )ffw f—bewa fB)+2 cosZ\//QAQB((1+b )ffA“’ fB_zbff“’ f)}

+1—bE“QAf[¢1 cos(0+) ¢y’ sin(0+y) Jo?(fa— be)+QBf[¢1 cos(8— ¢)+¢2 sin(d— ¢)]w2(f3‘bfA)}

(27)

[ ur,i_(z_”)* lQ Cras cos(0-H9) s sin0+0)] [ wa(fa=b5a)

int=Hint l_b 7 g Al TA1 TA2 A\J A B

+Qp[ 741 cos(0—y)+ 7142 sin(ﬁ——u,b)]fu,;(fB——bfA)—i-QB[rm cos(0—y)+7pe sin(0—¢)]fu3(f3—bfA)

+Qual751 cos(0+¢)+ 752 sin(9+¢)]f%3(fzi_bf8) }; (28)

2=3'4Py. (29)
The variable 6 can be eliminated from the Hamiltonian by applying the unitary transformation

S1=exp[0(37a3+378:—2")]. (30)

Furthermore, the terms proportional to Q42, Qg?, Q40s, Q4, Qn, P4%, Pg?, PaPg, can be eliminated from the
Hamiltonian through the following transformations:

1 1 1 1
¢ = ¢1'+:5 IT%[(f 4—bfB)Qa+ (fe—bfa)Qs] cosy, ¢"'= ¢2'+—1:7) ;%[(f 4—bfB)Qa— (f3—bf4)Q5] Sin\i, |
31

1 1 1 1
m/'= 1r1'+——1+b E(f 4P 4+ fBPg) cosy, my = 1r2'+1—_;2 B(f 4P s— fpPp) siny,
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which give the following anomalous commutation relations:

[m"<r>,¢1"<r'>3=-i[

[ (1),92" (x') ]= —i[é (r—r

oSy siny
[t (6) " () T= e (1) b () ] = — i

() fa()+f5(0) f5 (") J=bL f4(x) 3 (') + f5(1) fa (r')]}],
(r)fA(r’)+f3(r)f3(r’)]—b[fA(r)fB(r’)+f3(r)fA(r’)]}], (32)

{Lf4(0) fa(0)= f5(0) f5 (") J= b f4(¥) f(x") = f5(x) fa (') ]}

(1—B)F
With these new variables, we obtain
1
Hmesszes/,+g (1+b)ZQA_2[(P0+P|V—%TAS_'%TBS_E/Iy_’ 1]
1
+g (1+b)2QB‘2[(P0“P¢—%TA3—%TBs“E”V—1]
+Z (1+b)2b cos2¢{ — Qa7 'Qp 21 (Qs P4+ Q47 Pp)+Q 4705 [ (Po— 3743~ 5783~ 2" )*—Py* 1}
1 1
+"2' (1+b)zb sin2¢{QB—1(PA+%iQA“1) (Po'—P‘;,—%TAs‘—%TBg'—‘Z”)
—Qa ™ (Pp+3iQ5™ ) (Pot+Py—37a3—378:—2")}, (33)
Hintz Hint”; (34)
Z=Py—37435— 5783, (35)
where
Qa= ffA(¢1 cosy+a,” sinyg), QB——‘——'—ffB(qﬁl" cosy—¢,"’ siny),
1+b Ft 145 F?
Py= 1 5 Fi [(COS\//ffAT1/I+51n¢ffA7r2 ) (COSlﬁffB'ln +Sln1[/ff37rz )], (36)

Pp= Y [(Coslllffmrl —sm\l/ffmrz ) (COS’l/ffAm —SImPffAvrz )]

Following the customary procedure in the strong-
coupling theory, we are going to diagonalize the inter-
action Hamiltonian. Before doing this, however, it is
necessary to discuss more about the distribution
function, f, whose significance was mentioned earlier.
We may greatly narrow down the choices of f if we
try to develop a self-consistent procedure, starting with
that part of the Hamiltonian which is expected to give
the leading contributions for a given region of coupling,
and for that part making a best choice for f. At this
point the choice of f is not unique. For instance, the
choice of f=wu, the source function, will reduce the
theory into the customary one. In this case the inter-
action Hamiltonian (34) will be diagonalized in a
representation in which 74, and 75, are diagonal if we
write Si=exp{i[3743(0+y¥)+Lrp:s(0—¢)—0Z"]} in Eq.
(30). However, the effects of the quantum-mechanical

field fluctuations in this case give the perturbation
series with an expansion parameter 1/g%ua, @ being the
source size. Since the theory is not more singular than
the self-energy singularity (~ 1/a), the perturbation
series will be valid only if the condition g*<1/ke in
addition to the usual condition gZ>>1, is satisfied. The
conventional procedure thus faces serious divergence
difficulties in the limit of vanishing source size.** On
the other hand, it is shown that the choice of f=1, the
self-field, gives results in which the perturbation series
are given in terms of the expansion parameter
(1/¢®) In(1/ka). Furthermore, it is shown that the re-
normalized coupling constant contains terms which have
logarithmic dependence on the source size, and if the

3 H. Nickle and R. Serber, Phys. Rev. 119, 449 (1960).
4 G. Wentzel, Helv. Phys. Acta 13, 269 (1940).
5 G. Wentzel, Helv. Phys. Acta 14, 633 (1941).
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expansion is expressed in terms of the renormalized
coupling constant, then, aside from the self-energy
terms, the theory becomes independent of the source
size.® Here lies the physical significance of the choice of
f=v. Hereafter we will adhere to this choice.

The interaction Hamiltonian can be diagonalized by
rotating the secular components of the nuclear isotopic
spins 743 and 751 to the direction of the vectors S us¢”
and fugpg’, respectively. This is accomplished by a
unitary transformation

52=6XP{2[TA3 tan“1(f“A¢2’,/qu¢1”)
~+ 783 tan‘”‘(f%stﬁz”/fumﬁl“)]}. (37)

The interaction energy is then diagonalized in a repre-

—_ ’” 1 N |
Hmes—Hmes + T
S\ 42

1
Qa4 (Po+Py—2")2—1}+~
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sentation in which 741 and 75, are diagonal:

Hin= 2r)ig(r01.W a+78: W),

wam[(fustr ) +( fuust') ] )
WB=[( f u3¢1")2+( f uB¢2”)T.

Since we are considering the lowest energy states of the
system, we consider only the lower state (ra1=-—1,
rpi=—1). The upper states (ra1=-+41,7:=+1;
rai==1, 7p1="F1), which are separated from the
lower state by the energy gap of the order of g2/a, the
magnitude of the self-energy, have completely different
characteristics from those of the lower state. In this
work we will consider neither the upper states nor the
interference between lower and upper states.
We also obtain

(38)
where

2

N 1 ¢ 21 g . 2
WB2)—§FWA4{ f #4(p1" cosp+oy” simﬁ)} _gFWB‘*{ f up(¢1”’ cosy—gy”’ sm\ﬁ)}

Q5 Y (Py—Py—2")2—1}

8 (14b)> 8 (1—b%)
1
+-2- El-f-b)“’b cos2y-[—3Q47'Q5 '+ (047 Ps+05 ' Pa) +3047'05 {(Po—2")'— Py} ]
1
+5 (1+b)2b sin2¢ - [Q5 (P a+2iQ4) (Po— Py—Z")— Q4 (Pp+1iQs™) (Po+Py—Z")], (40)
2=P0—%TA3_%TB3, (41)

where

N= qu2=fu32, q=qufA=fuBfB.

In Eq. (40) the off-diagonal terms (linear in 743 and
7p3) coupling widely separated states are neglected.

Our next step is to split the field into a quasi-classi-
cally determined self-field (~g) plus a field of free
mesons and fluctuations (~ ¢°) so that we can expand
the theory in the ratio of free field and self-field:

o' =¢1"""+ (va+tvs) cosy,

o' =2+ (va—vg) siny, (42)

where ¢, and ¢," are the fluctuating fields, »4 and
g, the self-fields of nucleon 4 and B, respectively. The
above transformations correspond to a contact
transformation

Sa=exp[ ——if[w”(vA—l-vB) cosy

47’ (v4—vp) siny’] } (43)

The triple-primed variables obey the same commu-
tation relations as those obeyed by the double-primed
variables (32). With these variables, to the order of
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g2, we obtain

1 1
H= (21r)%g(TA1WA+T31WB)+—2- vawsz+5 vawZUB‘i'COSZ‘pvawZUB

17 N N
—I—f(qbl cosy+o simﬁ)wzm-}—f(qsl cosy— ¢y sim//)oﬂvg—l——( + )-{—Hmes
S\W,2 Wpt
4+ (Pob Py 14— (Py— Py—Z)—1
. —2 __.2 2 —_— —2 —_— ._.E —
8(1—|—b)2QA L(Pot+Py ] 8(1+b)2QB [(Py— Py—Z)—1]
1 1
- b cosL— 304705+ (Qu Lot Q5P )+ 304705 (P2 = Py ]
2 (14-b)?
1
+— b sin2¢[ Qp (P a+3iQa™) (Po— Py—2)— Qa (Pp+5i05™) (Pot+Py—2) ], (44)
2 (1+0):

where
2
b

W= ’ [ralrt Gaten) cosy] }+[ [t amwn simﬁ]]
WB2={ f up[ 1+ (v4-+v5) COS!P]F-F{ f up[ 2+ (va—15) sinsb]r,
1 1

QA:——-——(va(vA—{—vB cos2¢) =+ | va(py cosy+os Siniﬁ)]a
1+b VE

1 1
Qs=m %[f'l’z; (vp+v4 COSZ'ﬁ)‘*‘f'UB (¢1 cosy—e2 sin%)]:

V=fv,42=fv32, VAB=vavB.

In thé above equations we omit all the triple primes.
III. SOME OLD PROBLEMS

We are now ready to examine some old problems.*~¢

1. Self-Energy

In the strong-coupling limit, the leading contributions to the Hamiltonian come from the terms quadratic in

the coupling constant:
1 1
Hl= - (27{')%g(WA+WB) +E f‘Z)szvA—f—E vawZ‘Z)B—I—COSZIP' f’l)szi)B

= — g?(I2J24-217T cos2y)+1g2(I+J cos2y), (45)
where

]=47rquw_2uA=41rfqu“2uB=1/a,
(46)

e kR

J=47rquw_2uB=41rfqu"2uA% R

(for R>a).

6 S. M. Dancoff and R. Serber, Phys. Rev. 63, 143 (1943).
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H,; represents the static self-energy and the nuclear
force of the system, whose dependence on the separation
R between the two nucleons comes through J. In the
above equations v4 and vg are determined from the
condition that v4 and vz be chosen so as to minimize
the static part of the Hamiltonian. To the first approxi-
mation we obtain w?,= (27)¥gus and w?vp= (2w)igup
in the limit that (Pos/g)<<1 and (Pog/g)<K1.

For large g, ¢ will adjust itself so as to minimize H;:
(47)

cos2y=1, ¢=0 or m,

and
H,—— —31g2(I+7).

48
(cos2y—1) ( )
When the two nucleons overlap each other exactly,
ie.,, R— 0, J— 1, the self-energy becomes

Hy— —gI=—g"/a, (49)

(R—0)

which is four times as large as in the case of a single
nucleon. Physically this comes about due to the fact
that the coupling constant in this case is effectively
twice as large as in the case of a single nucleon.

The condition cos2y¢=1 corresponds to the “freezing
of the isotopic spin” at small separations. In this case
the nuclear force appearing in (48) through J is isotopic
spin-independent. A question naturally arises at what
separation the “freezing of the isotopic spin” sets in.
This question can be answered in a semiquantitative
way by considering the situation from the other side
of the extreme case of R= o, when the variable ¢ is
completely unspecified. As the two nucleons approach
each other, H in Eq. (45) can be expanded as
Hy=—(g%/2)(I+J cos2y), the term —(g2/2)J cos2y
thus appearing as correction to g? term; a correction
term also appears in the isobaric energy, which, how-
ever, is small down to separations of the order of «~1.
Thus, one may roughly estimate the critical separation
from the relation x/g*=g2J/2, or 2/g*=e¢"*E/xkR.

2. Nuclear Forces at Large Separations

We next consider the case of separations larger than
the critical one discussed above. In this case the
Hamiltonian can be approximated as a sum of the
isobaric terms of the individual nucleon and H;:

2 1
g—g—(l—{—f cos2y)+——(Pe+Py2). (50)
2 4V

It is found that the treatment of — (g2/2)J cos2y as a
perturbation to (1/4V)Py? leads to the exchange forces.
By making use of the unperturbed stationary states
consisting of the symmetric (cosny) and the anti-
symmetric (sinny) isotopic spin states, where # is the
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charge differences between the two nucleons, we obtain
the following characteristics of the nuclear forces: For
n=0 (p-p, or n-n) the perturbation vanishes in first
order. For n=1 (n-p), in the case of deuteron, the
perturbation energies are given as Vp(triplet)=g3J/4
and Vg(singlet)= —g2//4. The factor 1/4 appearing
in the perturbation energies has significant physical
meaning in a sense that g&/4— g2 (g,: renormalized
coupling constant) to the extent that we neglect here
the logarithmic dependence of g, on the source size.
Thus we may write

Ve=g2J, Vsg=—g2J. (51)
The two nucleons thus feel each other through the
renormalized coupling constant at large separations.
The nuclear forces discussed thus far cannot escape
from the usual criticisms that (1) they are independent
of the isotopic spin inside the radius of the critical
separation, and (2) the singlet state is lower than the
triplet state at large separations.

3. Isobaric Energy

Next we consider the region in which the separation
R is of such a magnitude that the Hamiltonian is mini-
mized, to first order, by minimizing the terms pro-
portional to g2 In this region ¢ is in the neighborhood
of 0 or 7, so that cos2y and sin2y may be expanded,
taking only the leading terms in the expansion in the
Hamiltonian. Replacing Q4 and Qg by their equilibrium
value Qo,

1 1
Qo=——

~(V+Vap)=V},
1+6 V2

(52)

we may write the Hamiltonian to the order of g2 as a
sum of the self-energy and the nuclear force Hg,
normal modes H, and isobaric energy Hy:

_H=HS+H0+H1, (53)
where

2

2
Hy= (D) +- ——
2 g2 1+(J/I)?

et (fu) +(fo) ], 59

(Pe—2p—1  1-b
AV AV(HDy

Pguy.

The terms linear in the coupling constant, J (¢1 cosy
+¢osing)w?va and S (@1 cosy—oe sing)w?vp, in Eq.
(44) cancel out exactly by the expansion series generated
by the interaction energy, — (2m)}¢(W 4+W).
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In the above equations (2/¢)I/[14(J/I)?] is a g2
correction to the self-energy and the nuclear force.
The normal modes, Hy, which will be discussed in
detail in the following chapter, diagonalize the free-
field terms of the order of g° in the lower states. The
terms,

1-b

—————P2+g2 Y2,
4V (1+-b)?

in H;y represent the linear harmonic oscillations of ¢
about the “frozen” position. The amplitude of the
oscillation is

ir 2=(1—0) 1} 8r 2w
- [——] r="y=" (s5)

" dlratees

It should be pointed out that our results in this
chapter are consistent with those by Serber and
Dancoff.® However, if we choose f=u#, then ¢, wil
have (1/a)t dependence on the source size. Thus in
this case ., will face physically unreasonable divergence
difficulties in the limit of vanishing source size.

IV. NORMAL MODES

In this chapter we will study the effects of quantum-
mechanical field fluctuations by examining the normal
modes which are chosen to diagonalize the free-field
terms of the order of g° in the Hamiltonian.

The renormalized coupling constant g, is obtained
from the relation g,/g=(N|r_|P), the matrix element
of 7— taken between physical proton and neutron
states.”® To the order of g% g,* is given by?

g@=1ilg+ (2/7) InkA ],

Thus the study of the nuclear force to the order of
g,* requires a thorough knowledge of the terms of the
order of g°

We will restrict our attention here to the region in
which the isotopic spin is completely frozen, i.e.,
cos2¢y=1. Naturally this restriction greatly simplifies
our calculation. In this region the normal modes are
represented by

Ho=Hmes~I—2£}[(qu¢z)2+ (fu3¢2)2]. (57)

The field equations are given by
$a(t)=i[Hopa(r,)], a(rt)=i[Homa(r,)].

Using the anomalous commutation relations (32), we

a=20(1+kA)2.  (56)

(58)

7T. D. Lee, Phys. Rev. 95, 1329 (1954).
8 H. Jahn, Fortschr. Physik 7, 451 (1959).

CHUN

obtain the equations of motion®:

qsl(l',t>=1l'1(l',t), (ﬁ2=72(r,t),
i (ryt) = —wopzd)l (l',l‘),

a(1)8) = — wop b2 (1,1)

Ky
+-‘_[%Aqu¢2+uBfuB¢2]-
I+J

Eliminating 7; and e, we obtain the second-order field
equations:

(59)

qgl (ryl) +w0p2¢’1 (r;t) = 0;

62 (l’,lf) +wop2¢2 (l’,t)
(60)
4

[%Af%A¢2+%Bf%B¢2]=0.
I+J

Thus in this case the 1-field solutions simply represent
the free meson states.

Consider special solutions for the 2-field equations
of the form

Bar) =@ (D), (61)
where ¢ (r) are normalized such that
[ox @on @ar=ae-K). (62)
If we write
1 (1) = (21)% |

and let #y, vx denote the Fourier amplitude of «(r),

o(7):

U=

1 ik.r
) fdr u(r)e=ikr

1
V= fdr v(r)ei T
(2m)?

(64)

Eq. (60) then becomes

4
(wopQ_’w?)(lSkk’:m[uAk’quqS?"f_%Bk’fqun], (65)
I+J

9

wop?=k2—V2  w?=xi4k2
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whose solution is readily obtained as

4 47

(1 —~'Y) (uAk’uA x Uk up_ k)_l'—"YAB(uAk MB—k+MBk'MA—k)
4 I+J I+J

¢xrr=cosd | §(k—k')+ P

I+J 4 2 4r 2 '2—w?
() ()
I+J I+J

4
= COSB[B (k—K)+
I+J

Uk U—x

4
(1 ___,Y) (el(k—k’) R/2+e—z(k—k’) R/2)+_,YAB(ez(k+k') R/2_}_6—z(k+k’) RIZ)
I4+J

1
X P . (66)
60/2_(.02
(i) ()
where
1 g ULV Ak’ 1 g UARVB_1r
o [ I+w'P f ——dk’], Yan= [ J+w?P f Mdk'], (67)
(2m)¥gl2(2m)? w2 ? (2m)tel 2(2m)t o
and

U= fdr U (r)e™E T=1e 0 R2 ypy =

1
fdr up(r)e= ik 1=y etk Ri2,
(2m)? (2m)}

If we expand the fields according to

b= f w);aa<k>+aaf<k>3¢k<«>(r), o= — f Tao(l) = 0. (162 (), 68)

(2/w)?

where a,(k), a.!(k) are the time-dependent annihilation and creation operators satisfying the usual commutation
relations, [@q(k),ast (k") ]=08,p0(k—k’). H, is then written as

Ho= f k[ a:t (k) a1 (k) a5t (K)as (k) Jo-+ AL, (69)

where AE represents the change in the zero-point energy of the 2-field due to the presence of the source functions.
This energy shift is obtained by quantization in a spherical box?®:

1 p* k 1 ® w 0k
AE=—— —dk—ik=—— dk —, d=tan"i[—h(k)], (70)
2rdy  w 2 Jy 1+-7%2 0k

where 8 is the phase shift of the ¢x® (r) solutions.
We are ready now to evaluate AE for few cases of special interest.
Case 1. R=0

This is the case when the two nucleons overlap each other exactly. The solution is a spherically symmetric one
and we need consider S-wave phase shift only. Since yaz=+ and J=1 for R=0, Eq. (66) becomes

4 1 1
»=cosd| 6 (k—Kk')+ U P ], 71
Prxr = COS [ ( ) —I_“ku k[l—(41r/1)'y:| o (71)

from which we obtain the phase shifts:

ba=dn=t [(2 2k)4" ! ] (72)
Ao T M I ey D]



982

Assuming the Yukawa source function

K. W. CHUN

1 1
u(r)= - = e . a=2A(14xA)?, (73)
42y (2m)t [14(AR)Y]
we obtain
1 1 k(24-kA) — A (34 2kA+-12A%) k2 — A%k*
'y=——[[ - ] (74)
47 2 (14-xA)2(14-A22)?
The energy shift AE then becomes
In2 « 4
AE=2[—-——~« ln—«—i—l)]. (75)
mA 2w\ kA

Note that AE in this case is exactly twice as large as the energy shift corresponding to a single nucleon. This is

physically correct since this is g° correction.

Case 2. R —

This is the case when the two nucleons are infinitely far apart from each other, so that we can treat each nucleon"
independently. Obviously AE is then just the sum of the energy shifts of the individual nucleons.

Case 3. R#0, xA <xR<1

In this case we are considering the region in which R is well within the nuclear force range, while it is greater
than the source size a. Since the solution is not spherically symmetric, we should consider higher partial waves in

addition to the S wave.
For the .S wave the phase shifts are given by™

47

(8.4)s=(8p) s=tan™ | (2n2k)——uy®

I+7 dr N\ / 4n 2|’
(1" ‘Y) “( ‘YAB)
I+J I+J

4 4 sinkR
( 1—- 'Y) + YAB
I+J I+J kR

(76)

where, using the Yukawa source function (73), v43 is readily obtained as

coskR

e—xR

1 1 R 1

+€_R'A[

The energy shift AE is obtained by inserting (76) into
(71). The calculations are straightforward, but they
are extremely tedious. Neglecting the finite and non-
essential terms, we finally obtain

(AE) s=2— (J/2)[ (2/7) (InkA—1nkR)].

We pointed out previously that only the .S wave is
involved in this problem for two extreme cases (i.e.,
R=0 and R= «). Consequently, any contributions to
the energy shift AE coming from the higher partial
waves should vanish as R— 0 and R — oo, a situation
which prompts one to assume that the higher partial
waves play only a minor role in this problem. A careful
study indeed shows that their contribution to the energy
shift is finite and nonessential, so that we may neglect
them in this problem.!

1 1
'YAB_—'_{ ]+—[
arl”  RLOAHA222  (1—i2A2)

(78)
10 K. A. Brueckner, Phys. Rev. 89, 834 (1953).

11 The energy shift due to the higher partial waves is represented
by the series of integral equations of the form

+ - .
(1—i2A2? (1A% 24 \1—x2A2 1—A2k2)m "

We may then write the Hamiltonian to the order of

gas
g J 2
= -—~—I~—(4g,2—— anR)
2 2 T

2 J 2 A
= ——I———(g2+— In—}).
2 2 T R

(79)

The implication of the above equation is obvious and
significant. The nuclear force expressed in terms of the

1 dx (22 2R2) 271
R ), a*+ho[an sinx/x+by cosx ]

x[—{<n+1)an+bnx2}s¥+{an—nbn} coss |,

where a, and b, are finite constants (a, sinx/x+b, cos¥0), » is
a positive integer (27£0); ho has very weak dependence on % and
R, varying slowly from a positive definite at £=0 to 0 at k= .
Obviously the above integral equation is convergent, yielding a
finite and nonessential result for this problem.
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renormalized coupling constant is explicitly independent
of the source size. However, as the two nucleons come
closer together, the In(A/R) term approaches zero, and
the dependence of the nuclear force on the unrenor-
malized coupling constant alone becomes increasingly
pronounced. This situation is analogous to the case of
the quantum electrodynamics in which two electrons
see each other through renormalized charges at the
large separations, while, as they approach each other,
they gradually feel the unrenormalized (bare) charges.

V. CONCLUSION

This work achieves its main objective in that it
proves explicitly the conjecture that the dependence of
the nuclear force on the unrenormalized coupling con-
stant alone becomes increasingly pronounced as the
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two nucleons come closer together. For this purpose the
Serber-Pais method turns out to be both powerful and
consistent. One can expand the Hamiltonian to any
desired order in the coupling constant through a series
of unitary transformations, and then one may ask an
interesting question of whether our conclusion, valid
for the most significant terms, which are of order g2,
is also valid to all orders in g,. The answer to this
question requires some tedious calculations in a most
systematic way. It is our feeling that our conclusion is
also valid to higher order terms in g,.
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Construction of Unitary Scattering Amplitudes*

R. BLANKENBECLER
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(Received December 22, 1960)

A general linear technique is discussed which constructs unitary scattering amplitudes without expanding
in partial waves and in the presence of inelastic channels. Two- and three-particle intermediate states are
discussed explicitly, but the method can be extended directly to any finite number of particles.

A new approximation technique suggested by this formalism is applied to electroproduction of pions
from pions and pion-K-meson scattering. A form of the impulse approximation is derived for both the
coupled form factor and the coupled scattering amplitude problems. The nucleon and deuteron form factor

system is briefly discussed.

Finally, a model field theory which contains three-particle intermediate states is formulated and solved

by the linear technique for purely pedagogical reasons.

I. INTRODUCTION

HE conjecture of Mandelstam! concerning the

analytical structure of the scattering amplitude
has led to considerable insight into the interrelation of
the various strong interactions. This representation
has been verified in perturbation theory by Eden? and
Polkinghorne.? The work of Chew and Mandelstam®
on the low-energy pion-pion system utilized this
analyticity together with unitarity in the form of an
expansion in partial waves to develop a set of dy-
namical equations for the determination of the scat-
tering amplitude. This program has met with diffi-
culties, not the least of which is the fact that the
partial-wave expansion cannot converge along the
negative cut, and if the series is terminated beyond S
waves, false divergences are introduced into the equa-
tions. In order to make progress here, one must evi-
dently learn how to calculate the inelastic contributions.

* This work was supported in part by the U. S. Air Force
Office of Scientific Research.
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