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<tf(-*o>o=i+E(-*On 

On the other hand, if we insert (2.3) into (A2) we get Since both (A5) and (A6) are convergent in the 
neighborhood defined, the coefficients of (—gt)n can be 

^ _ J _ J L v ^ ^ ! ! equated to yield 
.nl 2\ ai+a^n a\\ a2\ a.n=Sn. (A7) 

o n We therefore can conclude that (A6) and at the same 
_) I (A5) time (2.12) is absolutely convergent. This justifies the 

nl J change of order of summation following (2.12). 
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The problem of the generation of a changing magnetic field due to the interaction of a fast particle with a 
magnetic medium is studied. This combined Cerenkov-spin wave effect is shown to give rise to a "ringing" of 
the spin system under certain conditions of frequency and angle of observation, at least within an approxi­
mate evaluation of the general Green's function for the problem. Some striking differences from the usual 
Cerenkov effect are discussed and possibilities of using this effect as a neutral magnetic moment detector or a? 
a probe of magnetic materials are mentioned briefly. 

I. INTRODUCTION 

CONSIDER the lecture-demonstration apparatus 
consisting of a two-dimensional array of compass 

needles suspended on pins, over which one passes a bar 
magnet. Then the short-range magnetic forces between 
the bar magnet and individual needles, combined with 
the interaction of the needles among themselves, gives 
rise to waves of motion of the needles, which could be 
used, for example, as a signal that a bar-magnet passed 
by.1 

In the above demonstration, the waves are short 
ranged, and the oscillations rapidly die out. However, if 
we consider the microscopic problem of a point magnetic 
dipole moving through a nonmagnetic medium, we 
would expect a long-range effect, namely Cerenkov 
radiation,2 although the intensity would be very low. 
Now the question arises, would it not be possible to have 
the best of both cases, namely, the long-range Cerenkov 
radiation, and a reasonably large magnetic field change 
due to cooperative waves in a magnetic material? In 
other words, could not, at least at certain angles, the 
magnetic fields in Cerenkov radiation generate spin 
waves, which in turn give changing magnetic fields, etc., 
so that the combined particle-spin system "rings"? 

In order to answer these questions, we must study the 

* Supported in part by a National Science Foundation grant. 
1 Playing with this simple device shows the marked dependence 

of the amplitude of the waves on the velocity and orientation of the 
little magnet. (The magnet had better not be big, or the needles 
jump off their pins.) 

2 See W. K. H. Panofsky and M. Phillips, Classical Electricity 
and Magnetism (Addison-Wesley Publishing Company, Inc., 
Reading, Massachusetts, 1955), Chap. 19, particularly problem 8 
on p. 313. 

equations for the radiation field, and for the spin sybtem 
for magnetic materials. In Sec. II we write the separate 
Maxwell and spin-wave equations in a form convenient 
for obtaining their joint solutions. In Sec. I l l we 
formally solve these equations for arbitrary external 
sources, and see to what the intuitive feeling expressed 
in the above question corresponds. In Sec. IV we give an 
approximate evaluation of the complete Green's func­
tion for the problem, while in Sec. V we consider special 
cases of this approximate Green's function and look at 
the possibilities, in this approximation, for "ringing" the 
system. We also consider certain other effects which 
arise in this problem and which are different from the 
usual radiation in nonmagnetic materials. In Sec. VI we 
consider the special cases of point charges and magnetic 
moments, while finally in Sec. VII we summarize the 
results and consider some applications of these effects. 

II. THE MAXWELL EQUATIONS AND THE 
SPIN-WAVE EQUATION 

Consider a general medium of dielectric constant e 
and conductivity a, in which there may be a net mag­
netization and through which an external electric charge 
current jo moves. Then Maxwell's equations giving the 
electric and magnetic fields,2 

r . D = 0 , V-B=0, 

VXE=-dB/dt, VXH=j+dD/&, (1) 

are to oe combined with 

D=eE, j = jo+<rE, (2) 
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and in particular with 

H=B/ M o- • M , (3) 

to give the equation governing the change in magnetic 
field: 

V2H-
Idt €J 

aldR 

dt 

Vd criaM 
= -VXjo+e/xo - + - V(V-M). (4) 

Idt eJ dt 

If, more generally, there is also an external magnetic 
moment current Mext, then the last term in Eq. (4) can 
be replaced by J, where 

J = - V X j o + € / z 0 ( - + ~ ) V(V-Moxt). (5) 
dt 

In magnetic materials, the link is provided by Eq. (3) 
to the equation which governs the magnetization,3 the 
spin-wave equation: 

dM/dt= ( 3 ) / M o ) M X V 2 M + T M x H 
+ (a/Mo)MX(dM/dt). (6) 

In Eq. (6), we have assumed a uniform net magnetiza­
tion Mo when there are no currents J. The constants £>, 
ce, and y are, respectively, the exchange constant,4 the 
damping constant,6 and the gyromagnetic ratio. 

The two equations (4) and (6) are to be solved 
simultaneously, subject to the existence of a constant, 
uniform magnetic field Ho and magnetization Mo when 
there are no external currents J. We take Ho and Mo 
along the x axis (Mo may point in the negative x 
direction). 

We now Fourier-analyze the equations, with the 
convention 

changing M and H are kept, Eq. (6) becomes 

(&23D+coo)cos2?2—icocosHy 
Mz(k,a)) = 

My(k,oo)--

(&2£>+co0)2-co2 

(k2 <£)-{-co o) oo SHy-\-i(jooosHz (10) 

(&2£>+coo)2-co2 

Mx(k,u)^O(M\MH)^0. 

In Eqs. (10), 
COO~OOQ ~\-iaco = yHo~\-i(xoo, 

oos=yMo. ( i i ) 

Equations (10) may be written very neatly if, for a 
vector quantity A(k,co), we define the particular combi­
nations of components 

A±^Az±.iAy. (12) 

Then Eqs. (10) become 

[_(k2<D-\-ooo)oos
:T:oooos~] 

M±= H±, (13) 
(k2£>+ooo)2-a>2 

or, more succinctly, 

M^(ccs/D±)H±. (14) 

Here, the denominator D± is not a combination of vector 
components, but is defined as 

£>±=&23>|-wo±co. (15) 

(r,0=(2^)-2J; A(t,t) = A(k,oo) expp(k>r-coO]. (7) 

Equation (4) becomes (with c = 1 for convenience) 

(~&2+w2co2)H(k,co) 

= J(k,co)-^2co2M(k,co)+k[k-M(k,co)], (8) 
where 

n2=eixo(l+-). (9) 

In component form, in which only terms linear in the 
3 See R. F. Soohoo, Phys. Rev. 120, 1978 (1960). We would like 

to thank Dr. Soohoo for sending us the results of his investigation 
prior to publication. The literature on spin waves is very extensive, 
and we refer only to the recent review by J. Van Kranendonk and 
J. H. Van Vleck, Revs. Modern Phys. 30, 1 (1958). 

4 See, for example, C. Kittel, Phys. Rev. 110, 1295 (1958). 
5 See, for example, H. Suhl, Proc. Inst. Radio Engrs. 44, 1270 

(1956). 

(No confusion is likely to arise in practice.) 
Using the last of Eqs. (10) and the definition Eq. (12), 

we set 
k • M = \ (k+M-+k-M+), (16) 

so that Eq. (4) may be written 
Maxwell: 

(-k2+nW)H± 

= J±-n2oo2M±+^k±(k+M-+k^M+), (17) 

Equations (13) and (17) are then the equations whose 
joint solutions we seek. 

III. COMBINED SPIN-MAXWELL EQUATIONS 

Before proceeding to combine Eqs. (13) and (17), we 
point out what corresponds to the intuitive feelings 
about "ringing" the system expressed in the introduc­
tion. If we start to solve Eqs. (13) and (17) by iteration, 
then the zeroth approximation to solution of Eq. (17) 
will be 

#±<°> (k,co) = J±(k,oo)/(-k2+n2oo2). (18) 

As we will see in Sec. VI, this is just the usual radiation 
from a current, and for point particles gives the 
Cerenkov radiation. If we use this approximation in 
Eq. (13) ("driving" the spin system with the Cerenkov 
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radiat ion) , then the resulting change in magnetization is 

ccs J±(k,oo) 
M±™ (k,co) = • . (19) 

(-k2+n2a>2) D± 

If, now, this is pu t back in Eq. (17), then the "r inging" 
will occur in the " radia t ive" (i.e., k2=n2oo2) mode for H-
when 

D-\ *•= nW=0=nW£>+a>0-u. (20) 

Since ^2co2£> is small (^10~3 in the kMc/sec region) the 
resonant frequency co is almost coo. While the above 
iterative treatment of the spin-Maxwell system of 
equations is intuitively appealing and makes more 
plausible the original conjecture, as we will see below it 
is very misleading and should not be taken too seriously. 

We now return to combining Eqs. (13) and (17); by 
straightforward algebra, we get 

H±<M = [A(k,w)]-1[A± ± /±+A± T /T] , (21) 

where the denominator A is 

A(k,o>)= {D+D-./(a*)(-&+nW)* 
+ C(Z?++JD_)/«.](- k'+nW) 

X (-%k+k-+nW)+nW(-k+k-+nW). (22) 

The numerators are 

A± ±(k^)=(Z?± /«.)[(aF /«.) 
X ( - # + » W ) + » V - 4 M J , (23) 

and 
A±T(k,oo) = Uk±)2D±/us. (24) 

These functions depend on the magnitude of k and also 
on the directions of k through the k+k- and (k±)2; if the 
angles of k relative to the external axis, Ho, are dkx, <Pkxy 
then 

k+k-=k2 sin26kx, 

(k±)2= (±)k2 sm26kx exp[=F (2i<pkx)J (25) 

In order to put the complete answer, Eq. (21), in a 
form which makes the Cerenkov-like behavior obvious, 
we invert the momentum part of the Fourier transform 
according to Eq. (7). Then we get 

ff±(r,co) = JrfV{G±±(r,r '; co)/±(r',co) 

+G±T(tS;co)JT(r',a>)}. (26) 

In this form, the Green's functions G . (r,r'; co) are given 
by 

G...(r,r'; co)- (2TT)-3 fdfik exppk- ( r ' - r ) ] 

XA...(k,co)/A(k,co). (27) 

In Eq. (27), the numerators A...(k,co) may be pulled out 
of the integral, and in the usual2 way replaced by the 

appropriate differential operators. Thus, 

G...(r,r'; «) = (27r)-3A...(-A7p, co) 

X fd*k exp (ik • Q)/A (k,co), (28) 

where we define 
9= r ' - r . (29) 

We are really interested, therefore, in a "reduced" 
Green's function 

= (2TT)-3 fd*k exp(&. p)/A(k,o>), (30) 

where we have indicated explicitly that g depends on the 
angles ®px, $px of the vector p relative to the given 
external axis defined by Ho. 

IV. EVALUATION OF THE REDUCED 
GREEN'S FUNCTION 

The evaluation of the integral in Eq. (30) depends, of 
course, on the functional dependence of A on k. We re­
write the expression for A of Eq. (22) in a different form 
[using the first of Eqs. (25)] as 

A(k,w) = JFi(*2)+F2(*2)/(^p^*p;0p„*ps), (31) 

where 6kp and <pkp are the angles of k relative to p.6 In 
particular, we choose the function / to be 

/=COS20£*=[cOS0fcp COS@pa; 

+smOkP sin@piC cos(<pkp—$p J 2 . (32) 

For reference, then, 

F1(k
2)=(D+D^2)(-k2+n2^)2 

+ t(D++DJ)/a>s-](-k2+n2a>2) 
X (-^2+^2co2)+/z2co2(-^2+^2co2), (33) 

and 

F2(*
2) = [(Z>++Z>_)/«J(-*2+»V)(iA2)+»V. (34) 

In this form, we are interested in 

g= (2w)~z I k2dkd(cosdkp)d<pkp 

?ihp9kp 

X-
W + f i ( W » » w , i 0 w * ^ 

, (35) 

As it stands, the integrals in Eq . (35) are too compli­
cated to perform. However, the form of the function / i s 
such tha t when 6kp is 0 or w, 

f(0,<PkP; ®px^px) = f(ir,<PkP) ®Px,$px) = cos2©pa;, (36) 
6 This choice simplifies the exponent. The other obvious choice, 

of measuring the angles of k from Ho, simplifies A somewhat, but 
complicates the exponent. 
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and is independent of cpkp (and of $px). This makes 
possible the usual7 integration by parts for such Green's 
functions in order to get a series in powers of l/p. We 
show in Appendix I that the first term of such an ex­
pansion is given by 

1 4 eikip[ 
g(p,@pa;;co)=— J] — 

47T i=± p 

k2~ki2 

lA(k2,®px;a))\k2=k } (37) 

(Note that g, in this approximation, does not depend on 
<£pa>) In Eq. (37), the four hi are the four zeroes of the 
equation 

A(&2,0p,;co)=:O, (38) 

which lie in the upper-half of the complex h plane. Re­
ferring to Eqs. (22) and (15), we see that Eq. (38) is a 
fourth-order equation in k2. (See also Soohoo, reference 
3.) The important point here is that, in this approxima­
tion, the A in Eq. (37) is the same function as that in 
Eq. (22), except that the angle is now the polar angle 
between the vector 9 and Ho. 

Putting this approximation for the reduced Green's 
function in Eq. (28), we get 

G...(p,@p*;«) = 
1 4 

= — E [A...(-*Vp;wy*'/p] 
4TT *=I 

X 
k2—ki2 I 

LA(k2,®px](a)\k*--JciU 

(39) 

Now, when we put the G... in Eq. (26), and we look at 
the fields for large distances r, we use the usual2 ap­
proximations 

(l/p) - (l/r), 
r—>oo 

exp(ikip) •—» exp(z^r) exp(—iki-r'), 
(40) 

where the vector k4- is in the direction of observation, r, 
and 

ki=kif. (41) 

An important simplification in this limit, in the same 
spirit as Eq. (41), is 

P) —> <H) (42) 

so that the angle in the denominator of Eq. (39) be­
comes the polar angle %rx of the direction of observation 
relative to the external magnetic field Ho. 

Also, when we look at Eq. (39) for large r, we replace 
the differential operators (—iV p) in A... by the corre­
sponding operators (—iVr). But we can go even further: 
since we only want the terms in l/r, we restrict these 
differential operators to act only on the exponential 

7 J. Sucher, "Lectures on Relativistic Quantum Mechanics, 
Volume 1," University of Maryland Physics Department Tech­
nical Report No. 192, p. 22 (unpublished). 

factor.8 This has the practical effect of recovering the 
explicit forms for the A... of Eqs. (23) and (24), where 
now we have replaced the k2, k+k-, etc., in those two 
equations by hi2, ki+ki-, etc. [In other words, k—>ka, 
where k; is defined in Eq. (41).] 

If we define some two-dimensional matrices by 

and 

(A) 
_ /A++ A+_\ 

\A_+ A__/ ' 

(43) 

(44) 

(45) 

we can put the results of all the above approximations 
and manipulations in the form 

(H(r,a,))= Z — , „ ^ ' I (A(k„co)) 
*=i 47rrLA(^2,(y rcc; <a)\k*=*kiU 

xfdV e x p ( - & r r') ( 7 ( r » ) . (46) 

This is the desired approximate solution of the problem. 

V. FUNCTION A(/e2,8ra;o)) 

The behavior of the magnetic fields as a function of 
the frequency co depends on the residues of the reduced 
Green's functions, i.e., on the A(k2,®rx', co) in Eq. (46).9 

In this section we consider some special properties of 
this function, which properties will be independent of 
the external currents J. 

We rewrite A in the form 

A(£2,©;o0 
= (D+D-/a>s

2)(-k2+n2a>2)2 

+[(Z)++Z)_)/wJ(~^2+^V)(--^sin2©+^co2) 
+^2co2(-&2 sin2@+^2co2). (47) 

(a) Then it is clear that the "radiative pole"-
(—k2Jm2o)2) which we encountered in the iterative 
solution of Eqs. (18) and (19), contrary to what might 
be expected, is not present in general. Rather, from Eq. 
(47) it can only be present, and contribute one of the 
modes hi in Eq. (46), when we observe at right angles 

8 For the explicit term in l/p2, Eq. (A. 12), one can use the 
Riemann-Lebesgue theorem, or its extension by Hobson to show 
that the integrals themselves will go asymptotically to zero as 
p —> 00. [See E. C. Titchmarsh, Introduction to the Theory of 
Fourier Integrals (Clarendon Press, Oxford, 1948), 2nd ed.] The 
two theorems are on p. 11 and p. 238, respectively. Even more 
powerful theorems concerning the asymptotic behavior of Fourier 
transforms are proven in S. Bochner and K. Chandrasekharan, 
Fourier Transforms (Princeton University Press, Princeton, New 
Jersey, 1949), p. 31. 

9 Some of the results in this section were independently arrived 
at by Soohoo (see reference 3 above). 
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to the applied field, i.e., ©r*=90°. [We will see in the 
next section that for this mode, and this angle, the 
various numerators in Eq. (46) vanish for point charges 
or point magnetic moments J 

(b) Next we point out that the "magnetostatic 
mode"10 where one of the ki=0, occurs in Eq. (47) when 

[(coo2-co2)/co s
2+2co0/Ws+l](^V)2-0, (48) 

or 
oo2=(ooo+aos)

2. (49) 

Since GO is real, referring to Eq. (11), the presence of this 
mode, wherein the whole spin system moves as a unit, 
requires that the damping constant a be zero, and is 
independent of the value of the exchange constant 3D. 

We now go on to consider the possibility of "ringing" 
the system. What this corresponds to in the complete 
solution of Eq. (46) is having one of the factors in the 
square bracket get very large. In other words, for some 
one of the modes ki, we look for the possibility of 

(A 2 -* / 8 ) - ^^ 2 ,© , . , ; ^ ) 1****^=0, (50) 

for some value of the frequency GO, which we might call 
the resonant frequency.11 

(c) If we consider the special case of @ rx=0°, then 
from Eq. (47), the function A factors into (k+ = k- = 0): 

A(£2,0°;co) 
= l(Djoos)(-k

2+n2ao2)+n2oo2~] 

X[(D-/us)(-k
2+n2oo2)+n2Go2~] 

= (oos
2/D+DJ)A++(k2,0°; co)A__(£2,0°; GO), (51) 

and the solution, Eq. (46), reduces to 

1 2 eikirr 

ff±(o°)=- E — (*2-W) 
4 T *±=I r L 

D±/oos I 1 
X 

{ (D±/oos) (~k2+n2oo2)+n2oo2} | **=*,-»J 

X fdV e x p ( - & r r ' ) / ± ( r » . (52) 

Because A factors, [Eq. (51)], the sum over modes in 
Eq. (52) for H± is restricted to those two h? which solve 

(D±/oos) (~k2+n2ao2)+n2oo2 = 0, (53) 

respectively.12 Thus, the four modes of propagation are 

10 L. R. Walker, Phys. Rev. 105, 390 (1957); J. Appl. Phys. 29, 
318 (1958). 

11 Actually, what we call here resonant frequencies really corre­
spond, in Soohoo's language (reference 3) to double zeroes of the 
fourth-order secular determinant for ki2, i.e., double zeroes of Eq. 
(38). Or, they are double poles in the reduced Green's function, 
Eq. (35), for particular angles Srx and for particular frequencies co. 

12 The other two modes give zero from the (k2—ki2) factor in 
Eq. (52). 

given by 

fe *£=§[wV£>-- (co0±co)] 

± H [ ^ V 3 ) - ( c o 0 ± c o ) ] 2 

+4»V3)(coo+«8dz«)}*. (54) 

Since, in the region of interest, n2oo2S) is small, we may 
approximate these roots by 

ki±2~-(coo±ai)/£>, (55) 
and 

[COO + 0)S±W"| 
. (56) 

GOO±GO J 

Consider first the modes for H+, ki+
2, and &2+

2. If we 
set the damping constant a = 0 and the conductivity 
o-=0 in Eq. (11) for simplicity, then ooo and n are real 
and positive. Then, ki+

2 is negative and this mode gives 
a decaying exponential in Eq. (52), so is of no further 
interest. The mode &2+

2 is real, positive, and almost 
"radiative." The condition for "ringing" in this mode 
(or any mode in this special case) is when the square 
root in Eq. (54) vanishes, so for H+ we need 

[ > V £ > - (coo+co)]2+4^V^(co0+cos+co) = 0. (57+) 

If GOS is positive, this is never accomplished for real GO. If 
cos<0 (i.e., Mo points along the negative x direction, Ho 
along the positive x direction), then there is a positive, 
real solution of Eq. (57+) , but only for very large GO 
(due to the smallness of 3D). 

The case for H- is more interesting. For co<coo, ki-2 

corresponds again to a decaying exponential in Eq. (52), 
and the analysis for &2_2 is much the same as above for 
&2+

2. For GO>GOO, however, both modes become normal 
propagation modes, and now the condition for ringing, 
Eq. (57+), becomes for ZL. 

[ > V £ > - (uo~oo)J+4n2oo2£>(ooo+oos-oo) = 0. ( 5 7 - ) 

Again for cos>0, no resonant frequency is found in the 
region of interest, but for a>s<0, we get such a frequency 
where (to order 3)) 

(co~-wo)2^4^W33|cos|. (58) 

(This is the condition for either mode, &i_ or &2_.) 
Thus, when we observe along the direction of Ho, and 

look at the polarization J?_, we expect from Eq. (52) a 
very rapidly varying and large response in the frequency 
range around OOQ given by Eq. (58). 

(d) Next consider the other angle of special interest, 
© r x =90° . Then A becomes 

A(£2,90°;co) 
= (-k2+n2a2){(D+D^/u2)(-k2+n2oo2) 

+ Z(D++DJ)/cos'](~ik2+n2Go2)+n2oo2}. (59) 

Thus the "radiative mode" (—k2+n2oo2) appears ex­
plicitly, as discussed in (a) above. For this mode, the 
residues or denominators in square brackets in Eq. (46) 
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go through zero (for real co0) when 

^2co2£>+co0+cos = 0. (60) 

We get a magnetostatic solution (co = 0=&) when 
(coo+cos) is zero [see (b) above], and we get a resonance 
when cos<0. We do not pursue this "radiative mode" 
further for reasons, pointed out in passing in (a) above, 
which we will discuss in the next section. 

For the other modes, we set the curly bracket in 
Eq. (59) equal to zero and solve for ki2, To approximate 
this, we ignore the term in £)2 from D+D-, and get 

[ (coo 2 -o) 2 ) /co s
2 ] (~^ 2+nV) 

+ C ( ^ 2 3 D + c o o ) M ] ( - ^ 2 + 2 ^ 2 c o 2 ) + ^ V = 0 . (61) 

The roots are given by 

k?$>= - J[(coo2-co2+co0cos)/ws-2^2co22D] 
± i { [ ( ^o 2 -co 2 +co 0 co s ) /o ; s -2nV3D] 2 

+ (4^2co2^/Ws)[(coo+cos)2-co2]} l (62) 

Expanding the square root, the modes are given to 
lowest order in 33 by 

^1
2^[co2-co0(coo+cos)]/cosX), (63) 

[ co2— (co0+cos)
2 "I 

L (64) 
co2—coo(coo+cos)J 

and, of course, from inspection of Eq. (59), 

h2=n2cc2. (65) 

Once again we will "ring" the system when the square 
root in Eq. (62) vanishes, which occurs when (to 
order £>) 

[(coo2-co2+coocos)/cos]
2^-4^2co2aD(coo+cos). (66) 

This can only occur when 

cos<0; [cos|>coo. (67) 

Then the resonant frequencies co are given by 

co= |cos|^[a)(|cos| —coo)]1 

± £ ( k l -coo)(^2cos
23)-coo)]s (68) 

and are only real and positive (assuming again a = t r=0 
for simplicity) when 

0<coo</*2cos
2£>, (69) 

which is an impractically small range. 
Therefore, at ©rx=90°, the three modes are not of 

interest: The "radiative" mode we will see gives no 
contribution; the other two modes Eqs. (64) and (65), 
while they are proper modes of radiation for the condi­
tions of Eq. (68), do not show the resonance behavior 
under realistic circumstances. 

VI. PARTICULAR CURRENTS 

We consider here only currents consisting of point 
charged particles, or point particles with a magnetic 
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moment. Before proceeding to consider such currents in 
our general magnetic medium, we review briefly the 
usual Cerenkov effect as a special case of our problem. 

I t must be true, of course, that in the limit where our 
medium becomes nonmagnetic, we should recover the 
usual Cerenkov effect for point particles. We do indeed 
recover this result, as we shall see, from either of two 
directions. (In what follows, we generally imply, for 
clarity, that a = a=0.) 

The limit of the medium becoming nonmagnetic 
corresponds to the limit of cos—>0 in our equations. 
Then in the complete algebraic solution of our problem, 
Eq. (21), we see that 

ff±(k,«) - > / ± ( k , co ) / ( -F+w 2 co 2 ) , (70) 
o)S->0 

since 
A(k,w) -> (2?+I>_/».8) ( - * * + » V ) 2 , (71) 

A±±(k,co) - • ( £ ± 2 V w s
2 ) ( - & 2 + « V ) , (72) 

Ws-X) 

and 
A± q F(k,w) - > Hk^DJa.. (73) 

o>s->0 

Equation (70) is, of course, just the solution of Maxwell's 
equation (17) with no magnetic material, and will be 
shown below to give the usual Cerenkov effect. 

The other approach is to take the limit cos —> 0 in the 
approximate solution in r space, Eq. (46). Then from 
Eq. (71) in this limit the four modes ki are found from 
the equation 

D+D-(-k2+n2a?)2=0. (74) 

However, from Eqs. (72) and (73) it is clear that three 
of these modes give zero contribution in Eq. (46), and 
we are left with the "radiative mode," so that Eq. (46) 
becomes 

ff±(r,<o) -> — f d V < r * - " / ± ( r » , (75) 
65s^° 47r r J 

where 
k = no). (76) 

This is just the inverse transform13 of Eq. (70). The fact 
that we arrive at the same (correct) result via either the 
complete solution Eq. (21), or the approximate solution 
Eq. (46) gives us some confidence that the terms neg­
lected in arriving at the approximate solution (see 
Appendix I) do not change our qualitative results. 

Since the effects considered in the previous section are 
mostly independent of the currents^J, and are therefore 
just superimposed on the usual Cerenkov effect, we 
write down the rest of the derivation of the Cerenkov 
effect2 for later reference. Using Eq. (75) [or actually, 
since the components are now uncoupled, the same 
equation for the vector components of H(r,co)], and the 
definition of J, Eq. (5), for a current due to an external 

13 Poles on the real k axis are handled by the usual limiting 
procedure (see reference 7) of adding an imaginary part, inte­
grating by contours, and then letting the imaginary part go to 
zero. 
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charge, we have 
jo(r,t) = evd(t—Yt)9 

J(r ,0 = -VXjo ( r , 0 . (77) 
Write 

8(t-vt) = 82(tl)8(r-v-vt), (78) 

where 52(rx) is the two-dimensional 8 function for those 
two components of the vector r perpendicular to the 
velocity v and v is the unit vector in the direction of the 
velocity. Then 

jo(r,a>)= (2ir)-* fdt e*»%(t,t) 

= (2w)~hv82 (tx) expp (<a/v) r • #]. (79) 

Integrating Eq. (75) by parts, we get 

H( r ,« )= (-i/hr)(eihr/r)ekXt fdWd(t"v) 

Xe-v-t'dibx) expp(coA)r'-z)], (80) 

where we define 
h=ncof, 

f^fXv. (81) 
Finally, then 

H ( r ^ ) = ( - f / 2 ( 2 * ) * ) 

X (eikr/r)fLno> $md8(oj/v-na) cosfl), (82) 

where the angle 6 is defined by 

f"d=cosd. (S3) 

The 8 function in Eq. (82) is, essentially, the Cerenkov-
effect cone of radiation from a particle moving in a 
medium of index of refraction n with velocity v greater 
than the velocity of light in that medium, c/n. Finding 
the radiated intensity from Eq. (S3) as usual, we get for 
the number N of photons emitted per unit path length L 
in an interval of frequency dco, 

8N/8L= (1/137) (1 -c2/n2v2)da>/c, (84) 

so that, in the region of frequencies of interest here 
(kMc/sec), the number of photons emitted per centime­
ter is quite small (~10~2). 

We now proceed to look at the case of magnetic 
materials, and of a current 7±(r',co) in Eq. (46) due to 
point charges or point magnetic moments. We show 
first, what was mentioned in passing in Sec. V, that the 
magnetic fields H± will vanish for © ra?=90° in the 
"radiative mode," k2=n2co2. 

Considering a charge, from Eq. (77) and integrating 
by parts in Eq. (46), we get 

fd¥ exp(-iki- r')/±(r',co) 

= —i(2w)h8(oo/v—kj-v)£dzkxv±lzk:tvx]\ic==ki. (S5) 

If ki2=n2o)2, then at @ra;= 90°(£<*=()) from Eqs. (23), 
(24), and (25) 

A±±(90°) | *t- = n« = (D±/a)s)ik+k-\ fc^nV, 

A±T(90°) I *<-»«=i(^±/«.)*±2l *WV, (86) 

so that 

H± cc A±±J±+A±TJT <* M J * ± + (k±)2(-fc) = 0. (87) 

Thus, observing at right angles to the field Ho, no 
radiation in the mode k=no) should be observed, in 
contrast to the case when co t=0 (if the velocity is so 
oriented that ©rx lies on the Cerenkov cone, of course). 

For a point magnetic moment, from Eq. (5), the 
equations which correspond to Eq. (77) and (85) are 

M„t ( r ,0 = utf(r-v*), (88) 
and 

p V e x p ( ~ i k r r , ) / ± ( r » 

= - ( 2 ^ ) ^ w ) 5 ( c o A - k r « ) ) C » V ^ ± - f c ± ( k r t f ) ] , (89) 

where u is a unit vector in the direction of y. From Eqs. 
(86), at @™=90° (kx=0), 

n2a>2u±~k±(k-u) | k=no} = ±k+k-U±-i(k±)2uT, (90) 

so that 

H± cc k+k-[k+k-U± —k±
2U^~] 

+k±2[k+k„u^ - k^u±~]=0. (91) 

Therefore, the same observations as follow Eq. (87) 
hold also for point magnetic moments. 

For other angles, Eqs. (85) and (89) should^ be com­
bined with the general solution Eq. (46). The Cerenkov 
cone, 

8(a>/v-krv), (92) 

is thus just a common multiplicative factor, and all the 
considerations of the last section about possible reso­
nances are just superimposed on it. In particular, the 
considerations for the other special angle, @rx=0°, 
apply and merely describe the frequency spectrum of the 
disturbance.14 

A final^ point to be made from Eqs. (92) and (46) is 
that the Cerenkov-effect cone, which tells the angle at 
which the disturbance is propagated, is a cone of con­
stant polar angle of the direction of observation meas­
ured relative to the particle velocity; the modes hi of 
propagation, and the conditions for "ringing" are de­
termined by a cone of constant polar angle of the direc­
tion of observation measured relative to the external 
magnetic field Ho. Thus, only in the special case of 
motion along the x direction will the modes and possible 
resonances be independent of the azimuthal angle of the 

14 At e r , = 0o(j&± = 0) from Eqs. (85) and (89), the H± will, in 
general, not vanish unless v± (for charges) and ju± (for magnetic 
moments) vanish; that is, unless v and y point along the x axis, in 
which case again # ± = 0 . 
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direction of observation. For the general case of velocity 
at some angle to the x axis, the frequency spectrum will 
depend on the azimuthal angle of direction of observa­
tion (measured relative to the direction of motion), and 
could be found from Eq. (46) by finding the modes and 
resulting ^resonances for all the angles <drx which inter­
sect the Cerenkov-eflect cone, Eq. (92). 

VII. SUMMARY AND CONCLUSIONS 

We have shown, subject to the qualitative validity of 
our approximate solution, Eq. (46) (see Appendix I), 
that the intuitive idea of driving a magnetic material's 
spin system in resonance with the magnetic fields of the 
Cerenkov effect ("ringing" the system) seems to have 
some correspondence with the nature of the solutions of 
the coupled Max well-spin-wave equations. In particu­
lar, we have shown that these effects occur at one angle 
of particular simplicity, 0 ^ = 0 ° (at which angle the 
resonant field is polarized, HJ) and expect them to occur 
at other angles also. 

We have also shown that in the complete solution of 
the coupled Maxwell-spin equations, the usual mode of 
propagation for nonmagnetic materials, k = no), is only 
allowed, for magnetic materials, at @rx=90°; and that 
at that angle it vanishes for currents due to a point 
charge, or point magnetic moment. 

Finally, we have pointed out that for general motion 
of point particles at some nonzero angle relative to the 
external field Ho, the modes of propagation, the condi­
tions for resonance, and therefore the frequency spectra 
of the disturbances due to the motion of fast particles in 
magnetic materials will depend on the azimuthal angle 
of the point of observation around the direction of 
motion. 

We should point out that in all of the above, the 
actual vanishing of denominators, the reality of the 
modes of propagation, etc., usually required the (un-
physical) condition ce=<7 = 0. While magnetic materials 
with <T=0 are known, all magnetic materials have a non­
zero a. This means that resonance, in the sense of a 
vanishing denominator, cannot be achieved. However, 
the relaxation times in some cases can be fairly long,15 

and we therefore expect enhancements by many orders 
of magnitude. 

This leads to the pleasant thought that if an insu­
lating, magnetic material with sufficiently long relaxa­
tion time could be found (and if the charged-particle 
background is sufficiently well eliminated), then the 
possibility of detecting (electromagnetically) the pas­
sage of a neutral particle with a magnetic moment 
would exist. Such a detector would obviously have 
great use in high-energy particle physics.16 

15 J. A. Giordmaine (private communications). 
16 It was actually the search for such a detector (for A0 particles, 

say) which led the author to the ideas of the Introduction and 
hence to spin waves. With presently available materials, the 
damping constants a are too large, and a detector for neutral 
magnetic moments does not yet seem feasible. For charged 

The other category of usefulness for these ideas would 
be in the use of charged particles as probes of the 
properties of magnetic materials. Such a probe would be 
contained in the experimental observation of the 
enhancement effect; in the variation of the fre­
quency spectrum with the conditions of the material 
(coo,o;s,a,#,0-); and in the variation of the spectrum with 
direction (say azimuthal angle about the direction of 
motion). 
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APPENDIX I. EXPANSION OF THE REDUCED 
GREEN'S FUNCTION 

We wish to get an approximate evaluation of the 
integral of Eq. (35) in the text. So, we want to consider 

I k2dkd(cosdkp)dcpkp eikPcos9kp 

XlFi&)+F2(0)f(6k„<pkp; © p * , ^ ) ] - 1 , (A.1) 

where 

f(0kpy<Pkp] ®PX,$px) 

= COS26kx 

= [cos(?/bPcos@pa; 

+sin0A;p sin©px cos(<pkp—$px)]
2, (A.2) 

and 
f(0,<pkp- • -) = f(TT,<pkp' • ') = cos2@px 

s / o . (A.3) 

We integrate by parts (henceforth we drop the subscripts 
on the angles), 

fePiexpCA-pJCFi+Fa/J-1 

/
r 2i sinkp 1 

kHkd<p(ikp)-A +h , (A.4) 
IF1+F2f0 J 

rv df 
h= I dd eikf>GOSdZF1+F2f~]-2—F2. (A.5) 

Jo d0 

The problem with I\ as it stands is that the integral is 
over dd rather than d(cosd). To overcome this, we first 

particles, however, using the material constants of reference 3, we 
estimate that several hundred microwave photons per centimeter 
would be emitted; such yields should be detectable with current or 
proposed maser techniques. [See J. Weber, Revs. Modern Phys. 
31, 681 (1959); and N. Bloembergen, Phys. Rev. Letters 2, 84 
(1959).] This estimate ignores the dependence of the effect on 
azimuthal angle. In order to take account of this dependence in a 
more careful estimate, a machine calculation of Eq. (50) would be 
necessary. 



1036 T . B , D A Y 

perform the <p integration by parts, to get 

I d(pli= i d<pd(cosd)ei 

r F 

X\A 
L (F1+, 

we get, finally 

kp cosd 

l 

2 F22 1 

\-B- - j , (A.6) 

k sinkp 
dk +K/p\ (A.ll) 

27HW0 A(k2,®pX;a>) 

i+F2f¥ (Fi+F2f)*.. 

where the functions A and B are given by 

A = — 2 cos2© cos0+2 sin2© cos# cos2(<p—<£) 
—4 sinfl cos© sin© cos(p—$), (A.7) 

and 

B = 8 cosd sin2© sin2(^-$) 
X[cos<9 cos@+sin0 sin© cos(p-$)] . (A.8) 

We can then integrate again over d(cosd) by parts to get 

fd'kexp(ik'9)lF1+F2f^ 

= I k2dkd<pl 

where, explicitly 

4f 2 /•- j(fsin2ep,-l)F2(^) 
K—— I dkcoskpl 

h I [ A ( F , e p : c ; W ) ] 2 

I sin228p ,F22(F) 

[A(#,e p . ;co)]« 
+ (2TT)-

f d f ^2 F2
2l 

X I dkddkl,d<pkl,e
ik»co«'l«» \A—\-B— . 

J d6ky A2 A3 J 
(A. 12) 

¥ 

2 sin&p 4 cos£p 
(F1+F2fo)~1 

(kpf 

F2 

kp 

X [— cos2©+sin2@ cos2(<p—<£)]• 
( ^ i+F 2 / 0 ) 2 

+sin22@ sin2 (<?--$) 
•CFi+iVo)3J 

In the first term of Eq. (A.l l ) , we can write [see Eq. 
(22) of the text] 

4 4 

A = c o n s t ] I (&-ki2) = c o n s t I I (*+**)(*-**), (A.13) 

so that the integral in the 1/p term can be done by 
contours, to get 

I kdk sinkp/'A-TT E ****"( * ) . (A.14) 

In Eq. (A.14) we consider only the poles in the upper 
half of the complex k plane, so 

(k-ki) 

+[l/(*p)2]T dde* 
Jo 

•h-

kp cos0 

0 dd 

^[constllO2-*/)]-1 

F^ F2
2 

XI A +B-

(#-*<*) 

(Fi+F*f)* (Fi+FzfY. 

Recognizing that 

Fi+F2f0=A(k*,®,x;w), 

(A.9) 

(A.10) 

A 
(A.15) 

&2 = &4-2 

This gives Eq. (37) of the text directly. As mentioned in 
reference 8, some general statements can be made about 
the asymptotic behavior of K in Eq. (A. 12), but we do 
not pursue this further here. 


