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FIG. 2. Resonance and bound state energy as a function of the 
coupling constant for dynamical resonances, (a) Potential scat­
tering; three bound states have been assumed, (b) Charged 
scalar meson theory. 

for E —» co is X —> oo. This gives us the general form 
of the resonance energy as a function of X. If there is 
a single resonance for fixed angular momentum and 
fixed X, then only curve (a) will appear. 

If we increase X, for a given potential, there may occur 
several bound states. One would expect then, for a 
fixed X, n resonances if there are n bound states. For 
fixed X the phase shift at E= <*> is zero.6 According to 
a theorem of Levinson,7 the phase difference 8 (0) — 8 (<x>) 
is equal to mr if there are n bound states, none of them 
with binding energy zero; and it is equal to (n—J)TT 
if one of the n bound states has zero binding energy. 
Therefore the phase difference between two adjacent 
resonances must be w and at E=Q the phase shift is 
discontinuous at the resonance points, as can be seen 
from Fig. 2. 

Exactly the same behavior is found in charged scalar 
7 N. Levinson, Kgl. Danske Videnskab. Selskab., Mat.-fys. 

Medd. 25, No. 9 (1949). 

meson theory.3 The amplitude for the Serber-Lee 
point-source model of this theory in one-meson approxi­
mation can be put in the form 

eidsm8/k=(\/o))/(l-X); X= (X/co)[l- (1-co2)*], (9) 

The bound-state curves are given by X = co/[l— (1—co2)*] 
and in the physical region (co> 1) the resonance curves 
are given by X = w [Fig. 2(b)]. 

Thus the dynamical resonances occur in connection 
with the bound states and the resonance energy increases 
with increasing coupling constant. The resonance in 
the very low-energy neutron-proton scattering is 
precisely of this type. 

IV 

The method of analytic continuation of the coupling 
constant (i.e., coupling constant as a function of the 
resonance energy) discussed above has been actually 
constructed to deal with the solutions of dispersion 
relations. Given a solution of the dispersion relation, 
it is not clear whether we are dealing with the true 
solution or an extra solution. I t is important to dis­
tinguish between these two types of solutions because 
one can either eliminate the extra solutions by suitable 
conditions, or, as the case may be, select the relevant 
extra solution if the resonance is due to an unstable 
particle. An important case in this connection is the 
33-resonance in pion-nucleon scattering. A study of the 
analytic continuation of the coupling constant in the 
dispersion-type equation of Chew and Low8 for the static 
^-wave meson-nucleon scattering reported separately.9 

8 G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956). 
9 A. O. Barut and K. H. Ruei (to be published). 
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The significance of a theory of gravitational equilibrium of concentrated masses is discussed in connection 
with possible general relativistic effects in white dwarf stars. The covariant form of phase space and 
Liouville's theorem is developed, using the canonical equations for a particle under gravitational and elec­
tromagnetic forces. The dynamical isotropy of the ideal fluid is formulated, and the associated equations 
of state and allowed streaming patterns are found. A covariant kinetic theory yields general relativistic 
forms for the Maxwell and Fermi distributions in the case of thermal equilibrium, and limits their streaming 
to rigid motion. Rotating fluids are studied in comoving coordinates, and the problem of determining their 
gravitational equilibrium is reduced, in most cases of physical interest, to a simple standard form with 
constant density and vorticity. 

I. INTRODUCTION 

THIS paper is one of a series on the theory of great 
concentrations of gaseous matter capable also of 

rapid circulation. When a test particle falling freely 

* This work was supported in part by the Office of Naval Re­
search. Part of the work is based on an otherwise unpublished 

from infinity towards the center of a resting mass 
reaches a speed comparable to that of light, the con­
centration of matter can be called great. When the 

Ph.D. thesis presented by one of the authors (G.E.T.) to the 
University of Minnesota in 1951. A preliminary account of Sees. 
II and III was reported to the American Physical Society [Phys. 
Rev. 86, 621(A) (1952)]. 
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streaming velocity approaches the same speed, the 
circulation can be called rapid. Thus the absolute limit 
for all speeds defines the scale of our problem, and sets 
it within the scope of special relativity. 

Whenever internal gravitation acts upon the con­
stituents of a system so that they must move swiftly, 
effects of general relativity cannot be separated from 
effects of special relativity. When a single particle can 
be well described as traversing a periodic orbit in the 
resultant field of all the others, one can infer from the 
classical virial theorem that the mean square velocity 
must be comparable with the mean gravitational po­
tential over the orbit, which, at any point, is twice the 
square of the speed of free fall from infinity. When that 
speed is great and the mass concentration is high, the 
orbital velocity of constituent masses must also be 
great, and conversely. Examples of this situation are 
found in the astronomical tests of general relativity 
where special and general relativistic effects are of the 
same order.1 

Where motions are disordered by close collisions in­
volving gravitational or other forces, the virial argu­
ment equates the product of pressure and specific 
volume with the mean gravitational potential. In a 
homogeneous gas in thermal equilibrium, thermal speeds 
approach that of light, wherever mass is so concen­
trated that the gravitational potential requires general 
relativistic description. Under conditions of Fermi de­
generacy, the speed associated with the zero point 
energy approaches c when general relativistic effects 
become significant. As first proved by Tolman2 in certain 
special systems, regions of lower gravitational potential 
must have higher (invariant) temperature. (Consider 
for example, two observers at different potentials 
attempting to establish thermal equilibrium by ex­
change of radiation. In order that the color temperature 
of incoming radiation may match that of outgoing radia­
tion, the effect of the gravitational red shift must be 
counteracted by a difference of temperature between 
the two sites.) To this general conclusion we may add a 
result reached later in this paper, namely that the de­
generacy parameter is an invariant that remains constant 
throughout a gravitating ideal Fermi gas in thermal 
equilibrium. Thus, though the temperature varies from 
place to place depending on gravitational potential, the 
Fermi energy keeps pace with it. As a consequence, 
both temperature and Fermi energy, together approach 
the rest energy of a constituent particle where the 
gravitational potential approaches general relativistic 
magnitude. 

In a system composed of particles of different masses 
bound to each other by strong forces not of gravita­
tional origin, special and general relativistic effects are 
not so directly correlated. An extreme example might 

1 W. Pauli, Relativitatstheorie (B. G. Teubner, Leipzig, 1922), 
Vol. 5, Part 2, Sec. 58. 

2 R. C. Tolman, Phys. Rev. 35, 904 (1930). 

be a cold, diffuse gas of heavy atoms in which the elec­
trons move swiftly within the atom and thus have a 
high Fermi energy, while the atoms move slowly in 
regions of low gravitational potential. The opposite 
extreme might be illustrated by suddenly removing the 
electric interactions among all particles. As the system 
would then progress towards thermal equilibrium the 
electrons would diffuse to regions of higher gravita­
tional potential, eventually to evaporate into distant 
field-free regions, leaving behind a homogeneous system 
of nuclei in which the connection between particle 
speed and gravitational potential would again be 
recovered. 

The case of greatest practical interest is intermediate 
between these extremes, namely the accepted model of 
the interior of a white dwarf star.3 The electrons are 
shared by all nuclei in common, and the Fermi pressure 
of electrons counters the mutual gravitational attrac­
tion of nuclei. Nuclei interact with electrons through 
electric forces that keep the net charge density practi­
cally zero, while the high electron mobility maintains 
thermal equilibrium. The great disparity between elec­
tron and nuclear mass may permit the electron speed 
to rise well into the relativistic range while the gravita­
tional potential remains within Newtonian bounds. 
Only if the electron kinetic energy could rise to thou­
sands of times the electron rest energy, would the 
potential be directly affected by non-Newtonian factors. 
The obvious mass of that kinetic energy, as well as 
other, less obvious, general relativistic effects which 
cannot be unambiguously separated from the gravita­
tion of energy, would then come strongly into play. 
(Well below this point, however, effects of general 
relativity may strongly influence the stability of the 
system.) 

Since white dwarf stars have the greatest known mass 
concentrations, they are important in applications of 
the theory to be presented here. One may well ask 
whether the general relativistic effects we have outlined 
are in any way relevant to the conditions at present 
imagined to occur in the interior of actual stars. In 
the study of different stellar models based on the 
balancing of Fermi pressure against gravitational force, 
it was observed by Chandrasekhar4 and Landau5 that, 
as the number of particles approaches a certain finite 
critical value the stable equilibrium radius approaches 
zero, and the central Fermi energy increases without 
limit. Above that critical mass no stable configuration 
is possible. Degenerate systems in general show a 
tendency to contract as mass is added. I t is a specific 
consequence of the special relativistic limitation of all 
speeds by the speed of light, that stability becomes im­
possible above a critical mass. The rapid contraction 

3 S. Chandrasekhar, An Introduction to the Theory of Stellar 
Structure (University of Chicago Press, Chicago, Illinois, 1939), 
Chap. XI, p. 412. 

4 S. Chandrasekhar, Astrophys. J. 74, 81 (1931). 
5 L. Landau, Physik. Z. Sowjetunion 1, 285 (1932). 
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of stable systems sets in when, for the fermions that 
create the pressure, the average kinetic energy near the 
center of the star becomes comparable with their rest 
energy. Relativistic condensation of white dwarfs is 
observed as a rapid diminution of luminosity with in­
creasing mass in the neighborhood of a critical value 
comparable with the mass of the sun. The fate of more 
massive stars that exhaust their nuclear fuel is at 
present unknown. 

At first sight it might appear that the general rela­
tivistic effects we seek can occur only in very condensed 
stars of negligible luminosity. The effects in question 
tend to enhance gravitational attraction without in­
creasing pressure, however, and therefore provoke in­
stability not only at a finite mass, but also at a finite 
critical radius. The first example of this unique general 
relativistic effect, the existence of a critical radius, of 
some 10 km, was deduced for a hypothetical assembly 
of neutrons by Oppenheimer and Volkoff.6 

A dimensional comparison of their arguments with 
those of references 4 and 5 shows that the critical num­
ber of nucleons or electrons is essentially N~ (hc/GM2)%, 
where M is the nucleon mass, while the critical radius is 
essentially N*(h/p), where p is a mean momentum for 
the fermions of mass m providing the pressure. A closer 
analysis7 of the onset of instability shows that p/mc is 
certainly less than (M/m), and comparable to (M/m)K 
The general relativistic value of the limiting mass for 
a white dwarf is practically unchanged from that calcu­
lated earlier,4 while the limiting radius obtained by 
Oppenheimer and Volkoff must be multiplied by a 
number between M/m and (M/m)%, with m the electron 
mass. This takes into account the difference in mass 
between the fermions providing the pressure in the 
neutron assembly and those in the white dwarf. The 
increased limiting radius is roughly that of the earth— 
not much smaller than radii observed for the smallest 
white dwarfs. 

Whether general relativistic instability can be dis­
tinguished from other unstable factors in thermal or 
chemical equilibrium to which the critical state is 
sensitive, or whether a minimum radius is astronomi­
cally observable, we cannot say. The minimum radius 
we have deduced is not obviously negligible, however, 
and may, perhaps, eventually give rise to a new experi­
mental test of general relativity.7 

Our main purpose in discussing white dwarfs has 
been to point to physical applications of the general 
relativistic kinetic theory of gases set forth in following 
sections of this paper. 

To deal consistently with problems of this kind one 
needs a generally covariant kinetic theory of gases in 
close analogy to classical theory, but capable of de­
scribing partly ordered states as well as states of com­
plete thermal disorder. Steady states not in equilibrium 

6 J. R. Oppenheimer and G. Volkoff, Phys. Rev. 53, 374 (1939). 
7 A detailed account of the theory of the critical radius of white 

dwarf stars is being prepared. 

and the approach to thermal equilibrium should be 
within its scope. This paper presents such a theory 
based on a special relativistic description of collisions 
including transmutations and conversion of mass into 
energy. Temperature is assumed definable over a region 
large enough to contain a significant number of par­
ticles but small enough so that the average gravita­
tional field does not vary greatly over it. The connec­
tion between momentum and space densities in distant 
regions is established by a generally covariant form of 
Liouville's theorem, in which the average gravitational 
forces appear explicitly. Though individual particles 
are partly described by space-time coordinates as 
though they were points, the particle fields are not 
considered singular and the local fluctuations in field 
as one moves from particle to particle have only a small 
effect compared to the average field built by numerous 
distant masses. In similar fashion the rapid time varia­
tion of fields during the course of occasional close 
collisions is considered only as a contribution to thermal 
disorder, while frequent distant collisions build the 
average field. Accordingly the differential equations of 
the field contain an inhomogeneous term given by the 
average energy and momentum density of the particles. 
This self-consistent or codetermined model of the mo­
tion of field and particles, expressed by the generalized 
Liouville theorem on the one hand and by Einstein's 
field equations on the other, is fundamental to the 
theory. 

Naturally, certain singular cases in which the notions 
of temperature and average field are no longer valid 
cannot be treated in this way. The preceding discussion 
of white dwarf stars shows, however, that limiting 
gravitational instability can occur in the absence of 
any singularity of statistical or of field quantities. Such 
instability is furthermore not confined to degenerate. 
systems, but occurs quite generally wherever the par­
ticles responsible for the pressure countering gravita­
tion approach the speed of light as a result of the action 
of the gravitational field. For all stable mass concen­
trations, including the limiting ones, our average field 
and statistical description seem to be adequate. 

We apply our general theory to the study of massive 
streaming in a homogeneous ideal Boltzmann or Fermi 
gas in thermal equilibrium. Just as in nonrelativistic 
kinetic theory and only streaming compatible with 
equilibrium is a rigid motion, here defined in a co-
variant way in the sense of Born8 and Herglotz.9 The 
invariant temperature can furthermore, be related to 
the gravitational potential gu by exactly the relation­
ship discovered by Tolman2 for static spherically sym­
metric fields, namely J,(g44)*= constant, provided that 
gu is measured in a class of comoving coordinates in 
which all potentials are independent of comoving time. 
(Of course one can always construct comoving coordi­
nates that reduce a given time-like velocity field to 

8 M. Born, Ann. Physik 30, 1 (1909). 
9 G. Herglotz, Ann. Physik 31, 393 (1910). 
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rest, but only in the case of covariant rigid motion can 
one also make the gravitational potentials static. I t 
must be emphasized that such static potentials are in 
general incompatible with spherical symmetry and are 
decidedly different from potentials static in inertial 
coordinates. In general, g4/b^0, which results in Coriolis 
forces upon a freely falling test body. A rigid motion 
can be steady rotation as well as uniform translation.) 
We will show that unlike the invariant temperature, 
the invariant degeneracy parameter, or quotient of 
chemical potential by absolute temperature is constant 
throughout a streaming ideal Fermi gas in thermal 
equilibrium in a gravitational field. 

In the theory of ordered streaming of a gas developed 
here, general relativity must be invoked whenever 
streaming velocities are high. I t was predicted long ago 
that new gravitational forces not envisaged in Newton­
ian dynamics must couple the momenta of particles in 
somewhat the same way that electric currents are 
coupled via magnetic fields, with the interesting differ­
ence that parallel momenta repel each other. The 
gravitational field of a rotating mass ought to act upon 
another matter current in much the way that a magnet 
acts upon an electric current.10 Non-Newtonian forces, 
though small in astronomical applications developed 
up to this time, can be directly inferred from the trans­
formation properties of the gravitational potentials 
which in turn arise from the tensor properties of the 
energy and momentum that generate the field. (Any 
theory that ascribes to the current generating gravita­
tion the transformation properties of a tensor of first 
or higher rank will yield quasi-magnetic forces as a 
consequence of special relativity alone.) 

We escape the complications created by all the dif­
ferent interactions of currents within a streaming gas, 
by resort to a noninertial system of coordinates co-
moving with gas at every point. The only current inter­
actions that can survive this transformation are those 
caused by the counter streaming of all the masses very 
distant from the system. The non-Newtonian forces 
that arise from this combine to form the usual Coriolis 
force introduced by local rotation of comoving co­
ordinates at every point. Thus, although contravariant 
components of the streaming can be brought to rest, 
the covariant components survive in the form of gAk/gu 
which function as components of a vector potential for 
the space components of the antisymmetric vorticity 
tensor. These space components of the vorticity tensor 
cannot be made to vanish by comovement wherever 
there is any rotation at all. This is part of the tensor 
property of vorticity and expresses the persistent abso­
lute effects of rotation. The nondiagonal components of 
energy-momentum tensor cannot be made to vanish; 
and, in particular, the momentum flux becomes propor­
tional to the vector potential of vorticity. The absolute 

w J. Lense and H. Thirring, Physik. Z. 19, 156 (1918). 

effects of rotation prevent the system from assuming an 
equilibrium state of spherical symmetry because of the 
ineradicability of Coriolis forces caused by local 
vorticity. 

In comoving coordinates, the conservation laws 
assume a particularly simple form which determines 
the g4k, #44 for all time when their spatial distribution 
is initially known. The field equations for energy and 
momentum flux then generate further limitations among 
the gravitational potentials and the pressure and den­
sity, corresponding to the classical existence theorem for 
the centrifugal potential, and for the conservation of 
angular momentum. In the remaining field equations 
only the six potentials with spatial indices are effective 
unknowns. 

For certain special problems such as those where 
pressure and density are functionally related, Synge11 

and Lichnerowicz12 have proved that a fluid can be 
organized into a field of vortex filaments of strength 
constant in time and along their length, just as in 
classical hydrodynamics. Our device of comoving co­
ordinates not only yields an elementary proof of their 
results but gives a full account of the further constraints 
imposed by the field equations, and suggests certain 
useful generalizations. By exploiting the freedom of 
coordinate choice still open in comoving systems, it is 
possible to make the vorticity and circulating mass 
density equal to a standard unit value, so that different 
problems are distinguished essentially only by their 
boundary shapes. 

Beyond any formal developments required to bring 
the field equations into a form comparable with the 
classical theory of streaming fluids lies the question: 
Where can one reasonably expect general relativistic 
effects to be important? When the centrifugal potential, 
which increases outward from the center of a mass dis­
tribution, overtakes the gravitational potential, the 
assumed streaming pattern becomes unstable. At the 
limiting boundary of a rotating mass the pressure and 
density are negligible and the individual particles must 
then move in nearly Keplerian orbits. The realization 
of relativistic streaming must therefore be associated 
with the possibility of correspondingly high speeds in 
closed orbits, and hence reduces to the problem of 
obtaining sufficiently high mass concentrations. Since 
only the most condensed white dwarfs have the neces­
sary property, the first application of the theory will 
be to improve the description of relativistic degeneracy 
and to explore the manner in which it is modified by 
rotational instability. 

11 J. L. Synge, Proc. Math. Soc. (London) 43, 376 (1937). 
Vortex theory in general relativity was independently developed 
by the authors in the form presented here as a device to reduce 
the number of dependent variables in the field equations. We are 
grateful to J. A. Wheeler for pointing out the existence of prior 
work related to some of our results. 

12 A. Lichnerowicz, Ann. ecole norm, super. 58, 285 (1941). 
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II. COVARIANT STATISTICAL MECHANICS 

A freely falling observer sees his immediate vicinity 
free of gravitational force. He must therefore be able to 
construct a local momentum space for passing particles, 
in which each particle is represented by a point, and a 
statistical ensemble by a density and current flowing 
into neighboring space-time regions according to 
Liouville's theorem. Such a statistical picture ought to 
be generally covariant, if only it is made Lorentz in­
variant for the freely falling observer. 

To get a Lorentz invariant description, the time co­
ordinate must be adjoined to the dimensions of phase 
space in order to avoid singling out that particular 
direction in space-time. An energy dimension must be 
adjoined to momentum space to preserve the canonical 
invariance of the theory which underlies Liouville's 
theorem. Finally, a particle must be represented by a 
world line rather than a point of the extended phase 
space. A V space has been constructed along these 
lines13 in a formalism canonically invariant and hence 
also implicitly generally covariant under the restricted 
canonical group of space-time coordinate transforma­
tions and gauge transformations. Our objective is a 
^-space theory substantially equivalent in content, but 
presenting in explicit form the transformation proper­
ties of all quantities of interest under the restricted 
canonical group. 

Our starting point is the equations of motion of a 
charge e and mass m in a gravitational field described 
by the metric tensor gM„ and an electromagnetic field 
described by the field F„v= (dAv/dx*)-(dAjdxv): 

(d/ds) (dxfl/ds)+^(dga^/dxfl) {dxjds) (dxp/ds) 

= (e/m)FliV(dxv/ds)y (1) 

where (dxjds) are defined together with ds by 

g»v (dxjds) {dxv/ds) = g^ (dx^/ds) (dxv/ds) = 1. (2) 

The quantities set equal to unity in (2) are constants 
of the motion defined by (1). I t has long been known14 

that equations like these can be stated in a form strongly 
suggestive of Hamilton's canonical equations by intro­
ducing a constant mass M and momenta p^ defined by 

dxfX/ds = g»v(pv- eA V)/M. (3) 

The combination p^—eA^ may be denoted PM, and Eq. 
(3) may be substituted into (2) to yield 

M* = g'»(pll-eAJ(fiv~eAp) = g'»PpP9. (4) 

If we now agree to refer to space-time coordinates only 
in their contravariant form x11, symbolized collectively 
by x, and to momenta only in their covariant form pv 

symbolized collectively by p, we may regard (4) as a 

13 P. G. Bergmann, Phys. Rev. 84, 1026 (1951). 
14 P. G. Bergmann, Introduction to the Theory of Relativity 

(Prentice Hall, Englewood Cliffs, New Jersey, 1942) ,_p, 97ff. and 
p. 188ff. In this work, the Hamiltonian form in special relativity 
is given careful treatment. Our development takes gravitational 
forces into account according to general relativity. 

unique definition of a function M(x,p) of eight variables 
such that 

(dM/dp,)x=g^(pv-eA ,)/M=g'»P,/M, 

(dM/dx»)p= (1/2M) (dg^/dx^PaPp (5) 

-(e/M)g«PPa(dAp/dx»). 

Substitution of these results into (1) and (3) yields 

dx»/ds-(dM/dPr)x=0, 

dpv/ds+ (dM/dxv)p= iPy/M) (dM/ds), 

where, corresponding to the new attitude towards M 
as a function of x and p defined by (4), we cannot 
ignore its possible variation over a world line. 

The second group of equations in (6) is not canonical 
in form because of the term in dM/ds which also pre­
vents these equations from leading to any determinate 
value of dM/ds. The constancy of the function M(x,p) 
must be imposed as a special constraint upon the four 
momenta with the result that only three can function 
as independent, dynamical variables. We therefore 
make a slight but significant change in (6) by striking 
out the term in dM/ds, and asserting instead of (6): 

dx"/ds-(dM/dpJx=0, 

dp„/ds+(dM/dxv)p=0. 

These equations have exact canonical form, and they 
determine the change of M(x,p) along a trajectory to be 

dM/ds=0. (8) 

Despite the appearance of four independent momenta 
in (7), the effect of (8) is to make the manifold of 
trajectories the same as that in (1). The extra degree 
of freedom is associated with the invariant mass, a 
constant of the motion. The mass function (4) is there­
fore a proper Hamiltonian function for canonical 
equations (7) that do not single out any particular co­
ordinate as the time. Despite their superficial resem­
blance to ordinary four-vector relations, the canonical 
equations (7) are not of that kind. They are nevertheless 
generally covariant in the sense that they are evidently 
derivable in the same form in every coordinate system 
and gauge. 

The first set of four equations in (7) is gauge invari­
ant. The second set of four equations is not invariant 
under gauge transformation, 

A^A^+dG/dx*1, 

x^x", pp = pp+e(dG/dx,t), M=M, 

dpv/ds= (dpf,/ds)+e(d2G/dxvdxa) (dxa/ds), (9) 

dx^/ds^dx^/ds, 

(d/Sxv) § = (d/3xv) p - e (d2G/dx>dxa) (d/dpa) xy 

(d/dpP)x= (d/dp„)x. 

The second set of equations evidently acquires an 
additive multiple of the first set, so that the entire 
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system of eight quantities in (7) transforms linearly 
into itself when the gauge is altered. 

Under space-time coordinate transformations, the 
first set of four equations in (7) forms a single contra-
variant four-vector. The second set is not a space-time 
tensor of any kind. Under the transformation x^ —> xM, 
we have ds = ds, M=M, and 

dpv/ds = (d/ds)(padxa/dxv) = (dxa/dxv){dpa/ds) 

+ (dx»/d&) (d2xa/dx^dxv)pa(dx^/ds). (10) 

On the other hand, holding constant pa= (dxv/dxa)pv 

in forming x derivatives involves an additional in­
dependent condition : 

(d/dxv)p= (dxa/dxv)(d/dxa)p 

- (dx^/dxP) (d2xa/dx"dxv)pa(d/dp^)^ (11) 

Again the system of eight equations in (7) undergoes 
linear transformation as a whole. 

We therefore regard the quantities in (7) as exempli­
fying an eight-vector, a system of eight quantities a? and 
bv symbolized by the row matrix (a,b) that transforms 
according to a linear pattern derived by examination of 
(9), (10), and (11): 

. /S ST \ _ 
(a,b)=(a,b)^ ) ; T=*T. (12) 

Here S, T are 4X4 matrices, and § is the transpose of 
S. In this pattern we may interpret (dx/ds,dp/ds) and 
(dK/dp, —dK/dx) (with K any scalar function), as 
eight-vectors cogredient to (a,b) in (12). For gauge 
transformations, 

S=I, T^-e^G/dx^x"), (13) 

while for space-time coordinate transformations, 

£«*= (dx»/dxa) = 5Ma, (S-l)K= {d&/dxv), 
Ttlp=pa(d

2xa/dx^dxv). (14) 

(In these relations, we adopt the convention of placing 
the row index nearest to the carrier symbol no matter 
whether that index is raised or lowered.) Naturally, the 
transformations of (12) form a group: A transformation 
indexed by II , following another indexed by I is equiva­
lent to a single transformation defined by 

S=SiSn, T= ( S n ) - ^ ! (Su)-1+ Tn. 

As we have implied by including it in (12), the sym­
metry of T is a group property: if 7 \ = T\ and Tn= Tn, 
then T= T also. 

The transformations of tensors in space-time depend 
only on the quantities S in (14). Eight-vector trans­
formations depend also on T, and hence involve explicit 
momentum values and derivatives of S. An infinitesimal 
canonical transformation, with generating function 8U> 
creates an eight-vector field (8x,8p) — (d/dp, — d/dx) 
X (SU) if 8U is an invariant. Consequently, infinitesimal 
coordinate transformations of space-time xll=xiXjr8xlx 

and infinitesimal gauge transformations 8G are gen­
erated by invariant transformation functions 8U 
= p(i8xfi(x) and 8U=e8G(x), respectively. These re­
marks suggest that (8x,8p), any infinitesimal displace­
ment in our eight-dimensional phase space, transforms 
like an eight-vector. This is not immediately evident 
only because pv is a four-vector at xM while pv+8pv is a 
four-vector located at x^+dx1*, so that 8pv has trans­
formation properties characteristic of both points. This 
situation is relieved as usual by parallel displacement 
of pv+8pv back to x* to form 

(pv+8pv)-TVT°(p<r+8p<T)8xT=pv+(8pv-TVT°pa8xT), 

apart from quantities of higher order, with TyT
a the 

usual connection coefficients of space-time. The dis­
placed vector is a four-vector at xM, and its difference 
from pv is 8pv~TVT

<rpa8xT, which is also such a four-
vector. This reduces to the familiar covariant dif­
ferential when pv is taken equal to some special vector 
function of x. From the well-known transformation 
property of connection coefficients 

T T / = Ya^{dxa/dxt) (dx^/dxT) {dxa/dx») 
+ (dxa/dxa) (d^/dx^dx7), 

and from the four-vector transformation of 8pv 

— TVT
<Tpa8xT, we find 

8pv= (dx<*/dxv)8pa+ (dx^/dx?) (d2x«/dxvdxil)pMfi, 

which is cogredient to (10). As for gauge trans­
formations, 

8pv=8pv+e (d2G/dxvdx^8x^ 

which, by (9), completes the proof that (8x,8p) is an 
eight-vector. In this sense, phase space is an eight-
vector space. One may partly characterize the eight-
vector property by saying that (a,b) is an eight-vector 
under space-time coordinate transformations if both a^ 
and bv—Yr/a

rpa are four-vectors. 
The components of an eight-vector (a,b) may be 

rearranged to form a column matrix I _ I that trans­

forms according to 

( «Mo S )( J <15) 

where a' and bf denote the transposed forms of a and 6. 
I t is evident that the matrix in (15) is precisely the 

reciprocal of that in (12). The elements of I M 1 may 

therefore be said to form an eight-vector that trans­
forms in a manner contragredient to (a,b), with the aid 
of which we may construct invariants by matrix multi­
plication of a cogredient into a contragredient eight-
vector : 

(o*,6*) ( \ = b*a»- MM*. (16) 
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The matrix that transforms the columns of (a,b) into 

the rows of I ~ 1 namely I T n I, must function 

as a kind of "metric tensor" of phase space. When 
treated as a contragredient eight-tensor of the second 
rank, it always transforms into the same numerical 
matrix independent of x and p. The "metric" resembles 
in this respect the metric of a Euclidean space in Car­
tesian coordinates transforming under the rotation 
group. The analogy must be treated carefully, however, 
for the metric tensor is antisymmetric, and the "length" 
of every vector vanishes. Consider, for example, the 
field of directions defined by the world lines, one through 
every point (x,p). These can be viewed as the field of 
normals to the surfaces M(x,p) — constant, because the 
gradient of a scalar field ought to be given by the contra­
gredient eight-vector I ^y/ip.. I, which is evidently 

parallel to the contragredient forms of the eight-vector 
(dx/dxydp/ds) tangent to the world line through (x,p). 
The fact that dM/ds=0, i.e., that the normals to M are 
both perpendicular and parallel to world lines, is an 
example of the limitations of ordinary geometrical con­
cepts applied to phase space. 

In spite of difficulties with the idea of "length," 
scalar products of different eight-vectors, and the idea 
of volume density can be usefully applied. For example, 
the antisymmetric scalar product of two eight-vector 
gradients 

(dK/dp, -dK/dx) and (dL/dp, -dL/dx), 

yields, according to (16), the invariant Poisson bracket 
of scalars K, L: 

[_K,L']=(dK/dx^)p(dL/dptl)x 

-(dK/dp»)x(dL/dx*)p. (17) 

An important special case evaluated by means of the 
canonical equations (7) is 

[ i£ ,M]= (dK/dx»)pdx»/ds 

+ (dK/dp,)xdp(i/ds=dK/ds. (18) 

I t must be emphasized that the Poisson bracket does 
not, in general, preserve the eight-tensor character of 
quantities entering into it. Consider the important 
relat ions |V,iT]= (dK/dp»)x<md [pv,K^\ = - (dK/dx%, 
where K and (dK/dp, —dK/dx) are eight-tensors while 
(x,p) is not. 

The density-in-phase, or distribution function, N(x,p), 
must measure the invariant number, dn, of world lines 
traversing a differential volume element of phase space. 
The product of eight coordinate and momentum dif­
ferentials symbolized by dxdp is an invariant, because 
dx\/(—g) and dp/\/(—g) are invariants under space-
time coordinate transformation, with g denoting the 
determinant of the space-time metric tensor. That dxdp 

is the invariant volume element of phase space is con­
firmed by the unit value of the determinant of the 
pseudo-Euclidean metric eight-tensor. Consider now the 
unique world line passing through (x,p). Let dso be the 
interval length of the segment of that world line in­
cluded within the space-time volume element dx. Then 
the relation between number of world lines dn and 
density in phase N must be 

dndsa=Ndxdp. (19) 

This defines phase space density N as an invariant. To 
interpret N under usual conditions we can perform a 
sequence of transformations to a coordinate system x1*: 
rotate coordinates at x to make g^ diagonal there, 
change coordinate scales to make the diagonal values 
Minkowskian, and then Lorentz transform so that 
dx4=dso, dxk/ds=0, and dpi = (M/p±)dM. Then make 
a gauge transformation to M = p 4 so that dn 
= Ndsxd*pdM, a product of familiar three-dimensional 
volume elements taken in the locally Euclidean system 
comoving with the unique world line through (x,p). The 
invariant N reduces to the ordinary nonrelativistic 
density in phase, except for the extra mass dimension 
which can be suppressed at will by assuming N to be a 
sum of invariant delta functions in the mass. 

The current density of representative points or par­
ticles in fj, phase space is the eight-vector N (dx/ds,dp/ds), 
which must obey the differential conservation rule: The 
eightfold divergence of the current must vanish. The 
latter has a unique meaning that rests only on the 
definition of a scalar product (16) and an invariant 
volume element dxdp in which the square root of the 
metric determinant is precisely unity: 

Div(a,6) 

s - (d/dp, -d/dx) ( )=(—)+(—). 
\ at Xdx^tp \dpvf x 

(20) 

In applying the transformation law (12) to the operator 
(d/dp, —d/dx) one might think, at first, that the 
matrices of transformation coefficients ought to stand 
to the left of the transformed differential operators as 
they do in (9) and (11). They may as well stand to the 
right of the transformed operators, however, in the 
following way: 

/ d d\ / d d\/S,ST\ 

\dp dx) \dp dxt\0, S'1/ 

- ( 

d d d 
—Sy—ST 5~] 

dp dp dx ) 
(21) 

Applying the transformed differential operators to the 
transformation matrices as well as to whatever else 
may stand on the right, makes no difference: with 6* 
and T defined by (14), d/dp applied to 5 gives zero; 
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and also 

[_(d/dp)ST-{d/dx)S-l~]v 

= (d/dpa)lpT(dx^/dxa) (d2xT/dx(idxv)1 
-(d/dxa)(dxa/dxv) = 0. 

For gauge transformations, with S, T denned by (13), 
we reach the same conclusion. Hence, (21) is justified. 
It follows immediately from the formal scalar product 
construction of (20), that T)iv(a,b) is an invariant. In 
fact, the operation of Div applied to any eight-tensor 
must yield an eight-tensor of rank reduced by one. 

One special case of this theorem is the identical 
vanishing of the invariant eightfold Laplacian of any 
scalar. Another special case can be expressed with the 
aid of (17) 

[JK",L] = Div (KdL/dp, - KdL/dx). (22) 

The conservation law for representative points in eight-
space is of this type. With the aid of (7) and (22) it 
takes the form 

0=Div (Ndx/ds,Ndp/ds) = [iV,M], (23) 

(25) 

which, by (18), is precisely Liouville's theorem in 
invariant form, 

dN/ds=0. (24) 

The most directly useful form of Liouville's theorem is 
obtained by substitution of (7) into (24) and intro­
duction of the gauge-invariant derivative 

p—eA 

= (d/dx»)p+e(dA,/dxP)(d/dp,)z, 

0=P» (dN/dx»)p+i (dgllv/dx°)P»Pv (dN/dPff)x 

-eFtJ>"(dN/dP,)x. 

A scalar K(x,p) gives rise to a world-scalar density 
$t(x) by integration over all momentum-energy space 
since dp/\/(—g) is an invariant volume element: 
$ (x) ~ fK(xiP)dp- The four-vector density constructed 
of two scalars K, L according to $"=tfK(dL/dpll)xdp 
satisfies the interesting relation derived with the aid 
of (22), 

d$*/dx»= ([K,L]dp+ fid/dp^KidL/dx^^dp. 

With reasonable limitations on the behavior of K and 
L at large values of p^ d$fi/dxfl=f[K,L]dp. One main 
application of this theorem will be to the case L=M, 
K=K(N,M), for which, as a consequence of Liouville's 
theorem (23), 

(d/dx*) fK(N,M)(p»-eA»)dp/M=0. (26) 

The mass current. density formed from K=NM and 
the electric current density formed from K=Ne satisfy 
differential conservation laws as a consequence of 
Liouville's theorem. 

If only gravitational forces are present, it is possible 
to relate the covariant divergence of the symmetric 
tensor density, 

« Mv. •. = I K (dx^/ds) (dxv/ds) --dp, 

to the change of K along a trajectory. The covariant 
divergence is given by 

= I {d/dx»)p{Kdxii/ds){dxv/ds)--dp 

+ \K[{dx<i/ds)(d/dx»){dxv/ds) 

+Tlxa
v(dxii/ds) (dxa/ds)~] 

= C(dK/ds)(dxv/ds)--dp 

- I K{dpll/ds)(d/dpfi)x[_(dxv/ds)• --~]dp 

- fl(d/dp*),(KdpJds)l(dx>/ds)- • -dp, 

on applying (22), and the geodesic equation (1) in 
the form 

[(dx»/ds) (d/dxfl)p+ (dpjds) (d/<^M) J (dxv/ds) 
+Tlia

v (dx^/ds) (dxa/ds) = 0. 

Since all terms of the equation in K except the first 
sum to 

- J {d/dp»)x[K{dpJds)(dxv/ds)(dx(T/ds)->~]dpy 

we may transform them into surface integrals over 
momentum space and thence into zero, leaving 

dK dxv dxa J aA. ax" ax° 

ds ds ds 

dp 

ds ds ds -\/(~~&) 
(27) 

when only gravitational fields act on the particle. In 
particular, when K=K(N,M), jK>"<r-••.„=() by Liou­
ville's theorem. In the presence of electromagnetic fields, 
similar theorems cannot be recovered because of the 
intervention of the field strengths F^ in the equations 
of motion. One would have, in fact, 

*dK dxv dxa 

•••-r 
dp 

ds ds ds \/(—g) 

• / • 

K dx» dxa 

-+• 
dp 

M ds ds \/{—g) 
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In one special case, however, the added terms can be 
evaluated, i.e., when K=NM and, the tensor is of 
second rank. Then 

eJNF/(dx^/ds)dp/x/(-g) = F/r(x)J (28) 

with j , / x the electric current density four-vector, the 
whole representing the divergence of the energy-
momentum tensor of the electromagnetic field. The 
quantity 

7V"=» § (N/M)(p*-eA*)(p''-eA*)dp/y/{--g) (29) 

is thus the energy-momentum tensor of matter and 
satisfies the appropriate conservation law as a conse­
quence of Liouville's theorem when the corresponding 
tensor of the electromagnetic field is adjoined to it. 

III. EQUATIONS OF STATE 

We turn now to the self-consistent solution of the 
field equations for the fields and their generating cur­
rents. In a continuous picture of the currents of matter, 
electricity, etc., it is usual to meet the claims of me­
chanics by enforcing the conservation rules. In sta­
tistical description, those claims are more severe. They 
are met by the Liouville differential equation for the 
distribution function N(x,p), rather than by differential 
equations of conservation which follow from it, and 
which merely restrict the space-time variation of cer­
tain integrals of N over all momentum space. 

Some of the limitations that continuous description 
ignores are essential. Einstein15 has shown that when 
the constituent particles are not limited to speeds less 
than light, a Schwarzschild singularity of the field may 
occur, and cause the gravitational red shift factor to 
vanish. An example is the incompressible liquid,16 which 
necessarily transmits sound signals with unlimited 
speed. Other difficulties arise from failing to maintain 
the implied particle density positive in every region of 
momentum space as well as in space-time. None of 
these inconsistencies will be necessarily evident in the 
continuous picture. Though some particular fluid 
models that obviously violate relativistic mechanics 
and basic statistical laws might be rejected at, once, 
others might pass undetected. The only secure basis 
for an equation of state must be a consistent relativistic 
statistical mechanics. 

The contrast between statistical and fluid descrip­
tions may be illustrated by the familiar "ideal" fluid, 
for which the tensor of matter is determined from two 
scalar fields, pressure p and density p, and a time-like 
vector field v^ representing the massive streaming at 

15 A. Einstein, Ann. Math. 40, 922 (1939). 
16 K. Schwarzschild, Berlin. Ber. (1916), p. 424. 

every point : 
Tltp=pvflvp— 8?(gM„— »„»>).- (30) 

The velocity field is subject to 

and the covariant derivative of that relation 

»^M;„=0. (31) 

The pressure and density obey conservation rules that 
take the form Z,/i

y;M=0 in the case of special interest 
with particles interacting only through gravitation. By 
constructing components parallel and normal to z ,̂ 
those appear in the form of Euler equations 

» a ;«=-w°P .a / (H-p) , (32) 

vavKa=(glt
a-vavli)ff,a/(p+p). (33) 

I t is generally assumed that the hypothesis of ideal 
fluid behavior can be made to represent a large class of 
phenomena by adjoining to it a more or less plausible re­
lation between pressure and density, termed in this con­
nection, the "equation of state." I t is less generally 
noted that the ideal fluid hypothesis is itself a drastic 
limitation on the motion of a fluid, for it limits the 
transport of energy to simple massive streaming, and 
the transport of momentum to isotropic pressure. 
Transport processes of much greater generality, are, 
however, a necessary consequence of any interaction 
among particles, and can be suppressed, or reduced to 
this special form, only if the system happens to be in 
a very special state, either of order or disorder. Such a 
state might be of the type usually assumed in cosmo-
logical discussions. Another example would be complete 
thermal equilibrium. In any case, assumption of the 
ideal fluid condition (30) itself conditions the equations 
of state in a manner not apparent in the continuous 
picture. 

At every point in space and time the velocity field 
of streaming points out a local time direction and a 
local energy direction in phase space. In the three 
dimensional momentum space normal to the energy 
direction, one can distinguish a momentum magnitude 
determined essentially by mass and energy, and a spa­
tial momentum direction represented by a latitude and 
longitude. If the distribution function at a given space-
time point is expanded in spherical harmonics of degree 
/ and multiplicity (2/+1) in these angular coordinates, 
the form of (29) suggests that only harmonics up to 
the second degree are effective in determining the 
energy momentum tensor. The form of (30) suggests 
further that only the zeroth order harmonic is effective 
in an ideal fluid, which, in turn, points to a kind of 
local dynamical isotropy. 

To bring a spherical harmonic analysis of N into 
general relativistic form, observe first that at a par­
ticular point in space-time, one may align the time-axis 
with v>* and then transform the metric into the Lorentz-
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Minkowski form of special relativity with a local 
Euclidean affine space geometry. The momentum vari­
ables at that point can then be made orthogonal to 
the energy in Euclidean normal form. As is well known, 
spherical harmonics of degree / can be rearranged to 
form the components of an Euclidean space tensor of 
rank /, symmetric and traceless on all pairs of space-
vector indices. This leads to the construction of a 
spherical harmonic of degree / by means of a world 
tensor of rank /, symmetric and traceless on all index 
pairs, e.g., ^^-'-^p^pua' • -p^ with 

gurHs^H*1 i = 0 (l = r,s^l). (34) 

The coefficients 91 depend only on the energy Vp^, the 
mass M= (g^pppv)*, and the space-time coordinates. 
To prevent components of the 91 tensors parallel to v1* 
from generating a spherical harmonics of lower degree 
we must also maintain the limitation 

zw9lM1M2,"MZ = 0 ( l g r ^ Z ) . (35) 

By examining the result in its local Euclidean form, it is 
clear that we have constructed the harmonic analysis 
of a world scalar according to Eqs. (34), (35) and 

N(p,x) = 'Zipn1pnr • -pufflw-n^pnMtX). (36) 

Because of Eq. (35), one can replace p^ in (36) by p^*, 
the component of p^ "normal" to v" obtained by means 
of the projection operator g / * that already has entered 
significantly into (30) and (33) 

(37) 
with 

Upon introducing, for brevity components "parallel" 
to v* defined as 

po=vfip(X and go,* = 0, goo=l, (38) 

Eq. (36) becomes 

N{p,x) = Y,i M * M * ' * 'pn*mnn-'',ll(po,M,x). (39) 

Integrals over momentum space may now be reduced 
according to 

f<Pp/M(-g)i-

= fdM f dpoipif-M2^ CdQ- • (40) 

where the volume element has been separated in local 
normal coordinates, and the integral over all momenta 
takes into account that pfXpfi*=ptJ*plx* = M2—po2, and 
J*dQ represents the integral over the element of solid 
angle in local polar coordinates of momentum space. 
I t is now evident that integration over dQ, of N(p,x) 
X£"w'"ltl(po,M,x)pmpp2- -pni, where £««-../*z is a 
tensor, symmetric, traceless, normal to v* in the sense 

of (34) and (35), and dependent only on po, M, x, will 
yield zero except for the term of degree I in (36), be­
cause of the orthogonality of spherical harmonics of 
different degree: 

/ 
= 4 7 T C : Z ( M 2 - ^ O 2 ) ^ ^ 2 - - - ^ £ M I M 2 - - - ^ , (41) 

with ci a number characteristic of the normalization of 
spherical harmonics in this representation, i.e., 

c 0 = l , c i = l / 3 , c 2=2/15, etc. 

A prime application of (41) is the evaluation of the 
energy momentum tensor of matter defined in (30). 
Consider the projection of T^ on two arbitrary direc­
tions i£M, Lv. The evaluation then proceeds by resolving 
the coefficients of p^pp in K*ippLvpv into their irreducible 
parts—symmetric, traceless tensors normal to v1*: 

K»p»L>pv= lvavfipf+$(M*-pt)gafi*lK°Le 

+ Z(K>*Lo+Li*Ko)popfl 
+ [K»*Lv*-\g»v*K**L{]p*p*. (42) 

The three successive lines evidently represent the 
spherical harmonics of degrees zero, one, and two re­
spectively. Consequently, 

-A>irfdMfdpo(po2-M2y? 

XmPo,M,x)ZK0LoPo2+UM2--po2)g^K^-] 

+lW(p0,M,x) (M2- po2) (K.Lo+L.Ko) 

+ (2/15)91*' (po,M,x) (M2- Po2)2K,Lv}. (43) 

The disappearance of the star in quantities transvected 
on 91" and 91*" is explained by the fact that those 
tensors are by definition normal to flM, and hence need 
no projection operator to select the components normal 
to v^. 

The resolution of T^v in (43), into parts independently 
determined by 91, 9lM, and 91"" is nothing more than the 
division of T^ into irreducible parts parallel and normal 
to v" according to the obvious identity, 

+Vr(Tatf,**ve)+vw(Ta(igll**vf>) 

+ Taefa«*g>p*-lgap*gi>>*). (44) 

Comparison with (30) shows that the density and 
pressure are given by vav^Ta^=p and p= — igafi*Tap, 
while Tapgpa*vP represents nonconvective energy flow 
Q* and r t t / , (g M «*g^- fe«^ M , * ) = 5Mf*, the shearing 
stress. Harmonic analysis of the distribution function 
correlates these significant quantities with purely har-
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monic components as follows: 

p=4x CdM J dp0(po2-M2)ipo2Vl(po,M,x), 

p=-~ldMJ dp0(po2-M2)?Vl(Po,M,x), 

(45) 
47r r r 

"GM*=—J dMJ dpoip^-M^PoVl^Mtx), 

SM„*=— I dM I dp0(po2-M2)^v(po,M,x). 

Together with 

ZV=PV>„- &g»*+ (Qfvy+QfvJ+S, * 
fiV y 

(45) gives precise expression to the discussion that be­
gan this section. The result is valid for all tensors of 
matter. Of course, if there are interactions among 
constituent particles other than gravitation, there occur 
corresponding contributions to the energy-momentum 
tensor in addition to the tensor of matter. Those may 
depend implicitly upon N by the way of the field equa­
tions for those interactions and the currents generating 
those fields. Equation (45) would then not tell the 
whole story. But it will always represent that part of 
the energy-momentum tensor that arises from the 
kinetic energy and mass energy of matter, and from 
gravitational forces. 

Only part of the distribution function determines the 
tensor of matter, namely certain special moments of 
the harmonics up to second degree, comprising nine 
functions of p0, M, x. For the tensor of matter to take 
the ideal fluid form, the integrals of 9lM and 9lM" over p0 

and M that enter into (45) must vanish. Unfortunately 
one cannot argue from the vanishing of Q^ and SM„* 
to the vanishing of 91^ and 9flM„, since the latter, unlike 
91, are not necessarily positive. (The positive character 
of 91 follows from that of N by averaging the latter over 
all angles.) I t is nevertheless instructive to consider the 
special case 9lM=3lMy=0 as representative of general 
ideal fluid conditions. 

Consider now a system of particles interacting only 
by way of gravitation, the distribution function of 
which is everywhere dynamically isotropic with respect 
to vtx(x), a time-like vector field. In this case, N reduces 
to <Jl(vtipfXjMyx) and the energy-momentum tensor is 
given entirely by (45), and therefore behaves like that 
of an ideal fluid. We wish to contrast the claims of 
Liouville's theorem (25), with their partial expression 
in (32), (33), the conservation laws of energy and 
momentum. In the absence of electric forces Eq. (25) 
reduces to 

which further becomes for N=<3l(po,M,x), 

P*PW(g>aVa,r+hg,„§aVa) 

+p»(dVt/dx»)P)M/(dVl/dpo)x,M=0. 

With the aid of an elementary identity 

Vfi]v+Vy;fi=gvaV
a

>fi+gliaVa,v+gliV,aV
a, 

we obtain 

^ K ^ + ^ ; M ) - H — ) =0. (47) 
\ d £ M / N,M 

This result suggests the separation of (47) into parts 
dependent on p0 and p* alone. The independently 
variable functions of p* then remaining are clearly the 
spherical harmonics of degrees zero, one and two. 
Reference to (42) or (44) shows us how to resolve (47) 
into its spherical harmonic parts: 

Upo2-M2)va.a+p0v
f t(?h) 

\dxa/i 
(48) 

/dpo\ 
pnVv^-g^i ) = 0 , (49) 

\dXa/N,M 

h(va.,,+vB.,a){g^gr-\g^g^) = 0. (50) 

The intensely restrictive effect of Liouville's theorem is 
now directly evident in (50), a condition upon the 
velocity field alone, independent of any assumed prop­
erties of the distribution function, and having no 
analog in the conservation rules or in any equation of 
state. We conclude that, in a consistent statistical 
mechanical picture, local dynamical isotropy cannot 
occur unless the velocity field of streaming satisfies an 
identical relation similar to the Born-Herglotz8,9 con­
dition of rigid motion, which in our notation would be 
the vanishing of the normal components of the rate of 
strain tensor M ^ / r f ^ a ) , i.e.,i (fl«;/3+^;«)gMa*g/* = 0-
[Our conclusion (50) asserts the absence of any rate of 
shearing strain. I t differs from the Born-Herglotz con­
dition in leaving free, rather than annulling, va

;a, the 
divergence of the stream lines.] 

Equations (48) and (49) can be combined into a 
single equation by adding to the second a multiple of Vp 
times the first. The result is 

\dx^/N,M 2\dxti/N 

= ^ o 2 ( ^ % ; a ) - K ^ o 2 - ^ 2 ) V a ; a . (51) 

This is a set of equations fully equivalent to (48) and 
(49), which in fact can be recovered from it by projec­
tion normal and parallel to v By considering x* as 
independent variables, 91 and M as parameters, and p0

2 

pfi(dN/dxfi)p,M+%gfAP,ap'J,pv(dN/dpa)x,M — Oi (46) as the dependent variable we have a simple set of 
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linear equations in one unknown function, of the form 

a^ = 2vaV^ a — f Vfl01; a, b^ = § Vfl"; a. 

Four equations denning the components of a gradient 
must have evidently vanishing curls in which the 
gradients defined by (52) may again be substituted to 
yield 

(ati>v—av,tl)(pQ
2/M2)+(bfi,v—bl>>fl+afibv—avbtt)==0. 

These would make po2/M2 entirely independent of 91, 
and dependent on %» alone, if we did not separately 
maintain 

dn,v—(iJ,tfi=bfjLtV—bp>ti-\-afibv—avblx=0, (53) 

which, like (50), are again constraints upon z>M alone. 
The first of these is the vanishing of a curl, which 
implies the existence of a single function of x* that we 
prefer to name ln(l/#2), of which a^ must form the 
gradient : 

aM= - (2/q)(dq/dx») = 2vavma-%vllv
a.,a. (54) 

This we may project parallel and normal to vM to get 

va
; a= 3 (va/q) (dq/dxa), (55) 

w%; «= ~ (gf*/q) (dq/dxa). (56) 

The last result we may well compare with (32) and 
(33) where the same accelerations are determined not 
by a single function q but rather by p and p, two dis­
tinct, and possibly quite independent, functions. In our 
account, the existence of a functional relation between 
p and p, or equation of state, follows therefore from the 
same cause—dynamical isotropy—as the general ideal 
fluid property. 

Putting together (51), (55), and (56)—all the re­
strictions on v^ obtained up to this point—we may 
write them as a single equation: 

0 = qLv^v+vvill2+Lvli(dq/dxv)+vlf(dq/dx'l)2 
-k^Lv-(dq/dxa)+qva

;a']y 

from which each may be separately recovered by trans-
vection with s/V, and v*. We prefer to express this rela­
tion in terms of single time-like vector field q^=qv^ of 
unrestricted magnitude qnqfi=q2: 

qn;p+q^n~h^qa;a=o, (57) 

Since the last equation is identically traceless, it is 
completely equivalent to 

qn;v+qv,»=2\ (x)gflvy (58) 

where \(x) is an arbitrary multiplier. [The value 
\s=lqa;a=vil(dq/dxil) follows from the trace of (58).] 
The resemblance of (58) to the equations of Killing,17 

17 L. P. Eisenhart, Riemannian Geometry (Princeton University 
Press, Princeton, New Jersey, 1926), p. 234. Eq. (70.2). This 
equation was obtained by the authors [see Phys. Rev. 86, 621(A) 

qti-,v-{-qv;n=0, well known in differential geometry, sug­
gests the consideration of a one-parameter family of 
infinitesimal displacements of coordinate numbers x^ 
with generators qfi(x), i.e., 

5xfi=qfx(x)8L (59) 

I t follows that the distance between points in the 
neighborhood of x* will be displaced according to 
8(dxfl) = qlx

tVdxv8t; and the corresponding interval will 
alter according to 

8(ds2)=(g»v,aq
a+gtiaq

a,v+gvaq
a,fi)dx»dxv8t 

— (qn;v-\~qp;n)dxfidxvdL 

Equation (58) now reduces to 

8(ds2) = \(x)ds28t, (60) 

with X(x) quite arbitrary. We conclude that the dis­
placements defined in (59) form a group that takes 
every null interval into another null interval. The 
streaming originally described by a velocity field v^ 
now appears as the continual convection of local in­
tervals so as to magnify or diminish them without 
shearing or change of their relative magnitudes. The 
group of rigid motions defined by the Killing equations, 
or 8(ds2) = 0, is a subgroup of the conformal motions 
defined by (60). The view of streaming as the unfolding 
of a continuous transformation illumines the shape of a 
space-time able to contain a field of such stream lines: 
successive three dimensional space-like sections normal 
to v* must differ essentially only by local magnification. 

The condition on i>M that remains to be explored—the 
second set of equations in (53)—limits the variation of 
magnification throughout space-time. By introduction 
of q from (54) and of qfi=qv'", and \ = vfi(dq/dxlx) 
— \qva\a, we obtain 

Projection of the second form of this equation parallel 
and normal to v^ leads directly to 

g/*X./.=0 and AcoM„=0, (61) 
where 

« V = hgvFgJ* (Varf-Vft; a) = hgna*gJ* (qa;p-qp; « ) , ( 6 2 ) 

thus defined, is the vorticity of the velocity field, or the 
normal component of circulation of the fluid, or the 
rate of rotational strain. From the second equation of 
(62) we see that either the magnification or the vor­
ticity must vanish. In the former case, X = 0, the first 
equation of (61) is automatically satisfied, and the 
group reduces to the subgroup of rigid motions. In the 
latter case, coM„=0, and that irrotational condition must 
be supplemented by the first equation of (61) which 
ensures that the magnification be constant throughout 

(1952)] as the definition of rigid motion exemplified in the stream­
ing permitted in thermal equilibrium. We are grateful to P. G. 
Bergmann for suggesting that we could simplify our analysis by 
making use of the group-theoretical arguments classic in this field. 
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successive sections of space-time normal to v**. The re­
sultant subgroup of irrotational homogeneous magni­
fications is the one generally considered in cosmological 
models. The two allowed subgroups are not quite dis­
junct, for they hold the uniform rigid translations in 
common. Equations (58) and (61) together express all 
the restrictions on the velocity field arising from the 
assumption of local dynamical isotropy. 

We turn now to the form of 31 itself, to be determined 
by integration of (52). We observe that the content of 
(61) may be given fully equivalent expression in the 
first form of the equation preceding it, which, in turn, 
asserts the existence of a single function / such that 

df/dx»= 2XgM= 2qvlxv
a(dq/dxa). 

From this we derive, with the aid of (52) and (55), the 
conclusions 

va(d/dxa)(f-q2) = 0 and 6M= (l/q2) (df/dx»). (63) 

Equations (52) and (54) now lead to 

( — ) ( K g 2 - / ^ 2 ) = o , 
VdtfVN,M 

which yields the final form of N(x,p) as an arbitrary 
(non-negative) function F of only two composite vari­
ables, M2 = g»vpllpv and p<?(f-fAP=(q°pa)2-fg'"'ptf,: 

N(x,p) = Vl(Po,x,M) = F(p0
2q2-fM2, M). (64) 

The splitting of the group of conformal motions into its 
two permissible subgroups next to be taken into ac­
count, causes the distribution function to become further 
simplified. 

In the case of rigid motion, df/dxtl=0 = bfl; and / is a 
constant that can be dropped from (64): 

N=F(qp0/M,M), 8q=5(ds2) = 0, (65) 

where we use F as a generic symbol for an arbitrary 
non-negative function of its explicitly stated arguments. 
Comparison with (45) shows 

p=f (e2-l)h2F(qe)dey 

(66) 
1 /*°° 

P=~\ (e2-lW(qe)de. 

The equation of state linking p and p is explicit here in 
the dependence of those on x* only through q(x). Even 
though F(qe) may be chosen arbitrarily non-negative, 
an elementary integration by parts transforms dp/dx^ 
into — (l/q) (p+p)dq/dx», thus showing that the relation 

qdp+(p+p)dq=0, (67) 

necessary, indeed, if p and p are to meet the claims of 
conservation expressed by the Euler equations (32) and 
(33), follows from (66). Furthermore, integration by 

parts, with due regard for the way in which F(qe) 
must vanish for large e if p and p are to be definable by 
(66), shows that 

q(dp/dq)+4p=-f e2(e2-l)^F(qe)de^O, 

q(dp/dq)+4:fp=-f (e2~l)^F(qe)deSO. 

By combining these results with (67), we obtain 

P/P^h (68) 

df?/dp£(fp+p)/ip£h (69) 

with all equalities realized together in the limit that 
constituent particles approach the speed of light. The 
inequality (68) expresses the limitation of all speeds by 
the speed of light, and identifies light as the substance 
of maximum pressure for a given mass density. The 
inequality (69) states an upper limit for the compressi­
bility, the least compressible substance being light. Both 
inequalities arise from the non-negative character of 
the distribution function. Though plausible and not 
without precedent, (69) must be considered as a new 
deduction made possible by the explicit form of equa­
tion of state, (66), in our consistent statistical theory. 

In a later section we will show that in special comov-
ing coordinates (vk=0) a metric that admits a group of 
rigid motions can be made entirely independent of the 
time, while p and p depend on xk only through gu=q2. 
Despite the close analogy that then appears between a 
system in rigid motion and one of complete spherical 
symmetry like that investigated by Tolman, there is a 
decisive difference that prevents the gravitational field 
equations from enforcing spherical symmetry in a self-
contained gravitating system in rigid motion, unless 
that motion reduces indeed to a simple translation. 
The difference originates in non-vanishing vorticity, 
wyjfĉ O, and results in the unavoidable occurrence of 
gur^O, and in corresponding departures from spatial 
spherical symmetry. In that case, Coriolis forces per­
vade all comoving systems of coordinates, and signifi­
cantly distinguish statically described mass distribu­
tions in rigid rotation from systems at rest or in uniform 
translation. 

In the case of irrotational homogeneous magnifica­
tion, the conditions on q and / in (64) appear simple 
only in comoving coordinates. There it turns out that 
one may make gu=0, gu=q2gij, where Qij is a function 
of q2=f-\-f, where / is a function of space coordinates 
alone. The familiar cosmological case corresponds to 
/ = 0. Uniform rigid translation is given by / = 0. 

We now add electromagnetic fields to the picture of 
local dynamical isotropy. If we replace p^ by PM 

= ^M—eAp, then to (46) we must also add the 
term -eFflvP

li(dN/dPv)x,M, and to (47) we must add 
— eFnVvvP'1. Equation (50) remains unchanged, but 
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(52), which combines (48) and (49), acquires the addi­
tional term — leF^P^ on the right. The argument lead­
ing to (53) now brings about the conditions: 

Ffio,v—FVQ)fX-\-^(afjLFvo—avFfjio) = 0, 

a n d 

bltFVQ—bvFpo=0. 

Since Eqs. (54) to (63) follow as before, we may use 
(54) to derive 

(qF»0),v— (qFv0),fl=0, 
or 

qeF,o=Q,, ^<2 ,M=0 . (70) 

We may then use (63) to obtain 

/ . M 6 . , - / . ^ . M = 0 . (71) 

We conclude that qeF^v is the gradient of a scalar Q 
that is necessarily functionally dependent on / alone 
when / is not a constant. 

In the important special case of rigid motion, / is, 
in fact, a constant, and disappears from the problem. 
The scalar field Q remains to represent the time-
independent electrostatic potential energy in the co-
moving coordinates in which the metric is constant in 
time. The magnetostatic potential is not limited by 
these considerations. The analog of (65) in this case is 

9 l = F [ ( g P o + e ) / M , A T ] , (72) 

which reduces exactly to (65) in the special comoving 
coordinates with q*=l,qk=0. The irrotational solution 
is only slightly complicated by the presence of electro­
magnetic fields. 

Though we have given special attention to systems 
with local dynamical isotropy, those are not the only 
ones of interest. Einstein's model15 with particles mov­
ing in concentric spheres with zero radial velocity and 
tangential velocities isotropically distributed, and den­
sity constant over a sphere but varying arbitrarily 
among different spheres, is a system with 3lM=0 and 
9lM„ and SM„*^0. Liouville's theorem applied to this 
system leads to the determination of tangential mo­
mentum and energy as a function of M, leaving un­
specified the mass in any radial shell. The resultant 
proportionality of tangential stress g?tan and energy 
density p expresses the conservation of energy and 
momentum in a form very different from (67). The re­
sultant inequality gw^Sip can be written directly as a 
relation between grr and gu=q2, namely 

qL(dgrr/dr)+ (2grr/r)y2grr(dq/dr)^l, 

which expresses the limitation of all particle speeds to 
less than the speed of light. In recovering the distinctive 
conclusions that Einstein drew from a detailed analysis 
of the trajectories, we confirm the power of Liouville's 
theorem to disclose the deeper relations among macro­
scopic quantities that arise from the conformity of 

their underlying statistical description to relativistic 
mechanics. 

We mention finally another model of special sym­
metry with 9flM„7^0, which has some application to 
cosmology, namely an isotropic system with vanishing 
tangential stress. The relation between radial stress 
§?rad and energy density p is an equation of state identical 
with (66) when one replaces g? by 3g?rad. As a result, the 
conservation law (67) and the inequalities (68), (69) 
take very similar form: 

qd$>+h(ff+3p)dq=0, 

p^p, dfp/dp£l+l(t?/p)£l, 

the greatest stress and least compressibility again being 
realized when light is the working substance. 

IV. THERMAL EQUILIBRIUM 

In the preceding sections, our statistical method has 
compounded the precise trajectories of particles moving 
in the precise combined fields of all other particles. 
When special symmetry was present, the distribution 
of trajectories was sufficiently uniform to keep all 
fields smoothly varying in space and time. In general, 
however, our description can become complicated far 
beyond practical needs by the occurrence of fine­
grained, but violent, correlated fluctuations of density 
and field. We turn, therefore, to an approximate sta­
tistical theory based on the concept of an average dis­
tribution function constrained by the smoothly varying 
field it generates. 

We rarely need to know in detail all the minute 
fluctuations of density in phase caused by close en­
counters of particles, nor need we account for the cor­
responding variations in the field. Instead we imagine 
the forces divided into a smoothly varying long-range 
part treated by methods developed up to this point, 
and a rapidly varying short-range part, the principal 
effect of which must be to create microscopic disorder, 
to be treated by the methods of kinetic theory. Among 
short-range forces we consider not only those of meso-
nuclear type, but also that part of gravitation and 
electromagnetism not already accounted for in the 
average fields. The separation of short and long-range 
forces in this sense has never been formulated with 
absolute sharpness even in the relatively familiar many-
body problems—still less in nonlinear gravitational ones. 
Yet the principle of separation is intuitively persuasive 
and often correct. We shall therefore adopt one simple 
form of this hypothesis. 

Many proposed equations of state have been the 
basis for predictions of unusual singular situations, only 
because they imply or conceal contradictions with the 
laws of mechanics and probability. Because we are 
interested in highly concentrated matter, we wish to 
avoid the ad hoc equation of state. Yet we cannot cope 
with a picture of short-range forces fully realistic in all 
detail. At this stage, we prefer a model with the power 



1356 G. E . T A U B E R A N D J . W. W E I N B E R G 

to represent the emergence of molecular chaos, while 
conforming to relativistic and statistical mechanics in 
the manner of Sees. I I and I I I . 

We therefore pursue the classic course of Boltzmann, 
replacing actual short-range forces by discontinuous 
binary collisions. We renounce, in principle, any pre­
diction of the precise outcome of a collision, confining 
our account, instead, to a statement of the probability 
of various final states of mass and motion. We begin 
with an assumed cross section given as a Lorentz-
invariant function of the dynamical variables of collid­
ing particles. Conclusions about thermal equilibrium 
do not depend on the form of that function but only 
on its existence. The ad hoc character of our assumption 
will therefore have no effect until we deal explicitly 
with transport problems in a later paper. 

In separating short-range from average long-range 
effects we tacitly limit the scope of our theory to situa­
tions where average effects are never so singular that 
we cannot find a space-time region near every space-
time point, large enough to contain many collisions, 
yet not so large that the average fields may change 
appreciably across that domain. We believe that fidelity 
to relativistic mechanics, the laws of probability, and 
the nonlinear character of the gravitational field is such 
a strong deterrent to the formation of singularities, that 
this will not turn out to be a limitation in practice. 

Collisions under the influence of short-range forces 
can be viewed by a freely falling observer, and can 
therefore always be made to appear free of effects of 
the average gravitational field. That is the reason why a 
Lorentz-invariant formulation of the collision process is 
sufficient to put the entire theory on a general rela­
tivistic footing. We suppose that average electromag­
netic effects on collision are included in the assumed 
cross section as a possible implicit dependence on vari­
ables other than the particle momenta. The freely 
falling observer can see so many collisions in his im­
mediate field-free neighborhood, that he will be able to 
rediscover the fact that detailed balancing is fully 
equivalent to thermal equilibrium. 

Let the momenta of particles taking part in a stand­
ard collision be pr-'-pIY, and let there be given a 
Lorentz-invariant cross section cr (I , I I ; III,IV), a func­
tion of these, symmetric in I and II , the initial particles, 
and in I I I , IV, the final particles. I t is well known that 
the relative velocity of two particles can be given in­
variant form: 

P/=pn1—eiAnix). The collision process establishes a 
direct transfer of representative points between two 
widely separated locations in the eight-dimensional 
momentum space for pairs of particles—a sudden dis-
appearange of points at p1, pu followed by a sudden 
reappearance at p111, pIY. The process is governed by 
the four conservation equations 

PS+P^P^+P, (74) 

(F r , i i )
2= 1 - ( M i J f u / r ^ v V 1 ) 2 , (73) 

with (Mi)2=g^p/py11, etc., as usual. In the presence 
of electromagnetic forces p/ must be replaced by 

Since this transfer is a simplified discontinuous picture 
of what must be a pair of continuous trajectories viewed 
in detail, it will obey the laws of mechanics. The Liou-
ville theorem must hold for the process: The invariant 
volume in phase space associated with the suddenly 
transferred representative points, must not change. 

The collision process can be referred to a twelvefold 
volume element, 

dp1dpudpuldp1Yd(pI+pu-pul-p1Y) = dGoUp. (75) 

In a coordinate system that makes the local metric 
Minkowskian and sets the particle I at rest, the ordi­
nary phase-space density for particle I is just N(x,pi) 
= Nj, allowing, of course, for the extra mass dimension 
we have found convenient up to this point. The ordinary 
phase-space density for particle I I is not iVn, however, 
but rather 

A n (dxuVdsu) = Nnpii*/Mil9 

to account for the Lorentz contraction of spatial dimen­
sions in the direction of motion of particle I. We recog­
nize this last expression as the invariant Nup1^^/ 
MiMn. This enables us to write the collision proba­
bility for particles I and I I in clearly invariant form, 
namely 

AWncr(I ,II ; III^VijiP^Pn'/MjMn 

=NiNuR(I,II;m,TV). (76) 

R represents the effective volume swept out in space-
time by the cross section moving at the relative ve­
locity, and corrected for effects of special relativity on 
the measurement of density. The differential number 
of trajectories traversing dxdp1 is continually diminished 
by collisions with initial momenta close to p1, p11 at the 
rate 

- iVWii i? ( I , I I ; III,IV)^c o lV. 

I t is continually replenished by collisions with initial 
momenta close to plu, pIY at the rate 

+NinNIYR(III,IV; I,II)dco11^. 

The resultant rate of transfer of representative points 
into the volume element dp1 by the action of binary 
collisions is therefore 

( ^ i / ^ i ) c o l l i s i o n - f f fdp^dp^dp^ip^p^-p^-p^) 

XlNniNwRilllJV-JW-NtNuRil^IIIlVn (77) 
This is essentially the Boltzmann equation. 
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Consider with its help, the change of a four-vector density i£> associated with a scalar K(N,M) in the 
manner of (26): 

(dK»/dx») = \ (dK/dN^dMi/ds^omsiondp1 

= "f f ( f ^ c o l l ^ ( d Z / d i V ) i C M " i M i v ^ ( n i , I V ; I , I I ) - M i M n 1 2 ( I , I I ; 111,1V)] (78) 

= f f f fd^pKdK/dNh+idK/dNhi- (dK/dN)m- (^ /a iV) iv]^ni7Viv^( I I I , IV; 1,11), (79) 

where we have exploited the symmetry of dcollp in I, I I 
in I I I , IV and in the interchange of the pairs I, I I and 
II I , IV. By choosing K=N, we verify that the total 
number of representative trajectories cannot change in 
collision. By explicit introduction of charge conserva­
tion in collision according to 

ei+eii = em+eivy (80) 

we can obtain the differential law (d/dxM)[(—g)l7,/z] = 0-
Reference to (28) shows how the formulation of con­
servation of charge and momentum in a collision accord­
ing to (80) and (74) applied to the Boltzmann equation 
(77), leads to the differential conservation laws for 
momentum density. 

Our Lorentz-invariant form of the Boltzmann equa­
tion is sufficient to establish the general relativistic 
picture of thermal equilibrium. A necessary inter­
mediate step is the Lorentz-invariant definition of 
entropy. That practically requires a sharp distinction 
between like and unlike particles, which is difficult to 
achieve when the mass is represented by a continuous 
variable as heretofore. Merely writing N = XI A8 (If— m A) 
XNA(x,p) and U(I , I I ; III,IV) = £ ^ ( ^ 1 1 1 - ^ ) 5 
X(Miy—MB)RAB(1,H', 111,1V) effects the necessary 
adjustment. To avoid complications of notation that 
are not necessary for our purpose, however, we shall 
not try to carry through the argument in full generality. 
We prefer to limit detailed discussion to the simple 
situation of collisions among particles of the same mass, 
or between particles of two different masses, assuming 
that the masses concerned are the same before and after 
collision. Collisions of more general type, though inter­
esting in other connections, are not essential to thermal 
equilibrium. 

In simple collisions involving at most two distinct 
masses mi, m2 the volume of phase space concerned is 
limited by conditions symmetric under interchange of 
the index pairs I, I I and I I I , IV : 

Mi+Mii=Mni+MiY=mi+m2, 

MIMII=MIUMIY=mm2, 

and consequences of these, 

# I M#II M =# I I I M#IV M , F i , n = Fin,iv. 

In this case, any assumed symmetry of the cross 
section a (I, I I ; I I I , IV) for interchange of index pairs, 
i.e., microscopic reversibility, will be shared by 
R(I,II; III ,IV). Let us first suppose that 

N=W£(M-m) and i?(I , II ; III,IV) 
= (R(I,II; IIIyIV)8(MUi-m)d(MIY-m). 

The definition of entropy current density for particles 
of a single kind obedient to Boltzmann statistics is 
evidently 

©M=; _ (dp(PyJM)W&(M-m) ln(9lA8). (81) 

(By taking entropy dimensionless, we identify tempera­
ture as energy and obviate the occurrence of Boltz-
mann's constant.) According to (26) we conclude that 

(d&Zdx'"), continuous" =o (82) 

for the continuous streaming in phase space caused by 
the average fields. For collision processes we may apply 
(79) with dK/dN=-l-\n(dlhs), to obtain 

d&/dx<*= (d©Vd*M)coiiision 

= J J J J dGollp In (9flni9fliv/9li9lii) 

X iWVrv i? ( I I I , IV ; I , I I ) . (83) 

Either by assuming microscopic reversibility, or by 
following the steps of Boltzmann's demonstration that 
collisions must form eventually closed cycles through 
which representative points circulate without accumu­
lation, we reach the conclusion that 

6&/dx^0. (84) 

Equality can only hold when there is detailed balancing, 
i.e., 

9fli9ln = 9lin9liv. (85) 

Similar arguments applied to (77) yield for the condition 
of maximum entropy 

(dNn/ds) comsion^ 0, (86) 

from which we conclude that maximum entropy means 
thermal equilibrium. 
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Detailed balancing, (85), tells us that in thermal 
equilibrium, ln(3ZA3) can only be realized as a linear 
function of the additive integrals of the collision process 
with coefficients dependent on x alone. In the absence 
of electromagnetic fields, 

In (1/31A8) = Q(x)+q» (x)plx. (87) 

Thus, by steps exactly parallel to those of classical 
kinetic theory, we are led to the Lorentz invariant 
generalization of the Maxwell-Boltzmann distribution. 
The vector field q^ix), represented as q(x)vii(x) with 
z^M= 1, describes massive streaming with velocity field 
Vp and invariant absolute temperature l/q(x), while 
Q(x)/q(x) is the Gibbs free energy. (If we consider a 
case with no streaming, qk=0, where particle energies 
are mostly nonrelativistic, and where gravity is negli­
gible, i.e., #44^1, pi~M+ p f ( i 4 ) 2 , then l/q(x) obvi­
ously reduces to the usual absolute temperature. In 
general, l/q(x), is what we would get by collecting a 
sample of gas in an insulated box moving with the 
average streaming velocity in its vicinity, removing the 
sample slowly to a distant field-free laboratory, and 
then measuring the absolute temperature.) 

Conclusions of importance follow from applying the 
Boltzmann equation (86) to the case of thermal equi­
librium. Since 

(dN/ds)comsion+ (dN/ds) continuous = 0 

is the proper statement of Liouville's theorem in the 
presence of collisions, and since in thermal equilibrium 
the collision contribution vanishes, we are left with 
(JA'/^)continuous=:0. This is identical with the earlier 
form of Liouville's theorem (25) derived there in the 
absence of any approximately described short-range 
forces or collisions. 

We may therefore apply the methods of Sec. I l l di­
rectly to the case of thermal equilibrium. Up to this 
point we have been dealing with local phenomena de­
scribed in Lorentz-invariant fashion by a special, freely 
falling observer. With the disappearance of any explicit 
effect of collision processes from the thermal equilibrium 
form of Liouville's theorem, any reference to special 
coordinates or special forms of general covariance dis­
appears. The equation (dN/ds)continuous=0 belongs to 
the domain of general relativity. I t describes the curva­
ture of trajectories and of the space-time in which they 
lie; and its form is generally covariant. 

The Maxwell-Boltzmann distribution now displays 
the property of local dynamical isotropy taken up in 
Sec. I I I . Equation (87) is one of the class of distribu­
tions described by (72), from which we conclude that 
the only massive streaming compatible with thermal 
equilibrium is a rigid motion in the sense of (65). This 
is the relativistic generalization of the well-known 
classical theorem that is often stated in the same 
words.18 For the sake of clarity, we dissect this property 

18 R. H. Fowler, Statistical Mechanics (Cambridge University 
Press, New York, 1929), 1st ed., p. 430, Sees. 17, 33. 

out of the many others developed in I I I . (The quantities 
q and qli=qvfi have been defined in this section so as to 
conform to their usage in Sec. III.) 

fr;,+ fr;/. = 0, (88) 

or, the fully equivalent equations 

g^(vaiP+vPia)gr=09 (89) 

0%; ,+ (d lnq/dx") = 0, (90) 

together with their necessary consequences 

^ ;M = ^(d#/d^)==0. (91) 

The temperature field (1/q) is entirely determined 
according to (90) by the four-vector streaming field, in 
such a way that the stream lines lie on isothermal sur­
faces. The entire system in thermal equilibrium is not, 
however, isothermal. Even in the absence of streaming 
in a given neighborhood, where vk=0, v"vlJL = gu(vi)2=l, 
(90) requires g44,&/2g44—d lnq/dxk, or, (temperature) 
— Q~l oc (g44)~y there. The acceleration of streaming 
along a stream-line is responsive not only to 
the force of gravitation which enters by way of the co-
variant derivative in (90), but also to the gradient of 
the temperature. Unlike the temperature, the quantity 
<2, or Gibbs free energy divided by temperature, is a 
constant over the whole system, at least in the absence 
of electromagnetic forces, for which we deduce from 
(65) or (70) th&tdQ/dx=0. 

Electromagnetic forces affect thermal equilibrium 
when particles of different charge and mass are present. 
Consider a simple collision between particles of masses 
and charges mi, ei and mny en in which masses and 
charges remain unchanged. We are led to a result 
similar to (87) but with an extra term corresponding to 
the charge which functions, according to (80), as an 
independent additive integral of the collision process. 
In order to preserve the explicit gauge invariance of the 
distribution function, we write the new form of (87) as 
follows: 

ln(l/9li*8) = eo(*)+c ig i (» )+^(# M -e i i4 | l ) . (92) 

The massive streaming and the invariant temperature, 
together described by q^ix), are the same for all par­
ticles at a given point no matter what their charge or 
mass, and are governed by Eqs. (88) through (91) just 
as in the absence of electromagnetic forces. Reference 
to (70), valid in the case of rigid motion that here ob­
tains, shows that 

dQo/dx»=0, dQ{x)/dx'i=Fllvq\ (93) 

We have dropped the index from Q(x) because it is the 
same field for all species of particle, and is dependent 
only upon space-time position. Looking ahead to the 
representation in special comoving coordinates with 
qk=0,q4=lJdg(lv/dxi=0 we can see that dQ/dx*=0, 
dQ/dxk=dA±/dxk so that Q differs by an additive con-
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stant from A4, the static electric potential. Just as in 
classical nonrelativistic kinetic theory, the only electro­
magnetic fields compatible with thermal equilibrium 
are derivable from time-constant potentials. In these 
very special coordinates, the terms of (92), eiQi and 
— ejq^A M, cancel in so far as their space-dependent parts 
are concerned, leaving 

ln(l /3l i^3)= (constant)i+^4 . 

Despite its specious independence of temperature q~l, 
and gravitational and electromagnetic forces, this all 
too simple form of the Maxwell-Boltzmann distribution 
function actually depends on all of these factors by 
way of 

Wl2 = gw ( ^ _ eiA M) (pv- eiA„), 
and 

q2 = g^qv=gu. 

Because relativistic concentrations of matter are 
found experimentally together with Fermi degeneracy, 
we need to formulate the effect of the exclusion prin-

For the entropy, in particular, 

dK/dN=lnv, 
and 

(d&/dx») = - I I I I dGoUpvniviv 

Xln (PHI w / w n ) 5 (Mm—m)d {Mi\—m) 

X/2(I I I , IV; I , I I ) . 

Again, the assumption of microscopic reversibility, 
which renders R symmetrical in the index pairs I I I , IV 
and I, I I , or Boltzmann's collision-cycle argument, per­
mits us to conclude that d^/dx^O, with the in­
equality valid when and only when 

vmi= VIUVIY, (dNi/ds)Co[\iaion=0, 
and 

- l n v i = l n [ ( l / 9 l # ) - l ] = ( 2 o + e i e + ^ ( ^ - M , ) . (95) 

The equilibrium distribution here is related to that 
derived for Boltzmann statistics in (92) exactly as the 
Fermi and Maxwell distributions are related in non­
relativistic theory. The reduction of Liouville's theorem 
to the form (ddli/ds)continuous=0 again leads to Eqs. 
(88) through (93) exactly as in the case of classical 
statistics. In particular, the quantity Qo, which func­
tions as an invariant degeneracy parameter is not 
affected by the gravitational red-shift factor like the 
invariant temperature, but instead remains constant 
throughout the system. 

ciple on our Lorentz invariant model of binary colli­
sions. In nonrelativistic statistical theory the effect is 
well known: one must count both "holes'' and particles, 
as contributing to the entropy of the system. This 
means replacing (dlhz) ln(3l^3) in the entropy current 
of (81) by 

(9lA8) ln(ftA8)+(l-9lA8) l n ( l - 3 U 8 ) . 

One must also compute the collision probability of (77) 
in proportion to the densities of holes in the final state 
as well as the densities of particles in the initial states. 
One must therefore replace a term like 

(9flmA8)(9flivA8)^(III,IV;I,II) 
by 

(3lm#0 (%vA8) (1 - 3Ii#0 (1 - Vlnh?) 

= m n . I V B ( i n , I V ; I , I I ) , 

with ( l /p)=(l /9l&8) — 1 . As a result, the statement of 
(79) must be altered to read: 

V. ROTATING FLUIDS 

In the last two sections, the streaming of a fluid has 
appeared as part of the description of internal state 
inseparably connected with thermodynamic conditions 
and with the distribution of fields of force. Even in the 
classical treatment of thermal equilibrium an ideal gas 
is constrained to move like a rigid body in a conserva­
tive field. The identification of inertia and gravitation 
in general relativity naturally extends these connec­
tions, and relates them directly to the metric of space 
and time. Despite the fact that only first derivatives of 
the metric tensor appear to enter considerations of this 
kind, the curvature of space-time is deeply involved. 
One effect on the curvature results from the self-
consistent or codetermined nature of the field equations. 
But even more directly, the curvature of the stream 
lines limits the shape of the world in which they must 
lie embedded. 

Consider for example, the case of rigid motion, where 
space-time necessarily admits a vector field gM, such 
that q^,v+qp',ix=0. The second covariant derivatives of 
q^ are therefore subject to two identities 

qn;v;*+qin*;v = 0, (96) 

qn;v;<r qn',<r',v==-K- fi<rvq<X' \^' ) 

By transposing three times alternately the members of 
the first pair, and the members of the second pair of 
indices in q^^v and then applying the well-known cyclic 
identity for the curvature components RanoV, one can 

(dK"/dx") = -C f J Jd^plidK/dNh+idK/dN^-idK/d^ni-idK/dN)^ 

X VIIIVTVB (Mm - m)8 (Af i V - m)B ( I ILIV; 1,11). (94) 
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obtain 
qa;n;p = Rap^qa, (98) 

and its contraction, 
g»vq«.,».,v = RSq». (99) 

In effect, q^ is restricted to multiple periodicity in space-
time coordinates, the periods being the corresponding 
radii of curvature multiplied by (2TT). Since the con­
servation laws and the condition of rigid motion deter­
mine the variation of q„, space-time must have precisely 
that curvature to make the required variation of q^ 
appear periodic. 

The effect of codetermination of the gravitational 
field can be tested in the case of the rigid motion of an 
isolated ideal fluid acted upon by its own gravitational 
force. The law of gravitation there takes the form 

Rliv-hgwR/=-KTyLV=-K{®+p)(qilqv/q*)+K%)giiV. 

(100) 

Combined with (99), this gives 

gatiq^^+W2)(S&+p)qy = 0, (101) 

a direct connection between mass density and streaming 
velocity that emphasizes the isotropic character of 
stream-line curvature in this case. 

As in all codetermined gravitational problems, New­
tonian or cosmological, the quantity c(np)% is a char­
acteristic reciprocal time that determines the real or 
imaginary periodicity of stream lines in space-time. 

Though all coordinate systems are equally possible, 
some are more adapted than others for the analysis of 
streaming. Inertial coordinate systems treat distant 
matter as unaccelerated from the outset and so facili­
tate the junction of a solution of the field equations 
within matter to an outside solution asymptotic to a 
Minkowskian space-time. By contrast, a noninertial 
coordinate system comoving with matter at every point 
has the advantage of presenting a greatly simplified 
picture of streaming and of identifying the velocity 
field with a number of gravitational potentials that 
must in any case appear in the problem. No reference 
to the state of distant matter need be made until the 
entire solution interior to streaming matter is con­
structed. In a general sense, no picture of matter as 
codetermined with its gravitational field, can be con­
sistently applied to distant regions unless the matter 
there is supposed accelerated. The cosmologically 
streaming solutions are always required. The junction 
of a solution of the interior problem with an exterior 
solution is thus seen to be an artificial formulation when 
viewed on a cosmological scale. All problems are 
interior ones, and all concern streaming matter, near or 
far. For all regions, the comoving picture is by far the 
simplest. As for the use of special inertial systems to 
describe matter that happens to be near, it is as difficult 
to apply in practice as it is to defend in principle. 

Comoving coordinates x1* may be defined in terms of 

some quite arbitrary coordinates X* as follows. Let the 
three functionally independent solutions for <£ satisfying 
v'xd^/dxfx=0, be called xk(x). Then vk=vtl(dxk/dx't) = Q. 

The fourth component of v* is defined by Z J % = 1 
— gu{vAY, or v4=(gu)~i] and the covariant comoving 
components of v* are just 

v*=gvV=gn(gu)-*> *>=gS(gM)-*. (102) 

Naturally, the component parallel to v* of any vector 
dp is 

ao=vtiafi=aA(gu)~i, 

while the component perpendicular to ^ is formed by 
means of the projection operator in (37): 

g,k* = g/, gk4*=-gk4/gU, £44* = 0, 

gij* = gi>~ (giigji/gu), gM* = 0, #44* = 0, 

a^^gk^a^ak-diigM/gu), tf4*=0. (104) 

If a comoving coordinate system x^ is subjected to a 
transformation 

x*=FW(x\x2,x*), x 4 = F ( ^ , - . ^ 4 ) , (105) 

it remains comoving, as can be seen at once from the 
fact that 

v*=v>ldFM/dx(]=0. 

The transformation introduces arbitrary curvilinear 
space-coordinates and resets clocks at different points— 
a mere change of measuring conventions. We shall refer 
to such a transformation as a recalibration.19 Under it, 
the comoving space components of a contravariant 
four-vector form a complete contravariant three-vector, 
with transformation coefficients depending only on 
space variables : 

ak=ai[dFW/dx>1. (106) 

The metric components gkj form a corresponding spatial 
three-tensor. Since also, according to (103), 

gkj'g**=gk"g*-gn(gkMg*) = gki, (107) 

so then g^* is a spatial three-tensor reciprocal to gk*, 
and can be used to make covariant spatial three-vectors 
out of contravariant ones. The new covariant formed 
from ak is just the component of a^ normal to v1*: 

gjk*a*=gs*a»=af. (108) 

In addition to these three-vectors, we also have in­
variants under recalibration such as a^igu^^do, aris­
ing from a±—a±(dF/ dx*) and gu=gu(dF/dx4)2. By 
elementary transformation of the determinant of g^v 

= gtlp*+vfivv expressed in comoving coordinates, we find 

g=g*gu, (109) 

where g*, the three-rowed determinant of the spatial 
metric gif, transforms under recalibration like a scalar 

19 See C. Miller, Theory of Relativity (Clarendon Press, Oxford, 
1952), Sees. 89, 94. 
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density of three-space. Singling out a time dimension 
directed along the stream-lines makes especially simple 
the division of a scalar product into "parallel" and 
"normal" scalar parts: 

a^b^a^j^+aabo (110) 

In all systems of coordinates comoving with a given 
velocity field, it is thus possible to analyze phenomena 
in terms of an effective spatial metric g^* reciprocal to 
gik, and an effectively orthogonal time dimension sym­
bolized by the index 0. One may also construct starred 
and 0 components beginning with any given gM„ in any 
given coordinate system: Equations (103) through 
(110) refer only to the metric and not necessarily to any 
preassigned velocity field. The latter can, in fact, be 
made out of the metric by means of Eq. (102); and 
that construction gives meaning to the quantities that 
transform in tensor fashion under the group of recali-
brations. The importance of that group and its covari-
ants has been recognized by Moller19 and other as the 
group of "change of coordinates inside a system of 
reference"; and many conclusions about these have 
been stated. Our construction of the velocity field v^ 
associated with a given metric in a given coordinate 
system enables us to develop simply, and to extend, 
these conclusions. 

Consider for example the vorticity coM„ of our velocity 
field, defined in (62) as the normal projection of the 
antisymmetric circulation tensor. In all comoving 
coordinates, 

Wo/ = 0 = CO^(g44)-§, 

and 

2a)i* = 2o)ij= (gu)*(Ci,j—Cjti-)rCiCjt4—CjCiti), 

where C», defined by 
Ci=gAi/gu=i)h\i 

function as a kind of vector potential for the circulation. 
The analogy is heightened if one introduces differential 
operators covariant under recalibration: 

di*=(d/dxi)-Ci(d/dx±), 

do=(gu)-Hd/dx*)> 

with the aid of which 

2oH?=(guY*ld?Ci-dXJ~]. ( I l l ) 

Of course, the operators 6\*, do are not coordinate 
derivatives as can be seen from their commutation rules: 

di*dj*-dj*di*=2<ai£o, 

The second result comes partly from (31) which shows 
that the acceleration v^o* (fl&;o)*, a n d partly from the 
direct evaluation, 

The Jacobi identities for the commutators in (112) 
yield interesting relations between vorticity and ac­
celeration in comoving coordinates20: 

2 c O ^ , 0 = d / f e o ) — d / ( ^ ; o ) , 

dfaijic+Vi; ocoyfc+ (cyclic permutation of i,j,k) = 0. 
(114) 

I t is possible to generalize (112) and (114) to fully co-
variant relations in space-time. 

One of the most important considerations concerning 
vorticity emerges from a study of a freely falling test 
body with mass too small to disturb the average field in 
the observer's neighborhood. The forces are obtained 
by studying the normal and parallel projections of 
(31), the equation defining v^Vy and the directly verifi­
able identity for the normal strain in comoving 
coordinates: 

r0o)o=do(ln^4), T0kto* = dk*(lnv4), 

Too)k* = Vjr,o, 

1*0/, jfe* = | (gift*) ,o—Vjk, 

r»;,**=!{ (gik*)f+ (&**),<*- (*«*),**>. 

(115) 

(116) 

The last quantities mentioned, the "spatial" connection 
coefficients, when derived from rM„l<r by externally 
starring all its indices, turn out to be exactly the same 
as three-space r ' s derived from the "spatial" metric 
gik*, by the spatial operator d / \ The forces Too.fc* and 
Toj,k* are distinguished by the fact that they transform 
like tensors under recalibration. 

The geodesic equations can be stated as 

d /dxk 

ds\ ds ) • 

— V • •&*-
-1- %3 

dx» dxv 

ds ds 

dx{ dx3' 

ds ds 

dxo dxJ' 

i** +r0 
ds ds 

( dx0\
2 

ds) 

They take a specially suggestive form when the 
velocities, 

u3 = dx]'/dxo = (dx3'/ds)/ (dxo/ds), 

are used, since with 

dx" dxv 

ds ds 
-=1 = 

/dxo \ 'z 

?**- + ( — 1 , 
ds ds \ ds / 

(112) we have 

dxi/ds=ui/(l+umum*)*> 

dxQ/ds= l/(l+umum*)\ 
(117) 

»4;0=C*,4— djfe*(lni>4). (113) 

20 J. Serrin, Handbuch der Physik (Springer-Verlag, Berlin, 
1959), Vol. 8, Part 1, p. 151ff., see Eqs. (17.1) to (17.4) derived 
in the special case that an equation of state obtains, and in a 
nonrelativistic situation. 
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and 

( d \ r u3' 1 
— 1 
WL(i+«»«„*)*J 

=i\-/,**«v+2r0y,fcv+r00f**. (lis) 

Even in strong fields, the Coriolis force can be sepa­
rately distinguished21 as 2a)kjU

3\ and is thus always de­
termined by the local vorticity in a real or hypothetical 
reference fluid imagined as streaming in the time direc­
tion defined by the given coordinate system. Without 
appeal to the apparent motions of distant stars, an 
observer can tell from the fields nearby, e.g., by the 
precession of a pendulum, to what extent his coordinates 
are rotating. Of course, under general coordinate trans­
formations, the covariant components of velocity of an 
imaginary reference fluid will have to be determined 
afresh from the values of g^ according to (102). But if 
the fluid is real, its velocity is a four-vector and (102) 
holds only in comoving coordinates. The vorticity of a 
real fluid is a tensor, and cannot be annulled by any co­
ordinate transformation. For a hypothetical fluid, the 
vorticity is a tensor only under recalibrations; and 
therefore they cannot annul g±k unless the vorticity 
vanishes. Non-null values of gu are uniquely indicative 
of local rotation of coordinates wherever the curl of 
g4k/gu=Ck fails to vanish. 

Special interest attaches to a four-vector coM con­
structed from an antisymmetric tensor co^ and the 
velocity field v1* with the aid of the numerical tensor 
antisymmetric on all index pairs. eltvar = { — g)*f(p>,v,<r,T) 
denned by /(1,2,3,4) = 1. In comoving coordinates, 
€4/^0=0, eijm=*i3k*, the corresponding threefold tensor 
under recalibration. The four-vector 

<** = hnv*i<»°Tv% (119) 

with a structure reminiscent of the ponderomotive force 
in magnetohydrodynamics, also satisfies 

o v = — W T W V , (120) 

and reduces in comoving coordinates to 

w**= (-£*)*«*, *>*=-(-£*)*«*, "o=0 , (121) 

with i, j , k any cyclic permutation of 1, 2, 3. The co-
moving quantities ook* and ooh transform as space vectors 
under recalibrations. The direction ook at any point is 
clearly the axis of local rotation of the reference fluid. 
If, furthermore, wk(x) is interpreted as the field of 
tangents to a two-parameter family of curves filling 
those regions where vorticity exists, the curves represent 
vortex filaments. 

A case of some interest is that where the vortex 
filaments form a steady pattern in comoving coordi­
nates, so that the direction of cok can be everywhere 

21 A. Einstein, Meaning of Relativity (Princeton University 
Press, Princeton, New Jersey, 1945), p. 102f¥. See also reference 
19, Sec. 110. In both these references, the Coriolis force is identi­
fied only in the limit of weak fields. 

identified with a single coordinate direction, the comov­
ing z axis, for example. Intuitively, it seems clear that 
this condition can be met, if and only if co*,o is every­
where proportional to ook through a single (scalar) func­
tion. Proof goes as follows: if axial comoving coordinates 
are to be possible there must be some set of comoving 
coordinates x^ in which co1 —co2=0, and the only non-null 
component of ook is in the xz direction. In terms of some 
arbitrary unlimited coordinates x", we must have 

vk= ( d^ /d^M)^ (a
k = (dxk/dxfi)v^ (122) 

and particularly the vanishing of these when k=l, 2. 
There must therefore exist two functionally independent 
solutions $=x1(x) and $=x2(x) for the pair of simul­
taneous equations a)vdv$=vvdj$=Q. Since co"^ = o?o=0, 
these equations must essentially be independent; and, 
since each has three independent solutions, the pair can 
have no more than two. Unless the equations for $ are 
compatible as they stand, their commutators can gen­
erate new independent restrictions on <£ and can thus 
reduce the number of independent solutions to one or 
zero. In comoving coordinates, the differential opera­
tors in the $ equations wkdk*$=do$=0, namely a)kdk* 
and do, must therefore either commute or give rise to a 
linear combination of these same operators. Now 

(a)*d**)do-do(«*djb*)= («*!>*;o)do- («*,od**), 

of which the first term meets our requirement, while 
the second can only do so if co% is proportional to oA I t 
is easy to verify that in comoving coordinates 

^M=(-**)-*3o(-g*)* , (123) 

so that, by (121), 

with i, j , k a cyclic permutation of 1, 2, 3. Thus, by 
(114), 

which must be proportional to — (—g*)-*co#dft*. Hence 

2co ij, o = d f v j . o—dj*vi; o = SFcotf. 

This may be written as a relation fully covariant in 
space-time, 

^a*^T*(^rj0-dr^;0)=^|*», (124) 

defining the conditions of existence for comoving axial 
coordinates or vortex filaments stationary for a co­
moving observer. 

In such axial comoving coordinates the metric tensor 
and associated quantities can be materially simplified. 
Two of the independent solutions of (122) have already 
been named x1 and x2. Let us name xA the third inde­
pendent solution of a)vdy$=Q, and let us name xz the 
third solution of vvdv&=0, in keeping with the space-
like character of the vorticity field and the time-like 
character of the velocity field. This characterizes xd as 
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comoving, and x4 so as to make £43= 0; for co4 

= <av (dxi/dxv) = 0 and therefore 

according to (121) and (102). Along with co1 = co2 = 0, 
we conclude from (121) that coi3=co23=0 and that 
therefore in (111), since C%=0 and d3* = d3, we must 
have Ci,3=C2,3=0. This presents the vortex filaments 
as orthogonal to the Coriolis potential, and prevents 
the comoving components of the latter from changing 
along a filament. From (111) we also conclude that C012, 
the sole surviving component of normal circulation— 
the "strength" of the filament in classical vortex 
theory—is not quite constant along a filament, but 
instead is proportional to (#44)*- This is a new general 
relativistic effect analogous to the red shift and to the 
variation of temperature throughout a mass in thermal 
equilibrium. The Coriolis potentials Ci and C2, and the 
associated strength 0)12/(gu)% can be assumed to re­
main constant even where a vortex filament "breaks 
through'' a matter boundary into empty space. This 
extension of the classical categories of vortex descrip­
tion is without classical analog but expresses instead 
the characteristic induction effects of rotating matter 
that resemble magnetic forces originating in a circula­
tion of charge. 

The foregoing results apply to fluids with axial co-
moving coordinates independently of any assumption of 
the ideal fluid condition and quite apart from the 
existence of an equation of state. Following our dis­
cussion of Sec. I l l it would seem unlikely that the 
peculiar and limited dynamical isotropy of the ideal 
fluid could appear in nature as the result of special 
accidental circumstance rather than as a result of com­
plete local dynamical isotropy. The latter, as we have 
seen, goes far beyond the ideal fluid hypothesis however, 
and also assigns the fluid a particular kind of equation 
of state, and limits its streaming to one of two quite 
definite patterns, rigid motion or homogeneous mag­
nification. We therefore incline to the view that the 
historical division of these combined effects into three 
distinct steps—the assumption of the ideal fluid (30), 
the assumption of an equation of state £?(p), and finally 
the assumption of complete local dynamical isotropy-— 
may be a rather artificial approach to the description of 
real fluids. Nevertheless, to relate our account to 
earlier work, we take these three steps in succession. 

The introduction of the ideal fluid condition (30) 
appears particularly simple in components parallel and 
normal to v», 

?V=-»>&.>*, ? V = 0, T0o=p, (125) 

and even more simple in comoving coordinates, 

T*=Tf*=-9gi\ 2V=0, TQQ=p, 

7 Y = (p + p)Ck= (g>+p)g4*/g44. 

If TV were zero, the tensor would be diagonal and hence 
would itself discriminate no spatial direction. A co-
determined solution of the field equations would there­
fore have static spherical symmetry, a situation 
apparently incompatible with the existence of ac­
celerated streaming. The fact that Ck cannot be made 
to vanish in any comoving coordinate system unless the 
vorticity vanishes means that it is the presence of 
vorticity alone that prevents the collapse of a co-
determined solution into a spherically symmetric pat­
tern characteristic of a truly static distribution of mass. 

The conservation laws for the ideal fluid, (32) and 
(33), take the form of prescriptions for the time de­
pendence of the two factors making up XkA, when ex­
pressed in comoving form: 

v";a=do ln ( -**)*= -dap/(0H-p>, 

Vkio=dk*8>/(p+p) = Ck,i—%dk* lng44; 

or alternatively 

ao[(-«)*(p+p)>x0> n r n 

r - Y * ' ' 
with 

X^d» lng 4 4+cW(g>+p) . (128) 

The importance of the equation of state in providing 
for the integrability of the above time-differentials is 
evident in the structure of the quantities XM. If and 
only if there exists a functional relation between p and 
p, Xn may be written as the gradient of a single scalar X: 

XM = dXM, X = | lng44+ I dp/(p+p). 

The quantity X is evidently the hydrodynamic poten­
tial and reduces, in weak gravitational fields to the 
familiar potential function of Bernoulli's theorem. 
Under recalibration the second term is invariant, while 
the first can be changed at will, so that X may be 
transformed into zero, by merely recalibrating the 
time. That results in the vanishing of X0 and Xk* in 
(127). In that special coordinate system adapted to the 
problem of an ideal fluid obedient to an equation of 
state, the Coriolis potentials Ck as well as the circulating 
mass density (—g)*(|j?+p) become quite independent 
of the time, while gu assumes the standard form 

g44=exp -2Jdp/(p+p) . (129) 

The time independence of Ck makes it possible to re­
cover, in the domain of general relativity, practically 
every feature of the classic Kelvin-Helmholtz theory of 
vortices. The first step is to recognize that we are dealing 
with a stationary pattern of vorticity because Ck, and 
hence co#/(g44)* generated by the space derivatives of 
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Ck, is independent of the time.22 We may actually bring 
our coordinates in which X=0 and (129) obtain, into 
correspondence with the axial comoving coordinates 
developed earlier for the general fluid with stationary 
vorticity pattern. Reference to the earlier argument 
shows that we need to characterize #4 in such a way that 
g43=0; and the development of Bernoulli's theorem for 
the ideal fluid shows that we must do this while main­
taining gu unchanged. Consider a simple recalibration 
of the time by addition to #4 of a function r ( # W 3 ) : 

From 

we derive 

or 

/ y 4 / y 4 I _ / /y.1 sv>Z /y*6 \ / y K /y ™ 

\\> vv I / \ A / ,vV ,</V / , vV vV . 

g*v=g,T'(dx''/dx") (dxT'/dxv), 

gu^gu, gik = gu (dr/dxk)+gik, 
Ck' = Ck-dr/dxK 

Since by (129), C% is, like r, a function only of space 
variables xk, C/ can be made to vanish by suitable 
choice of r without altering the Bernoullian value of gu. 
The remaining properties of comoving axial coordinates 
can now be demonstrated exactly as in the general case, 
from which we conclude that we may establish a co-
moving coordinate system with the striking special 
properties: 

C01 = C 0 2 = C 3 = C i , 3 = C i ) 4 — C 2 , 3 = = ^ ' 2 , 4 

= (W(g44)*),8 = '(W(g44)*) f4=0, (130) 

in addition to (128) and [(gH-p)(-£)*] ,4=0. 
The shape of a vortex filament appears steady to the 

observer comoving with matter, and its strength, 
coi2/(g44)% is constant not only along the length of the 
filament, but also in time. From the point of view of 
general relativity, the Coriolis potentials g^k/gu—Ck 
have been reduced to a very simple form constant along 
a filament and in time, while the pseudo-Newtonian 
gravitational potential \ lng44, which determines the 
red shift, is exactly equal to the hydrodynamic poten­
tial. These profound simplifications permit us to take a 
further step beyond the classical theory of vortices, 
made possible by our general coordinates. A recalibra­
tion will enable us to make the strength of all vortex 
filaments the same, as though the motion were rigid 
with constant angular velocity XD-. 

Of course we do not imply that the motion is actually 
rigid; we are merely using coordinates that make it 
appear quasi-rigid. (A true rigid motion, as we shall 
shortly prove, leads to time constancy of all metric 
components. In quasi-rigid motion, g#* retain a time 
dependence in general, and moreover display an intri­
cate pattern of "centrifugal" force that describes the 
departure of the motion from actual rigidity.) The 
analogy between the quasi-rigid picture and the familiar 

22 See references 11 and 12 which are concerned with the 
"holonomic" or "barotropic" case with an equation of state. Our 
results in this case derived after this point have not been antici­
pated in the cited references. 

notion of nonrelativistic rigid motion is nevertheless so 
close that we shall be able to define "radial" coordinates 
x1 and x2 in which distance is essentially determined by 
the magnitude of the components of Coriolis potential. 

We construct the quasi-rigid representation by a re-
calibration to a system of coordinates xM, that leaves 
intact all the special simplifications of (130), achieved 
up to this point. 

x1 = £ (x1
)x

2); x2=rj (xl,x2); 
^ 3 —— y (/yl /y«2 /y&) • -y>4 /V»4_l —f/y.1 /y2 \ 

I t is easy to verify the maintenance of (130), (128), 
and (127) with Xo=.Xk* = 0 in the new system, and 
also that 

C1=(dr/dx1) + C1(d^/dx1) + C2(dri/dx1)J 

C2=(dr/dx2)+C1(d^/dx2) + C2(dv/dx2)y 

(-g*)*=(-ff*)*(df/aa?) 

and therefore that 

(d&dx1) (d£/dx2) 

(dy/dx1) (drj/dx2) 

Wl2 — 0>12 
/ ( 

(di/dx1) (d%/dx2) I 

(d v/dx1) (dy/dx2) I ) 

By choosing y=x2, %=w~lf{C2,\—Cit2)dx1
i and r 

= J*dx1[C1+^x2(C2,i—Cif2)l it is possible to satisfy 
all these relations and obtain 

C ^ - ^ x 2 , C2=+h*&, u 1 2 / ( g 4 4 ) W , (131) 

with w merely a constant preserving the dimensionless 
definition of Coriolis potential. The achievement of this 
simple picture does not prejudice f (x1,^2,^3), which still 
remains arbitrary. The conservation of mass may be 
used to determine f as follows: from (127) with X = 0 , 
(jj?+p)(—g)* is a function of x1, x2

y x
z that is equal to 

(<p+p)(—g)h(dt;/dxz)(C2,i—Ci,2)/m. I t is therefore pos­
sible to reduce (p+p)(—g)* to a constant e by suitable 
choice of f, namely 

(r+-p)(-#=e, 

^^/e)Jdx^(p+p)(-g)KC2,1-Clt2n 

In sum, our standard comoving picture of a rotating 
ideal fluid satisfying an equation of state throws all the 
effects of streaming upon the metric, but nevertheless 
pictures \ lng44 in accordance with (129), presents the 
circulatory mass density (g?+p)(—g)* as a constant in 
space and time, and depicts the vortex filaments as 
stationary and parallel with a uniform strength that is 
constant over all space and time occupied by matter 
and gives the g±k components of metric the definite form 

£ 4 3 = 0 , g 4 1 = — W%2gU> £42= +%VTX1gu. 
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Of the fifteen unknowns g^Vy p, and p with which we 
began, only seven, g#* and p, remain. These must be 
codetermined from the field equations. I t is interesting 
that the transformation to constant circulating mass 
density makes the actual boundary where (p+p) falls 
to zero, a singular region in which (—g*)^ may become 
infinite. The interior solutions may possess, at least in 
some directions, a natural space-time boundary. 

We now proceed to the last step towards complete 
dynamical isotropy, the assumption of one of the 
patterns of motion deduced in Sec. I I I . Since the irrota-
tional cases are likely to have their main application in 
cosmology, we consider only the case of rigid motion, 
characterized in (57) by the existence of a scalar func­
tion q such that 

We can make qk vanish by choosing any comoving co­
ordinates x^] and then we can bring q4 to a constant 
value (1/r) by a transformation to another comoving 
coordinate system x* such that xk=xk and ofi—f&x4l 
q4r. For then q4= (dx4/dx4)q4= (1/r) . In this case we 
can set all derivatives g^q0,v+gvcq<T,» equal to zero in 
the equation gnaq^^+gv^-^—O, from which we con­
clude that 

0 = {Tl,0C,v+Tvatt)q
a=gllv>aq

a=giivA/T. (132) 

This means that in rigid motion there is a class of co-
moving coordinates in which all metric components are 
time constant, and this conclusion is quite independent 
of the additional conclusion that we derived in Sec. I l l 
from local dynamical isotropy, namely the existence of 
an equation of state of the form implied by (66). In 
fact, the static quality of the metric, coupled with the 
ideal-fluid hypothesis, leads immediately to the con­
servation equations in the form (127) with XM neces­
sarily vanishing. Since, with XM=0, derivatives of p 
become proportional, by the same factor (jp+p), to the 
corresponding derivatives of \ lng44, the Jacobians of p 
and gu on all variable pairs must vanish; and p and 
g44 must be functionally dependent. Therefore p and 
(p+p) must be functionally dependent; or rigid motion, 
in itself, requires the existence of an equation of state. 
Since gu, p, and p are now all independent of time, a 
simple time recalibration xk —» xk, x4 —> x4+f(x1,x2,xs) 
can reduce X to zero without changing the constant 
value of q4— 1/r. In this way we connect the invariant 

q with Bernoulli's theorem 

q= (guqY)h= r-1 e x p [ - j dp/(p+p) j ; (133) 

and this agrees exactly with the differential identity 
(67). The functional dependence of p and p on gu now 
means that p and p are also entirely dependent on q. 
In general coordinates, p and p can depend on #M only 
through the invariant q(x), just as we concluded earlier 
in (66), on other grounds. There is little difference, in­
deed, between an ideal fluid in rigid motion and a 
system subject to local dynamical isotropy. I t may be 
well to recall that in thermal equilibrium, streaming is 
rigid motion, and 

T=(g40-V?=r(g44)-*, 

which thus appears as the temperature reduced by 
exactly that red-shift factor required to bring it to a 
constant value throughout the mass. 

Naturally, the time independence of g4& and gu and 
thence of Ck, leads, as before, to the possibility of con­
structing axial comoving coordinates corresponding to 
uniform and constant angular velocity m = a)i2(gu)~~*, 
and uniform and constant mass density e= (p+p) 
X(—g)*. The added feature here is the thorough dis­
appearance of all time-dependence from the functions 
gij* and p that remain to be codetermined by the field 
equations. I t is worth emphasizing that, despite the 
completely static character of the problem, codeter­
mined solutions of spherical symmetry are still im­
possible as long as TD-^0, simply because the energy 
tensor is not diagonal: 

X ^ - J e w x 2 , X2
i==+h^oc\ 2 3

4 = 0 . (135) 

Under these circumstances, the field equations, espe­
cially the one involving JR0o, clearly reveal the presence 
of centrifugal energy terms, and show that even in weak 
gravitational fields such terms are still present and come 
from the quadratic dependence of curvature components 
on the forces. 

We have here set down the simple standard forms that 
solutions of the field equations must take in most cases 
of interest. The development of explicit solutions will 
be reported in a forthcoming paper by the authors. 
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