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The calculation of the partition function for a simple one-dimensional order-disorder model is reduced
to the solution of a certain functional equation. This equation is solved rigorously and it is shown that in
the limit of indefinitely long-range interactions the model exhibits a finite discontinuity in the specific heat.

1. INTRODUCTION

S many authors have pointed out,! the rigorous de-
duction of the existence of a phase transition and
determination of its properties from first principles is
immensely difficult for realistic models of physical
systems. We study in this paper a simplified model of
a one-dimensional system which can manifest varying
degrees of order. It is an extension of the well-known
“Ising” model. We allow each spin to interact with all
spins in the system, the interaction energy dropping
off exponentially with the separation distance. We find
that as the range of the interaction increases indefi-
nitely, the maximum slope of the specific heat curve
also increases indefinitely. In the limit of infinitely
long-range interaction, the system manifests a second-
order phase transition of the same type as the lambda
transition of liquid He*; that is, the specific heat in-
creases rapidly with temperature until a critical tem-
perature is reached, and then it drops discontinuously.
The existence of a transition in this limit can be under-
stood qualitatively in terms of the possibility of exist-
ence of long-range order. When the range of interaction
is finite, the existence of a finite number of consecutive
“wrong” spins suffices to separate two regions of oppo-
sitely directed perfect order. As, for any temperature
different from zero, there is a definite probability, which
does not go to zero with increasing system size, that any
finite number of consecutive spins will be ‘“wrong,”
long-range order cannot exist. However, the longer the
range, the smaller the probability. In the limit of
infinitely long-range interactions, this probability goes
to zero for sufficiently low temperatures and hence in
that limit long-range order can exist.

In Sec. 2 we show how the calculation of the parti-
tion function may be reduced to the solution of a certain
eigenvalue, functional equation. In Sec. 3 we solve this
equation for any finite range of interaction. In Sec. 4
we discuss the behavior in the neighbor of the Ising
model limit—very short-range interactions. In the last
section we discuss the limit as the range of interaction
increases indefinitely and deduce the existence of a
second order phase transition in this limit. Needless to

* Work performed under the auspices of the U. S. Atomic
Energy Commission. i
( ! S;e, for instance, L. Van Hove, Revs. Modern Phys. 29, 200
1957).

say, for a long but finite range, the specific heat curve
is very difficult to distinguish experimentally from that
for infinitely long-range interactions. We discuss the
Bragg-Williams approximation in an Appendix and
point out that while it is similar to the limit of indefi-
nitely long-range forces for this model, it is not identical
with it.

2. REDUCTION TO A FUNCTIONAL EQUATION

Let us consider a one-dimensional array of N spins
(v;). We shall treat it in the “Ising” approximation;
that is, we consider only the z component of the spins.
Thus, we shall treat the spins as scalars and allow them
to assume only the values 4=1. We shall nof restrict
ourselves to nearest neighbor interactions only, but
assume that the spin-spin interaction energy decreases
exponentially with the distance separating the spins.
Thus, if we number the spins (assumed to be equally
spaced), then the interaction energy between the jth
and kth spins will be proportional to

vive exp(—7] j— k).

For convenience, let us set e~7=r and let »J be the
nearest-neighbor exchange integral. We restrict 0=r<1,
for exponentially decreasing interactions.

If we now sum over all pair interactions, the total
spin-spin interaction energy of the array will be

N—-1 N
—JZ Z r"_ijvk.

=1 k=j+1

(2.1)

To facilitate the subsequent discussion, let us introduce
the relative spin between nearest-neighbor spins:

j=1,N—1

Mi=ViVit1, (2.2)

UN=VN.

If we make use of the fact that »?=1, we may rewrite
the product vv;(k> 7) in terms of the u; as

ViVE= ViVjt1Vjr1VjroVite” * " Vie—1Vk—1Vk

k—1
=H M.

=

If we rewrite (2.1) in terms of thé w’s and let 7 be the %
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of (2.1) minus j, then the energy becomes

N—1 N—j f iti—1
S W). (2.3)
=1 = \ k=j

If we denote the interaction energy divided by (—J)
of spin j with all spins of higher location number by y;,
then

N—j fi+i—1
S 11 IM) (2.4)
F=+1 =1

We shall now show that the y; satisfy a simple recursion

relation
N—j i1
i=ur+ 2w 11 ukr)
=2 k=j+1
(2.5)
N—(@+1) fo+G+1D)-1
=ﬂj7[1+ Z ( H Nk")];
w=1 k=gt
or
yi=ut A+yir1), yN-1=py-1r. (2.6)

By comparing (2.3) with (2.4) we see that the energy
may be written in terms of the y; as simply

N-—1
—J X v
j=1

The standard partition function for this system is

Zn(yn)= Z exp[ —E(v;)/kT]

= > exp[(J/kT) Z yil,

{ui}

where the summation goes over all 28~ possible con-
figurations of the first N—1 spins.

In order to evaluate Z as a function of 7" and 7, let
us introduce

= (1_7)3’1'/77
K=Jr/[(1—7)kT],

j=1,N—1

+
Fiw)=2Z3(x) / f Zi(w)ds, 2.8)

+1 +1
N= | Zia(wg)da; / f Zj(2j-1)dwj,
-1

-1

where Z; is defined to be the partition function for the
first j—1 spins, as in (2.7), clearly depends only on
#;(Z1=1). It is to be noted that holding K instead of
rJ fixed while varying r corresponds to holding the
maximum possible interaction energy fixed instead of
the nearest-neighbor interaction energy. This distinc-
tion is important in the limit as» — 1. We shall evaluate
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Sfi+1(xs41) in terms of f;. Now

Zip1(wp1) = “Eﬂ exp[ Ku; 1Z;(x), (2.9)
or
Nifir1(2ip1) = M;Ei:l exp[u;K (1—r+rx;41)]
X filui(1=r+rxip)).  (2.10)

Thus, dropping the subscript on x;4; and summing

over uj, we obtain

Aifir1(x) =exp[K (1 —r+rx) ]f;(1—r+7x)
+exp[—K(—r+rx) ]fi(—14r—rx), (2.11)

and, for the partition function, taking account the
slightly different dependence on uy—; and uy, we obtain

Zn1(0)=2[ H \i1fn(0).

=1

(2.12)

If the \; and f; tend to a limit, as j increases indefinitely,
then the partition function per spin is

In[3(K) = lim {[InZx1.(0) )/N} =In),  (2.13)
where A is the largest eigenvalue of the equation
M (x)=exp[K(1—r4rx) [f(1—7r+rx)
+exp[—K(—r+rx) [f(—14+r—rx). (2.14)

As we shall see in the next section, the iteration process
prescribes a unique solution for (2.14).

We further note that if —1 <x <41, then |1—r-+rx|
<1 so that a knowledge of f(x) over the unit interval
suffices. The ends of the unit interval correspond to
the least upper bound and greatest lower bound for the
energy of interaction of a single spin with all the spins
of higher index numbers.

3. SOLUTION OF THE FUNCTIONAL EQUATION

It follows by direct substitution and comparison that
if f(x) is a solution of (2.14), then

(-=)=o(--=0) e
Hence let us consider
1—r
s =f(3——)=s-». 62
Equation (2.14) then becomes
Ag(y)=et Kug —+ry)+e‘f g ——ry) (3.3)

If one iterates Eq. (3.3) in the manner prescribed by
(2.11) starting with g;=1, then, adopting the normaliza-
tion g;(0)=1 instead of (2.8), it is readily apparent for
all g; that (i) gj(x) possess a power series expansion
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which converges absolutely for all x, and (i) if g;(x) is
thought of as a double-power series in K and x, no
terms occur in which the power of x exceeds that of K.
Therefore, we shall seek a solution for g(y) and X of the
form

' 0 [n/2]

gN=2{2 twm) }K"
n=0 " m=0 (3.4)
)\=i MK

where [¢] denotes the greatest integer not exceeding a.

© [n/2] ©

[n/2]
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Kac? has shown that A is also the largest eigenvalue
of an integral equation whose kernel is of the Hilbert-
Schmidt type. As pointed out by him, one may easily
deduce from his integral equation that there is no
phase transition in the model. More precisely, it is
easy to show that A(K) is analytic for K real. This
result means, in particular, that A(K) has a power
series representation about K=0.

If we substitute (3.4) into Eq. (3.3) we will obtain,
by equating coefficients, a sequence of equations for the
@nm and \; of (3.3). On performing the substitution, we
find

TS (3 any ) Kr= (KT K" 5 > (zm)(1 )_ (r)*

® [n/2]

FE (RN E L a2 (Zm)( ")% (=ry)t, (3.5)

m=0

where (2]:”) denotes the standard binomial coefficients. On equating the coefficients of K*, we obtain

v [(v—5)/2]
2N X av—]mym—Z(ry) (G0

7=0 m=0 7=0

[(V*J)/Ql

Ay—j.m Z

W—O k=0

3 (=)

=0

and, finally equating the coefficients of y* (u is auto-
matically even as terms in odd powers of y cancel
identically), we have

u y2H—d
23—
=0 jl(1—r)p—d

[(—34)/21 2m 1—r\2
X Z av—j,m( )(—) . (3.7)
m=[(s—7+1)[2] =7 7
On setting p=0, »=0, we obtain A¢=2. Similarly, A,
=a1,0=0. For u=[»/27, »>2, we obtain

[/21 1—r\2m
=2 a,,,m(—) .

m=1 7
Equation (3.7) may be solved directly for all the a, ,, in
terms of the a,,» and A, for w<w by setting u=[»/2]—2,
[»/2]—4, - -, 0 successively. This procedure uniquely

determines the A, and @, . Since the series for A (K) is
known to converge for K sufficiently small and

y—p
2 Gojuphi=
7=0

(3.8)

x(K>=2g(1—:—’), [e0)=1],

it follows that our expansion of g(y) must also converge
for the same values of K and |y| <R, R>(1—7)/r.

D)

[(—3)/2} om  f2m 1—py 2m—k
e
—0

m=0 7

Another procedure to obtain the solution is to iterate
Eq. (2.14) over the range —1<x<1, starting with
f(x)=1.0. This method may be easily done numerically,
and may be used when the function cannot be evaluated
conveniently from the power series. We have pro-
grammed it for the IBM 704. The range between —1
and 41 was divided into NV equally spaced intervals
and A f,1at the N+1 points, —1, —142/N, —1+4/N,

-, +1 was computed from f, by use of linear inter-
polation and Eq. (2.14). The coefficients in the power
series expansions through the 50th power of K were
also computed for A(K) and f(x) by way of a partial

500 B T T T L T T T
1.0= ——— 5
L {63 I n— :
os[ T=05 h
i

°.= 1 L 1 1 1 1 1

-1.0 -0.5 (o] 0.5 1.0
X

F1c. 1. Probability envelopes for several values of temperature for
antiferromagnetic type interactions with =0

2 M. Kac, Phys. Fluids 2, 8 (1959).
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F1c. 2. Probability envelopes for several values of temperature for
ferromagnetic type interactions with »=0.5.

check on the numerical error in the method previously
described. The two methods agreed where the last
terms in the power series were neglectable to within
about the accuracy prescribed for the termination of
the iteration process.

Figures 1-3 illustrate some numerical results for f(x).
For r=0, it follows immediately from (2.14) that f(x)
=1.0. For K=0 we also have f(x)=1.0. As K increases
(temperature decreases), f(x) deviates progressively
more from a constant. The function, f(x), may be
thought of as a probability envelope. That is, there is a
set of discrete points (2V) in —1<x<1 which have a
nonzero probability of occurrence. These probabilities
are proportional to f(x). We may therefore compute the
expected value of a function, g(x), by iterating (2.11)
starting from fi(x)=g(x)f(x) instead of 1.0. The ex-
pected value of g(x) is then,

50 T T T T T T T

20} H

10

h N

50|

T T

N1

2.0

10
f(x)
05

sl

=TT 7

_\ - P
ozb\ N\ teimems / 1
Q.- \ // B
F | ]
00sf | / ]
r \ T= 1125 /
ooz \-T=O.5 [-/T=0.5
°‘°—’|.o l -3.5 l <[) . l ofs ' 1.0
x

F1c. 3. Probability envelopes for several values of temperature for
ferromagnetic type interactions with »=0.9.
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(@)= lim (IT O/A). (39)

M- j=1

For example, the energy per particle, is usually given
(in appropriate units)

E=91n\(K)/d|K]|, (3.10)
but it may also be computed from (3.9), using
gx)=—Kux/|K|. (3.11)

We remark that this procedure has the numerical ad-
vantage that one does not have to differentiate to
calculate the energy.

Figures 4-6 illustrate the behavior of the energy as

0.0 T I

1 1 1 1 1
[o] 1.0 2.0 30
T

F16. 4. Energy dependence on temperature for several values of 7
and antiferromagnetic type interactions.

a function of temperature (1/|K|) for both antiferro-
magnetic and ferromagnetic type interaction energies.
The curves for =0 are, of course, the same for both,
and =—tanh|K]|.

The value of the energy at zero temperature may be
easily obtained by setting

g(y)~coshdy, |K|>1, (3.12)
and solving for 4. The result is
E=-1.0, K>0
> (3.13)

E=—(1-7)/(1+r), K<O.

The manner in which E tends to zero may be readily
obtained from the series expansion. The result is

ET — — (1—7)/ (147)

as the temperature, 7', tends to infinity.

(3.14)

4. BEHAVIOR NEAR r=0

In order to study the behavior of f(x) and A(K) near
the short-range limit, =0, it is convenient to recast
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Eqs. (3.7) and (3.8) in terms of slightly different vari-
ables. If we let
A= @y m (1—1)/7%]",

then (3.7) and (3.8) become

(4.1)

—p u

2 Ao uyNi=2 20 rimi(G )

7=0 =0
[(—5) /2] 2m )
X Z dv——j,m( ) (1_7)m+]~«u/27 (42)
m=[(u—s+1)/2] w—j

[v/2]
N=2 Y dya(l—r)m

m=l1

and

(4.3)

We may take the limit » — 0 of (4.2) and (4.3) and
study the limiting functions so defined, provided that
the series so defined converge. We see that only the
j=u term contributes to the right-hand side of (4.2).
Thus, in the limit as » — 0, (4.2) and (4.3) become

—p [o—w)/2]
2 GojuNi=2)™ X ey
=0 m=1 (4_4)
[v/21
)\y=2 Z dv,m,
m=1
or
y—p
Z(:) Ao oupoNi= o)/ (). (4.3)
-

As we pointed out in Sec. 3, the solution of these equa-
tions is unique and so we need only exhibit it and verify
the solution. It is

dy = (V !)—1;
=0’
A=2()"L
=()’

u=v/2
uFEv/2
v even

v odd.

(4.6)

This result gives the well-known result,
MK)=2 coshK, @.n
for A. The corresponding probability envelope is
g(y)=cosh[ryK/(1—r)}],
f@&)=cosh[raK/(1—7)t+ (1—r)}K].

All these series converge for any value of y or K so
that they therefore represent the limiting behavior.
For r=0, Eq. (2.11) may be solved directly. The

result is
fitx)=1.0, j=1--- N
Aj=2coshK, j=1,--- N—1.

(4.8)

(4.9)

Thus we obtain, for the partition function

Zn41=2(2 coshK)¥—1, (4.10)

ORDER-DISORDER MODEL
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0.0 T Y T T T

! 1 1 L 1
0.0 ’ 1.0 2.0 3.0

F16. 5. Energy dependence on temperature for »=0.1 and 0.3 for
ferromagnetic type interactions.

which is well known to be the correct result when the
first and Nth spins are not coupled.

5. BEHAVIOR NEAR r=1

We discuss in this section the limiting behavior of the
model as  — 1. We must be careful to distinguish, in
considering this limit, between the two cases

(@) r—1,
(b)

We will discuss case (a) in this section and we shall dis-
cuss case (b) in an Appendix. Case (b) is actually
equivalent to the Bragg-Williams approximation. Case
(a) is the limit for which the range of the force becomes
arbitrarily great, but is still small compared to the total
size of the system.

N 0.
T (.1)

r—1, VN —1,

0.0, T T T T T

0.0 10 20 3.0

F16. 6. Energy dependence on temperature for #=0.5 and 0.7 for
ferromagnetic type interactions.
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To discuss case (a), let us first find the limit as 7 — 1
of the d, . introduced in Sec. 4. Neglecting terms of
order (1—7)? and higher, (4.2) and (4.3) become

y—p
2 o= 2L dy o5 (0 t2) (ut1) (1=7)d, 21
=0

Fu(r ™) A=1)dy1,4ot+5 () (A=7)dss 1] (5.2)
Na2d, 1(1—7), (5.3)

or introducing
A=N/(1—7), »>0, (5.4)

and solving for d,,,/» we obtain, in the limit as 7 — 1,

d,,,,,/2= (M+ 2) (N"‘ 1) (ZM)_ldv,u/2+1+dv-—1,u/2

v—p
+ Q)T s, pz1— Q)T 2 dojuphyy (5.5)

=2
Aj=2d; 1.
If we define

dn(K)= 2. dyuK?,

y=2m

(5.6)

we may re-express (5.5) in terms of the d,.(K):
[1—K+ (2m)7d:1(K) Jdn(K)= (m+1) 2m+1)
X 2m) 1 (K)+ K2 (4m)dpa (K)  (5.7)

for m>1. According to our normalization convention,
do(K)=1.0. Therefore, any d1(K) determines all the
other d,,(K) from (5.7). It follows easily from (5.5) that
dv,'m =0 y V <2m

domm= (4mm !)_17

domy1m=[4"(m—1) 1T

If we now select

(5.3

we see that
A (K) = (4mm ) K2 4-m K24 7] (5.10)

so that conditions (5.8) are satisfied. [Actually the first
of conditions (5.8) is sufficient to determine the d,(X).]
Furthermore, substitution of (5.9) into (5.7) proves
that it is satisfied for all m>1. Therefore, the unique
limiting values of the d,,» may be obtained by expand-
ing (5.9) about K=0. This result proves that for
| K| <% [radius of convergence of the power series ex-
pansion of the 4, (K)],

lim (K) =lim[ 2+ (1—)dx(K)]
=2.0.

(5.9)

(5.11)

Hence the energy, specific heat, etc., tend to zero for
T>2.0 for both antiferromagnetic and ferromagnetic
type interactions.
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We note that the d,,(K) may be readily expanded to
yield
2v—2m—1)!

dvm= % i .
=@ (v—2m) {(m—1) Ip!

(5.12)

We are now in a position to obtain g(y); for, using
(5.9) we find in the limit as 7 — 1

72

g(y)zexp( (1—(1—2K>%>2y2), (5.13)

4(1—7)
and similarly
A=2+4+(1—7)[1—K—(1—2K)¥]. (5.14)

In order to find g(y) when v is not of order (1—7)*
and |K|>%, we shall make the substitution

g(y)=exp[G(y)] cosh[H (y)] (5.15)

for %1 where G(y) is an even function and H(y) an
odd function. We shall find that G(y) and H(y) are
both, in the limit as  — 1, proportional to (1—7)7,
and for K <3, H(Y)~0, in conformity to (5.13). First,
if 20, then if

q(y)= (=[G’ (y)+tanhH()H (y)], (5.16)

we can show by substituting (5.15) into (3.3) and ex-
panding G(y) and H (y) in Taylor series about y that

A=2exp[—yq(y)]cosh[¢(y)+Ky], y#0 (5.17)

in the limit as » — 1. On differentiating (5.17) with
respect to y, we obtain

¢ y+q(y)=tanh[g(y)+Ky] [¢»)+K] (5.18)

By slightly different manipulations, we can also
show that (5.17) and (5.18) hold in the limit as y — 0.
The function ¢(y) is an odd function of y; however, for
y7#0, we see from (5.16) that both even and odd powers
of y can appear in its left- and right-hand power series
expansion, as lim tanhx as ¥ — 4= is £1. We may
determine the eigenvalue A of (5.17) as follows. First,
from (5.18),

_ {K tanh[¢(y)+Ky]—q()}
y—tanh[q(y)+Ky]

If ¢(y) is to be a solution for all y<1, then if the de-
nominator vanishes, the numerator must also, or ¢’(y)
would become infinite. Thus, if

y=tanh[q(y)+Ky],

q(y)=K tanh[q(y)+Ky]. (5.21)

As [tanhx|<1, the denominator of (5.19) is clearly
greater than or equal to zero for y=1. As ¢(y) >0 for
all y, there are now two cases to consider. First, the
denominator of (5.19) is zero when y=0 and second,
the denominator of (5.19) is negative when y=0. In

7 (5.19)

(5.20)
then
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the second case, as the denominator of (5.19) changes
sign between 0 and 1, there must be a zero for 0<y<1,
and (5.20) and (5.21) must be satisfied at this point
to obtain a solution for all y. If we introduce z=¢q(y)
+ Ky, then at the critical point

2=2K tanhz. (5.22)

This equation possesses no real solution other than
2=0, if K<%. Thus, we must have A=2 for K<3%. It is
easy to show that there is a solution of (5.17) for all y
for A=2 and K <4%. This solution is a direct extension
of (5.13) and (5.14). For K>1%, it is easy to find a vy
(near zero) for which (5.17) has no solution with A=2.
Thus the first case occurs for and only for — o <K <1.
For K>3 Eq. (5.22) possesses an additional solution
besides z=0. If z, is that solution, then

A=2 exp[—K tanh?, | cosh[z, ] (5.23)

for K>3%. One easily obtains by differentiation of In\
the following expressions for the energy per spin and the
specific heat per spin

E=—tanh’,,

5.24
C,=[4K? tanh?z, sech?s, |/[1—2K sech%, . (5.24)

At the critical temperature, 7'=2.0, 2,=0, Eq. (5.24)
gives
E=0,C,=3, T=2.0"

5.25
E=0,C,=0, T=2.0+ (5.25)

Thus the energy is continuous and the specific heat is
discontinuous so that, in the limit as » — 1, this system
approaches a second order phase transition.

Figures 7 and 8 illustrate the approach to the limit
of =1 for the energy per spin and the specific heat per
spin.

0.0 1.0 2.0 3.0

F16. 7. Approach to the limit, 7=1, of the energy as a function of
temperature for ferromagnetic type interactions.
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Cu,

0.5+

%5

Fic. 8. Approach to the limit, #=1, of the specific heat as a func-
tion of temperature for ferromagnetic type interactions.

APPENDIX. BRAGG-WILLIAMS LIMIT
In this Appendix we consider case (5.1) (b). The re-
sults for this case are well known.> We shall, however,
give a brief rederivation which illustrates one way that

the methods of Kac? may be extended. If, instead of
(2.8), we define

K=Jr(1—#")/L(1—7)kT], (A1)
then, in the limit (5.1) (b), we may write the total
energy of the system as

K nw , N
E/RT=~—[(5 5~ v7]

7=1 7=1
(A2)
K ~
=——(2 v)*+3K.
2N =1

Suppose we have any system for which the energy is
a quadratic form (4 is assumed symmetric)

8/kT=—% 3 vidip;. (A3)
7

If we make use of the well-known integration formula

+o0
exp(t X vidim) = my e [

=1 J=1

J
N N
X f exp{—3 2 x’—2 wi(AD w1 duj,  (A4)

3 See, for instance, D. ter Haar, Elements of Statistical M echanics
(Rinehart and Company, New York, 1958), Chap. 12.
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we can linearize the exponent in the partition function.
Thus

Z=(2r)N2 Y

all states o/ __,

+o

N N
% f exp(—} T 22— w4} 11 da
2]

=1 =1

S I bre

w i=1

son(e)IL dz; (AS)

71

where 9 (x;) is defined by

Mx)= 2 exp{—2 x:i(4¥ss}.

all states

(A6)

For certain special cases, M (x;) is particularly simple.
The case we are considering is one. The spherical Ising
model with interaction energy given by (2.1) is another.
If we consider

E=E—3KkT, (A7)
then
A4 = K/ IV;

(4%)=K*/N, (A8)

M(x,)= [cosh{k*;\l; ;_“, x,”N

=1

If we make an orthonormal change of variables so that
one of the transformed variables is

(A9)
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and integrate over the others, we obtain
+%
Z[2N= (ZW)‘%f exp(—%X?)

XcoshV[ (K/N)iX)dX. (A10)

On evaluating (A10) by the method of steepest de-
scents,* we obtain the well-known result,

In\= I{,im (InZ)/N=1In2—1K tanh?z+In coshz, (A11)

where, using z= (K/N)}X, z must satisfy

z=K tanhz. (A12)
For the energy per particle
E=—1% tanh%. (A13)

These results will be seen to be similar, but not identical,
to Egs. (5.22)-(5.24). For corresponding points, the
temperature here is half as great and the energy here is
also only half as great. The difference between these
results and those of Sec. 5 is due, of course, to inter-
changing the order of the limits » — 1 and N — .
The factor of 2 difference in the maximum value of the
energy is an obvious consequence of the relative trunca-
tion of (A2) compared to (2.1).

The results of this Appendix also indicate that the
“high-density limit” in the sense of Brout® does not
exist. As the ratio of the range of the interaction to the
length of the system changes from greater than unity
(1/2=0) (his 3.2) to zero (1/25%0), the maximum inter-
action energy per spin goes up by a factor of two (in his
units). Terms through order (1—7) (that is, 1/2) in a
“high-density” expansion for our model are given by
(5.14), for the high-temperature region.

4 See, for instance, H. Jeffreys and B. S. Jeffreys, Methods of
Mathematical Physics (Cambridge University Press, New York,
1950), Chap. 17.

8 R. Brout, Phys. Rev. 118, 1009 (1960).



