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The momentum distribution in a low-temperature Fermi gas is investigated using the methods of quantum
statistics developed by Lee and Yang together with the linked-pair expansions of the previous paper. It is
shown that in order to determine the momentum distribution at very low temperatures two coupled integral
equations must be considered, one in momentum variables and due to Lee and Yang, and the other in
temperature variables. It is also shown that the dominant low-temperature behavior of the momentum
distribution can be extracted in terms of a certain function #' (k). For a low-density Fermi gas with strong,
short-range, two-body interactions, it is shown to third order in the scattering parameters of the interaction
that at T=0 the function »' (k) is equal to the free particle momentum distribution. Also, the energy and
other thermodynamic quantities are expressed in terms of »’ (k), so that the theory permits a generalization of
perturbation theoretic results to nonzero temperatures, The ground-state energy, momentum distribution,
and thermodynamic potential are calculated to third order in the scattering parameters.

INTRODUCTION

HE momentum distribution in a very low-temper-
ature Fermi system is a quantity of considerable
interest to physicists. In the first place, it is a meas-
ureable quantity which is quite sensitive to the nature
of the forces which the Fermi particles experience. In the
second place, the momentum distribution plays a central
role in most many-body theories and can greatly affect
the calculation of other thermodynamic quantities.

A Fermi system of especial theoretical interest is the
very low-temperature Fermi gas, which serves as a
model, for free electrons in a conductor, for liquid He?,
and for nucleons inside of a very large nucleus. In this
paper, we are thinking mainly of the latter two prob-
lems, for in our considerations we always assume that
there are only two-body forces which are strong and of
short range. However, the interesting case of attractive
forces which are sufficiently strong to cause binding in
the many-body system is not considered in this paper.

In recent years, the importance of knowing the mo-
mentum distribution in the ground state (i.e., the zero-
temperature state) of a Fermi gas, has heightened, be-
cause of the assumption in many-body theories that the
true momentum distribution resembles the free particle
distribution to first approximation. For example, this
assumption is basic to the Brueckner-Goldstone formu-
lation of perturbation theory.! In a recent paper, Kohn
and Luttinger? have directed attention to this assump-
tion by examining the Brueckner-Goldstone formalism
from the point of view of quantum statistics. In a
subsequent paper, Luttinger and Ward® have shown
that it is correct to calculate the ground-state energy of
a Fermi system for spin-3 particles using the free-par-
ticle momentum distribution (i.e., that the Brueckner-
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Goldstone formalism is correct), provided that certain
terms (i.e., anomalous or improper diagrams) are omit-
ted in the calculation.

The work of Luttinger and Ward employs the methods
of field theory. Although such an approach is quite
fashionable in current literature, the particular applica-
tion by Luttinger and Ward has the drawback that it
can only be applied to weak interactions and not to the
more realistic case of forces which include a hard core
repulsion. It is therefore the purpose of the present
paper to derive and apply methods for calculating the
ground-state energy and momentum distribution of a
Fermi gas in which the forces are both strong and of
short range.

The present treatment of a Fermi system is based on
the quantum statistical method of Lee and Yang* and
it does not rely on the methods of field theory. The
analysis stems from an integral equation for the mo-
mentum distribution, first derived by Lee and Yang,?
into which the linked-pair expansion of the vertex
functions® is substituted. The derivation of this equa-
tion, which is in terms of momentum coordinates, is
reviewed in Sec. I. It is then shown in Sec. IT that in
order to determine the leading corrections to the mo-
mentum distribution of a Fermi gas in the temperature-
density region p|a;|Ar*>1 (p=density, e,=scattering
length, Ap=thermal wavelength) a second integral
equation, which is in terms of (inverse) temperature
variables, must be coupled to the Lee-Yang equation.
It is shown that in the scattering length approximation
ol @,| K1 the first, as well as the zeroth, order solution
to the coupled set of integral equations is the free-
particle momentum distribution.

In Sec. III, master graphs are introduced, which
enable one to write down the above set of coupled
integral equations in a simple manner. Possible ap-

4T, D. Lee and C. N. Yang, Phys. Rev. 113, 1165 (1959).

§ T, D. Lee and C. N. Yang, Phys. Rev. 117, 22 (1960), here-
after referred to as LY IV.

¢ F. Mohling, preceding paper [Phys. Rev. 122, 1043 (1961)],
hereafter referred to as I.
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VERY LOW-TEMPERATURE FERMI GAS

proximations methods for determining the solutions to
these equations are reviewed in Sec. IV, and it is then
shown that the dominant low-temperature behavior of
the solution can be extracted by means of a temperature
and momentum dependent transformation which is
called the A lransformation. Before the A transformation
is performed, the iterated solution to the integral equa-
tions is in terms of a function »(k), where

v(k)=exp[B(g—wi) J/{1+exp[B(g—wi) ]},
[wx=7%k2/2m ],

and g is the thermodynamic potential. At zero tempera-~
ture (8= ), the function »(k) is a step function with
the step at wy=g. After the A transformation, the
iterated solution is in terms of a function »'(k), where

(k)= exp[B(g—wy') ] ’
{1+exp[B(g—wx') ]}

and the temperature dependence of A(k,8) is negligible
at very low temperatures, i.e., A(k,8) — A(k) as T — 0.
[As mentioned above, the leading term of A(k) in the
scattering length approximation is also momentum
independent. |

The functions »(k) and »'(k) reduce to the free-
particle momentum distribution in the absence of inter-
actions, since A(k,3)=0 for free particles. On the other
hand, »(k) has nothing to do with the momentum
distribution for interacting particles, whereas it is shown
(to third order in pi-@,) in Secs. V and VI that for a
Fermi gas the integral of »'(k) over all momentum
space gives the density p. Therefore, when the quantity
g—wy’ has only one zero at T=0, this zero must occur at
k=kp (or wx=Er), where

p=[(2T+1)/6x% ]k 5

[wk’ =wx+A (k,B)])

and Er=hks/2m.
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Thus, it is shown (to third order) that for a gas of
interacting Fermi particles at 7=0, the quaritity »' (k)
is the free-particle momentum distribution, and that the
true momentum distribution differs from »’(k) only by
terms which are O(kra.)®.

An important consequence of the A transformation is
that the grand potential f(=gX pressure), and therefore
also the energy, of a Fermi system can be calculated in
terms of the quantity »' (k). This justifies (to third order
for a Fermi gas) the oft-made assumption that the
ground-state energy can be calculated in terms of the
free particle momentum distribution. The result is
perhaps not too surprising. On the other hand, the
prescription given in Sec. VI for making the calculation
is valid at nonzero temperatures as well as at T'=0.

The ground-state energy of a Fermi gas is calculated
to third order in scattering parameters in Sec. VI, and
the result is in agreement with previous calculations
which have appeared in the literature. Curves are also
presented, which show the orders of magnitudes of the
various terms in the expansion of the energy for the
cases of hard-core repulsions with and without weak
attractive forces.

The thermodynamic potential g at T=0 is calculated
to third order in scattering parameters, and the mo-
mentum dependence of A(k) is explicitly given to second
order in (kra,).

I. THE MOMENTUM DISTRIBUTION

The theory of the grand canonical ensemble is useful
for calculating not only the thermodynamic quantities
of a system, such as the energy and the pressure, but
also for calculating distribution functions such as the
momentum distribution and the two-body correlation
function. Thus, the probability that any particle in a
system has momentum kg is simply?

<1’L(k0)>=él (N‘)‘l . Zk <k1k2' . 'kN\pN(s)lklkz' . k}ﬁ(% 6k,~,k08m,-, mo), (1)

=1

where (kiky - -ky|pn®|kiks- - -ky) is a symmetrized (or antisymmetrized) matrix element of the N-particle
density operator. Now, in I the grand partition function was written in the form

exp(@f©)= NE AT T exp(—B

ki---k

N
2 wi{ks - ky | W' [ kik,- - k), 2

i=1

where (kiks: - -ky|Wa|kiks- - -ky) is a symmetrized matrix element of the operator Wy (8)=exp(8H™)
Xexp(—BH™).® It therefore follows? that the matrix elements of the density operator are

<k1' . _kNle(s) lkr . _kN>=ZN exp(_gf(s)) exp(—ﬁ % w¢)<k1' . .kN\WN(s> \kl. . .kN>, 3)

and that the momentum distribution is given by

(n(ke)) = exp(—2f ) Nz OO

1ok

i=1

Z exp(—-ﬂ éw,)(kl 'kNlWN(s)lkl" 'kN>(§NI(Skj,k03mj, mg). (4-)

7 It is convenient to define {(# (ko)) to be the momentum distribution for a fixed momentum and spin state. Therefore, in Egs. (1) and
(4) 8k; ko is muitiplied by the factor 8m;,mo, where m is the spin magnetic quantum number.

8 We use the interaction representation throughout this paper.

9 D. ter Haar, Elements of Statistical Mechanics (Rinehart and Company, Inc., New York, 1954), Chap. VII. See also footnote 7 in 1.
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Upon comparing Egs. (2) and (4) we see that, pro-
viding the matrix elements of Wy (8) are expressed in
the plane wave representation, (#(k)) may be obtained
by a simple functional differentiation of the grand
partition function:

b}
e —— eXp(—Qf‘”)[—— expmﬂs»] )

5(.01;

where the matrix elements of Wy (8) are to be held fixed.
According to I, however, the matrix elements of W y(8)
can be expressed entirely in terms of certain functions
(kiks - -k | Tw|kiks- - - ky), which are symmetric com-
binations of the Boltzmann cluster-functions. Moreover,
the grand potential f¢ can also be written directly in
terms of these T functions, and therefore Eq. (5) may
be replaced by

(10)= —5-1] s ©)
(n(k)= =5~ ]

Wk

We now follow the development of Lee and Yang
[LY IV], who have shown that @/ can be written
either as a sum over all primary O-graphs or as a sum
over all contracted O-graphs. The wi-dependence of
the primary O-graphs occurs explicitly in factors
(e5 exp(—PBwx)) which are assigned to the (internal)
lines of the graphs. On the other hand, in the contracted
0-graphs the wy-dependence is entirely contained in line
factors evy (e=-+1 for Bose-Einstein statistics, e=—1
for Fermi-Dirac statistics), where

_ z exp(—Bwy) _ exp[B(g—wx) ] o
‘ 1— ez exp(—Bwy) l—eexp[ﬁ(g-—wk)].

The quantity g is the thermodynamic potential per
particle. Since we shall be concerned only with con-
tracted O-graphs, it is convenient to perform the func-
tional differentiation in Eq. (6) with respect to »x
instead of wy. Equation (6) then becomes

nk)=ritr(14evi)
X [8/8vx 3 (all contracted O-graphs)Jr, (8)

where the first term is the free-particle contribution »x
to the momentum distribution.

The differentiation in Eq. (8) can be graphically
performed by breaking open the lines of contracted 0-
graphs. This leads to the expression

(n(k))=vi+evi (14 evi)Y_ (all contracted 1 graphs). (9)

Contracted { graphs are formally defined in LY IV and
in Sec. I of I.

An approximate evaluation of Eq. (9), in which only
those contracted 1 graphs which have small numbers of
vertices with each vertex representing a low-order T’
function, is obviously suggested. However, Lee and
Yang have called attention to the fact that for a Bose-
Einstein gas the resulting power series development is
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inapplicable near and below its transition temperature.
As we shall see in the next section, such a power series
development is also not applicable for a very low-tem-
perature Fermi gas. It is therefore necessary to write
Eq. (9) as an integral équation before its solution can be
attempted. This is accomplished by first writing Eq. (9)
as follows:

N(k)=w[14» > (all different contracted 1 graphs) ],
(10)
where the function N (k) is defined by

N(k)=exp[B(g—wr) L 1+enk)] - (11)

Equation (10) for N (k) can then be written as an
integral equation after introducing the concept of re-
ducible and irreducible graphs [see LY IV].

A contracted 0 graph or 1 graph is called reducible if
by cutting two of its (solid) internal lines open the
entire graph can be separated into two (or more) discon-
nected contracted ¢ graphs ({=1, 2). An drreducible ¢
graph is a contracted ¢ graph which is not reducible,
with its (solid) internal lines representing factors eV (k)
instead of ey(k). With these definitions, it is shown in
LY IV that

N (&) =»(K)[14N (k)
X3 (all different irreducible 1 graphs)].  (12)

The present paper is mainly concerned with the de-
velopment of a systematic way of solving this compli-
cated integral equation for a very low-temperature
Fermi gas, using the linked-pair expansion introduced
in I. We shall also consider the evaluation of the grand
potential, which according to LY IV may be written

QfO(NQB8) =€ > x In[1+en(k))]
+ 3" (all different irreducible O-graphs)
—e 2w RN () —1], (13)
and which completely determines the pressure, density,
and energy in terms of the temperature 7, the thermo-

dynamic potential g, and the interaction parameters of
the system.

II. LOW-TEMPERATURE MOMENTUM DISTRIBUTION
IN A FERMI GAS; LOWEST ORDER
CORRECTIONS

In I we showed how the contracted {-graph vertex
factors, i.e., the T functions, could be expressed in terms
of two-body “pair functions”

tork ks
[ ]:&&Am@mm¢o
k3 441

€k12 2,01 k4k3,
+e(kike| R(l2,h) | kaks) (14)

a

R{tz,01) = ——Texp(teHo®) exp[ — (ta— 1) H?]
ot

‘ Xexp(—uHe®)],
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by means of wiggly-line cluster graphs, and how this
fact permits one to express the grand potential in terms
of linked-pair O-graphs with both solid and wiggly lines.
Such a treatment of the 7' functions is applicable to
irreducible ¢ graphs as well as to contracted ¢ graphs.
We may therefore express the grand potential (13) and
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the momentum distribution (12) in terms of irreducible

linked-pair 0- and 1-graphs, respectively, which are as-

signed symmetry numbers in accordance with the rule

given with Eq. (1.58). Some examples of reducible and

irreducible linked-pair O-graphs are shown in Fig. 1.
We now introduce a “new” pair function

( ) ) ' Zl ( ) ( ) tll I IIZI ( )
1 2 l K. 2 0, 2 1 Xl 1 0 1 2

tite k1k2
-
k3k4 4] 2 klkz
[ ]em—m i =1,
3Ky Jio
where We next define a quantity P(ls,t,k):
O(w)=+1 Tf x>0 (16)  P(iyi,k)=Y (all L graphs with given external
=0 if x<0, ) . .
lines which cannot be separated into
which may be substituted for each of the “old” pair two L graphs by cutting one wiggly
functions (14) in a linked-pair { graph without changing line), (20)

its value. The variables ¢ and ¢, are the temperature
labels at the heads of outgoing wiggly lines from the
vertex £, and for a solid outgoing line (3) #;=8 (see
Fig. 8 of I). When we use the pair functions (15) in
a linked-pair ¢ graph we may extend the range of inte-
gration of the temperature variables at all of the ver-
tices to the entire interval 0 to 8. For this reason, we
shall assume in what follows that unless otherwise indi-
cated the pair functions (15) are being used in linked-
pair ¢ graphs.

Corresponding to each irreducible linked-pair 1 graph
we next introduce an L graph with exactly the same
structure, but subject to the condition that we do not
integrate over the temperature variable #; at the vertex
to which the incoming external line attaches. Thus, if we
define

L(B,t1,k)=>"(all L graphs with solid external lines), (17)
then Eq. (12) may be replaced by

.N&%=MM[L+N&%£%%L@%M]. (18)

The advantage of the L graphs over the irreducible
linked-pair 1 graphs is that the former permit a simple
generalization which is useful for generating more com-
plicated graphs from simpler graphs. Thus, we define L
graphs with one or both of the solid external lines re-
placed by wiggly lines by merely specifying the tem-
perature variable ¢, at the vertex to which the outgoing
line is directed if that line is wiggly:

L(ty,t1,k)=3" (all different L graphs with given
external lines).

(19)

Equation (19) reduces to Eq. (17) for L graphs with
external solid lines. For L graphs with outgoing wiggly
lines, we note that we may have . <t as well as > 4.

in terms of which we can write down a simple integral
equation

8
mem=j‘%G@@bP@mm,
0

() i
CE
(2
@ (2

o ARG W abe)

m
(b)

m@@

(24)

B oom

Fic. 1. (a) Reducible linked-pair O-graphs. There are no such
graphs with only one vertex, and there is only one with two
vertices. Five of the eight 3-vertex 0-graphs are shown; (b) Irre-
ducible linked-pair O-graphs. There is only one 1-vertex O-graph
and there are three 2-vertex O-graphs. Four of the twenty-one
3-vertex O-graphs are shown. (We do not draw irreducible graphs
with heavy black lines as is done in LY IV.) The symmetry number
S has been included below each O-graph. For convenience, the
temperature labels of the vertices have been omitted.

(21)



1066

()

""(.. :)""‘"..
- L
E
.
~N
+
:® g :© g

(12+)

1y (tZ'B)

e R G

F16. 2. (a) Diagrammatic representation of Eq. (21) for the case
of wiggly external lines; (b) Diagrammatic representation of
Eq. (22) for the four possible choices of external lines. For an
outgoing solid line, t:(=p) does not refer to the temperature
variable at the vertex to which the line is directed.

where

G (to,01,k) =8 (13— 11) + €L (Lo, 01, k). (22)

Equations (21) and (22) are represented graphically in
Fig. 2. In particular, the line representing the term
8(t;— 1) is defined to be a solid line unless botk of the
“given’ external lines are wiggly lines.

In T we defined a double bond in a graph to be a
structure in which two lines connect the same two
vertices. We also showed that there are no wiggly-line
double bonds in linked-pair { graphs, and hence there
are none in the quantity P{ls,#1,k). We next define the
quantity B (s,£,,k) to be the sum over all L graphs of the
type in Eq. (20), including those with wiggly-line
double bonds:

B (ts,t1,k)=3"(all L graphs with given external
lines, including those with wiggly line
double bonds, which cannot be sepa-
rated into two L graphs by cutting

one wiggly line). (23)

All but two of the one- and two-vertex L graphs in
B (45,11, k1) are shown in Fig. 3 for the case of external
wiggly lines. With the exception of the last L graph,
Q4@ (#5,81,k1), these are also one- and two-vertex L
graphs in P(ly,i1,ky).

FRANZ MOHLING

The L graphs which contribute in Eq. (23) may be
classified as improper or not improper. Figure 3 includes
all of the one- and two-vertex L graphs in PB(¢y,1,k1)
which are not improper, whereas, the remaining two
2-vertex L graphs in P (¢,t1,k) are included among the
improper L graphs of Fig. 4.

Definitions

An n-vertex irreducible linked-pair ¢ graph (¢=0, 1)
or an L graph is called improper if a group of m vertices
(0<m<u) can be isolated so that there is only one
incoming and one outgoing line. A proper graph is an
irreducible linked-pair { graph (=0, 1) or an L graph
which is not improper, and in which the internal lines
undergo the replacements prescribed in Fig. 5.

The definition of a proper L graph is such that we
may write down the following expression for the quan-
tity P(ty,l1,k) of Eq. (20):

P(by,t1,k)=3" (all proper L graphs with given ex-
ternal lines, including those with

wiggly line double bonds), (24)

By iterating Eqs. (22) and (21) for the internal line
factors of the proper L graphs in Eq. (24), we clearly
generate all of the L graphs in P(fy,1;,k). Moreover, L
graphs with wiggly-line double bonds are explicitly
subtracted by the third replacement of Fig. 5. Finally,

t2

l
Q“(fz’ 1‘,’ kl) = t

ke x,
Q@ (1, 1, k)=
2 (21 iy ) k' kz ts
12
134 k2
_ katkaphks
t
k)

Pt ) -

Fic. 3. All but two of the one- and two-vertex L graphs in
B te,61,k1), [Eq. (23)7], for the case of wiggly external lines. The L
graph Q4@ (#2,41,ks) does not occur in P (f3,41,k:), [Eq. (20)7. If the
internal line replacements of Fig. 5 are made, then these L graphs
become @/l of the one- and two-vertex proper L graphs [see
Eq. (24)].
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one can verify that the symmetry numbers of the L
graphs in Eq. (20) are correctly duplicated when the
internal line factors of the proper L graphs in Eq. (24)
are iterated. Thus, we see that it is a subset of the L
graphs of P(#,41,k), and not P{h,t4,k), that generates
P(ty,t1,kk) when we make the internal line replacements
of Fig. 5.

Equation (24), in conjunction with Egs. (21) and
(22), constitutes an integral equation, a formal solution
of which is rendered by Eq. (20). We shall now show,

Kk,

L=
where

2xh?
CrL(kk|tst) = (—-—-—) { (2k) 1 sin26.(k)+271
m

t2 k1k2 0
[ ] = 29_1 Z (2L+1)[1+E(— 1)L5m1m2][CL(k12k121lzt1)+6(t2_t1)<k12l UL(tz,tz) I k12>],
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however, that for a very low-temperature Fermi gas it
is incorrect to consider only a finite number of terms of
Eq. (20), whereas one may evaluate only the one-
vertex proper L graph shown in Fig. 6 to obtain a true
first approximation for L(fs,t1,k).

In Sec. V of 1, it was shown that the pair function
(14) can be expressed in terms of reaction matrix, or A
matrix, elements. In particular, for an interaction which
does not give rise to a two-body bound state, the diago-
nal elements of the pair function are

(25)

® 1
Xf dqop(kz—q 2) cos?81,(go) (k] AP | go)* expl (fa—11) (wi—wao) ] }; (26)

and

(k| U 1) | By=lirna™ o l k| AD (1) cos? () — k(1| AD | B) cos®d (k)

%

—|—21r“1j:° dgo cos?1,(go) (1| AD | goXk| AD | go) exp[tQ(wk—wl)][P(lz_lq()?)—P(kz_lqoz)]|. (27

We now specialize our considerations to the case of a
very low-temperature Fermi gas (e=-—1) with strong,
short-range interactions. We also make a low-density
approximation, in which case the first term of Eq. (26)
is proportional to the scattering length a,. More pre-
cisely, the approximations which we shall now make are
klas|~p}la, |1 and |, Ar<K (ot r) K1, (28)

where Az is the thermal wavelength [see (34)].

t2 s K
1
Y !

s
12
S
1%
f2

t2 Sy s

4

F1c. 4. Some improper L-graphs for the case of wiggly
external lines.

If we include only the contribution of the first term
of Eq. (26) to the pair function, and if we retain only
the one vertex proper L graph in Eq. (24), then in the
low-density approximation we obtain the following ap-
proximate integral equation for P® (f3,61,k) :

ta f2
—
s
2
1 2
(3
—— 2 +
s
$§

1 1
t2 2 2
— & © -
5 Sz
t
h L]

Fic. 5. The internal line replacements which convert a graph
which is not improper into a proper graph. The quantities G- and
L< are: G> (tg,tl) EG(tz,t;)O(tg—tl) and L< (tz,tl) EL(tz,h)o (tx - 52),
where 6(x) is given by (16).
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k .
[0}
P k) = €N(Q)
k 5
I'}

¥16: 6. The one-vertex proper L graph for the case of wiggly
external lines.

prw (t2’t17k)

4Jh%a, 8 8
f & N (D) f ds, f 3G (1y,50,])
(2m)2m 0 0

X GO (B,52,)0 (ta—11)0 (52— 11).

(29)

Equation (29) is diagramatically represented in Fig. 6.
The form of the solution for L (s,t;,k) [see Egs. (21) and

(22)]1is
LO (ty,11,k)

= A0 (k) {exp[ — (a— ) AD W0 (ta—1r),  (30)
where
aon (g 2T [ ymept-pom1 Gy
——(27r)21n 1 CXp .

After substituting Eq. (30) into Eq. (18) and solving for
N (k), we find for the lowest order correction to (n(k)),
Eq. (11),

exp{BLg—A® (k) — w1}
14-exp{BLg—A® (k) —wi ]}

According to Eq. (31), A® (k) is actually independent
of k. Therefore, to first order the true momentum dis-
tribution is the same as the free-particle momentum
distribution, and in the low-temperature limit we obtain

(n(k))==y® (k)= (32)

4J7%a,
A = fdal v (b
(2m)2m
=8J(3w) 'Ep(kra,)l 1+0(krry) 2], (33)
where
krt= 27+ 1)"6n%; A?=2rhBm L (34)

Hence, in the low-temperature, low-density limit, the
thermodynamic potential is given by

g=Ep[1+87 3n) 1 (kras)+0(kras)?*+-0(krrr)2]. (35)

At T'=0 Eq. (35) gives the zero of the exponential
factors in Eq. (32), which by definition occurs at k= k.
It is clear from this equation that for attractive inter-
actions g<Er and for repulsive interactions g> Ep.
This result is consistent with the thermodynamic equa-
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tion for g at zero temperature, i.e., with

| @

= = @, 36
oW om0y (0

4

where @ is the pressure.

We now observe that BA® ~pa\ 7%, and therefore we
see from Eq. (32) that one cannot calculate the mo-
mentum distribution in the low-temperature limit by
evaluating a finite number of L graphs in Eq. (17). It
was absolutely necessary to consider the integral equa-
tion (24) rather than its formal power series solu-
tion (20),

The evaluation of the higher order corrections to the
momentum distribution is more difficult than the lowest
order solution presented in this section, principally be-
cause of the complexity of the higher order proper L
graphs. It becomes necessary to introduce very system-
atic procedures for evaluating L graphs, and one is
eventually led to introduce the A transformation of
Sec. IV. We shall also be interested in applying the
higher order solutions which we obtain for L(Z,,k) to
the calculation of the thermodynamic quantities of a
Fermi gas. For these reasons, a further general study of
both { graphs and L graphs will form the content of the
next section. Then in Sec. IV we shall return to the
matter of determining the higher order corrections to
Egs. (30) and (31). We finally remark that the results
of the next three sections will substantiate the validity
of the lowest order calculation just presented, and it
appears to be possible to extend the calculation to all
orders.

III. MASTER GRAPHS

In Sec. II we introduced the concept of proper graphs
as a certain set of linked-pair graphs with the line re-
placements of Fig. 5. The important change which we
shall make in this section will be to consider the line
replacements of Fig. 5 as vertex modifications. This step
will then lead to the introduction of master graphs.

We first define a generalized pair function,

“tz{klkz k1k2

{3 182
} Ef dsidsy T (115K ; taseks) [
k3k4 ] 0

] , (37)

g

in terms of the pair function (15) and a function
I'(t151ky; tas:k,), which is in turn defined in terms of
N(k) and G(és,t,k) according to the nature of the
outgoing lines at the vertex f,. If both outgoing lines are
internal lines, then

T (t181k1 3 tQSng)

= 901)5171{1)8 (tZVYZ;k?) Whel’l tl# t2

G (ta,51,K0)G (U, 52,ks)— 6t — 5230 (o — 52) (38)
when #1=1,,
where
Qs =G s+ MLKGCGE,sK),  (39)
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F16. 7. The definition of the
generalized vertex symbol for the t2
case of two outgoing internal lines
with ¢ #t,; see Eqs. (37), (38),
and (39). fo

and

(40)

B
5 (1K) =N (k) f i5'G(1.5' ).

The quantity G(fs,t1,k) is defined by Eq. (22). If an
outgoing line at the vertex 4 is an exiernal line, then in
Eq. (38) we must make the replacement

S(t,5,k) — G(i,s,k) (for an outgoing external line), (41)

where k is the momentum variable associated with the
external line. In order to indicate in a graph that a
vertex represents a generalized pair function we shall use
the usual vertex symbol with a circle around it. Such a
symbol will be called a generalized vertex. The definition
(38) is illustrated in Fig. 7 for the case of two outgoing
internal lines with #154,.

A Qth order master ¢ graph ({=0, 1) is defined to be a
collection of ) generalized vertices which are connected
by (20—¢) directed lines called internal lines, and to
which are attached ¢ owlgoing external lines and ¢
incoming external lines. All of the lines in master ¢
graphs are solid lines, and each master { graph is nof
reducible. Two master { graphs are different if their
topological structures are different.

To each master { graph we assign a term which is
determined by the following procedures:

(i) Associate with each internal line a different integer
1 (1=1, 2, - -m), where m=20Q—{, and a corresponding
momentum k;.

(i) If ¢>£0, then associate the external lines with
certain pre-given momenta.

(ii1) Assign a factor S~ to the entire graph, where

S'=symmetry number. (42)
The symmetry number S is defined to be the total
number of permutations of the m integers associated
with the internal lines that leave the graph topologically
(including the positions of these numbers relative to the
lines) unchanged. For convenience in discussion, we
shall in Appendix A refer to the permutations defined
here as “internal line permutations’ rather than as the
“permutations of the numbers associated with the
internal lines.”

(iv) Associate with each generalized vertex a temper-
ature variable #;, and assign as a factor a corresponding
generalized pair function whose “upper temperature
variables” are those at the vertices to which the out-

GAS 1069
t ta t t2
s}
N N
€ s, 5 €
A + S, +
to fo

going lines from the vertex {; are directed. The upper
temperature variable for an outgoing external line is 8.

(v) Assign a factor €2 to the product of the gener-
alized pair functions, where Pg is the total permutation
of the 20 bottom-row momenta with respect to the 20
top-row momenta.

(vi) Integrate over all of the temperature variables
from 0 to 8, and sum over the m internal momentum
(and spin) coordinates.

We see that master { graphs are structurally the same
as irreducible ¢ graphs constructed with only 7's-vertex
functions (Sec. I). Before demonstrating that the mo-
mentum distribution and the grand potential can be
expressed in terms of master 1 graphs and 0 graphs, re-
spectively, we introduce master L graphs.

A master L graph is defined to be a master 1 graph in
which (1) the integration over the temperature variable
1 at the vertex to which the incoming external line
attaches ¢s not performed; (2) the last sentence of rule
(iv) is changed to read: “The upper temperature vari-
able for an outgoing external line is £,(<B3)”’; and (3) the
external lines may be wiggly or solid, as in the four cases
shown in Fig. 2(b).

We can now write down the following equation for the
quantity L(fs,01,k) of Egs. (19) and (21):

8
L(tz,t1,k)=f dSG(/fz,S,k)P(S,fl,k,G)
0

=3 (all different master L graphs with

given external lines). (43)

The validity of Eq. (43) can be seen in two ways. On the
one hand, Eq. (43) follows by comparing the definition
of master L graphs with Eq. (24) and the subsequent
discussion. On the other hand, one may directly verify
that the right-hand side of the second line of Eq. (43)
generates all of the L graphs in Eq. (19) with their
correct symmetry numbers (see proofs of Theorems 2
and 3 in Appendix A).

According to (41) and the first line of Eq. (43), the
function P(s,?) is the sum over all master L graphs with
no external line factors. We have explicitly indicated
that P(s,t) is a functional of G(ss,51) in the first line of
Eq. (43), because we now wish to introduce two new
quantities L, (f5,t1) and G, (tx,t1), which are slight modi-
fications of the functions Z(fs,/1) and G (is,41). These new
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functions are defined, for 8> 7> (f,41), as follows:
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LT (t%tl:k) = f dSG., (t%‘g;k)P(s:tlyk)Gﬂ) _>ﬂ Lﬁ (tZ)thk) =L (tleyk)y
0 ™

(44)

GT (tg,tl,k) EB(Ifz“ t1)+6LT (t'g,tl,k) —_ Gﬂ (lz,l[,k) = G(tQ,h,k).

At first sight it would seem that the functions L, and G,
are modifications which are unessential to the present
development. However, we shall see below that these
functions are encountered when one attempts to express
the grand potential in terms of the generalized pair
functions (37). We emphasize that the definitions (44)
do not entail any modifications of the snternal line
factors of G(sg,s1) in P(s,0).

Momentum Distribution

It is clear from the discussion below Eq. (43) and the
definition of master L graphs, that Eq. (18) for the
quantity N (k) may be written

NEK =»K)[14+N k) (all different master
1 graphs)]. (45)

Thus, by means of Egs. (11) and (45), the momentum
distribution {(n(k)} is given explicitly in terms of master
1 graphs.

By combining Eqgs. (11) and (18), one can also show
that the momentum distribution is equal to the function
91(8,k) of Eq. (40):

N(B k) =(n(k)). (46)
Equation (46) suggests, quite apart from any other
reasons, that it may be quite useful to express the grand
potential in terms of generalized pair functions, even
though the quantity which appears in Eq. (39) is 9t(¢,k)
and not 91(8,k). Thus, one suspects that in the calcula-
tion of thermodynamic quantities a formulation in terms
of 91(2,k) will lead more directly to physical results than
will a formulation in terms of N (k) or the quite un-
physical »(k). Indeed, we will find after performing the
A transformation of the next section, that the calcula-
tions of the second and third order corrections to the
momentum distribution and ground-state energy of a
Fermi gas are quite straightforward in the master-graph
formulation.

Grand Potential

In order to demonstrate that the grand potential can
be expressed in terms of master O-graphs we first use
Eq. (18) to rewrite Eq. (13) as follows:

FONQ.8)
=e 2 In[1+e(n(k))]
x
43" (all different irreducible 0-graphs)

B
—e X N f it LB LK). (7

We next write the last term of this equation as

g
= [V (0] f d L@1K)
~E SO [N WILER, @9

where 3>_; represents the sum over all irreducible linked
pair 1 graphs S17L:(8,k). We have explicitly exhibited
the multiplying symmetry number Sy~! for each 1 graph
in this sum. Now, when the sum over all momentum
states is performed, as in Eq. (48), every irreducible
linked pair 1 graph which arises from a given irreducible
linked pair 0-graph S57'Lo(8) has the same expression.
That is, if Nyis the number of solid lines in anirreducible
linked-pair 0-graph, then

21 St Zk [éN(k)]L1(.3,k)=Zu NOSO—lLO(B>>

as one can verify by comparing Egs. (8) and (9), or by
referring to LY IV, Eq. (IV.103). Thus, after substi-
tuting Eqs. (48) and (49) into Eq. (47), we obtain for
the grand potential

QfO(N,2,8)=e >« In[1+«n(k)) ]
— 2 0o(Vo—=1)ScLo(B).

In the last two equations, 3o represents the sum over all
irreducible linked pair O-graphs and L(8) is a linked-pair
0-graph without its symmetry number .Sy. Equation (50)
is the starting point for the following analysis.

We now distinguish between “open” and “closed”
graphs.

(49)

(50)

Definitions

An improper irreducible linked-pair { graph (¢=0, 1)
or an improper L graph is an open graph, if it includes at
least one not improper L graph with an external (with
respect to the proper L graph) solid line.

A closed ¢ graph ((=0, 1) or a closed L graph is an
irreducible linked-pair { graph ({=0, 1) or an L graph,
which is not open, with each internal solid line repre-
senting a factor e9(%,k)G(B,s,k) instead of eV (k), and
where ¢ and s are the temperature variables at the
vertices touched by the head and tail ends, respectively,
of the internal solid line. Closed graphs may be either
improper or not improper.

In Fig. 8 we have exhibited a number of open and
closed O-graphs together with their associated factors
So, (Ve—1), and S¢.

The reason for introducing a distinction between open
and closed graphs is that the process of reducing the
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grand potential to a sum of terms which are calculated
only from master graphs must be made in two steps. In
the first step, the grand potential is expressed as a sum
over only closed graphs. Then, in the second step the
master graphs are introduced. Thus, one must first
prove the following result for the grand potential:

QfO(N,Q,B8) =€ 2« In[1+e(n(k))]
—>cWVe—1ScLe(B). (51)

In this equation 3, ¢ represents the sum over all different
closed 0 graphs S¢*L¢(8). The quantities N¢ and S¢
have the same meanings as the corresponding quantities
Ny and Sy in Eq. (50).

Equation (51) is proved in Appendix A. Its signifi-
cance is that the grand potential is expressed in terms of
the ordinary pair functions (15) with modified solid line
factors. In order to proceed with the introduction of the
generalized pair functions (37), we next carry out in
reverse the steps which led from Eq. (47) to (50) and
obtain '

QfONLBD=e2 xIn[1+enk) 4+ ¢ Sc™L(B)
8
ey f ALE LK. (52)
k Jy

According to Eq. (43), the last term of (52) can be
immediately expressed in terms of master L graphs, a
step which it was not convenient to perform earlier in
Eq. (47). Therefore, we now only need to consider the
second term of Eq. (52), which is the sum over all closed
0-grapbs.

As a first guess, one might try to write the second term
of Eq. (52) as a sum over all master O-graphs:

QF(V,Q,8)=3_ (all different master O-graphs). (53)

‘When this is attempted, it is found, for example, that

o m—1
QF(N)——% ScLeB)=e2 3 emf -

k m=2 m
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1 1
7 9
'I@t‘ a h@u /24
t2 ts f2 13
7Y tg
o@o "l "
t2 t3 2 t3
f| tI
ts 15 15,
1 |
s 14N
t t2 1 f2

Fic. 8. (a) Some open O-graphs. For each O-graph, its inverse
symmetry number Sy and the number of solid lines minus one,
i.e., No—1, is given in the second and third column, respectively;
(b) Some closed 0-graphs. The corresponding inverse symmetry
numbers S¢t are given in the fifth column. All of the closed O-
graphs shown are improper.

none of the symmetry numbers of Fig. 8(b) are correctly
duplicated. The quantity F(V,2,8) “overgenerates” the
second term of Eq. (52). In spite of the fact that F(N)
does not correctly generate the sum over all closed 0-
graphs, one may continue in this direction, and try to
determine the difference between F(&) and the sum
over all closed O-graphs. This difference can in fact be
identified, and one finds the following result.

8
) f dindly- - - dtn Pt k) P(tatsK) - - P(tmssim k)P (s k), (54)
0

where P(t1,6,k) is the function which appears in Egs. (20) and (43). Equation (54) is proved in Appendix B.
Before substituting Eq. (54) into Eq. (52), we shall write the right-hand side in a more compact form by including
the m=1 term (which is zero) and then separating the m/m terms from the 1/m terms:

@ m—1 8
QF(N) =Y. Sc'LeB)=e¢ ¥ 3 em(——) f dtydls- - - Al P (11,1, K) P (fa,t3,K) - - - P(tmyt1, k)
(o4 m 0

k m=l1

8

M s

=e§

i
~

m:

e f Aty - -dtm PUyioK)- - - Pl 1K)
0

© B 131
—EZE:Wf(Mf dla- - Al P(b1,80, K) P Loyt k) - - P(tyt1,K)
k 0 0

m=1

8 B 2]
ZZ f dtldlg Gﬁ(ll,lg,k)P(lfgyll,k)—Z f dtlf dtz th(l],tQ,k)P(lf?,tl,k).
x Jy k Jy 0

(55)
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In the last line of this equation, we have used the definition (44) of the function G, (f1,£,k), with 7= #,> t;. Equation

(55) can now be substituted into (52) to obtain

8
0/ (V28) = ¢ T I 1+e(n (k) HOP (¥, 36)— ¢ T f LK)

8 B t1
_y f dll' f G (bt k) — f dlzGcl(tl,tQ,k)}P(tg,tl,k). (56)
k /g 0 0

In Eq. (56) all quantities are expressed in terms of the
generalized pair functions (37), except the last term
which involves a modified external line factor. We thus
have achieved our goal of expressing both the mo-
mentum distribution and the grand potential in terms of
master graphs.

IV. A TRANSFORMATION

Equations (18), (43), and (37) constitute a set 4 of
coupled integral equations, a formal solution of which is
given by the linked-pair expansion, Egs. (18) and (19).
As we saw in Sec. I1, the latter expansion does not allow
one to calculate even the lowest order correction to the
momentum distribution of a very low-temperature
Fermi gas, while a true first order approximation could
be secured by considering the one-vertex master (or
proper) L graph, and retaining in the pair function (23)
only the term linear in ¢,. Similarly, we have found that
a true second order approximation can be made by
considering both the one-vertex master L graph and the
two-vertex master L graph [Fig. 97, retaining in the
pair functions (14) of the latter only the terms linear in
a@s, but retaining in the pair function of the former terms
both linear and quadratic in @, Furthermore, the
calculation has been successfully extended to third

1,
2 k,
1)) _ k
L (120 k) =1, 2
ki

2
J
t3
-tl(Z) (12,'|,k|) = k4 kZ
t
ki

F16. 9. The one- and two-vertex master L graphs for the case of
wiggly external lines. We use the generalized vertex symbol of
Fig. 7 for both unprimed and primed generalized pair functions,
since it is always clear in context which one is meant.

order by an analogous treatment including the three-
vertex master L graphs. We have not attempted to
prove conclusively the convergence of this treatment.

Formal Power Series Solution

The procedure outlined above permits one to write
down a set of coupled integral equations 4{»}, which
approximates the set A to nth order in the interaction
range parameters of the Fermi gas. The solution of the
set A{n} may be formally obtained as a power series
expansion in these parameters by considering all L
graphs generated from master L graphs with no more
than # vertices. Each L graph, of course, involves factors
N (k) which are determined by iterating Eq. (18).

The first step in the power series solution is to replace
L(ts,t1,k) by zero on the right-hand side of Eqgs. (18) and
(37). One immediately finds & (k)=»(k) and this result
is substituted into the right-hand side of Eq. (37). Thus,
in the first step we consider only those L graphs gener-
ated by Eq. (43) which are not improper and we replace
N(k) by v(k). The calculated L(#;,t,k) is found to
possess a ““temperature-independent” part, [A(k)0(t,— )
+ B(k)d(ta—11) ], as well as a temperature dependent
part. For example, for a very low-temperature, low-
density Fermi gas of hard spheres of diameter @, (in
which the only important momentum values are those
for which 2<p?), the former term contributes ¢ to the
momentum distribution and the latter contributes ¥,
where

¢(k)'\’Pa>\T2[1+b1(kd)+b2(ka)2+ . :]
+do(ka) [1+di(Ra)+- - -],
x(B)~Cy(ka)+Cs(ka)+ - - -.

If the calculated L(fy,¢1,k) of the preceding paragraph
is substituted into the right-hand side of Egs. (18) and
(37), a new N (k) and new L (#5,¢,,k) can be determined.
In this second step some of the improper L graphs
generated by Eq. (43) are considered. Continuing in this
manner one essentially obtains for the dominant low-
temperature terms in the momentum distribution suc-
cessively higher powers of ¢. The result of formally
summing over all L graphs generated from the original
master L graphs is that the dominant low-temperature
behavior of L(¥,,k) is an exponential dependence upon
¢. Thus, the form of the exact solution L® (¢34, k), Eq.
(30), for the set of equations A{1} is essentially un-
changed, except for small terms, when higher order
corrections are included.

(57)
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Low-Temperature Approximation Method

Tt is clear from (57) that the power series solution of
the set {4} of coupled integral equations is not useful at
very low temperatures where ¢>>1. More specifically, in
the very low-temperature and low-density region in
which plas|Ar*>>1, we must attempt to solve the set
{4} for a Fermi gas using a more direct method. From
the preceding analysis we may expect that the most
important difference between L({fs,t,k) and its lowest
order approximation L@ (¢,/1,k) will be that the func-
tion A® of Eq. (31) is replaced by a momentum de-
pendent function A(k). We also know that a “small”
term of the form x(k), Eq. (57), will occur in L (f,,k)
and N (k). To solve the approximate set of coupled
integral equations 4 {n}, we therefore try a first solution
for L(tt1,k) and N (k) of the form

LO (45,1, k) = A(k) exp[e(ta—1)A k)],
exp[B(g—wi)]
1—¢ exp[ﬁ(g——A(k)—wk)]’

where N® (k) -is obtained by substituting ZL(fst)
=IO (tz,lfl) into Eq (18).

The straightforward procedure which we can now
adopt is to substitute the trial solution (58) into the set
A{2}. Replacing L(¢2,41,k) and N (k) on the right-hand
side of Eq. (37) by the “first solution” (58), we can
calculate a “second solution” L® (f,4,k) which can
then be substituted into the right-hand side of Eq. (18)
to determine N® (k). The second solution L® (#5,¢,k)
and N® (k), which will include the correct lowest order
term of x(k) and the second order correction to A(k),
can now be substituted into the right-hand sides of the
set A{3}. By successively iterating each of the approxi-

NO (k)= (58)

AkB8)=A(k)=4(k)[1+B(k) I,
Alto—t, K)=A (k)0 (ta—t1)+ B (K)o (ta—11),
Ao(te—t1, K)=[14+eBkK) T [ Bk)s(ta— 1)+ AK)O(ta—t1) ],
Golta—11, K)=[1+eB(k) 1{8(ta— 1)+ eA(k) exp[e(ta—t)AK) 0 (ta—11)},
Cl—t, =1+ eB (k)] exp[ e(ta— 1) A(K) [0 (t2— £1).
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mate solutions L&D (¢,t,k) and NU-V(k) in the set
A{j} one can eventually arrive at the nth solution
L®(tyt,k) and N (k) to the approximate set of
coupled integral equations A{n}. The nth order ap-
proximation to the momentum distribution can then be
calculated by substituting N (k) into Eq. (11).

A-Transformation

A more elegant method of solving the set A{n} con-
sists of first transforming the entire set 4 so that the
dominant low-temperature behavior, i.e., the expo-
nential character, of the solution is taken into account
from the start. This requires transforming N (k), »(k),
the pair function, and L (#,t1,k) in such a way that no
temperature independent parts [A4 (k)6(t—i)+B(k)
+8(ty—1)] arise in the power series solution of the
transformed set A’ of integral equations. Therefore,
after such a A {ransformation the power series treatment
yields not just a formal solution, but a true solution
valid to any desired order in interaction range parame-
ters. As one might expect, two additional equations
must be coupled to the set 4’ in order to determine the
functions A (k) and B (k).

In the preceding discussion, it was somewhat mis-
leading to refer to A(k) and B(k) as temperature-
independent functions, since, as we shall see, both 4 (k)
and B(k) include a 8 dependence, which is negligible for
a Fermi gas only in the low-temperature limit. Actually,
whatismeant by “temperature-independent” parts is an
independence of any temperature integration variables,
e.g., Iz and /1. With these remarks in mind we now intro-
duce the A transformation in terms of two momentum
dependent functions 4 (k,8)=4 (k) and B(k,8)=B(k)
which will be identified later. We shall also make use of
the following derived quantities:

(59)
(60)
(61)
(62)
(63)

The A lransformation is defined to be a transformation of the quantities involved in the set 4 of the integral

equations; namely,
N'(k)=N(k); (8.k),
ALY

v (k)= :
1+ev (k) — e (8,)v (k)

titz klkz ! 8 8 5152
[ ] Ef dslf dSz Go(h—sl, k1)G0(12—52, kg) [
k3k4 to 0 0

(64)
(65)
kik,
k3k4:|to
Xexp{— e[ 114 (ki) +12A (ko) ]} exp{eto[A(ks) +A(ks) ]}, (66)
(67)*

8
L' (tayt1, k) = exp[ — e(lQ—il)A(k)]{ L{tst k) — f dsG (12,5, k) Ao(s—1, k) }
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What we wish to show is that the set 4 of integral equations can be expressed in terms of the above four quantities
instead of the corresponding unprimed quantities. We shall then show that 4 (k) and B(k) can be chosen so that
L’ (#3,t1,k) contains no “temperature-independent’” parts.

We begin by performing a task which is unessential to the present development, but a necessary preliminary to
any application of the method ; namely, we simplify Eq. (66) for the primed pair function by inserting the definition
(62) of Go(s—1, k). We obtain the following result:

t1t2[k1k2]/ ( )tz[klk2]/ ( )+ ( )t1[k1k2]/ ( ) "
=0 ({1—1? 0(la—1 B(la—1 (41—t i LF#d
k3k4 o 1 2 k3k4 0 2 0 2 1 k3 oo 1 0, 1 2

t1 k1k2 4

[ ] 0(t—1o) if ti=ts, (68)
3Kq. Ity

where

tork kY ok ks
[kk] =[1—}—eB(k1)][1—|—eB(k2)]eXp{et1[A(k3)+A(k4)J}{eXp(“fh[A(kI)’f‘A(lﬁ)j) [ ]
KL VEES] sKqdity

+atk)+ade)] " s exp(— LAk +A (k) ) [kk]] (69)

3hq

In order to perform the last temperature integration in Eq. (69), it is necessary to write out the temperature de-
pendences of the pair function (14) in greater detail. In Sec. V of I, it was shown that the most general form of the
pair function is

ok,
[ ko) + f ks exp[ta(@rtor—ws—we) ]

] =explt1(witws—ws—w4) ] f1(kiks
k3k4 t1

XGXP[tl (w5+ws—w3-w4)]f2 (klkz 1 kske | k3k4)P(

w1+w2_w5—wg)

468 (13— 11) exp[tz(witws—wi—we) |fs(kiky | ksky). (70)

Substitution of Eq. (70) into Eq. (69) yields for the primed pair function the expression

ty k k ?
[k1k2] =[14+eB(k)) J[1+eB <k2)][eXle(“’1/‘*""2,“w3’—w4')]f1(k1k2 IKsko)
sKqlhy
o+ [ @thodhs explia(onar'—os=e0)] explh(or+eo—ay' =) fallks ks k)
1
XP(——) 5 (ta— 1) expLla(eo ' — e’ o) ] folesk | Koks)
w1y —ws—aws

+ EEA (kl) +A (kz)] eXp[tl(w1'+w2'—w3'~w4')]|:f3 (k1k2 l k3k4)

. 1 1
- f d3ksdPke fz(k1k2|k5k61k3k4)P( )P( - )] ] (71)
w1t we—ws— ws w1’ Fws’ —ws—ws

where equation satisfied by Go(}2—#) and Ag(b,—¢1) ; namely,
wk'Ewk-—eA(k)=ﬁ2kZ/2m— 6A(k). (72) GO(tZ'_tl, k)=5(t2'—ll)

The functions fy, fo, and fs; can be determined from 8

Sec. Vof L. —i—ef ds Go(ta—s, K)Ao(s—t1, k).  (73)*
We now turn to the objective of determining the 0

transformed set 4’ of coupled integral equations. For

this purpose it is first necessary to invert Eq. (67),

which can be accomplished with the aid of the integral G’ (ty,t1,K) =08 (ty— 1)+ €L’ (4,t1,k), (74)

Defining a quantity
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one obtains for the inverted form of Eq. (67)

8
Gl 11 ) = f ds exple(ta—s)A(K)]

XG, (tg,S,k)Go (S— I, k). (75) *

From Eq. (75) it follows that
8 i)
[ acem=s60 f Q4GB LK),  (76)
0 . 0

where ¢ (8,k)= /sf dt Go(B—¢, k) is given by (63). Using
(76) in conjunction with the definitions (64) and (65),
one finds that Eq. (18) becomes after the A transfor-
mation

s
N'(k>=v'<k>[1+zv'<k> [ L’(B,i,k)], )

where from Eqs. (65), (63), (7), and (72), it follows that

. [1+eB(k)] exp[B(g—wi)]
1— e[ 1+eB(k) ] exp[Bg—awi’)]

We see from Eq. (77), that the momentum distribu-
tion can be expressed in terms of the quantity L’ (¢2,¢1,k)
defined by the A transformation (67), and we now de-
termine the prescription for calculating the latter
quantity. From Egs. (74), (75), (60), and (62), it follows
that

(78)

L (ts,t1,k) = exp[ — e(ta— 1) A (k) JL (¢,11,k)

8
- f ds G'(lns )M (s— b1, K. (79)*
0

§189; k1k2 ’
P’(11$1k1; t252k2) [ ]
k3k4 to

k1k2]’

5182
=G (t1,51,k1) G’ (t2,52,k2) [k .
34

to t1=t2
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Moreover, the quantity G’(¢,%1,k) defined by
G/ (ta,t1,K) =G’ (a1, k) + € (12, k)G’ (8,1, k),

where

(80)

B
o (LK) =" (k) f ds G'(1.5,K), 1)
0

satisfies the same transformation law (75) as G’ (¢5,61,k) ;
namely,

8
9(f2,l1,k)=f ds exp[e(ta—s)A(k)]
° XG (5 K)Gols— 11, ).

Therefore, after substituting Eqgs. (75) and (82) into
Eq. (37) and using the definition (66), one finds the
following result:

(82)

tite k1k2
{k k l =exp{e[t1A(k1)+12A(k2)]}
3Kq) i
nizkiky)’
x U ewt-adatramn, 69

where the primed generalized pair function is given by
at2(kky)’
{ k3k4 } to

8 f182 k1k2
=f dsidss T (t151Ky; t252Ks) [

, (84
kgk4]to )

and the function IV (#;s:Ky; 25:K,) is given in terms of
N'(k) and L'(fs,t1,k) according to the nature of the
outgoing lines at the vertex f;:

(a) If both outgoing lines are internal lines, then

szl ky 7
— G (11,5,k1)G (1,52, ke) [ ]
o

ksks

5182 k1k2
"‘601—51)5([1—82) eXp{— Eil[A(kl)“l—A(kz)]} [k K ] eXp{Elo[A(k3)+A(k4)]}. (85)

(Note that when #;={ the second term involves an
unprimed pair function.)

(b) If an outgoing line at the vertex #, is an external
line, then in Eq. (85) we must make the replacement

g (ts.k) — G (4,5 k). (86)

We now define a quantity £'(f,1,k) in analogy with
Eq. (43):

& (fy,t1,k)=3" (all different master L graphs with

given external lines constructed from

primed generalized pair functions).

(87)

From Eq. (83) it is then clear that

&' (t,t1, k) =exp[ — e(ta— 1) A(k) JL(2,01,k).  (88)
Equations (84)—(88) provide just the relations which
are needed for the identification of L’(#3,{1,k). Upon
substituting (88) into (79) we finally obtain

L/ (tQ;h;k) = "B,(t%il)k)

8
—f ds G'(t2,5, K)A(s—11, k).  (89)*
0
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Equations (77), (89), (87), and (84) constitute the
transformed set A’ of coupled integral equations.

Referring to the definition (60) of the quantity
A{#,— 1, k), we see that the functions 4 (k) and B(k)
should be chosen in such a way that the “temperature-
independent” parts are always eliminated from L' (f3,¢;,k)
via Eq. (89). But this may be accomplished by first
writing Eq. (87) as follows:

8
& (oK)= f ds G (bs )P (su k). (90)*
0

Then, according to Egs. (86) and (87), the quantity
P’(s,t1,k) is the sum over all different master L graphs
constructed from primed generalized pair functions, but
with no external line factors. We therefore define 4 (k)
and B(k) by

A (k)= the temperature-independent part

of P’ (t,,6,k,G",

B(k)s(ty—t1)=[the part of P’(is,t1,k,G’) which
consists of a temperature-inde-

pendent factor times §{(¢,—?1) .

(1)

Equation (89) can be written in a more transparent
form by substituting Eq. (90).

8
L (ot )= f ds G (t2,5.K)
Q

XEP,(‘S‘Jh?k)_A(S'—ll, k):]' (92)*
Equation (92) explicitly exhibits the elimination of
all “temperature-independent” terms of the form
A(ta—1, k), Eq. (60), from the quantity L'(fs,t,k)
which in turn determines the momentum distribution by
means of Eq. (77). One may ask what has happened to
the temperature-independent terms, since we know that
they contribute powers of ¢, Eq. (57), to the momentum
distribution. The answer is that they are explicitly con-
tained in the exponential factors of Eq. (71) and in the
function »(k) of Egs. (77) and (78).

To determine »’ (k) we must first calculate the quanti-
ties A(k) and B(k), which are defined by Egs. (59) and
(91). On the other hand, the primed pair function (71)
depends on both the quantities A(k) and B(k). We have
therefore introduced fwo new integral equations in per-
forming the A transformation from the coupled set 4 to
the coupled set 4’. Fortunately, for the problem of a
very low-temperature Fermi gas, the quantity B(k)
does not enter in the lower orders of the interaction
range parameters. Finally, we observe, as remarked
previously, that although we have introduced additional
integral equations by performing the A transformation,
it is now possible to solve them for a very low-tempera-
ture Fermi gas, using a power series expansion. As
pointed out at the beginning of this section, it was not
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feasible to use this method to solve the untransformed
equations.

In Sec. IT we calculated the lowest order correction to
the momentum distribution, Eq. (32), by introducing an
integral equation for L(fs,¢1,k) in terms of proper graphs.
Then, in Sec. IIT we abandoned the proper graph nota-
tion in favor of master graphs. We can now see why this
was a necessary step before the A transformation could
be performed. The reason is simply that the form of
Eqs. (75) and (82), which is essential to the A trans-
formation, is not maintained when we make a separation
into quantities G>(ly,t1) and L<(f5,t1), as in the line
replacements of Fig. 5.

Grand Potential
We can also express the grand potential (56) in terms
of the quantities N'(k), L' (is,41,k), A(k), and B(k). To
do this we first observe from Egs. (44), (88), and (90)
that

4}
e (b k)= f ds Gur' (t,5,K) P’ (5,1k,G)
[

£
- f ds Gu(t,s k) P(s, 1k Ge),  (93)
0

where
G‘rl(t27t1:k)Ea(t2_¢1)+6LTI(t2atlak))
and the quantity £,/ ({4 is calculated as discussed

below Eq. (44). The quantity L«'(#1,6) 1s determined
from the equation

31
Ltll (251,152,1() = f dS thl (h,S,k)
0

XEP,(S’tz,k)_A(S—t% k)]) (t1>t2)) (94)

as can be verified by making the replacement 8-> r
> (f,t2) of the upper integration limits in the equations
of this section marked with an asterisk. Thus, the
quantity Lt (41,t2) for {1>1» contains no “temperature-
independent” parts in the iteration of its outgoing
external line factor.

Using Eqgs. (88), (40), (75), (64), (81), (93), and (94),
one can readily obtain the following result for the grand
potential (56):

Qf (V' .2,8)
= ¢ X In[1+e(n (k) ]+QF (V',2,6)

8
—ey. f dt £ (6, k)t (¢.k)
k Jy
8 8
—er dh{f dtz Lg' (t1,t2,k)
L L4

1At
- f oLy’ (10 ) }P’(tg,tl,k), (95)
1]
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where from Egs. (83) and (53), it follows that F(N)
=F(N') can be calculated using either unprimed or
primed generalized pair-functions.

We finally observe that the quantity 3'(8,k) of Eq.
(81) is equal to 91(8,k), since in analogy with Eq. (46)
we can show that

N’ (8,k) = (n (k). (96)

V. LOW-TEMPERATURE MOMENTUM DISTRIBUTION
IN A FERMI GAS; SECOND ORDER
CORRECTIONS

The momentum distribution {#(k)) is obtained by
substituting Eqgs. (77) and (64) into Eq. (11):

(n(K))=>"(k)+e' (k)[1+e’ (k) ]

8
% f a LGN, (97)
0

In the previous section we have seen how the terms
defined by Eq. (91) can be incorporated into the func-
tions »'(k), but we have said very little about the
quantity L’(8,f). In this section we shall show for a
Fermi gas with strong, short-range interactions that
L'(B,t) contributes a small O(a.2) term to (n(k)), which
is of the form of x (), Eq. (57). We shall also calculate

8 B
£'® (t27t1;k1)=f dSl G/ (t2,81,k1)f dtg P'® (Sltstll kl),
0 0

1k2

8 stz
PO (styt | k) =% f dsy G (11,55,k) [
keksks Vo k3k4

’ 8
] { f d83dS4gl (If3,33,k3)8/ (53,34,1(4)
3l vo
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the O(a?) term of A(k), Eq. (59), which affects the
determination of »'(k), Eq. (78).

We begin by writing down the one- and two-vertex
master L graphs of Fig. 9. Since the pair-function at
each vertex is linear in the scattering length a, to first
approximation, we shall not need to consider any other
master L graphs in the second order calculation of this
section. As indicated at the beginning of Sec. IV, this
seems to be a consistent procedure for calculating the
properties of a Fermi gas. One can also verify with the
aid of Egs. (25) and (27) that the leading contribution
to B(k), Eq. (91), is third order in the scattering length
approximation. Therefore, to second order we have that
A(k)=4 (k).

Using the notation of Eq. (90), we write the one-
vertex master L graph as

8
£/(1) (tz,h,kl):f d31 G’(ig,sl,kl)Pl(D (Sllll,kl),
0

(98)
8

klk2],
£1’

PO (st ki)=3
(1 ! 1) k2 klk«z

8182
d‘y? 9, (tl)s2)k2> [

0

where we have used Eqs. (84)-(86) and the temperature
and momentum labels of Fig. 9. Similarly, the expression
for the two-vertex master L graph is

[kk] %9)
k1k2 {1

tstarksky
—exp{—els[ Alky)+A(ks) T} [k . ]t exp{eti[A(k)+Aks) T} }

According to Eq. (30), the function L’(fs,t1,k) is zero to first order in the scattering length approximation.
Therefore, if this function does indced make only small contributions to the physical quantitics of a Fermi gas,
then we may evaluate its second order contributions by the power series iteration procedure discussed at the
beginning of Sec. IV. Thus, we now assume that the second order terms of L’ (¢,#,k) and A(k) can be derived from
Eqgs. (98) and (99) by the following approximations to G’(f,s,k) and §'(¢,5,k):

Gl (t,S,k) = 6(t—5)+0((1«s2),
G (4,5, k) =8(—s)+eN' (k)5 (8—s)+0(as?).

In order to gain a feeling for the relation between master L graphs (Fig. 9) and ordinary L graphs [Fig. 3], we
shall write £’(f2,41,k) as a sum of terms which correspond to the L graphs of Fig. 3:

L (Ly,t1,k1) = LD (49,81, K1)+ £ (£, k1) +0(a,?)
= L&5'D (tg,t1, k1) F Lo /D (o, t1, k1) L5 '@ (a,81, k1)
+ L5 2" @ (ot k1) + L5 4D (b, 11, k1) +0(a?)  (f
=L,/ D (b, l1, K1)+ L£< '@ (to,t1, k1) +0(a.®) (f h<h).

(100)

101
la>1), (101)

We next substitute the explicit expressions for the pair functions from Egs. (15), (68), (71), (70) and Sec. V of I,
and perform the spin state sums (spin=J) for a spin-independent interaction. In the limit of infinite volume,
2 — o, the parts of the functions of Eq. (101) which contribute to second order in the scattering length are as
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follows:

2 Ap?
£5/W (tz,tl,kl)E[—— —
(2r)® B

2 Ap?
](2]—|—l+€)fd3k2 N,(k2)l (ka)*l sin260(k12)+[(2 )3 FJ

1
de3k3d3k4 P(—‘———‘————)é(3)(k1+k2—k3—k4) eXp[(h—h) (w1’+w2'—w3~w4)]
w1'+w2'—w3-w4

><k34_2<k121A(0) |k34>2 COS250(k34)—I:A(kl)“i-A(kQ)][ie—— >\—T2:Ifd3k3d2]h P(————l-——)
(27!')3 B w4

w1’ Fwy —ws—

1
XP(———)N” (k1+k2—k3—k4)k34_2<k12 i A(O) Ik34>2 COS260(k34) ),
witwe—wy—ws

2

2 2
£>,1I(2) (52,l1,k1)g2[ﬂ _BT—] (2]+1+€>fd3k2d3k3d3k4 Z\V(kg)]\ﬂ (k4)3(3) (k1+k2—k3—k4)

T

£2
X (k12| baa) (B34 km)f dty expl (ls— 1) (w1 Fws’ —wy’ —wd') ],
t1

(102)
2 NP
£ (tz,tl,kl)E[(z—)g —;*] 27+ 1—i—e)fd3k2d3k3d3k4 N (k)N (ky)6® (ky+ke— ks —ky)
T
t
X (k12| kas) (Bl klz)f dts expl (t3—t1) (wi' Fwo’ — 0w —ws') ],
[‘ 2 )\T2*2 0
L5, D (8,11, k1)2e 2y _[;’_ (2]+1+e)fd3k2d3k3d3k4 N (k) N (k) V' (ky)6® (k;+ko— ks — k)
T .
X (1z| Bas) (B3 km)f dis exp[ (t3—11) (w1 w2’ —ws’ —wd) ],
0
F 2 )\T2~2
£>,4/(2) (tz,tl,kogé (2 )3 _6—J (2]+1+€)fd3k2d3k3d$k4 Nl (k2)6(3) (k1+k2—k3'—k4) (k12| k34) (k341 k12)
L ¥
Xf dzfg{exp[(tg—tl) (w1'+w2'—w3'—w4’):]— eXp[(lfs_f]) (w1'+w2'—ws—w4):|},
(21
) e
L@ (12,11,1‘1)%[(7)—3 ?] (2]+1—{—e)fd3k2d_3k3d3k4 N’ (k) N’ (kg)s® (ky+ ko —k;—ky)
T
X (k2| k3a) (Baal km)f dts expl (b—t1) (wr' +wy’ —ws’ —wd') ],
- ' (103)
£<,3'(2)(12,t1,k1)§e[(2 ¥ _B_] (2J+1-I-e)fd3k2d3k3d3k4 N (k)N (k) N’ (ky)s® (ky+ko— ks —k,)
s
ta
X (k12| bag) (kg km)f dis expl (fa— 1) (w1 + oo’ —ws' —wd)],
¢
where
RID=I"YE] A | cos2y(l)= —a[14+0(ka,)]. (104)

In Sec. I, Eq. (33), we showed that A(k)~ Er(kra,) in the low-density, low-temperature approximations (28).
Then the third term of £5'® (4,,44,k1), above, is ~a,* and can be neglected, as can a similar term which arises from
the lower ‘s-integration limit in £s,4'® (4,41,k1). We now set e= —1 in the above expressions and keep only terms to
second order in the scattering length. We then perform the #; temperature integrations and combine all of the
resulting terms into a temperature-dependent and temperature-independent part according to the prescription of
Eq. (89):

&' (ty,l, k)= L' (o, k) +4 (W) +0(a.®) if 1> 4,
=L<’(t2,t1,k1)+0(033), if <ty (105)
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The quantity A(k)=2A4 (k) acquires contributions from £5'®, £, ,/®, and £5,,'®. It can be written as

A(k)=A (k)+0(a.%)

4
= 2]7r‘2EF(kpas){ Ep? f d%k, N'(k2)+ig(kpas)[P,,(kl)+Pb(k1)]+0(kms)2 ] ;

(106)

where % is defined in terms of the density by Eq. (34). The quantities P,(k;) and P»(k,) are given by the integrals

Po(ky)=15Q2x)2E ks f @¥kadkydhs N (k) V' (ko)6® (k1+k2—k3—k4)P(

1
’ ’ ’ 1)’
w1+ ws' —wy — w4

(107)
1
Pi(ky)=—30 (27r)_2EFkF—ﬁfd3k2d3k3d3k4 N (k)N (k)@ (ky+k,— kg—k4)P(———) .
w1’ +ws’ — s’ —wy
Finally, the functions Ly (¢s,41) and L<'(fs,%1) can be written in the following manner:
Er (des) 2
L>, (tz,ll,kl) = - 2][—J fd3k2d3k3d3k4 5(3> (k1+k2—k3—k4)P(%)
71‘2]€F3 w1'+w2'—w3'—w4'
X{[1— N (ko) ]V’ (ko) V' (ko) exp[ta(ws’+ws’ —w'—wy')]
+N' (ke)[1— N’ (k3) JL1— V' (ko) ] exp[ (ta— 1) (1 Fw2’ — 0wy’ —wd) ]},
(108)
Er (des)

L<, (tg,tl,kl) = 2][—

7l'2kF3

2
] f o lad s 1— N (ko) TV () V' (k)6 ® (g ko — Kis— k)

1 P
XP(——— ) {exp[ (ta—11) (w1 +ws' —ws’ —wy') ]— exp[i1(ws’+wi ~w) —w') ]}
w1'+w2'—w3'—w4’

If the integrals of Egs. (108) are cast into dimension-
less form by the substitutions k;=%rl;, then one finds
that thereis an exponential dependence in the integrands
upon the parameter (krhr)® At first sight, this would
seem to be very distressing, for it would indicate that a
further investigation of higher order master L graphs
should be made, in order to derive a correct description
of the temperature-density region kzAr>>1. Fortu-
nately, such an investigation does not seem to be
necessary for a Fermi gas, and we have investigated this
matter to third order in the scattering-length approxi-
mation. The reason is that the contribution of L’ {({s,¢1,k)

(n(k))=7"(K)+2Jm2(kpa){[1—' (k) JM o (k) — o' (k) M » (k) } +O (R ras)?,

where

Ma,(kl) = W_ZEFZk F—Gfd3k2d3k3d3k4[1 - 1/, (kz)]V’ (kg) 1/, (k4)5(3) (k1+k2-‘- k3— k4) (

4
X — B(kF/kl)4[1+O(kF/kl)2]’

ki>k

M b(kl) = 7T'2Ep2kp_6fd3k2d3k3d3k4 v (k2)[1 — (kg)][l - (k4):|5(3) <k1+k2— ks— k4) (

In these last two integrals we may replace wy'=wyg
+A(K) by wi=(2m)"#k? because the integrals are
convergent, and we are only interested in calculating

to physical quantities is small, i.e., it is of the form of the
function x (&), Eq. (57). To see how this comes about,
we first observe that to the order which we are calcu-
lating we may replace N’ (k) in Eqgs. (108) by »'(k). We
then substitute the first of Eqs. (108) into Eq. (97) and
perform the temperature integration. After using the
identity

v (k) =[14 B’ (k) 1+ e’ (k)] exp[B(g—wi)]
=1+’ (k)] exp[Bg—wi) ],

one can verify that the O(e.?) contribution of L'(8,:,k)
to the momentum distribution is

(109)

(110)

1 2
w1t w —wy' —wd )
(111)
1 2
w1'+w2’—w3’—w4’) ’

the momentum distribution to second order. Similarly,
we may set wi’=wy in P, and P, Eqgs. (107).
In the very low-temperature limit, the function
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vi’ (1—vi’) of Eq. (97) becomes a & function, i.e.,
v (1—»i') > B8 (w’—g) when B— .

It is because of the singular nature of this function and
the identity (109) that it was difficult to determine
beforehand whether or not the exponential factors in the
integrands of Egs. (108) would give ‘“large” low-
temperature contributions to the momentum distribu-
tion. In fact, the terms M, and M, of Eq. (110) give no
contribution to the density p=(27+1) 2m) =2 S d*k{n (k)),
as one can readily verify.

The contributions of M, and M to the zero-tempera-
ture momentum distribution can be easily understood,
because of the factors (1—»") and »" with which they are
associated. Since these integrals are both positive defi-
nite, we see that the M (k) term has the effect of adding
a tail to the momentum distribution, whereas the M (k)
term lowers the momentum distribution for k<Fks.
These terms can also be derived using the pseudopo-

[Pa(ks)+Po(ky) =3[ P(ky/kr)+P (= ki/kr)],
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tential method,"® and are therefore meaningful in the
language of ordinary perturbation theory. Finally, we
see that the leading contribution of L’(f:,¢,k) to the
momentum distribution is ~ (kra,)? thereby justifying
the approximations (100).

We now turn our attention to the calculation of A(k)
to O(a?). At the end of Sec. II we showed that the
momentum distribution including the first order con-
tribution to A(k), Eq. (32), is the same as the free
particle momentum distribution. Therefore, the itera-
tion of the integral equation (77) in Eqs. (107) has, to
second order, only the effect of replacing N’ (k)=' (k)
by the free particle momentum distribution, and we can
write A(k) as

A(k)=8J 3m)Ep(kras) {14 Gy (kras)
X[Pa(k)+Py(ky) J+0(kras)?}. (112)

The integrated expression for [P,(k:)+Ps(ki)], Egs.
(107), is

P(x)=11—3x* In(1—4)?+ 20 Ina?+ 271 (10— 1022~ &8) In(14x)?

(2x)‘1(2—x2)5’(]n[

2071 (52—~ 2)’3(tan“1[

At the end of Sec. IT we also determined the thermo-
dynamic potential g at zero temperature in terms of the
Fermi momentum kp, i.e., in terms of the density, by
setting the arguments of the exponential factors of
»® (k), Eq. (32), equal to zero at k=kr [sce Eq. (35)].
Thus, in the limit 83— », we have »®(k)=1 when
wr<g—A® and @ (k) =0 when wx>g—A®. The gener-
alization of this procedure for a Fermi gas is to set the
argument of the exponential factors of »'(k), Eq. (78),
equal to zero at k=ky (assuming that there is only one
zero), in order to determine g at T=0. We therefore

obtain
lim(g)=Epr+A(kp).

T—0

(114)

Equation (114) is valid as long as the only contribution
to the density p is »'(k) and provided that the argument
of the exponential factors of »’(k) has only one zero, i.e.,
provided there is no ‘“‘gap” in the zero temperature
momentum distribution.

The result of substituting Egs. (112) and (113) into
Eq. (114) is an expression for the zero-temperature
thermodynamic potential which is correct to second
order in the scattering-length approximation [see
Eq. 35)7:

limg= Ep{1+8J 3r)~'(kra,)[1+ (57) " (kras)

T—0
X (11—2102)+0(kra,)?]}.  (115)

24a+ (2—;\;2)%]2 | [x-l— (2—a?)3
24u— (2—a2)?t

n| —— "7
x— (2—a2)}

]2) i oar<2|  (113)

2+x x
]—tan—‘[ ]) i a2>2
(12—2)) (= 2)!

Equation (114) is an important result. Its significance
is that we may calculate the ground state, i.e., the =0,
properties of a Fermi gas by using for »'(k) the free
particle momentum distribution. The momentum and
temperature dependence of A(k) only affects the mo-
mentum distribution at nonzero temperatures. This
result therefore suggests that perhaps the present appli-
cation of the methods of quantum statistics may be used
to justify the many-body perturbation theories and to
extend their range of applicability to nonzero tempera-
tures. It must be stressed, however, that the validity of
Eq. (114) depends on the two qualifying remarks below
the equation, which must always be verified before the
use of Eq. (114) is justified.

VI. GROUND-STATE ENERGY AND MOMENTUM
DISTRIBUTION OF A FERMI GAS;
THIRD ORDER CORRECTIONS

The method of Sec. IV together with the results of
Sec. V can readily be applied to the calculation of the
ground-state energy and momentum distribution of a
Fermi gas to third order in its scattering parameters. As
before, we assume that the two-body interaction is
strong and of short range, such as for hard core re-
pulsions.

0 . Mohling, thesis, University of Washington, 1958 (un-
published).
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In Sec. V we calculated the second order contributions
to the momentum distribution by making the approxi-
mations (100) in the one- and two-vertex master L
graphs of Tig. 9. Similarly, since to leading order
L'(s,t1,k) is second order in the scattering length, one
may calculate the third order contributions to the mo-
mentum distribution by making the approximations
(100) in the two- and three-vertex master L graphs. For
the one-vertex master L graph it may be verified after
some lengthy manipulations, following the substitution
of Egs. (80), (81), (77), (74), and (108) into Eq. (98) for
P'W(s5,t k), that the quantity £'® (f,i1,k1) of Eq. (98)
can be written as follows:

B
SOt k)= [ (k)] f ds G (1s,5.k1)
ko «

0

stz[klkz]/ +O( 4) (11 )
X ast). 6
k1k2 131

We next observe that since the linear scattering length
term in the diagonal pair function is a “temperature-
independent” term [see Egs. (25) and (26)], we may
also make the approximation G’ (#2,61)=26(t,—#;) in Eq.
(116). This follows from the prescription (89) for calcu-
lating L'(#5,21). Thus, the momentum distribution in a
Fermi gas may be calculated to third order by making
the approximations (100) together with N’ (k)=Z'(k) in
all of the primed generalized pair functions of the one-,
two-, and three-vertex master L graphs.

A similar result can be verified for the calculation of
the grand potential (95) to third order in scattering
parameters. We define the quantity F(v") [see Eq. (53)7:

QF (»")=3" [all different master 0-graphs con-
structed from primed generalized pair
functions (84) and calculated by making

the approximations (100)
and N'(k)=="(k)]. (117)

After some more lengthy manipulations, similar to
those which led to Eq. (116), one can show that the
difference [ F(N')—F (v)] occurs in the sum of the third
and fourth terms of the grand potential (95). In par-
ticular, Eq. (95) may be written in the following con-
venient form.

Qf " (N',2,8)
=ey In[14e' (k) JHQF ()

B
—%[ev'(k)]-{ dAB—1, B)+0(ad). (118)

We are interested in calculating the energy per
particle of a Fermi system, which is derived from the
grand potential according to the relation

(E)/AN)y=g—p'9f/ 0B, (119)
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where g is the thermodynamic potential per particle.
After substituting the preceding equation for finto this
relation and using Eqgs. (78), (72), (59), and (60), we
obtain the following equation for the energy per particle

(E)/(N)= (o) Xk v (K)o (k)

— (pB)F (v)+p T (B)+0(as), (120)

where

4
T@)=p_A X [/ () JA() =67 F ()}
9B k 5
=B X [ (k) 1 —A (k)
k a3

9
+—2 [’ (k)]1B(k)
a8 k

><B-—>O, for e=—1. (121)

In the limit of infinite volume and zero temperature,
Eq. (120) therefore becomes

E
lim Q:gEF—(pﬁ)—lF(V')+o[z«:p(kpas)4], (122)

where we have used Eq. (114) to calculate the first
term. Thus, to third order the corrections to the free-
particle ground-state energy of a Fermi gas are de-
termined entirely by the function F(»') of Eq. (117). We

FONY =y, CBDY
t

t
FOWy -lp @ -l e
L 2

(ty< 15)

t2
t s I3

{ti<ta<ts)

FEBBI(NY = |

('|< '2<'3)

(ti< to<ts)

F1c. 10. The one-, two-, and three-vertex master O-graphs. The
inverse symmetry number St has been included with each O-graph.
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observe that the quantity B(k) of Eq. (91), although of
third order in interaction range parameters, does not
contribute in the third order calculation of the ground-
state energy and momentum distribution.

We now turn our attention to the calculation of F(»’).
Since the pair function at each vertex of a master 0-
graph is linear in the scattering length to first approxi-
mation, we need only consider the four master O-graphs
shown in Fig. 10 for our present third-order calculation.

H{klk?]’
ki, )/
QF® (N =— fdtf dat
( ) i lklgmkfi k1k2
t3 t2 263 Kok
QF(M)(N’):ef dtgf dtgf dtl Z { l
k1---Xg k1k2 131
t1te
QF6O (N')=— f dtgf dtzf dh Z ‘ { }
5k6 i3

8
at 3

0 kiks

1
aFO )=

In order to obtain the function F(»’) we must now make the approximations (100) and N’ (k)=»

‘m{kskzz}' at Kok,
{1 {k3k4

[ 7371

FRANZ MOHLING

We have utilized the symmetry of these O-graphs to
order the temperature variables at the different vertices.
Thus, for the function F(N’) we obtain

F(N)=FO(N)+F®(N')+F¢o (N
F+FCO(N)+0(asf). (123)
The explicit expressions for the first four terms of Eq.

(123), using the temperature and momentum labels of
Fig. 10, are as follows:

}tz’
Kok }’ “”‘{ ik, }'
k k4 t3

L7372

124
to k{,kg ( )

kika)’ B0 kske)!
{klkg}tl { 3k4ltz
i kk, 1’ 0t (koky)’ 5t gk’
+ {kske}tg {klm}m {kngn}'

’(k) in each of

the above terms. After using the explicit expressions for the pair functions [see Egs. (70) and (71) and Sec. V of I]
and performing many tedious manipulations, one can regroup these terms into six other quantities, convenient for
calculational purposes, whose sum gives F(»') to third order in scattering parameters:

(8)F (v")=[T1+TotTs+Tut Ts+ T ]+0(as).

(125)

We give below only the final expressions which are obtained for the T:

1=

274+1)
(2m)%p (

ik

)fd3k1d3k2 V’(kl)V (kz)[](zkm 151n260(k12)+3(f—{—1)(2k12) -1 sm26 (klg)]
J+1

= _4J(37r)1EF(kFas)[ 1+%(’”“8)2[ (r 3—303 )+3(

Qs
where

2741
i (L

(2]-!-1)
(2m)% (

2kl¢

8J
= —3—5-——2Ep(kpas)2(11_2 In2)[14+0(kras)* 0/ r)?]
g

using the notation of Eq. (104),
47 (27 +1) (
@

ZkF

) dekl d3k6 V1/112,V3l1/5,5(3) (k1+k2—

7 )(a ) ] }[l‘f‘O(kras)?—]—O(l/)\T)z]’

)fd3k1d3k2d3k3d3k4(u1'-|—Vz')vs’v4'5<3)(krf—kz k;—k,)

1
X (k12| ksa) (Rau | km)P(—ﬁ—),
w1+ ws'—ws'—wy

— k)o@ (ky+ky— ks — ko)

1 1
X (12| k3s) (Bsa Bss) (ksslkm)P( )P( )
w3+ —w’ —wy ws' g’ —w’ —wy

=—1(2))Ep(kra.)*(0.258=£0.002)[14+0(kra,)2+0 (/N r)?],
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](2J+1)< Ep
T emns \xks?

8 1
Xf dt exp[t(w1'+w2/—w3—w4)](klg[k34)(k34|k55)(k56|k12)l’( + __ )P(

w2 (2 +1)

3
) fd3k1 . 'dskﬁ V1,V2’5(3) (k1+k2‘—k3—'k4)6(3) (k3+k4_k5‘—kﬁ)
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(126)

1 )
4 4
wstws— w1’ —ws

Epas\?
= ( ! ) [l—I-O(kpas)]dekl . 'd3k(;1/1,1/2l6(3) (k1+k2—k3~k4)5(3) (k3+k4—k5—k5)

(2m)% wk
=—4J37) ' Ep(kra,)? X 5[ 140 (kra,) 00/ Ar)2],
J@2J4-1) s Er
Y
(2m)%0 \#%ks®

X8 (wptws—ws—wa)d (ws+we— w1’ —wy’)

3
) fdskl' . 'dsks V1/V2’1/3IV4IV5,V6/5(3) (k1+k2—k3““k4)5<3) <k3+k4-—k5—ks)

1 1
X (k12| kaa) (Baa Bss) (Bss] k12)P( )P( )
Wy Fws’ — w1’ —ws w3’ +wi —wi —wy’

7r2](2J—|—1)( Ep
3(27)3p \7w%kg

3
) fd3k1' . 'dskg V1’V2,V3’V4’V5IV6/5(3) (k1+k2—'k3"‘k4)5(3) (k3+k4—k5—'k6)

X (k12| kas) (Raa| kse) (Rse | £12)d (ws'+we' — w1’ — w2 )8 (w3t ~wi’ —wy)

= ](1571')_1EF(kFa«s)3|:1+O(kFas)2+O(l/)‘T)2]7
47(J—-1)(2J+1)
T6=
(2m)%

E 3
( ! ) fdskl' . 'd3k6 V1,V2,V3,(1—V4/)(1—1/5,)(1—V6/)6(3) (k1+kz—k4""k6)
w2k r?

1 1
XD (ky+ky—ko—ks) (k12| kas) (Bas| kos) (k56[k13)P( )P( )
w1’ Fws’ —wy —ws’ oy Fws’ —ws’ —wy’

= — 347 (J— 1) Ep(kpa,)*(0.17020.000)[ 1+0(kpa) +0 (/N 7)7].

In each of the above six terms the first line always
serves to indicate the origin of a term. Thus, T is a
term in F® (»), whereas T’ gives the entire third order
contribution of F®®(y"). The expansion of each T'; to
third order in the scattering parameters as, 71, and @, is
also explicitly given, where a; is the S-wave scattering
length, a, is the P-wave scattering length and 2a,7%* is
the effective range. We observe that the expansions of
the integrands in powers of (kXlength) is permissible in
all but two of the 7', because of the ‘“momentum-
cutoffs’” provided by the factors »'(k). The leading
terms of Ty and T's, however, are those of asymptotic
expansions, and one cannot obtain higher order terms
from these quantities by simple expansions of their

lim —=Ep

integrands. The leading terms of 7’5 and T's have been
calculated by approximation methods which are esti-
mated to be reliable to within the quoted errors. Finally,
we have written (2m)~"%2 as ks 2Ep, because the factors
»' (k) always introduce the cutoff-momentum £p. There-
fore, since kr and Ep are the only parameters which
occur in any of the third order integrals which are per-
formed, the dependences upon these parameters can be
removed as scaling factors and cancelled by the multi-
plying factors of Er and k7! outside.

We now substitute Eqgs. (125) and (126) into Eq.
(122) to obtain the ground-state energy of a Fermi gas
to third order in scattering parameters.

47 8J 27 .
3+ —(kras) +——(11—2 In2) (kra,)2+—(krr1)
3w 3572 S«

+1(27)[(0.258)42(J — 1) (0.170) — (10m) " J(kras)*+6(5m) (J+1) (kra,)*+O0(kra,)* } (127)

This result, without the third order terms, has appeared

in a number of papers!®" and was first written down by

Huang and Yang using the pseudopotential method.?
1T, D. Lee and C. N. Yang, Phys. Rev. 117, 12 (1960).

2 K. Huang and C. N. Yang, Phys. Rev. 105, 767 (1957). See
also Elliot Lieb, Proc. Natl. Acad. Sci. U. S. 46, 1000 (1960).

The third order terms have been previously calculated
by Martin and DeDominicis,”® also using the pseudo-
potential method. As is well-known, the many-body
pseudopotential method is only valid for the calculation

13 P, Martin and C, DeDominicis, Phys. Rev. 105, 1417 (1957).
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of thermodynamic quantities which depend upon two-
body scattering parameters and not upon the “close-in”
behavior of the two-body wave function. One sees from
the above result that this is true for the ground-state
energy of a Fermi gas to third order, and therefore it is
not surprising that the result (127) should have been
correctly derived using the pseudopotential method. It
is very likely, however, that a calculation of fourth
order terms would reveal a dependence of the ground-
state energy upon the close-in behavior of the two-
particle wave function. For these terms the pseudo-
potential method would then no longer be valid.

We now return to the discussion of the momentum
distribution. In order to calculate L'(f,4,k) to third
order, one must, of course, carry out the program of
Sec. V by further including the three-vertex master L
graphs. However, to determine the momentum distribu-
tion to third order, such a program is unnecessary.
Instead, one may utilize the result of Eq. (116) and, in
particular, the statements below this equation. Since
both the momentum distribution and F(»'), Eq. (117),
are calculated by making the approximations (100) and
N’ (k)= (k), the quantity fof di L'(8,t,k) of Eq. (97)
can be determined (in the limit of infinite volume) with
the aid of the following identity

F®()=

f(2]+1)( Ep
2m)®  \rkp?

X (k12] kss) (R3a] k12) (

w1

With the aid of the identity (109), it is readily verified
that F1@(»") is zero.

In order to specify precisely the manner in which the
contribution of F1® (»’) to the momentum distribution
is calculated, we first define a quantity F;(»'):

Fi("=F ") —pB[T1+ T2+ Ts+ T+ Ts+Ts]+0(ast)
=F,®()40(asd). (130)

Then the quantity Jof dt L'(8,.,k) is obtained by re-
placing F(»’) by F1(»') on the right-hand side of (128)
[see Eq. (89)]. Combining the result of this substitution
with Eq. (97), we obtain

)
<1’L(k)>= Vk/+llk,(1-" Vkl)**—/

Vi

X[(2#)3(2]‘}‘1)_1F1(V/)]R/+O(‘kpas)4. (131)

Epdg

Ma(ko)=2.](

ikt

X&® (ky+ko—ks—k)s® (ky+ky—ks—
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8
f dt £'(8,1,k)
0

0
:-67’@[(2”) (2J+1)7'F () Jr+0(kras)t. (128)

Equation (128) is derived from Egs. (117) and (87) in
analogy with the derivation of Eq. (9) from Eq. (8). The
subscript R’, means that the primed pair functions must
be held constant during the functional differentiation.

Upon substituting Egs. (125) and (126) into Eq.
(128), we immediately see that omly the quantity
JEdtAB—t, k)= ff dt A(k) [see Eq. (89)] is ob-
tained, whereas one knows from Eq. (110) that there
must be other terms in the momentum distribution, The
difficulty lies in the fact that Eq. (125) has been derived
by using the identity (109), which, since the pair func-
tion must be held constant in (128), cannot be used
until after the functional differentiation with respect to
v’ (k) has been performed. Therefore, in order to calcu-
late the third order corrections to the momentum
distribution using Eq. (128), we must identify those
terms in F(»') in which the identity (109) has been
used, and perform the functional differentiation first.
For example, the only second order term in this category
is

2
) fdak1d3k2d3k3d3k4(l - V1,) (1 - V2l> V3'1/4,5(8) (k1+k2—k3-’ kq)

2
,) {exp[Bws’+wi/—w/—wy/)]—1}. (129)

Wy TW3z T w4

Thus, upon substituting Eq. (129) into Eq. (131), we
obtain the function M,(k), where

)
Mz<k>zmx<1~w’>;;ﬁ[<2r>3<21+1>—1F1<2><»'>Jm

= 2772 kpa Y [(1— )M o(K) — i M o(K) ). (132)

The quantities M (k) and M (k) are given by Egs.
(111).

We now write the momentum distribution as
(n(k))=v"(k)+Mz(k)+M; (k)40 (kra.)*.

The third order contribution M3(k) is determined in
complete analogy with the determination of M. (k), and
one finds the result:

(133)

3
) fd3k1d3k2d3k3d3k4d3k5(V1I+ V2l>[(1— Vol> (1 - V5,)V31V4’— l’olV5’(1 hd Vgl)(l— 1«’4’)]

1 2 1
ko)( ’ ’ ’ /) P( ’ ’ ’ ) (134)
ws' Fwo’ — wz’ —wy w3’ Fwd —wi’—w
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We observe that neither M:(k) nor M;(k) makes a
contribution to the density p=(2J+1) (2x) 3 S &k (n (k)).

We finally evaluate the third order correction to the
thermodynamic potential g, [see Eqs. (114) and (115)].
At first sight it would seem to be necessary to calculate
the quantity A(k)=A4 (k) by directly using Eq. (128).
This would indeed be a tedious procedure. For the
ground-state problem, however, we note that »'(k) is a
step function with its discontinuity at k= kr. Moreover,
according to Eq. (114) the quantity which we need in
order to determine g is A(kr). Therefore, since we only
require the value of A(k) at k=kp, we may use the
following relation derived from Eq. (128):

kr 0
Alkr)= ———[F ()~ Fa(v') I
3pB Oky
+O[Er(kra,)*]. (135)
Since the identity (109) was not used in the derivation
of any of the terms of Egs. (126), we may substitute
Egs. (126) directly into Eq. (135) to obtain
limg=FEr+A(kr)

8J 8J
= Epi 1+—(kra,)+——11—2 In2) (kra,)?
3T 1572

167
() (167 0.258)
+2(7—1)(0.170)— (107)~1 (% pas)®

+16(57) (T +1) (kra,)*+0(kra) }.  (136)
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One might have anticipated that the calculation of the
thermodynamic potential would be given by a relation
such as (135); since it is an intensive quantity and
should not depend upon the details of a distribution
function, i.e., upon the explicit calculation of A (k) for all
values of k.

VII. GROUND-STATE ENERGY OF A FERMI GAS
OF HARD SPHERES WITH AND WITHOUT
WEAK S-WAVE ATTRACTIONS

It is of considerable interest to consider a Fermi gas
composed of two different kinds of Fermions with the
same mass, e.g., neutrons and protons. These Fermions
can be characterized by the different projections of an
isotopic spin quantum number I=3%. For interactions
which are independent of both isotopic and ordinary
spin projections, the matrix elements of R(;t;), Eq.
(14), include factors of dmimadags, Where m; is the mag-
netic spin quantum number and ¢, is a corresponding
projection of the isotopic spin L.

The spin factors, which correspond to the extra
degrees of freedom of the isotopic spin, can readily be
calculated for each of the 7; of Eqs. (126). One then
finds that the only replacement which is necessary in
any of these equations is to write

27 — (2J+1)(2I+1)—1. (137)

For example, the Fermi momentum %7 [see Eq. (34)]is
now defined by the relation

p=13= (6127 +1) 2T+ 1)ks (138)

Thus, for a Fermi gas with two kinds of Fermions which
interact with strong, short-range, charge-independent
and spin-independent forces, Eq. (127) for the ground-
state energy per particle becomes

(BE)/(N)=Ep{}+3L 27+ 1) QI+ 1) — 1122 (kra,)+12(357%) (11 =2 In2) (kra,)*+Cy 1 (kra,)?
+ (5m) "k (B3riP— 0, H-3(5m) [ (2T +1) QI+ 1)+1](kra,)*+0 (kra)+0 (/A r)?),  (139)

where

Cr.r=(0.258)+[(2T+1)(2I+1)—3]

X (0.170)+ (10m)1,  (140)

Cy.3= (0.4602:0.003).

We now examine Eq. (139) for two particular two-
body interactions; namely, hard core repulsions with
and without weak S-wave attractions. In a gas of hard
spheres there is only one interaction length, which is
the diameter @ of a single particle. According to Table I
of I, the scattering parameters g, ¢,, and 7 are related
to the core diameter o as follows:

a.=a; a,=r’=%a (repulsive core only). (141)
For these values of the scattering parameters, Eq. (139)

becomes (with I=J/=%)

(E)
(v

= Ep{§+2r (kra) +12(357) 7 (11— 2 In 2) (ra)?

+-(0.778) (kra)*4-0(kra)*+-0@/Ar)*}.  (142)

In Fig. 11, the cumulative contributions of the four
terms of Eq. (142) have been plotted as a function of the
ratio (I/e) in order to determine the relative importance
of the various terms. The value of //a for hexagonal
close-packing is lg/a=2""6=0.89, a number quite out-
side the range of the curves of Fig. 11.

In their treatment of the nuclear many-body problem,
Weisskopf, Walecka, and Gomes* first calculate the
energy per nucleon due to the S-wave part of the hard
core repulsion by the Brueckner method, and then
calculate the energy due to nuclear attraction by per-

1T, C. Gomes, J. D. Walecka, and V. F. Weisskopf, Ann. Phys.
3, 241 (1938).
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turbation theory. In such a calculation it has meaning to
refer to the repulsive energy per nucleon in nuclear
matter. The separation of particles in nuclear matter,
Iy=21.66X 10~ cm, and the scale of the Fermi mo-
mentum has been indicated in Fig. 11 for a hard core
diameter, a=0.4X 10" cm. To O(kra)? and for I/ 4,
Eq. (142) closely approximates the result calculated by
the Brueckner method.

A Fermi gas of weakly attracting hard spheres is
characterized by two interaction lengths; namely, the
diameter @ of a single particle and the negative part b
of the scattering length due to the weak attraction alone.
The A matrix for this problem can be derived by con-
sidering the problem of an S wave 8 function attraction
outside of a hard core repulsion. According to Table I
of 1, the scattering parameters a;, a,, and 7y, which one
obtains in this case are

s—atb; ap=1a; ri=3a+bP—b]
[repulsive core-+zero-range (L=0) attraction]. (143)

For these values of the scattering parameters, Eq. (139)
with (I=J=1%) becomes:

(E)/(N)=EF{%—I—27r“1(kpas)+12(357:-2)‘1
X (11=2 In2) (kras)>+ (0.460) (kra,)®
+ a1t (kra)— (571 (krb)
+O(kra)*+O@/Ar)?}.  (144)
The effect of the — (1/57)(k#b)? term is both small and
positive for weak attractions. The energy per particle,
as determined by Eq. (144), has been plotted in Fig. 12
for various values of the ratio b/a. The free particle
curve (3/5)Er has also been dashed in for comparison.

For —2<5/a<0, the energy curves depart from the
pure repulsive core curve in a way which might be ex-
pected. That is, at a fixed density an increase in the
attractive force causes the energy per particle to de-
crease and the slope of the curve remains negative as it
should for any physical system. The difference between
the b/a=—1 (a,=0) curve and the dashed curve in
Fig. 12 explicitly gives the effect of the P wave and b
terms upon the energy. In this case the P-wave con-
tribution is exactly five times the contribution of the
term.

At first sight, the curves for b/aS —2 in Fig. 12 seem
to imply that for large and negative scattering lengths
a Fermi system of attracting hard spheres condenses.
The conclusion is here not justified, because in the region
I/a~4 and b/a<—2 Eq. (144) would be very sensitive
to O(a./l)* terms. Moreover, the curves for b/a<—2are
clearly incorrect since they imply that the ground-state
pressure, @= —[d/d(1/p)J(E/N), of the physical sys-
tem is negative. However, the curves may still be
(asymptotically) valid in the low-density region I/a>5
where fourth order effects are expected to be un-
important.

FRANZ MOHLING
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F1c. 11. The ground-state energy per particle for a Fermi gas of
hard spheres as a function of interparticle separation [7=J=3].
Curve a—the free particle energy; Curve b—the energy of a gas
of hard spheres to O(a/l); Curve c—the energy of a gas of hard
spheres to O(a/l)?; Curve do—the energy of a gas of hard spheres to
O(a/1)3, L=0 terms only; Curve d;—the energy of a gas of hard
spheres to O(a/)%, both L=0 and L=1 terms.

CONCLUSIONS

To be of value a theory must be fruitful in the new
results which it can calculate. Therefore, in a certain
sense the present report serves as a stepping stone for
further theoretical investigations. We here indicate a
number of directions for further study, which are sug-
gested by the results of this paper.

The contribution of the fourth order (in kre,) terms
to the ground-state energy of a Fermi gas would be a
result of great interest. In the first place, there is the
question as to whether there is any dependence in the
fourth order terms on the close-in behavior of the two-
body wave function. This in turn has a bearing on the
limit of validity of the pseudopotential method.!? In the
second place, there is the matter of the convergence of
the low-density expansion of the energy in terms of
interaction range parameters (see Fig. 11). It may well
be true, cven at very low densities, that this expansion
is only asymptotically correct.'®

A second question of interest is the explicit tempera-
ture dependence of the thermodynamic quantities of
low-density Fermi gases. The results for quantities such
as the specific heat and the density of states would

15 In this connection see L. Van Hove, Physica 25, 849 (1959).
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probably have implications for corresponding real Fermi
systems such as liquid He®. There is also the problem of
determining the excitation spectrum in the ground state
of a Fermi gas. Hugenholtz and Van Hove'® have shown
that it has meaning to talk about single-particle ex-
citations only when k~kp. They also show that the
limiting value of the excitation energy as k — kg is the
thermodynamic potential g [as one can verify with the
aid of Eq. (36)]. It would be interesting to understand
the results of Hugenholtz and Van Hove in the present
context and to generalize their studies to nonzero
temperatures.

A problem of continuing interest is the nuclear many-
body problem; namely, the determination of the equi-
librium density and binding energy of infinite nuclear
matter. As mentioned in Sec. VII, the Weisskopf,
Walecka, and Gomes'* treatment of the nuclear many-
body problem is to use the Brueckner method to calcu-
late the energy due to hard core repulsions alone and
then to add the attractive energy by using perturbation
theory. Although the mathematical analysis by these
authors is somewhat unsatisfactory, the physical justifi-
cations presented by them seem quite sound. This sug-
gests, therefore, that the methods introduced in this
paper might be capable of giving additional insight into
the nuclear many-body problem by using the investiga~
tions of Weisskopf et al. as a model.

A physical system which very closely resembles a low-
density Fermi gas is the system of free electrons in a
conductor. It would seem, then, that a detailed study of
the low-temperature electron gas, using the present
methods, could lead to explicit predictions for the mo-
mentum distribution (and other thermodynamic quanti-
ties) which could be compared with experiment. For
example, we have seen in Eq. (133) for a low-density
Fermi gas with strong, short-range interactions that the
ground-state momentum distribution has a sharp dis-
continuity. In a recent paper,!'” Luttinger has indicated
that this may also be true for an electron gas.

There is finally another system to which the present
methods can be applied; namely, the Bose gas. Thus,
Eq. (97) for {n(k)) can readily be applied to a Bose gas
by setting e=-1. In this case it is not the region
plas]Ar=>1 which necessitates expressing the mo-
mentum distribution as a functional of »'(k), but the
temperature region 7> T¢, where T¢ is the critical or
transition temperature. As Lee and Yang have shown, 13
the transition temperature for a Bose gas is characterized
by momentum space condensation into the zero-mo-
mentum state, i.e., by the fact that (z(k)) — o for k=0
and T'— T ¢+. Moreover, it is quite likely that the
function »’(k) contains the essential features of this
singularlty, whereas »(k), Eq. (7), certainly does not. It
would thus be of value to compare the present method

16 N, M. Hugenholtz and L. Van Hove, Physica 24, 363 (1958).

17 7, M. Luttinger, Phys. Rev. 119, 1153 (1960). See also W.
Kohn and S. H. Vosco, Phys. Rev. 119, 912 (1960).

18T, D, Lee and C. N. Yang, Phys. Rev. 117, 897 (1960).
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F16. 12. The ground-state energy per particle for a Fermi gas of
weakly attracting hard spheres as a function of interparticle
separation. The parameter (b/a) is the ratio of the attractive part
of the scattering length (¢,=a+-b) to the hard-core diameter. The
energy has been calculated to third order in the scattering length
approximation for the case =J=4% and an L=0 attraction. The
dashed curve is the energy per particle for free Fermions.

for this problem with the variational method used by
Lee and Yang.
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APPENDIX A

In this Appendix we prove that Egs. (50) and (51) are
equivalent. That is, we prove the following identity :

s () mo-x (e

)Lc(B). (A1)

We begin by defining several terms necessary to the
proof of (A.1). .
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Definitions

The contraction of an open O-graph into two linked-pair
0-graphs is a procedure in which an open 0-graph is first
separated into two linked-pair 1 graphs, by cutting both
a wiggly line and a solid line and then replacing both
external wiggly lines by external solid lines. The pro-
cedure then consists of forming two linked-pair 0-graphs
by separately joining the ends of the two linked-pair 1
graphs.

The contraction of an open O-graph into closed 0-graphs
consists of successively contracting all open 0O-graphs
formed in the above contraction into two linked-pair 0-
graphs, until there remain only 0-graphs which are
not-open.

A closed subgraph in an open O-graph is a set of vertices
together with all of the lines which fouck these vertices,
which becomes a 0-graph which is not-open by per-
forming the above contraction procedure. Each closed
subgraph corvesponds uniquely to a closed 0-graph.

n¢= (the number of closed 0-graphs of a given
kind associated with an open 0-graph by the

preceding correspondence). (A.2)

Examples

If the contraction procedure is applied to the open 0-
graphs of Fig. 8(a), then both of the new O-graphs
formed in the first two cases are not-open. For the re-
maining three cases, however, one of the new 0-graphs
formed after the first contraction is open and the other
is not-open.

Theorem 1

NVo=1)=2(Ne—Dne. (A.3)
;

Proof. If Ny and N, are the numbers of solid lines in
the two linked-pair O-graphs formed by the first con-
traction of an open 0-graph, then we have the sum rule

(No=1)= (N1 Ny—1)— 1= (Ny— 1)+ (N—1).

Iteration of this sum rule in the successive contractions
of an open O-graph yields Eq. (A.3).

We next identify each of the closed O-graphs of Eq.
(A.3) with corresponding closed O-graphs on the right-
hand side of (A.1). The definitions of the solid-line
factors €91(¢,k)G(8,5,k) of closed graphs are then such
that each of these closed 0-graphs generates the open 0-
graph S¢'Lo(8) when we iterate the functions G(Z,s).
According to Theorem 1, therefore, we have now only to
show that the “symmetry number” (1 ¢S¢™!) is correctly
‘“‘generated” by eack of the closed O-graphs on the right-
hand side of (A.1).

We assign a label « to each of the closed subgraphs of
an open O-graph L¢(8), and study the symmetry of
Lo(8) in terms of its closed subgraphs. For this purpose,
it is necessary to define five quantities.

FRANZ MOHLING

Definitions

mag=[the number of line permutations [see be-
low (42)]in Ly(8) which involve the lines
of the closed subgraph ag, but which con-
sist only of permutations of entire closed
subgraphs, and which leave the O-graph

Ly(B) topologically unchanged]. (A.4)

This number is unity for all of the closed subgraphs of
Fig. 8(a), except in the fourth open O-graph where
map=2 for the one-vertex closed subgraphs.
S«=[the symmetry number of the closed 0-

graph Le«o(8), which corresponds to the

closed subgraph ao], (A.5)
Sag’=[the number of line permutations in Lo(8)
which involve the lines of the closed sub-
graph ao, and which leave the 0-graph
Lo(B) topologically unchanged]. (A.6)

Clearly S« includes the number 7a as a factor. Now,
if we consider a given closed O-graph Leo(8), which
corresponds to the closed subgraph aq, then correspond-
ing to all of the other closed subgraphs we may associate
closed L graphs. These L graphs are generated “along
the lines” of the closed O-graph Leo(8) in the process of
generating Lo(B). For each such closed L graph we
define.

0w, ag=[ the symmetry number of the closed L
graph L,(t,t,k), which corresponds to
the closed subgraph o, with respect to the

closed subgraph aq], (A.7)

oa, «'=[the number of line permutations in

Ly(B) which involve the internal lines,

with respect to the closed subgraph «y, of

the closed subgraph e, and which leave

the O-graph Lo(8) topologically un-
changed]. (A.8)

We now prove two theorems in terms of the five
quantities (A.4)-(A.8).

Theorem 2

The number of ways of generating an open 0O-graph
Ly(B) from a given closed 0-graph L¢(8) is

S ao) (O' a, o) )
S af) a#an \T o, af ’
where the summation is over all the closed sub graphs
ap in Lo(8) which correspond to the same closed O-
graph Lo(8).

Proof. Each number in the sum of (A.9) is equal to the
number of ways of destroying the symmetry of the

with > 1=ug,

ageC

(A.9)

aneC
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closed O-graph Lao(8) and the various L graphs L, (#,41,k)
when the subgraph ap is chosen as the basic 0-graph of
Lo(B8). We may therefore say that each of these numbers
is also the number of ways of generating L(G) from
LaO(ﬁ).

Referring to the definition (A.4), we note that may is
the number of closed subgraphs in Ly(8) which appear
symmetrically with the subgraph a. From this sym-
metry, we conclude that only one of the ma closed
subgraphs should be considered as the basic structure
for generating L{(8), in which case one must include a
factor of map for each term in the sums of (A.9) [see
comment below (A.6)]. Alternatively, (A.9) is correct
if we consider each of the mag closed subgraphs as the
basic structure for generating Lo(8), as we have done.

Theorem 3

The symmetry number S, of an open 0-graph Ly(3)
can be computed as the product

So=Sa’ H Oa, D‘U,’

aag

(A.10)

where ap refers to any closed subgraph of L¢(3).

Proof. Theorem 3 follows from the definition of the
symmetry number of a linked-pair 0-graph (1.58) and
the definitions (A.6) and (A.8).

We now observe that a factor Sei'(J[asas oa, agt)
occurs with each term in the iteration of the right-hand
side of (A.1). From this fact and Theorems 2 and 3 we
may conclude that each of the different closed 0-graphs
corresponding to the closed subgraphs of an open 0-
graph Lo(8) generates Lo(8) with the “symmetry num-
ber” (n¢S5™). The identity (A.1) follows by combining
this result with Theorem 1.

APPENDIX B
We here prove Eq. (54):

QF(N)——% Sc1Le(B)

8
)f dtldtz . 'dth(tl;t%k)
0

X P(tat3,K) -« P(tm,t1,K).

o m—1
=¢y. 7 em(

k m=2 m
(B.1)
The first part of this proof proceeds in analogy with the
proof of Eq. (A.1), Appendix A.

Definitions

The coniraction of a closed O-graph into master O-graphs
consists of the following procedures.

(1) Replace all wiggly lines in the closed 0-graph by
solid lines.

(2) If the resulting O-graph is reducible, cut two lines
to form two 1 graphs.
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(3) Separately join the ends of each 1 graph created
in step (2) to form two new O-graphs.
(4) Repeat (2) and (3) for each new reducible 0-
graph which is formed.

A master subgraph in a closed 0O-graph is a set of
vertices together with the lines which fouck these
vertices, which becomes a not-reducible O-graph as a
result of the above contraction procedure. Eack master
subgraph corresponds uniquely to a master O-graph.

ny= (the number of master subgraphs in a

closed 0-graph). (B.2)
Theorem 4
QF(N)ZZc%MSc_ch(B). (B3)

Proof. From the last paragraph of Appendix A we
may conclude that the sum (3.¢) over all different
closed O-graphs, corresponding to the closed subgraphs
of an open O-graph Lo(8), generates Lo¢(8) with the
“symmetry number” (3¢ #n¢)Sol, where n¢ is the
number of closed subgraphs which correspond to the
same closed O-graph L¢(B). Similarly, after making
slight changes in the terminology of Theorems 2 and 3
and the preceding definitions, one may conclude that
Theorem 4 is correct, i.e., that the sum over all different
master 0-graphs, corresponding to the master subgraphs
of a closed O-graph L¢(B), generates L¢(8) with the
“symmetry number” (zyS¢™). [Theorem 4 should be
checked for each of the closed O graphs of Fig. 8(b).]

We substitute Eq. (B.3) into (B.1) to obtain

25 )
(m—l

In this form of Eq. (B.1), the function P(¢;¢;) may be
considered to be the sum over all closed L graphs with
no external line factors (41), as one can prove using a
modification, for L graphs, of Theorems 2 and 3. Then,
all of the terms of (B.4) are smproper closed graphs,
which we shall now examine from a different viewpoint.

) 8
=eP > €™ ) f diidty- - Al P(th,12,K)
k m= 0

m=2

X P(igts, k)« + - Pty k). (B.4)

Definitions

It is possible to cut two (wiggly) lines in an improper
closed O-graph so as to separate the O-graph into two
parts. The lines for which this is possible are called
improper lines.

An improper loop in a closed O-graph is a collection of
improper lines, any two of which can be cut so as to
separate the O-graph into two parts. All pairs of improper
lines with this property belong to the same improper
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loop, and different improper loops never have an im-
proper line in common.

Examples

In each of the first three closed 0-graphs of Fig. 8(b)
there is only one improper loop, whereas in the last two
0-graphs there are two improper loops.

Definition

n;=[number of improper lines in the /th im-
proper loop of an improper closed 0-graph
L¢ (B):]’

B.5
= [number of master subgraphs connected by (B:5)

the improper lines of the /th improper loop
of an improper closed 0-graph L¢(8)].

For a closed O-graph which is not improper we define
n;=1, We also observe that whereas two improper loops
can never have improper lines in common, they may
have a master subgraph in common.

Theorem 5
For a given closed O-graph L¢(8),
(nyu—1)=21(n—1), (B.6)

where 2 ; indicates the sum over all different improper
loops in L¢(B).

Proof. Theorem 5 is obviously true for a closed 0-graph
with only one improper loop. It is also true for a closed
0-graph with two improper loops, since in this case the
number of improper lines is (rx+1), i.e., the two im-
proper loops must have one master subgraph in com-
mon. An induction proof serves to establish the general
case.

We substitute Eq. (B.6) into (B.4) to obtain

;:l)Lc(B)

o m—1 B
=€ Z Z ém( )f dtldiz' . dtm P(tl,tz,k)
k 0

m=2 m

n

P3P

C leC

X P(to,t3,K) - + - P(tmytr, k).  (B.7)

But now we use the second form of the definition (B.5),
and also interpret each of the factors P(z,f;) on the
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right-hand side of (B.7) as the sum over all possible
master subgraphs (each of which may or may not in-
clude other master subgraphs along its internal lines).
If, on the left-hand side of (B.7), we next interchange
the sum over all closed 0-graphs with the sum over all
improper loops for each 0O-graph, then a one-to-one
correspondence between the terms on the two sides of
this equation can be established. We therefore identify
the numbers #,; with the numbers 7 and write Eq. (B.7)
as

ST Nm(c)(mS~I)Lc(3)

m=g Cem c

~x £ ()

B
% f diadly- - dtnP (oK) - - Pt i), (B.S)
Q

where

N, @=[number of improper loops in L¢(B)

with m improper lines].  (B.9)

Equation (B.8) is our final form of Eq. (B.1). In order
to verify this equation, it must be shown that 1/# times
the integrated product of (m)P (¢;t;,k)’s “generates” the
correct “symmetry number” (¥ ,(@S¢1) for the closed
0-graph L¢(8). To prove this one must first verify that
Theorem 3, together with appropriate changes in the
definitions (A.4)-(A.8), also applies to a closed 0-graph
L¢(B). Tt is also necessary to observe that for each of the
master subgraphs ag connected by the improper lines of
a given improper loop /, the corresponding factor Sey’ of
(A.6) always includes a factor o«, ¢’ where

oo, ’=[the number of line permutations in
L¢(8) which involve the iniernal lines
with respect to the Ith improper loop of
the master subgraph ag, and which
lcave the O-graph L¢(8) topologically

unchanged]. (B.10)

Equation (B.8), and therefore also (B.1), can finally be
verified by combining a study of the symmetries of
improper loops in closed O-graphs with the above
discussion.



