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In the quantum statistical method of Lee and Yang, the cluster functions of quantum statistics are ex­
pressed in terms of the cluster functions of Boltzmann statistics, which in turn are computed in terms of 
certain two-body functions. In the present paper, following a detailed study of the Boltzmann cluster 
functions, it is shown that the symmetric representation can be used for the two-body functions and that 
large classes of diagrams can be summed. This leads to the introduction of linked-pair graphs to describe 
the functions of quantum statistics. The two-body functions are expressed in terms of two-body wave func­
tions, and are therefore well-defined for hard-core repulsions. For weak potentials the method is shown to 
be equivalent to the theory of Bloch and DeDominicis. 

INTRODUCTION 

CONSIDERABLE attention has been devoted in 
recent years to the development of systematic 

methods for calculating the low-temperature properties 
of many-body systems. Generally speaking, there exist 
two approaches to such problems, namely generalized 
perturbation theoretic methods and the methods of 
quantum statistical mechanics. In this paper we discuss 
only the latter. 

The central problem of quantum statistics is the de­
termination of the logarithm of the grand partition 
function, i.e., the grand potential f(s\ because with a 
knowledge of the grand potential one may calculate all 
quantities of physical interest in a large system of par­
ticles. A standard approach to the problem is to use the 
well-known method of Ursell to express the grand po­
tential in terms of integrals over cluster functions.1 An 
important development in this drection has recently 
been made by Lee and Yang,2 who have shown that 
the cluster functions of quantum statistics, UNM, can 
be expressed in terms of the unsymmetrized cluster 
functions of Boltzmann statistics, Uw, which Lee and 
Yang have in turn reduced to a series of quadratures 
over two-body cluster functions. Subsequently, in a 
remarkable series of papers3 these authors have applied 
their method to the calculation of the low-temperature 
properties of a Bose gas of hard spheres. They have also 
shown how to calculate the thermodynamics of a Fermi 
gas of hard spheres at low temperatures. 

In an investigation of the higher order corrections to 
the thermodynamics of a Fermi gas, one finds that the 
method of Lee and Yang involves extremely tedious 
combinatorial problems. Lee and Yang have simplified 
this problem somewhat in their paper IV,3 and we use 

* Work supported in part by the U. S. Atomic Energy 
Commission. 

t Now at Cornell University, Ithaca, New York. 
1 B. Kahn and G. E. Uhlenbeck, Physica 5, 399 (1938). See also 

D. ter Haar, Elements of Statistical Mechanics, (Rinehart and 
Company, New York, 1954), Chaps. VII and VIII. 

2 T . D. Lee and C. N. Yang, Phys. Rev. 113, 1165 (1959)-
(LYI). 

3 T. D. Lee and C. N. Yang, Phys. Rev. 116, 25 (1959)-(LY I I ) ; 
117, 12 (I960)-(LY III ) ; 117, 22 (1960)-(LY IV); 117, 897 
(1960)-(LYV). 
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their results as a starting point for this paper. It is 
shown that a systematic study of the unsymmetrized 
cluster functions leads to a linked-pair expansion of the 
grand potential in which the combinatorial problems of 
the Lee-Yang method are considerably simplified. More 
important, however, the linked-pair formulation is an 
essential step in the calculation of the momentum 
distribution of a Fermi gas, as we shall show in the 
following paper. 

In Sec. I, the equations of quantum statistics are 
reviewed within the framework of the method of Lee 
and Yang. In particular, the basic equations which occur 
in the theory of the grand canonical ensemble are first 
presented and then the method of Ursell is briefly out­
lined. Section I concludes with Eqs. (21) and (22), 
which express the grand potential of quantum statistics 
in terms of contracted 0-graphs (LYIV).3 In order to 
simplify subsequent analysis, all expressions are written 
in the interaction representation. 

The detailed study of the Boltzmann cluster func­
tions is initiated in Sec. II, following a method due to 
Jacobsohn.4 In analogy with Lee and Yang,2 X dia­
grams are introduced to represent the temperature 
integrals over products of two-particle cluster functions 
mentioned above. In the X diagram notation, sym­
metrized combinations of the two-particle functions do 
not explicitly appear. However, using the notation of 
dashed-line cluster graphs, which we introduce, it is 
possible to express a symmetric combination TV of the 
Boltzmann cluster functions UN in terms of integrals 
over products of symmetrized matrix elements of the 
two-particle cluster functions, which we call pair func­
tions. The TN, incidentally, are not equal to the cluster 
functions of quantum statistics, i.e., 7V^ £7JV(S), since 
they do not include the effect of wave function overlap 
due to thermal motion. The principle result of Sec. II 
is Eq. (47) for the TN. 

Section III is devoted to the rather complicated 
process of summing over the large class of dashed-line 
cluster graphs which consist of all ways of including 
"double bonds'' in a given cluster graph. This is the 

4 F . Mohling, thesis, University of Washington, 1958 (un­
published). 
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step which is essential to the investigations described 
in the following paper, and it leads to the introduction of 
wiggly-line cluster graphs. In the final relation of this 
section, Eq. (54), the TV are expressed in terms of 
these wiggly-line cluster graphs, instead of the dashed-
line cluster graphs. 

The linked-pair expansion of the grand potential, 
Eq. (57), is derived in Sec. IV by substituting Eq. 
(54) for the TN into Eq. (21) for /<•>. The linked-pair 
formulation is therefore merely an extension of the con­
tracted 0-graph formulation of Lee and Yang. I t is also 
quite closely related to the method of Bloch and 
DeDominicis,5 which is another of the methods of 
quantum statistics. The correspondence is established 
at the end of Sec. IV by expanding the pair function in 
terms of the two-body potential. 

In the theory of Bloch and DeDominicis the grand 
potential is expressed in terms of the two-body potential. 
I t is therefore only a useful theory when the two-body 
potential is truly weak. This is not the case, however, 
for any system in which a hard core repulsion is an 
important part of the two-body interaction. On the 
other hand, the pair functions of the present paper, and 
the corresponding two-body functions of Lee and Yang, 
are well-suited for dealing with strong, short-range 
interactions. Thus, in Sec. V it is shown that the pair-
functions can be expressed entirely in terms of two-
particle wave functions, which, of course, are finite and 
well-behaved for all interactions. 

Because of the complexity of the derivations out­
lined in this paper, a large number of examples and 
figures have been included. Also, the momentum repre­
sentation has been used almost exclusively, for reasons 
of clarity and simplicity. 

I. A REVIEW OF THE EQUATIONS OF 
QUANTUM STATISTICS 

The theory of the grand canonical ensemble becomes 
useful when one is interested in calculating not only 
the average energy of a system, but also the average 
density and its fluctuations. For a system in which the 
only conserved quantities are the energy E and the 
total number of particles N, the grand partition func­
tion is 

CO 

^ / = E *N TiNZexp(-(3HW)~], (1) 

where 
0 = V * r , (2) 

and 0 is the volume of the system. The symbol Tr;v 
indicates that the trace of exp[—fiHiN)2 is to be taken 
over a complete set of TV-particle state vectors. More­
over, we shall assume that the iV-particle Hamiltonian 
jj(N) in c iudes only two-particle interactions. The quan­
tity / is called the grand potential and it is assumed to 
be an intensive quantity, i.e., we assume that lim/foO^) 
for Q —> oo exists. Finally, the fugacity z can be shown 

6 C. Bloch and C. DeDominicis, Nuclear Phys. 7, 459 (1958). 

to be related to the thermodynamic (or Gibbs) potential 
per particle g by the equation 

z=e&a. (3) 

In terms of the independent variables /? and g, the 
thermodynamic properties of a system of particles can 
be determined using the following equations: 

Pressure, 
d 

(?=(3-i-(ttf). (4) 
da 

Particle density, 

p=(N)/n=^df/dg. (5) 

Energy per particle, 

(E)/(N)=S-p-\df/d^. (6) 
These equations relate the thermodynamic properties 
of a system to the grand potential, which with the aid 
of the well-known Ursell method1 can be written directly 
in terms of certain cluster integrals ^ ( s ) ( 0 , ^ ) : 

00 

/ ( s ) W ) = E ^ W ( 0 , / ? ) . (7) 

In Eq. (7) the superscript (s) indicates that for quantum 
statistics the complete set of state vectors to be used in 
Eq. (1) must be symmetrized or antisymmetrized. 

Our first departure from the treatment of Lee and 
Yang is that we employ the interaction representation 
in obtaining expressions for the cluster integrals. Let 
us define an operator 

WN(P)^exp(pHo(N)) exp(-pH^), (8) 

which is equivalent to unity for free particles.6 If one 
writes the matrix elements of WN(J3) as 

/ 1 2 ---N \ 
Wi'H \ = {\2---N\WNw(p)\V2'---N') 

\ l ' 2 ' . . . i V V 

= 2 > €p 'P'<12-. -N\WN(fi)\ 1'2'. • .#'>, (9) 

where e= + 1 for Bose-Einstein statistics and e= — 1 for 
Fermi-Dirac statistics, and X ) P ' denotes the sum over all 
permutations of the primed indices, then the grand 
partition function is given in terms of the WN{S) as 
follows: 

e x p ( 0 / ( s ) ) = X ; — E e x p ( - £ X » 
2V=0 TV! ki-.kjv *=1 

(kik2- • k;\r\ 
i i i )> < 1 0 ) 
kik 2 - • 'KN/ 

where aji=fi2ki2/2in.7 For convenience, in Eq. (10) we 
6 We assume in this development that there are no applied 

external fields. 
7 Strictly speaking, the right-hand side of Eq. (9) should include 

an additional factor Uk=iN (iV*!)-1, where for a wave function 
which is a product of single particle functions the Nk are the num­
bers of particles in each of the different states, but this factor 
cancels out in the derivation of Eq. (10). 
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have chosen the momentum representation for the 
sum over states, since the free particle operator 
exp[—t3Hom2 is diagonal in this representation. Now, 

°Q-H\) 

These equations are such that the A t̂h equation con­
nects WNU) with all of the Uxf\ UJ*\ - ~ UNi*\ 
Without modifications they are only useful for systems 
in which the particle interactions have a finite range, 
and in this case the equations have the significance that 
they represent all possible ways in which N particles 
can be grouped into clusters which are both noninteract-
ing and have nonoverlapping wave functions. Thus the 
UN{S) are indeed "physical cluster functions," and one 
can show that the cluster integrals bN{s)($fi) are 
given by 

M s W H ( a A n ) - i £ e x p ( - / 3 X » 
ki • • • kjv i—1 

(kik2- 'kN\ 

kik2- • KN/ 

in the momentum representation. 
The quantity which is a measure of the spread of 

particle wave functions is the thermal wavelength, 

\T= (2irh2/fnkT)?= (2irfi^/m)K (13) 

For example, one can show in the Heisenberg and posi­
tion representation that the one-particle cluster function 
is given simply by the expression 

<r|exp(-/3tfo)|r ') 

= XT-3 e x p [ - x X r - 2 ( r - r 0 2 ] -> S ^ ( r - r ' ) . (14) 
\T-*O 

The expression (14) can be understood better when one 
separates the effect of particle interactions from that 
of overlapping wave functions, i.e., from statistics, in 
the £7i\r(s). For this purpose one defines with Eqs. (11) 
the corresponding set of "unsymmetrized cluster func­
tions" UN of Boltzmann statistics. Now, the UN con­
tain only the effect of particle interactions, since they 
are defined with unsymmetrized wave functions. More­
over, it is a straightforward matter to solve for the 
Z7/v(s) in terms of the UN using Eqs. (9) and (11). Thus, 

the Ursell method consists of defining "cluster func­
tions" UN(S) in terms of the WN(S) by the following set 
of equations: 

for example, for the two-particle cluster function one 
readily obtains 

"'•'O=TO+'UQV0- <is) 

where (121 r211'2') comprises a symmetrized or antisym-
metrized combination of (121 U211'2'> and (121 U2 | 2 T ) , 
namely: 

\ 1 ' 2 V \ 1 ' 2 V 6 \ 2 T / 

One sees then that the effect of overlapping wave func­
tions is that Z72

(s) contains not only JT(12 ; 1'2'), but 
also "coupled" one-particle cluster functions. According 
to Eq. (14), a measure of the importance of the term 
eU(l; 2')U{2; 1') is the thermal wavelength \T. 

I t is clear from the structure of Eqs. (9) and (11) 
that in general UN

{s) may be expressed in terms of 
sums over "connected products" of symmetric or anti­
symmetric T functions, where 

T[ U e ^ F 6 ^ ™ ). (17) 
Vl'2'-.-;VV . Vl '2' . . .W 

The factor eN has been introduced for convenience in 
later manipulations. Thus, using Eqs. (7) and (12), the 
grand potential / ( s ) may be expressed in terms of a 
sum over all connected products of T functions. The 
exact character of this sum is most simply described in 
terms of primary 0-graphs, as introduced by Lee and 
Yang (LYIV).3 These graphs, as well as the corre­
sponding f graphs for f > 0 , which are needed in the 
calculation of distribution functions, are defined in the 
following two paragraphs. 

A. primary f graph ( f=0 , 1, 2 • • •) consists of a collec­
tion of vertices connected by directed lines, with f 
external incoming lines and f external outgoing lines. 
Each vertex is characterized by a number a ( a= 1,2, • • •) 
which gives the number of incoming and the number of 

wo'U-u'ii)
u'i2)+uo'U-

w^( )=u^( V (s )( V(s)f }+u^( V(sY ^ 
V l ' 2 ' 3 ' / \ 1 7 \ 2 ' / \ 3 ' / V l V \ 2 ' 3 V 

V 2 ' / \ 3 T / V3V \ 1 ' 2 ' / V l ' 2 ' 3 ' / 

(ID 

etc. 
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oo 
<0 

s I 

FIG. 1. Some examples 
of contracted 0-graphs. 
With each graph has 
been included its in­
verse symmetry number 
S-1. [In (LYIV), dashed 
lines are used for these 
graphs]. 

24 

outgoing lines at that vertex. Two primary graphs are 
different if their topological structures are different. 

To each primary f graph we assign a term which is 
determined by the following procedures: 

(i) Associate with each internal line a different in­
teger i (i=l,2, - - -m) and a corresponding momen­
tum k?. 

(ii) If f 5^0 then associate the external lines with 
certain pre-given momenta. 

(iii) To each a vertex, assign a factor 

kz?r • kBa/ 

where kei • • • kBa are the momenta associated with its 
incoming lines and ISAI- • -hAa are the momenta associ­
ated with its outgoing lines. 

(iv) Assign a factor ee^i9~wk) to each internal line, 
where Wk=h2k2/2M is the energy variable for that line.8 

(v) Assign a factor S'1 to the entire graph, where 

S= symmetry number. (18) 

The symmetry number is defined to be the total number 
of permutations of the m integers associated with the 
internal lines that leave the graph topologically (in­
cluding the positions of these numbers relative to the 
lines) unchanged. 

(vi) Assign an over-all sign ePB to the entire graph, 
where PB is the permutation of the ( w + f ) bottom row 

8 The apparent difference between our rule (iv) and the corre­
sponding rule (iv) of Lee and Yang is due to our use of the inter­
action representation. 

coordinates (in the T product) with respect to the 
(m+£) top row coordinates. 

(vii) Finally, sum over all the internal momenta 

With these definitions the grand potential / ( s ) is given 
in the momentum representation by: 

&fis) (gA/3)= E (ah different primary 0-graphs). (19) 

For further discussion and examples the reader is re­
ferred to Sec. 3 of (LYIV).3 

Now, each 1-vertex corresponds to a factor Z7i=l. 
I t is therefore a simple matter to sum over all ways of 
including 1-vertices along the internal lines of any 
primary f graph which originally has no 1-vertices. The 
result of such a sum has been defined by Lee and Yang 
to be a contracted f graph. More precisely, contracted f 
graphs are calculated in the same manner as primary f 
graphs except that 

(1) there are no 1-vertices in contracted f graphs. 
(2) rule (iv) is replaced by 
(iv)' Assign a factor evk to each internal line, where 

Vk = 

eP(g—wk) 

\ — ee&{g-wh) 
(20) 

In terms of contracted 0-graphs, the grand potential is 
given by 

+ E (aH different contracted 0-graphs), (21) 
where 

foM(g9Qfi)= - e S r ^ m C l - e e ^ - * ) ] . (22) 

Some examples of contracted 0-graphs are shown in 
Fig. 1 together with their inverse symmetry numbers 
S - 1 . In this paper, we will not be concerned with f 
graphs for f > 0 . 

II. THE TN IN TERMS OF TWO-BODY FUNCTIONS 

Equation (21) is useful if one can calculate the un-
symmetrized cluster functions (12- • -iV| UN\ 1'2'- • *N') 
or at least the (12- • -N\ TN\ 1'2'« • -N'), in an explicit 
manner. This is indeed the case, for Lee and Yang2 

have shown that the UN{&) can be written entirely in 
terms of two-body wave functions, a result which they 
have applied in their studies of a gas of hard spheres. 
We shall now outline a new derivation of their results, 
due in part to Jacobsohn,4 which we shall then extend 
to arrive at the "linked-pair expansion" of fM. The 
reader should recall throughout that we are using the 
interaction representation. 

We begin by defining an operator 

WN(^)^ex^Hom) exp(-flff<*>) 
Xexp(/3 '#W) e x p ( - / W * > ) , (23) 
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which reduces to WN(0) for /3'=0. In the development 
below we shall first show how Wnfffifi') can be ex­
panded into an infinite series of two-body operators. 
When this series is appropriately grouped, it becomes 
clear that the various groups are in one-to-one corre­
spondence with the terms of the Nth. Ursell equation 
(11) (as written for Boltzmann statistics). It is then 
easy to identify an operator UN(p,0') whose matrix 
elements (for /3' = 0) are exactly the unsymmetrized 
cluster functions. 

The operator WN(P,P) has a simple transitive 
property: 

WN(MWN(M = Wsifiifiz). (24) 

Moreover, it satisfies the differential equations, 

-WNQtjp)=-VN%WMt), 

wM')=wN#jp)\rNW), 

where 
dp 

(25) 

(26) 

The subscript /x refers to a coordinate-pair chosen from 
the N coordinates. The summation over /x indicates the 
summation over all %N(N— 1) pairs. 

Watson and Riesenfeld9 have shown that differential 
equations such as (25), in which the VN are given by 
Eqs. (26), are equivalent to the following set of integral 
equations: 

wN(p,p')=1-2; f dt wv(/3,ov,(OM/"W), 
H J at 

VJrpJ Qt 

It is readily verified that the WN{p,p) of Eq. (27) 
satisfies the differential equations (25) together with 
the initial condition WN(/3,(3) = 1. 

I t is an important feature of the Lee-Yang method 
of quantum statistics that it expresses the unsym­
metrized cluster functions in terms of two-particle wave 
functions and not in terms of potentials, since the latter 
may be highly singular (as for hard-core repulsions) 
whereas the former are always well-behaved. In the 
present treatment we must also remove the explicit 
appearance of the operator V(t) in Eqs. (27). We there­
fore introduce an operator 

R(fi9p)^ f2W)=-^W)V(«, (28) 
dp 

9 W. B. Riesenfeld and K. M. Watson, Phys. Rev. 104, 492 
(1956). 

(a) 

M 
(M 

,/ 2/ 

"3 

(0 (d) 

M" 
M" 

— t j i 

— t i 

— t i + , 

(e) 

l ' 2 ' 3 ' 4 ' 

I 2 

I' 2 ' 

I 2 ~w~: 
I' Z' 

FIG. 2. (a) The symbol for the matrix elements of i?(/2^i), see 
Eq. (30); (b) a forbidden structure in X diagrams; (c) a typical 
fifth order X diagram for four particles, see Eq. (31) ;• (d) a double 
bond in X diagrams; (e) the two X diagrams in (121 Wi{fi) \ ¥2). 

and in Sec. V we shall show that the matrix elements of 
R(/3,l3f) can be expressed entirely in terms of two-body 
wave functions. Thus, we replace Eqs. (27) by 

(27) JfM
w05) = l + E f dtR,(fi,t)M,w(t). 

(29) 

In Eqs. (29) we have set ^ '=0 , since it is no longer 
necessary to carry along the extra variable /3'. 

X-Diagrams 

Equations (29) may be solved by iteration, and in 
any particular representation the result may be easily 
described in terms of X diagrams. The basic unit of an 
X diagrams is the symbol of Fig. 2(a) for the matrix 
elements of R(t2,ti). 

[symbol of Fig. 2(a)] = <12|JR(/2,/i)|l
/2/> 

V I 2 \ 'V2 1 Y \ / \ 

The X diagrams associated with the iV-particle matrix 
elements of WN{$) for iV> 2 are formed by first drawing 
N vertical lines and labeling them from left to right 
at the top from 1 to N and at the bottom from V to 
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Nf. One horizontal line labeled (3 is then drawn at the 
top of the diagram, and Q>0 horizontal lines, labeled 
(̂ 1,̂ 2,•• • 'h) from bottom to top, are drawn below this 
line. An X diagram is completed by inserting the crosses 
of Fig. 2(a) in the boxes formed, according to the 
following two rules. 

(1) One and only one cross can occur between any 
two horizontal lines. 

(2) Two crosses can never have two points in com­
mon, i.e., the structure of Fig. 2(b) is forbidden. 

The number Q is defined to be the order of the X dia­
gram, and it is equal to the number of crosses which the 
diagram contains. 

A typical fifth-order X diagram for four particles is 
shown in Fig. 2(c), and its explicit expression is as 
follows: 

r*$ /%t& ~ti pt3 pt2 

[X diagram of Fig. 2(c) ]= (+1) E I dh \ dh I dh I dt2 I dh 

xY12) T) T)"('") "(")• oi) 
\ab/th \cdJu \efJtz \3 '4 'A 2 Vl '2 'A 

In this expression, the "internal" coordinates, which tides is one in which all N vertical lines remain inter-
arise from the sums over intermediate states in any connected when the (Q+l) horizontal lines are removed. 
particular representation, are labelled with lower case Thus, the X diagram of Fig. 2(c) is connected. Now, if 
letters. The Q temperature integrations are over the Eq. (35b) is substituted into Eqs. (29) for N=3, then 
interval from 0 to /3 such that 0 < / i < / 2 < / 3 * • • <IQ<I3. one can verify with the aid of the third of the Ursell 
I t follows from the above definition of an X diagram equations (11) (when written for Boltzmann statistics) 
that the matrix elements of Eqs. (29) can be written that 
as follows: c& rt2 

H vj=(iJ 0 JQ 

XR,(t2,h)M^(h). (36a) 
oo 

= £ [all different Qth-order X diagrams U p Q n t a k i n g ^ ^ d e m e n t g rf £ q < ( 3 f i a ) Q n e t h e n 

for N particles]. (32) v e r i f i e s t n e following expression for (1231 Uz \ 1'2'3'): 

' 1 2 3 

(12---A r |TFAr(^)|l ,2 ,---7V /) 

Examples 

I. Because of rules (1) and (2) above Eq. (31), only 
two X diagrams contribute to (12\W2{0)\V2f). These 
are shown in Fig. 2(e), and the corresponding expres­
sion for (121 W2(P) 11'2'> is 

- r' 7 1 2 \ 
( 1 2 | ^ 2 ( / 3 ) | l , 2 , ) = 5 l i l , 5 2 ^ + | dh ( ) (33) 

•Jo \1 2 / ti 

Now, according to the second of the Ursell equations 
(11), the operator U2{fifif) is given by 

/ 1 2 3 \ oo 

Vl'2'3' / Q=2 
[all different (Xh-order, 

connected X diagrams for 3 particles]. (36b) 

I I I . The generalization of Eq. (36b) is that UN is 
given by the sum over all connected, Af-particle X dia­
grams. The ease with which we proved this result for 
N=3 was due to the fact that there were only a few 
unconnected X diagrams. However, in the case of N=4t, 

(a) 

tf203,/3') = W W ) - l . (34) 

Upon comparing these last two equations, we see that 
the function (121 U2\ 1'2'> of Eq. (16) is simply 

m: 
\'Z'Z'A,' 

1 2 3 4 

B. ppt3 IM 

\'2?Z'4' 

ff 
TX-W 

l' 2' 3' 47 

Vl '2 ' / Ja V l ' 2 ' / n 

= second symbol of Fig. 2(e), 
or 

08)= f dhR($,h). 

(W 

U2 

(35a) 

(35b) 

12 34 
ISM I P ISM I " fSM 5m + - K . SE M:|f + :m 

l' 2' 3' 4' I '2-3'4' 

f-h + 
M" f R 

w-i 
- t 4 +... 

I I . We next introduce the concept of a connected X 
diagram. A (Jth-order connected X diagram for N par-

FIG. 3. (a) The diagrammatic representation of Eq. (39); 
(b) the diagrammatic representation of Eq. (39) with the replace­
ment /? —> s. In this case the leading factor Jtfds Ru (P,s) is miss­
ing from each of the terms of Eq. (39). 

file:///cdJu
file:///efJtz
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and for all higher values of N, there are an infinite 
number of unconnected X diagrams in 

(12->-N\WN(0)\l'2'--N'). 

For example, all unconnected X diagrams of the type 
shown in Fig. 3(a) occur in <1234| WM11'2'3'4'>. 

We shall now show that the sum over all "uncon­
nected products" in W± may be identified with the 
products U2U2 in the fourth of the Ursell equations (11). 
For this purpose we first write the operator product 
(V2)n(U2)v for two disjoint pairs /x and v as follows: 

= ( dt2dt1Rfi((3,t2)Rv(l3,t1) 
• ' o 

(37) 

= 1 dt21 dhlR,(^2)RMh)+Rv(MRMhn 

The operators R^ and Rv commute only when they are 
associated with disjoint pairs, i.e., when they are 
associated with four different sets of coordinates [they 
do not commute when /JL= (1,2) and v= (1,3)]. 

Now, from Eqs. (28), (24), (34), and (35b), it 
follows that 

R(thh) = \l+( ds R(h,sUR(h,td (38) 

for any value fa. With the aid of this identity one may 
verify the following expansion for the first term in the 
second line of Eq. (37). 

dfal dhRpip^Ryfati) 
0 *̂ o 

- I dt2\ dh Rpip^Rrfah) 

dfal dfal dhRy(P,h)Rn(h,t2)Ry{t2,h) 
0 J 0 ^ 0 

J
*P pU pU „t2 

dfa I dh I dfa I dh 
0 • ' o • ' o • ' o X R, (P,t4)R,(U,h)Rp (fayfa)Rv (fa,h) + • (39) 

Equation (39) is shown schematically in Fig. 3(a). If 
this equation is now substituted into Eq. (37), then 
one obtains 

(U2)n(U2)v
:=^ [sum over all terms in the itera­

tion of Eqs. (29) which depend only 
on the disjoint pairs JJL and *>]. (40) 

By using Eqs. (35a), (36b), and (40) one may readily 
verify that the generalization of Eq. (36b) to the case 

A7"=4 is valid, through the isomorphism of terms in 
Eq. (32) for iV=4 with the fourth of the Ursell equa­
tions (11). 

IV. A double-bond in X diagrams is defined to be a 
structure in which two crosses are connected by the 
same two vertical lines, as shown in Fig. 2(d). There 
are no double bonds in Fig. 2(c). Now, the sum of Eq. 
(40) is a sum over a certain class of unconnected dia­
grams with double bonds [see Fig. 3(a)] . However, 
there is no reason why these diagrams must be un­
connected, and in the next section we will also perform 
such sums over connected diagrams with double bonds. 
For example, by simply making the replacement /3 —> s 
in Eq. (39) one can obtain the sum whose matrix ele­
ments are shown in Fig. 3(b). 

By an extension of the method used in example I I I , 
one can identify all of the unconnected X diagrams in 
Eqs. (32) for iV>4 with corresponding product terms 
in the iVth of the Ursell equations (11). After making a 
series of induction proofs,4 one finally obtains for the 
unsymmetrized cluster function UN 

U 
/ 1 2 ---Nx 

V l , 2 / . . . i \ r / 

= ]T [all different (Hh-order connected 
Q=JV-1 

X diagrams for N particles]. (41) 

Equation (41) is the generalization of Eq. (36b), and it 
is essentially equivalent to the result obtained by Lee 
and Yang.10 In principle it permits one to calculate the 
TN of Eq. (17), which are in turn necessary for an 
evaluation of / ( s ) via Eq. (21). However, the prescrip­
tion of Eqs. (21) and (41) is unnecessarily complicated, 
as we shall now show by developing the linked-pair 
expansion of f(s). 

As a preliminary to our further manipulations we 
make the observation that whenever a connected A -̂
particle X diagram is written explicitly in terms of the 
two-particle symbols t2( )ti, cf. Eq. (31), that 

ePB= eN, for connected A"-particle X diagrams. (42) 

The sign of the permutation of the bottom-row co­
ordinates with respect to the top-row coordinates is 
equal to e^ for a connected N-particle X diagram. Of 
course, if one uses only the notation of X diagrams in 
calculations, then this observation is unnecessary, since 
the definition (30) allows no ambiguity in the arrange­
ment of bottom row coordinates with respect to top 
row coordinates: The sign in Eq. (31) is + 1 . We shall 
now adopt a different notation, however, in which Eq. 
(42) will be a quite useful relation. Equation (42) is 

10 The two-body operator R {($$') is not the same as the binary 
kernel B(fi—(3f) used by Lee and Yang. In terms of our notation, 
5(/3- i3

,)=exp(-^o ( 2 ))[(3/a/3)t/2(/3^ /)]exp(^ J0
ro ( 2 )). It is a 

simple matter to verify that when written in terms of J5(/3—(3'), 
our Eq. (41) is equivalent to the general prescription of (LYI).2 
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verified by examining some simple X diagrams, and 
then generalizing to arbitrary X diagrams by making 
induction proofs. 

Dashed-Line Cluster Graphs 

Let II be a permutation which simultaneously per­
mutes the same sets of top and bottom row indices of a 
function, e.g. 

V l ' 2 ' / V 2 T / 

One may then verify from their definitions that since 
the iV-particle Hamiltonian is symmetric in its N vari­
ables that all of the UN and WN functions of Sec. I 
are invariant under any permutation of the type II. 
In particular: 

/ 1 2 •••TV \ ( \ l --1\ \ 
IlUl ) = U[ ) . (43) 

If this result is used in Eq. (17), then one may obtain 
an alternate form for TV. 

/ 1 2 —N\ 

Vl '2 ' • • • iV , / 
/ 1 2 '"N\ 

= eN(NV~l E ep+p,PP'U[ ) . (44) 
P2> Vi'2'.-W 

Thus, the TNT^UN^ are symmetrized matrix elements 
of the operators UN(j$). 

From Eqs. (44) and (41), we conclude that we may 
directly determine the TN by taking symmetrized 
matrix elements of Eqs. (29) and then subtracting all 
unconnected U products. To represent the terms which 
occur in TV, we shall introduce the notation of cluster 
graphs, which are essentially symmetrized combinations 
of X diagrams. Moreover, it is immediately clear that 
only symbols for the symmetrized matrix elements of 
the operator R(t2)ti) will be necessary in these graphs. 
We shall call such matrix elements pair functions. 

* r l 2 r l 2 i * 2 / 1 2 \ * 2 / 1 2 \ 
== I I + € I I ^ a pair function 

Ll'2'J*i Vl'2'Ai \2T/*i 
(45) 

= (12\R(t2,h) | l'2'>+e<121R(t2,h) |2'1'>. 

The basic unit of a cluster graph is a symbol for the 
pair function of Eq. (45) in the momentum representa­
tion (which representation we shall henceforth use) and 
we shall call such a symbol a cluster vertex. At any cluster 
vertex there must be two incoming and two outgoing 
lines, equipped with arrows, which correspond to the 
four momenta of the pair function. In these symbols we 
distinguish between internal (1) and external (k) mo­
menta by drawing the internal momentum lines as 
dashed lines and the external momentum lines as solid 

(b) 

h k3 *Jt; 

/*[k , k
2] 

k3 k4 

(c) 
'** X— 

<<•> 

A \ f 

FIG. 4. (a) An example of a cluster vertex in the dashed-line 
formulation of cluster graphs; (b) a cluster vertex with no internal 
momentum lines; (c) a double bond in cluster graphs; (d) the five 
different, third order 4-particle dashed-line cluster graphs [see 
expressions (46)] for fixed assignments of the external k momenta. 

lines. Only the lower temperature label U is attached to 
a cluster vertex, since the upper temperature label of 
the corresponding pair function is always ti+i (or ft). 
Two examples of cluster vertices are shown in Figs. 
4(a) and 4(b). 

A Qth-order, iV-particle, dashed-line cluster graph is 
defined to be a set of Q cluster vertices which are entirely 
interconnected by (2Q—N) dashed lines. The rules for 
connecting the Q cluster vertices of a dashed-line cluster 
graph, together with the prescriptions for writing down 
the corresponding expression are as follows : 

1. I t must not be possible to complete a loop in a 
cluster graph by following the arrows on dashed lines. 
Cluster graphs therefore always have a braided struc­
ture as shown in Fig. 5. 

2. Every dashed line is attached to a cluster vertex 
at each end, so that the temperature variable U at the 
tail end is less than the temperature variable tj at the 
head end. Moreover the Q temperature variables are 
labelled so that 

0 < / I < / 2 < - - - < / Q < / Q + I - / ? . 

3. A double bond in a cluster graph is defined to be a 
structure in which two dashed lines connect the same 
two vertices [of Fig. 4(c)] . In this case the temperature 
variables U and tj must be attached so that ti+i<tj. 
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4. Associate with each of the (2Q—N) internal lines 
and the 2N external lines an integer i(i= 1,2, •••, 
2Q+N) and a corresponding momentum 1;, k; or k/ 
according to whether the line is internal, outgoing ex­
ternal, or incoming external. 

5. Two dashed-line cluster graphs are different if 
they cannot be topologically (including the relative 
positions of the external momentum and the temperature 
labels) deformed into each other. 

6. For any given assignment of the temperature 
labels, the temperature integrations S^dtqf^dtQ^r • • 
Jot2dti must be performed over the corresponding pair 
functions. 

7. When the cluster graph is written in terms of the 
associated pair functions, (a) a factor of ePB is included, 
where PB is the total permutation of the bottom-row 
momenta (both external and internal) with respect to 
the top-row momenta; (b) a factor of J is included for 
each double bond; (c) the sum over the (2Q—N) in­
ternal momentum (and spin) coordinates is performed. 

In Fig. 4(d) we exhibit the five possible third-order 
4-particle cluster graphs for fixed assignments of the 
external k momenta. Their explicit expressions are as 
follows: 

E I dh I dh \ dh\ 
i5ie^o «̂ o Jo L 15 leĴ s Lks'k^Jtg Lki /k2

/J<i 

^ ~t* „t2 erkikal ^rk 3 15"1 ' T l e k n 

Jo Jo Jo LI5I6-L Lk/kJto Lk 3 ' k 4 'V 

~fi ~tz -t* ^ rkxkaT < 3 rk 3 k 4 - | i2f I5 le 1 

Jo Jo V 0
 h Lk/ I5I3 I UWk IWkAti 

J,/» pH ~H ^ r k 3 k 4 "| < 3 rk i k2"| <2r 15 le 1 

0
 hJQ

 kJ0
 dh Ll6k2'l3 Lki'Jto Ikz'kAn' 

~t ~t* ~t* ^rkikg-j f3rl5k3-i <2rl6k4-j 

i5l6J0 V0 V0
 h Lk/.uLs Lk2 ' l6 l2 Lk/k/J 

E 
Isle 

E 
1516 

E 
15I6 

(46) 

The right-hand side of Eq. (44) for TV may now be 
rewritten as a sum over all different cluster graphs: 

'12 ..-N (1 2 ---iV \ 

1'2'---W 

= E [aU different Qth-order iV-particle 

dashed-line cluster graphs]. (47) 

Equation (47) can be verified by referring to the re­
marks below Eq. (44), and by using Eqs. (44), (41), 
and (42). Alternatively, by using Eq. (45) for each 
pair function, Eq. (47) can be expanded to give 
[Ep ' (€*+ p , ) i v ] times Eq. (41). 

FIG. 5. A cluster graph with 28 vertices in the dashed-line for­
mulation. For convenience the external lines and some of the 
temperature labels have been omitted. The encircled regions are 
proper cluster parts. 

III. WIGGLY-LINE CLUSTER GRAPHS 

The calculation of TV in terms of dashed-line cluster 
graphs, Eq. (47), is already a great simplification over 
the method of calculation with X diagrams, Eqs. (17) 
and (41). In this section, we shall show that further 
simplification is possible by performing the sums over 
all double-bonds in dashed-line cluster graphs. When 
this is done, we will find that the prescription for the 
resulting "wiggly-line cluster graphs" will be a simple 
geometrical one. More important, however, the sums 
over double-bonds are a necessary, preliminary step 
to the work described in the following paper. 

For reasons of simplicitly, we shall write down only 
operator expressions for cluster-graphs in the first part 
of this section, and we shall indicate this fact by the 
symbol ~ in equations. We shall begin our considera­
tions by writing down operator expressions for the first 
set of cluster graphs of Fig. 4(d), which we have re­
drawn in Figs. 6(a) and 6(b). 

[Cluster graph of Fig. 6(a)] 

pP pt3 -tl 

« l dtA dtA dhRA(P,h)RB(t2,t2)Rc(t2,h), 
J0 J0 J0 

(48) 
[Cluster graph of Fig. 6(b)] 

« j dtA dtA dhRA(p,h)Rc(h,h)RB(h,h). 
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/3 t 3 1 

FIG. 6. (a) A third order, 4-particle cluster graph with dashed 
lines, [see Eq. (48)]. (b) The other possible temperature labelling 
of the cluster graph of Fig. (a) [see Eq. (48)]. (c) The cluster 
graph of Figs, (a) or (b) with the dashed lines replaced by wiggly 
lines [see Eq. (50)]. (d) The second set of third order, 4-particle 
cluster graphs with dashed lines, (e) The wiggly-line cluster graph, 
see Eq. (51), which corresponds to the dashed-line cluster graphs 
of Fig. (d). (f) A fourth order, 5-particle cluster graph with wiggly 
lines [see Eq. (52)]. (g) Another fourth order, 5-particle cluster 
graph with wiggly lines, (h) The fourth order, 5-particle cluster 
graph with wiggly lines of Eq. (53). For convenience, the external 
lines have been omitted from each of these cluster graphs. 

We next consider the sum of dashed-line cluster 
graphs indicated in Fig. 7, which is analogous to the 
X-diagram sum of Fig. 3(b). 

dh I dh I dh RA(P,h)RB(h,h)Rc(h,h) 

^ [ s u m of cluster-graphs of Fig. 7] . (49) 

We see that Fig. 6(a) is merely the first term of the 
series that consists of all possible dashed-line cluster 
graphs which differ only in the number of double-bonds 
along the two branches (A—B) and (A — C), and in 
which the temperature variable h is associated with the 
lowest C vertex. We note that because of the rules for 
including double bonds in dashed-line cluster graphs, 
the number of double bonds along the branch (A — C) 
minus the number of double bonds along the branch 
(A — B) can only be zero or one. 

We now define the wiggly-line cluster graph of Fig. 
(6c) to be the sum of Eq. (49) plus the corresponding 

A 
h Ms 
d t | I V W W t y R c f t y t , } ^ V \ 

B C 

A 

/ * • 

+ UXBCK? 

0 ^ 

+ 

+ 

A 

• i c t\ 

t/cV. 
\J cNMs 

*2VB \ \ 
d^t, 

FIG. 7. The sum over dashed-line cluster graphs of the type in 
Fig. 6(a), which differ only in the number of double-bonds along 
the branches {A —B) and (A—C). In each of these cluster graphs 
the temperature variable t\ is associated with the lowest (C) ver­
tex. For convenience, the external lines have been omitted from 
each cluster graph. 

equation which has Fig. 6(b) as its leading term. 

[Cluster graph of Fig. 6(c)] 

h) « | dhRA(P,h)l dt2dhRB(h,h)Rc(hr 

dtA dtA dhRA(p,h)[RB(thh)Rc(thh) 

+Rc(h,t2)RB(thh)J (50) 

When all possible ways of including double bonds in a 
cluster graph have been summed and all possible ways 
of ordering the temperature labels have been included, 
we shall draw a cluster graph for the resulting expression 
with wiggly lines instead of dashed lines, as with Eq. 
(50). 

Proper Cluster Parts 

The motivation for performing the sums of Eqs. 
(49) and (50) to obtain wiggly-line cluster graphs 
can be understood by examining Fig. 5. Consider, 
for example, the cluster vertices labelled (18), (19), 
and (20). According to the rules for writing down 
dashed-line cluster graphs, the corresponding tem­
perature variables are associated with the integrations 
••'fo^^ofo^dtwf^dhs'''. Therefore, the two re­
gions enclosed by the wiggly lines in Fig. 5 have a 
complicated interdependence of their temperature 
variables. 

We define a proper cluster part as a part of a cluster 
graph which is connected to the rest of the cluster 
graph by only one incoming and/or one outgoing 
dashed line. (There may be any number of solid line 
connections.) The encircled regions in Fig. 5 are there­
fore proper cluster parts. We shall show that after the 
sum over all possible ways of including double bonds 
and over all orderings of the temperature variables has 
been made for a given dashed-line cluster graph, that 
the only temperature variables which proper cluster 
parts then have in common with the rest of their 
cluster graphs are those at the connecting vertices. 
Thus, the temperature variables which the encircled 
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proper cluster parts of Fig. 5 will have in common with 
the rest of the (wiggly-line) cluster graphs will be only 
h% and tu. In the following paper we shall need to know 
the temperature dependence of a proper cluster part 
independently of the rest of its cluster graph, and it is 
mainly for this reason that we are here performing the 
sums over double bonds. The fact that the resulting 
prescription for writing down wiggly-line cluster graphs 
will be simpler than the prescription for dashed-line 
cluster graphs is merely an added bonus. 

The "disentangling" of the temperature dependences 
of proper cluster parts is very much related to the 
identification of product terms of the Ursell equations 
(11) for Boltzmann statistics, as they are contained in 
Eqs. (29) or (32). Thus, Eqs. (49) and (39), or Figs 7. 
and 3, are quite similar. Moreover, we see from Eqs. 

[Cluster graph of Fig. 6(e)] 

(49) and (50) that after summing over all possible 
ways of including double bonds and over both ways 
of ordering the temperature variables h and h, the 
"upper" temperature labels for both the vertices B and 
C become h. The temperature dependences of the 
"proper cluster parts" B and C are no longer inter­
related except through the variable h of the vertex A 
where they are attached. 

We next consider the dashed-line cluster graphs of 
Fig. 6(d). In this case, it is important to note that 
Eq. (39) remains valid even when the same arbitrary 
function of h is included in the integrand of every term. 
Because of this fact, one can readily show that the sum 
over all possible ways of including double bonds along 
the branches (A — C) and (B—C) of the cluster graphs 
of Fig. 6(d) leads to the result: 

r® rtz rt2 

~ I dh I dh I ^l[i?A(0J/3)^i5(i3^2)^o(^2,/l)+^^(0,/3)^(/3,/2)^c(/2^l)] 
JQ JQ J0 

- I dhRA{^k)\ I dh I dtiRB(P9h)Rc(hyh)+ I dh I dhRB(t3,h)Rc(h,h) 
JQ L^o •'o J h JQ J 

= f dhRA((3,h) f dti ( dhRB(P,t2)Rc(t2,h)+ f dhRB((3,h)Rc(h,h)\ (51) 

We see that when two proper cluster parts with incoming dashed lines (the vertices A and B) attach at a common 
vertex C, that they do not "attach independently" as we might have expected. There is an ordering preserved, 
even after the sum over all ways of including double bonds has been performed, which is that the upper tempera­
ture label at the vertex C is always the lesser of the set {£2^3}. 

We next determine what changes occur in Eqs. (50) and (51) when a fourth vertex is included, i.e., when the 
cluster graphs become 5-particle graphs instead of 4-particle ones. One finds the following results: 

[Cluster graph of Fig. 6 ( f ) ]« I dh I dtJR.A{p^RB{hytz) I dh 
JQ JQ JQ 

Xlf dhRc(P,h)Rn(h,h) + f dhRc(P,h)RD(thh) . (52) 

RAB(P,h)= f dtiRA(P,h)RB(h,h) 

In this case the quantity 

can effectively be considered to be a single vertex, in which case Eq. (52) reduces to Eq. (51). A similar result is 
found for the wiggly-line cluster graph of Fig. 6(g). An important fourth order, five-particle cluster graph to in­
vestigate is the remaining simple case which we shall treat, namely: 

[Cluster graph of Fig. 6 ( h ) ] ~ I dhRA(P,h) I dh 

dt*Rc(0,h)RB(h,h) I dhRD(h,h)+ I dhRc(t3,h)RB(h,h) I dhRD(h,h) • (53) 
3 ^Q J t\ JQ J 
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U k*Jt 
|"k, U 

L* 4 , 

if tj < tk 

t j > t k 

FIG. 8. Three examples of cluster vertices in the wiggly-line 
formulation of cluster graphs. The upper temperature labels of 
the corresponding pair functions are determined by the nature of 
the outgoing lines and the labels of the other vertices where the 
wiggly lines (if any) attach. 

If the vertex D is removed, then Eq. (53) reduces to 
Eq. (51). When the vertex D is included, it "hangs 
freely" from the vertex C. 

Equation (53) can be described in words. Start with 
the vertex A and write down its pair function RA(P,h) 
(or &[_A~\t^). The final integration to be performed will 
be JtfdU. Consider next the vertex B. Its pair function 
is RB(s,fa), where we cannot yet specify the tempera­
ture label s, since two wiggly lines leave the vertex B. 
However, the h integration, to be performed next to 
last, is JlHdh. Consider next the vertex C, whose pair 
function is Rc{fiJ2)- The /2-integration region must be 
broken into two parts ft%udh and Jt^dt2, where U is the 
temperature label at the vertex A. For the first part, 
the temperature label s=t2, and for the second part 
s= U. Finally, consider the vertex D. Its pair function is 
Rnihji) and its integration region is Jot2dh. 

It is important to note that the description of the last 
paragraph also follows from Eqs. (50) and (51). It is a 
geometrical prescription for the expression on the right-
hand side of Eq. (53), since it can be written down by 
only looking at the corresponding cluster graph of 
Fig. 6(h). Finally, we note that it was not essential, but 
merely convenient, to begin with the vertex A. We can 
apply Eqs. (50) and (51) to the determination of the 
expression (53) no matter what order we choose to do 
the four temperature integrations. 

Equations (50), (51), (52), and (53) comprise all of 
the cases which need to be studied in order to under­
stand the wiggly-line formulation of cluster graphs. We 
shall present this formulation, which is nothing more 
than a generalization of the above description of Eq. 
(53), before discussing the validity of using wiggly-line 
cluster graphs in Eq. (47) to calculate TV. 

Wiggly-Line Cluster Graphs 
The basic unit of a wiggly-line cluster graph is again 

a symbol for the pair function of Eq. (45), and we shall 

again call this symbol a cluster vertex. In this case, the 
lower temperature label k of the pair function is again 
attached to the cluster vertex, but now, unlike the 
case of dashed-line cluster vertices, the upper tempera­
ture label is determined by the nature of the outgoing 
lines and the labels at the other vertices where the 
wiggly lines (if any) attach, as shown in Fig. 8. For 
example, if both outgoing lines are solid (external) 
lines, then the upper temperature label is /5. The wiggly 
lines represent internal 1 momenta. 

A Qth-order, iV-particle, wiggly-line cluster graph is 
defined to be a set of Q cluster vertices which are entirely 
interconnected by (2Q—N) wiggly lines. The rules for 
connecting the Q cluster vertices of a wiggly-line cluster 
graph together with the prescriptions for writing down 
the corresponding expression are as follows: 

1. It must not be possible to complete a loop in a 
cluster graph by following the arrows on wiggly lines. 

2. Double-bonds in wiggly-line cluster graphs, i.e., 
structures of the type shown in Fig. 4(c), are not 
allowed. 

3. Every wiggly line is attached to a cluster vertex 
at each end, so that the temperature variable U at the 
tail end is less than the temperature variable tj at the 
head end. 

4. Associate with each of the (2Q—N) internal lines 
and the IN external lines an integer i ( i= l , 2, •••, 
2Q—N) and a corresponding momentum 1,-, k„ or k / 
according to whether the line is internal, outgoing 
external, or incoming external. 

5. Two wiggly-line cluster graphs are different if 
they cannot be topologically (including the relative 
positions of the external momentum labels) deformed 
into each other. 

The next two rules determine the integration regions 
for the Q temperature variables of a Qth-order wiggly-
line cluster graph. 

6. Superimpose a grid of vertical lines on the cluster 
graph so that one and only one of its vertices falls be­
tween any two of the vertical lines. The cluster graph 
must also be drawn so that the vertex at the tail end 
of every wiggly line is lower than the vertex at the head 
end. The cluster graph of Fig. 5 has been redrawn in 
Fig. 9 according to these requirements, and we note 
that its vertices are now ordered (arbitrarily of course) 
from right to left. The Q vertices are to be labelled 
from right to left starting with h and ending with IQ. 
The labels can, however, be placed along the bottom of 
the grid of vertical lines to avoid cluttering the compli­
cated parts of the cluster graph. 

7. The determination of the integration limits of the 
Q temperature variables is now very simple. Two 
horizontal lines are drawn above and below the cluster 
graph and labelled by /? and 0. The integration region 
for each variable U is then that part of the region 
0<ti</3 which is consistent with rule 3 above. For 
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and 

FIG. 9. The cluster graph of Fig. 5 redrawn in the wiggly-line 
formulation. For convenience, the external lines have been omitted. 
Note that either the vertex (21) or the vertex (24) of Fig. 5 cannot 
occur here, because there are no double bonds in wiggly-line 
cluster graphs. 

example, in Fig. 9 we can start at the left end of the 
cluster graph and obtain for the integration limits of 
each variable the result: 

p& pt27 pt2§ p& ~|3 x«*25 /»«22 

I dtw I ^26 I dfah I dtu I dfaz I d/22 I dfav • • 
• ' O *^0 *A) " ^ 2 6 * ^ 2 4 • ' O ^ 0 

ptlZ pt§ pP 

I dtiQ-- • I dh I ^ 1 . 

These integration regions must sometimes be sub­
divided, however, for reasons which are typified by the 
example of Fig. 9. 

(a) The integration region tu in Fig. 9 must be sub­
divided according to whether tu>tu or tu<tu. The 
^-integration region is then 

J
f%h5 tnr -1 

dhr-
0 L At 

when ^i5</i4, 

I dtn ••• 
^0 L J«i3 

when Zi5>/i4-

We have explicitly included the pair function corre­
sponding to the tn cluster vertex here, because its 
upper temperature label also varies according to whether 
^i4>^i5 or /i4</i5- The dots represent the rest of the 
expression for the cluster graph. 

(b) The ^-integration region in Fig. 9 must be sub­
divided as follows: 

phs 0r -i her -1 

Jti7 L She L J 

/'*••••!] "I] 
Jtis I She L J 

and I dtu 

This situation is analogous to the ^-integration regions 
of Eqs. (51), (52) and (53). The /22-integration region 
in Fig. 9 does not have to be subdivided, however, 
because we always have t22<k^ Thus, the t2i integra­
tion is of the form: 

ph2 £221" "i 

I dhv •• 
•A) L J*21 

The final two rules which we must give for wiggly-line 
cluster graphs are: 

(8) When the cluster graph is written in terms of its 
associated pair functions, then (a) a factor of ePB is 
included, where PB is the total permutation of bottom-
row momenta (both internal and external) with respect 
to top-row momenta; (b) the sum over the (2Q—N) 
internal momentum (and spin) variables is performed. 

The above rules completely specify the wiggly-line 
cluster graphs. From rules (6) and (7) it is evident that 
the temperature dependence of a proper cluster part is 
now indeed only related to the rest of its cluster graph 
by the temperature variable (s) at the connecting vertex 
(or vertices). From Fig. 9, for example, we can write 
the temperature dependence of the proper cluster part 
made up of the vertices (7), (6), (5), (4), (3), and (1) 
as follows: 

pP pP pts pti pp Ur -1 thr -1 tir -1 tzr T *4r "1 ^ f 1 

m= \ dtA dtA dtA dh\ dh \ \ . 
Jt7 JtQ Jo JQ J«5 L Jt7 L J«6 L J*5 L J*4 L J i 3 L J*i 

There is, of course, also a h dependence contained in 
the rest of the cluster graph through the vertex (10). 

Equation (47) for TV will now be written in terms 
of wiggly-line cluster graphs 

\V2'---N'J 
00 

= £ [all different Qth-order iV-particle 

wiggly-line cluster graphs]. (54) 

The general verification of Eq. (54), i.e., that the sum 
over all dashed-line iV-particle cluster graphs equals the 
sum over all wiggly-line TV-particle cluster graphs, is 
rather complicated. I t is made by generalizing the 
method outlined at the beginning of this section with a 
series of induction proofs. In particular, one can begin 
by generalizing Eq. (52) to the case of M vertices along 
the branch from A to D [see Fig. 6(f)]. When all 
possible ways of including double bonds between these 
vertices and between the vertices C and D, together 
with all possible ways of ordering the temperature 
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labels, have been summed, then one can show that the 
resulting expression has the same form as Eq. (52). 
The M vertices along the branch A to D can effectively 
be considered to be a single vertex. One can then pro­
ceed with an examination of even more general cases. 
We shall not give the general proof of Eq. (54), but 
rather shall content ourselves with its partial justifica­
tion as presented at the beginning of this section. We 
note that the complete proof of Eq. (54) can be viewed 
as a generalization of the proof of Eq. (41) through the 
identification of unconnected U products in Eq. (32) 
[compare Figs. 3(a) and 3(b), for example]. 

IV. THE LINKED-PAIR EXPANSION OF /<«> 

The linked-pair expansion of the grand potential / ( s ) 

is derived by substituting Eq. (54) into Eq. (21). We 

[Third contracted O-graph^ofJFig.ll] 

(kik2k3\ 
* , , ) 
kik2k3/ 

One sees that there are only two different second-order 
terms in Eq. (56), although one starts with nine terms 
in Eq. (54) (and with 36 terms in the X-diagram nota­
tion). The relabelling of k momenta in contracted 0-
graphs leads to very large numbers of identical terms. 

We now state the general result which one obtains 
when Eq. (54) is substituted into Eq. (21) and all terms 
are gathered together which become identical after re­
labelling of k momenta: 

00 

+ £ [all different Qth-order 
0=1 

linked-pair 0-graphs]. (57) 

The proof of Eq. (57) will be given after we have de­
fined (Jth-order linked-pair 0-graphs. 

For the purpose of studying the distribution func­
tions of a system, such as the momentum distribution, 
it is necessary to define not only linked-pair 0-graphs, 
but also linked-pair f graphs for f > 0 . We therefore 
define a Qth-order, linked-pair f graph ( f=0 , 1, 2- • •) to 
be a collection of Q cluster vertices [see Figs. 4(b) 
and 8] , which are entirely interconnected by m solid 
lines and n wiggly lines, and which have f incoming 
external solid lines and f outgoing external solid lines, 
where nt+n+t=2Q. The rules for connecting the Q 
cluster vertices by the (m+n) internal lines of a linked-

first observe that for 2-particle cluster graphs Eq. (54) 
reduces to 

/ k i k2 \ /•* ^rki k 2 1 

Vk/fcv -I dt Lk/kJ/ (55) 

which according to Eqs. (45) and (35a) is the same as 
Eq. (16). Therefore, the result of substituting Eq. (54) 
into Eq. (21) does not lead to any changes for the con­
tracted 0-graphs which contain only 2-particle cluster 
graphs. 

We next consider the result of substituting Eq. (54) 
for TV=3 into the third contracted 0-graph of Fig. 1. In 
this case one obtains: 

pair f-graph, and the procedures for determining the 
corresponding expression are as follows: 

(i) When connecting the (m+n) internal lines to the 
Q vertices, the n wiggly lines must be connected to 
cluster vertices according to rules (1), (2), and (3) for 
wiggly-line cluster graphs (Sec. I I I ) . 

(ii) Two linked-pair f graphs are different if their 
topological structures, including line types and direc­
tions, are different. 

(iii) Associate with each internal line a different 
integer i ( i = l , 2, • • •, m+n) and a corresponding mo­
mentum hi or h according to whether the line is solid 
or wiggly. 

(iv) If f^O, then associate the external lines with 
certain pre-given momenta. 

(v) According to rules (i)-(iv), every linked-pair f 
graph consists of connected wiggly-line cluster graphs. 
For each cluster graph, perform the integrations over 
the temperature variables of its cluster vertices accord­
ing to rules (6) and (7) for wiggly-line cluster graphs 
(Sec. I I I ) . 

(vi) Assign a factor evk, where vu is given by Eq. 
(20), to each internal solid line. 

(vii) Assign a factor S~x to the entire linked-pair 
graph, where 

S= symmetry number. (58) 

The symmetry number S is defined to be the total 
number of permutations of the m integers associated 

dh\ dtAel \ \ + - ) 
o J0 V LkiUf 2 Lk2k3-Ki 2 Llk3J*2 Lk ik 2 J^ / 

+ J Z [all different Qth-order, 3-particle, wiggly-line cluster graphs] | . (56) 
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FIG. 10. In the second column are shown the one and two vertex 
linked-pair 0-graphs. By cutting lines in these graphs, one obtains 
the corresponding linked-pair 1 graphs shown in the third column. 
The inverse symmetry number has been included with each graph, 
but the temperature labels of the vertices have been omitted for 
convenience. 

with the solid internal lines that leave the graph topo-
logically (including the positions of these numbers 
relative to the m solid internal lines) unchanged. 

(viii) Assign a factor ePB to the graph, where PB is 
the total permutation of the 2Q bottom-row momenta 
of the pair functions with respect to the 2Q top-row 
momenta. 

(ix) Finally, sum over all (m+n) internal momentum 
(and spin) coordinates. 

According to the above definition, Qih-oider linked-
pair f graphs contain Q pair functions, Eq. (45). In 
Fig. 10, we have drawn all of the one- and two-vertex 
linked-pair f graphs for f = 0 and f = 1. With each graph 
we have included its associated symmetry number. 
Now, the only two-pair terms which occur in the grand 
potential, Eq. (21), are those given by Eq. (56), and 
the two contracted 0-graphs which are products of two 
T% functions. But these four terms can also be described 
by linked-pair 0-graphs, cf. Fig. 10. Therefore, both the 
<2=1 and Q=2 terms of Eq. (57) are correct. More­
over, a tedious examination of all the three-pair terms 
in the grand potential leads to the conclusion that the 
29, Q=3 terms of Eq. (57) are also correct. 

[Linked-pair 0-graph of Fig. 11(a)] 

: i D 2 v\v<iv%v± 
klk2k3k4 l5l6 

The general proof that Eq. (57) is correct proceeds 
in analogy with the proof in Appendix A of (LYIV). 3 

Let us assign a different integer i(i=l72' • *m) to 
every solid internal line of a (contracted or linked-pair) 
f graph. The resulting graph is called a numbered f graph 
generated from the original f graph. Two numbered f 
graphs are different only if they have different topo­
logical structures, including the positions of the num­
bers relative to the solid lines. 

Let D be the total number of different numbered f 
graphs which can be generated from the same f graph. 
From the definition of the symmetry number given 
below Eqs. (18) or (58), it is easy to see that 

D=(m\)S~\ (59) 

We may therefore deduce the following result: 

£ [all different f graphs with m solid internal lines] 
= (m ! ) - 1 S [all different numbered f graphs 

with m solid internal lines], (60) 

since after appropriately relabelling the k momenta 
corresponding to the solid internal lines, the D different 
numbered f graphs of Eq. (59) have identical expres­
sions. Equation (60) is true for both contracted f 
graphs and linked-pair f graphs. We next substitute Eq. 
(54) for each of the vertex factors in a contracted 
f graph to obtain 

Y, [all different contracted, numbered 
f graphs with m solid internal lines] 

= S C a n different linked-pair, numbered 
f graphs with m solid internal lines]. (61) 

Equation (61) follows from rule (5) in the definition 
of wiggly-line cluster graphs (Sec. I I I ) . We finally com­
bine Eqs. (60) and (61) to arrive at 

Y [all different contracted f graphs 
with m solid internal lines] 

— ]£ [ a u different linked-pair f graphs 
with m solid internal lines]. (62) 

Equation (57) is now obtained by substituting Eq. (62) 
into Eq. (21), as was to be proved. 

Examples 

We give below a few examples of the expressions for 
linked-pair 0-graphs. 

1. A linked-pair 0-graph which includes the cluster 
of Fig. 6(e), see Eq. (51), is shown in Fig. 11(a). The 
corresponding expression is: 

rP cn r ru e r k i V ] e i r i5 i6 l Tk3k4- | 
I dhl dh\ I dh\ 

J0 J0 \Jt2 Lki l5_h3 Lk2k3Ju2 L lekjfi 

+Mhk] "["'I T'"']\-
Jts LkiI6J«3 Lk2k3J(2 L l e k J d l 

(63) 
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(a) 'Tkik 

Lki 1SJ*3 

(0 

FIG. 11. (a) The third order 4-particle linked-pair 0-graph of 
Eq. (63); (b) a fifth order 3-particle linked-pair 0-graph, see Eq. 
(65a); (c) the other fifth order 3-particle linked-pair 0-graph, 
see Eq. (65b). 

After relabelling variables, the second line of this 
expression is found to be equal to the first line, but it 
does not seem to be of value to exploit this symmetry 
by introducing further rules for our graphs. If the sums 
over double bonds had not been performed, then in the 
corresponding dashed-line expression, the last pair 
function in the first line of Eq. (63) would have been 

171 • 
whereas the first pair function of the second line would 
have been 

see third and fourth lines of (46). 
We shall show in the next section that for a short-

range force in the scattering length (=as) approximation, 

'Tki k21 
= 5^ ( k i + k 2 - k / - k2') (constants) 

Lki'k2 'Jti 
Xa s [ l+0 (£ i 2 Xrange ) 2 ] . (64) 

This means that the pair function is independent of 
temperature to first approximation. Therefore, in the 
calculation of physical quantities which depend on only 
one, two, and three pair terms, the dashed-line cluster 
graphs lead to the same expressions as the wiggly-line 
cluster graphs, because the derivation of Eq. (62) did 
not depend on the difference between these two kinds 
of cluster graphs. For example, the calculation of the 
energy of a Fermi gas to third order in the parameter 
(kFds)y where &F is the Fermi momentum, is equally 
well calculated with either wiggly-line or dashed-line 
linked-pair 0-graphs. On the other hand, it is essential 
to use the wiggly-line linked-pair 1 graphs in the 
calculation of the momentum distribution of a Fermi 
gas, as we shall show in the following paper. 

2. In Eq. (56) we saw that there were only two dif­
ferent second order, 3-particle linked-pair 0-graphs. One 
can show, more generally, that there are only two dif­
ferent Qth-order, 3-particle linked-pair 0-graphs. This 
is a special feature of the three-body problem. For 
example, the two fifth order 3-particle linked-pair 0-
graphs are shown in Figs. 11(b) and 11(c). Their ex­
plicit expressions are: 

[Linked-pair 0-graph of Fig. 11(b)] 

= i v v „ _ „ 8 | d t i dtA dtA dh\ dh 
Jo Jo JO JQ JO L I4 hits 

•2 2 ] X) P1W3 
kik2k3 l4l5« . .110 

'*rk3l4l W e i Hh lsl i2r Mi 

[Linked-pair 0-graph of Fig. 11(c)] 

klk2k3 Ul5. • .lio 

x m n T i i i . <«•> 
L Uhiti LlslgJ^ Lliok3-h2 Lkik2_hi 

~P rt5 „u ~tt „t2 fr-kxVi 
I dh I dh I dh I dh I dh \ 

Jo Jo Jo JO JO L 14 hit5 

X " H "H "r"'1 T '1 - <«•> 
L hhiti LlslgJ^ LIiokiJ*2 Lk2k3-m 

In this case, the expressions for the wiggly-line and 
dashed-line linked-pair 0-graphs are the same, because 
there are no ways of including double-bonds between 
the vertices of the corresponding dashed-line cluster 
graphs. 

There is a close connection between Eq. (57) for the 
grand potential and the corresponding expression de­

rived by Bloch and DeDominicis.5 In order to demon­
strate this connection, it is necessary to replace our 
expansion in terms of the pair-function (45) by a de­
velopment in terms of the potential V2(/) of Eq. (26), 
since the results of Bloch and DeDominicis are ex­
pressed in terms of the latter quantities. According to 
Eqs. (28) and (25), the operator R(h,h) can be expanded 
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in terms of the two-body potential by iterating an 
equation for W2(t2,h): 

R(h,h) = -W2(t2yh)V(h) 

W2(t2yt1) = l - dsW2(t2,s)V(s). 
(66) 

With the aid of Eqs. (66) it is possible to determine the 
precise correspondence between our Eq. (57) and the 
results obtained by Bloch and DeDominicis. For ex­
ample, one first notes that in the latter work, factors of 
evk and (l+e*^) are assigned to lines according to the 
temperature integration limits, whereas we have intro­
duced two kinds of lines and then assigned factors of 
evk only to the solid lines. One may, however, rewrite 
our rules for linked-pair 0-graphs so as to explicitly 
exhibit the line factors of Bloch and DeDominicis. If 
this is done, then one finds that there is still a difference 
between the two theories, because we have no graphs 
with "wiggly-line double bonds/ ' whereas the pre­
scription of Bloch and DeDominicis includes such 
graphs. Iteration of Eqs. (66) at every vertex finally 

achieves the exact correspondence, by introducing into 
our theory all of the missing graphs. 

V. THE TWO-BODY PROBLEM 

In the previous sections we have shown that the grand 
potential of quantum statistics can be expressed en­
tirely in terms of the matrix elements of the two-body 
operator 2£(/2,/i), where according to Eqs. (28), (34), 
and (23), 

d 
R(h,h) = U2(t2,h), 

dh 
(67) 

*72(Mi) = exp(/2#o(2)) e x p [ - {t2~h)H^~\ 

X e x p ( - ^ 0 ( 2 ) ) ~ 1 . 

We shall first determine the matrix elements of U2(t2,ti) 
in the momentum representation for Q, —> oo and for a 
general, spin-independent, central interaction. Our pro­
cedure will be to make a partial-wave decomposition of 
the plane wave matrix elements (kik21 U2(t2)ti) | 1J2) and 
to express each partial wave in terms of the two-
particle reaction matrix (the A matrix). Thus, one can 
show that 

<kiWi,k2m2| U2(t2)h) \ linhl2n2) 

( 2 T T ) 6 2 oo 
: 5̂  ^(ki-f-k2—li—l2)6wini5w2n2— — L ( 2 L + l ) P L ( 7 j k . m ) ( ^ | c 7 L ( ^ 1 ) | / ) , (68) 

02 (2TT)3 £-o 

where fi^ is a unit vector in the direction k = J(k2—ki), 
H\ is a unit vector in the direction 1= J(l2— li), Pz,(cos0) 
is a Legendre polynomial, (27r)6/122 is a factor needed to 
convert momentum state sums to integrals, wi, w2, n\> 
and n2 are spin-state magnetic quantum numbers, and 
UL(fa,h) is the radial part of the two-body operator 
U2(t2,h) for the Lth partial wave. The state vectors 
\k) and (/) are defined in the position representation 
by the expressions: 

5L(&O) is the phase shift for the Lth partial wave. One 
cannot determine a general expression for the radial 
state vector, or even for the phase shifts. However, the 
radial state vector can be expressed in terms of the two-
body reaction matrix or A matrix, which is then given 
for any particular interaction by a single integral. Thus, 
if one defines the A matrix in terms of the radial state 
vector by the equation 

(^ | r )=(27r)^~ 1 F L (^) , 

FL(P) = PJL(P) -> sin(p-§Z,7r), 
p—+00 

(69) 
(r\hL)- ©' COS5L(&O) \FL(for) 

where J'L(P) is the spherical Bessel function. 
The true radial state vector (r | koL), corresponding to 

the energy eigenvalue co(koL)^fi2ko2/m, obeys the radial 
wave equation 

Vd2 L(L+l)-\ 
—+h2 \(r k0L)=U(r)(r hL), (70) 

Idr2 r2 J 

where U(r)=(m/fi2)V(r) is the two-body interaction. 
I t is regular at the origin and has the asymptotic form 

+2ir1P\ kdkFL(kr)\ , (72) 
Jo L k2-h2 J J 

then one finds that the expression for the A matrix is 
simply 

(2/Ry> cosdL(ko)(k\A^\kQ) 

^-k-1 f drFL(kr)U(r)(r\k0L) 

(r\k0L)-> (2/22)* smthR-% LIT+5 L(h) J 
r—># 

(71) = - (2r)-» f dr(k|r)U(r){r\k0L), 

(73) 

In Eq. (71), R is the radius of a large spherical box and (k\A^\k) = tim8L(k). 
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Essentially, the A matrix gives the correction to the form of the states (r\yL) by the equation 
free-particle state vector due to the interaction U(r). 
I n Eq. (72), P denotes the principle value of the inte­
gral. If bound states occur in the two-body problem, 
then we write the radial bound-state vectors as (r | yL), 
and the corresponding energy eigenvalues as a>(yL) 
— —fi2y2/m. In this case we define the Fourier trans-

(r\yL) = -f dk^L(k)FL(kr). (74) 

Using Eqs. (72) and (74), one can express the matrix 
elements (k\ UL(t2,fa)\l) in terms of the A matrix and 
any bound-state vectors as follows : 

{k\UL{h,h)\l)=(-^\^^^ 
\k2—l2/ 

dq c o s ^ z X g y 2 ^ ^ V 1 ^ °">(l\AW\q)*(k\A<L>\q)^P^^ ) \ & 2 - c 2 / J + 
+2T(M)-I Zy <t>yL*(iy^-^e )/>ti(i°f—oil)~ 

' 7 L (k). (75) 

In order to derive Eq. (75), one must understand the <t>(h—fa), where cj)(x) = 0 for x>0 is a step function. The 
principle value of the integral in Eq. (72) to mean the reason is that according to Eq. (67) we must have 
integral over the principle part of the integrand, where (kik2 | U2(t2,t2) | k ik 2 )=0 . The step-function term can 

also be understood as a correction term arising because 

P(l/x) = Re 
\x-\-ie/ x2+e2 

(76) 

Moreover, one can show that the following identity 
holds for the product of two principle parts 

P{\/x)P{\/y)=(y-x)^[_P{\/x)-P(\/yft 

+**6(x)8(y), (77) 

the hard core wave functions do not form a complete 
set of functions over all space. In the particular case of 
a pure repulsive core interaction, one can show that the 
,5-wave part of Eqs. (68) and (75), corrected by the 
step-function term, reduces to the corresponding equa­
tion derived by Lee and Yang in reference 2.11 

Equations (68) and (75), for the plane wave matrix 
elements of U2(t2,fa), give the T2 function [see Eq. 
(55)] which results from a first temperature integration 
in the expression for a cluster graph, e.g., the fa inte­
grations of Eq. (63) and the fa integrations of Eqs. (65). 
For all but one of the cluster vertices of a cluster graph, 

The derivation of Eq. (75) includes the use of this one needs, in addition, expressions for the plane wave 
identity. matrix elements of R(t2,fa). According to Eq. (67), 

If the interaction U(r) includes an infinite repulsive these matrix elements can be obtained by simply dif-
core, then, as Lee and Yang have shown, one must sub- ferentiating the matrix elements of U2 (t2yfa) with re­
tract from Eq. (75) a function which is proportional to spect to fa. 

7r5 (X) = 
*->°+\x2+e2/ 

(k1mhk2m2 \ R(t2,fa) | linhl2n2) 

(2T)« 

W 

2 00 

-^"(kx+ks-li-lOSminiamsng L (2L+l)PL&k-Al) 

where 

CL(kl\hh)=t 

(27r)3 t=o 

X [ C L ( J W | « 0 + 5 £ ( « | W I ) + 8 ( < * - / I ) < * I UL(h,k)\l)~\, (78) 

2 ^ 2 \ 1 
— \-{l\A<-»\k) cos25L(/!:yi<"*-"*> 

+ ( — ) ( - ) f dq cos2dL(q)e^^-^e^^-^p( )(/\A<L> | q)(k\A^\ q), 
\ m /XTT/JQ \k2~-q2/ 

/2TT/Z 2 \1 
BL(kl\t2fa)= ( I — r 0 7 L ( / ) ( / 2 + 7 2 ) ^ 2 ( ^ ^ ) ^ l ( ^ - a , z ) 0 7 L W . 

/ kl y 

(79) 

(80) 
m 

In these equations a>/c=^2&2/m and co7=— fi2y2/m. We discussed above. I t is zero for a finite repulsive core, 
have also assumed that the A matrix and any ^yL (k) but not for an infinite repulsive core. In either case, it is 
are real functions, which is the case whenever the wave useful to include this term, for then substitution of 
equation (70) is invariant under time-reversal. The - ^ ^ Yang use the notation tf2fe-«=exp[-fe-«^>] 
8(t2—fa) term is the derivative of the step-function term — exp[— (t2—/i)#0

(2)]. 
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Eqs. (78)-(80) into Eq. (35a) yields the form of Eqs. 
(68) and (75) directly. 

Although it is necessary to solve the two-body prob­
lem in order to completely determine the A matrix, 
there are physical systems such as dilute gases where a 
partial knowledge of the A -matrix suffices. For a gas of 
particles interacting with only short-range forces, it is 
sufficient to know only the scattering length and the 
effective range to first approximation. In this case the 
L=0 and L= 1 A matrices can be expanded as follows: 

q~\k | A co) | q)= - tas+i(k2+q2W 
+J(g2-^)r2

3+g40(range)5], (81) 

k-YHklA^lq^-a/ll+OiqXmngeYJ 

Since the A matrix is equal to the tangent of the phase 
shift on the energy shell, the lengths as, rh and ap are 
scattering parameters defined as as=5-wave scattering 
length, ri3=|asVeff, where reii=effective range, and 
ap=P-wzve scattering length, i.e., 

-a^limk-Handiik). (82) 

The parameter r2 is not a scattering parameter, but 
rather it depends upon the close-in behavior of the 
two-particle wave function. In absolute value, the order 
of magnitude of each of these four lengths is the inter­
action range. 

The usefulness of expressing the matrix elements of 
U^ihjti) and R(t2,ti) in terms of the A matrix is that 
for a dilute gas one can use Eqs. (81) for the leading 
terms in the expressions for the energy and other 
thermodynamic quantities. In the following paper, for 
example, we will show that in the calculation of the 
thermodynamic quantities of a Fermi gas, only the 
three scattering parameters as, rh and ap enter to order 
(kFXrange)3. This fact has also been successfully 
applied in the many-body pseudopotential method.12 

It is possible to write down an explicit expression for 
the A matrix in the case of certain simple interactions. 
For example, the A matrix for a zero-range 5-wave 
attraction outside of a repulsive core of diameter a is: 

qrsinka-\-kb costal 
(k \A <•> | s>= - - r — [l+OfoVtf„)] 

kL cosqa—qo smgaJ 

[repulsive core+zero-range 

(L=0) attraction], (83) 
qFL(ka) 

{k\A™\q)=-——{\+0{<t/U2] 
kGL{qa) 

[pure repulsive core], 
where 

GL (P) = — pnL (p) —> cos (p—LT/2) , (84) 
p—>co 

and the function nL(p) is the spherical Neumann func-
12 K. Huang and C. N. Yang, Phys. Rev. 105, 767 (1957). 
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TABLE I. The low-energy expansion of the A matrix for a zero 
range S-wave attraction outside of a repulsive core. 

<Tl(k\A<M\q) = -las+i(k2+q*W+i(<f-k2W~\-q*0 (range)5]. 
k^q-Hk | A <« | q) = - %>3[1+g2 O (range)2]. 
a = diameter of hard core; b = scattering length (<0) due to the 
attraction alone. 

Parameter 

as 
fl3=i#s

2/eff 

ri 
ap

3 

Pure repulsive 

a 
la* 
fa3 

ia* 

core 
Repulsive core-}-zero-

range attraction 

a-j-b 
K(a+b)*-
K2(a+b)* 
ia* 

-63] 
-b2(a+b)+b*l 

tion. The quantity b<0 is the scattering length due to 
the attraction alone, and Ua is the height of the repul­
sive core. In Table I we have tabulated the range 
parameters of Eqs. (81) for this interaction, as deter­
mined from Eqs. (S3). 

DISCUSSION 

Recently, Kohn and Luttinger13 have raised an im­
portant question concerning the role played by "anoma­
lous," or improper graphs in the determination of the 
ground-state properties of a Fermi system. Improper 
graphs are Qth-order linked-pair graphs in which a 
group of N<Q cluster vertices can be isolated so that 
there is only one incoming line and one outgoing line. 
Thus, in the Brueckner-Goldstone formalism14 such 
graphs are excluded by assuming that their effect on 
the calculation of ground-state properties is only to give 
a modified energy-momentum relation for the fermions 
while still retaining the free-particle momentum distri­
bution. In the present context, one can readily see that 
an examination of the question raised by Kohn and 
Luttinger is much more feasible once the sums of Sec. 
I l l over all cluster graphs with double bonds have been 
performed. The reason is that the "proper parts" of 
improper graphs will often be proper cluster parts, 
and in the wiggly-line cluster graphs the temperature 
dependence of proper cluster parts is only upon the 
one or two temperature variables at the connecting 
vertices. This feature greatly simplifies the further in­
vestigation of improper graphs, because a proper part 
can itself then be examined independently of the rest 
of its improper linked-pair graph. 

The following paper consists of a detailed study of 
the way in which improper graphs contribute in the 
calculation of the low-temperature properties of a 
Fermi gas. 
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