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The effect of both electron-electron and electron-phonon interactions on a degenerate electron gas in a
uniform positive background is considered. It is shown that when electron-electron interactions alone
are considered the free-electron mass is still measured by cyclotron resonance, the Faraday effect, and
optical constants. However, the period of the de Haas-van Alphen oscillations is changed from what one
calculates neglecting interactions and is changed in the same way that the specific heat is. When electron-
phonon interactions are added everything changes. In particular, it is shown that the cyclotron mass is no
longer the free value, and the de Haas-van Alphen period and the specific heat are changed in different ways.
Comparison with measurements on aluminum which approximates the model used shows that both electron-
phonon and electron-electron effects are important and of the same magnitude.

I. INTRODUCTION

N recent years various experimental techniques

have been used to obtain information on the Fermi
surfaces of metals.! The results of measurements such
as the electronic specific heat, cyclotron resonance,
Faraday effect, and optical constants as a function of
wavelength can be expressed in terms of effective
masses of the electrons. These effective masses can then
be related by theory to some properties of the Fermi
surfaces. Other techniques such as de Haas-van Alphen
effect, anomalous skin effect, magnetoresistance, and
magnetoacoustic effect give information directly on
the shape of the Fermi surfaces. The interpretation of
these experimental measurements in terms of electron
band structure has usually neglected the many-body
effects such as electron-electron interactions or corre-
lation effects, and electron-phonon interactions. We will
consider here first the effects of electron-electron
interactions, and for the simplified model of an electron
gas imbedded in a uniform smeared-out positively
charged background. In this model we will calculate
exactly in Sec. II the currents induced by uniform
electric and magnetic fields. It is shown that the
currents are the same as produced in a noninteracting
gas of electrons acted upon by self-consistent fields.
Thus the effective masses measured by cyclotron
resonance, Faraday effect, and optical constants
measure the free electron mass independent of the
interactions. By interpreting the currents induced by
uniform magnetic fields in terms of quasi-particle
states near the Fermi surface, the motion of these
quasi-particles in uniform magnetic fields is obtained
in Sec. ITII. From this, by a semiclassical argument,
the orbits of the quasi-particles are quantized and the
period of the de Haas-van Alphen oscillation is cal-
culated. It is found that in this case electron-electron
interactions do change the period from what it is in the

* This work was performed by the author as a consultant to
the RAND Corporation, Santa Monica, California.

L An up to date review of the field can be obtained from the
Proceedings of the Conference on Fermi Surfaces in Metals (John
Wiley & Sons, Inc., New York, 1960).

noninteracting case. Electron-phonon interactions are
added in Sec. IV and their effect on the quasi-particle
states is determined. From this, expressions are obtained
for the specific heat, de Haas-van Alphen period, and
the cyclotron frequency. The theory is compared with
experiment and it is shown that electron-phonon effects
are of the same magnitude as electron-electron effects
and both are not negligible. A summary and discussion
is included in Sec. V.

II. UNIFORM ELECTRIC AND MAGNETIC FIELDS

The approach employed here uses elementary,
non-field-theoretic, ordinary quantum mechanics. The
motion of the gas is separated into a motion about the
center of mass and the motion of the center of mass.
The total current is determined only by the motion of
the center of mass. Fortunately, in the electron gas
model the motion of the center of mass is unaffected by
interactions between electrons and is determined by the
external fields alone, a problem that can be solved
exactly.

It is important to choose a model for our electron
gas with the correct boundary conditions since they are
important. We do not choose an infinite gas because it is
difficult to account for any effects at infinity. Further
on, it will become clear that these boundary effects are
not negligible. In fact it will be shown that charge
accumulates at the boundary under the action of an
external field and modifies the actual electric field seen
by the electrons. It is further shown that this effect is
correctly taken into account in the usual manner of
using self-consistent fields. The model that we will
choose is a uniform smeared out positive background
of charge density p in a spherical volume of radius a.
Imbedded in the positive background are N electrons
composing the interacting electron gas. The total
electronic charge of —Ne is assumed to be much less
than the total positive background charge. The electrons
will be concentrated in the center of the positive
background within a radius small compared to ¢. In
fact the electrons distribute themselves, except for
boundary effects which can be neglected if the volume
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is large enough, so as to produce macroscopic charge
neutrality in the region that they occupy. The number
of electrons NV is taken to be very large. By choosing
atomic units in which Z=e=2m=1 the Hamiltonian
for the electrons in uniform electric and magnetic
fields is given by

V: 1 2 1 72
H=2(T+—A<ri,t>) Y Y e (1)
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The first term on the right is the kinetic energy operator
of the electrons in the fields represented by A(r,f). The
position of the sth electron is at r;. The magnitude of
r; is denoted by 7; and 7;;= | r;—1;|. The charge of an
electron is —1 in atomic units. We will be interested in
the case of a uniform electric field oscillating in time
as sinw? and a uniform magnetic field. In this case

A(r)=E —jHry, (2)

coswi
C
w

where E is the uniform electric field, j is a unit vector
in the ¥ direction, H is the magnitude of the uniform
magnetic field in the z direction, and 7; is the x compo-
nent of r. The second term on the right of (1) is the
Coulomb interaction energy between the electrons
themselves, and the last term is the interaction energy
between the electrons and the uniform positively
charged background. Because of macroscopic charge
neutrality p=#» where » is the number of electrons per
unit volume.

We now introduce center-of-mass coordinates R and
relative coordinates .S by the usual relationship,

NRZZ, T; and Si=ri——R. (3)

Not all of the S; are independent since they satisfy the
condition that >_;S;=0. Of the N variables S, only
N—1 of them are independent. In terms of these new
coordinates,

a 1 9 )
:__——_{- —_—
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Here o has the values of 1, 2, 3 denoting the three
Cartesian components of the vectors and §;; equals
one if 1= 4 and zero otherwise. The partial derivatives
9/8S:. are not exactly components of the momentum
operator since the S; are not all independent variables.

If both sides of (4) are summed with respect to 7,
we obtain

2 S (5)
7 0ria OR.

which simply states that the total momentum operator
is just the momentum operator of the center of mass.
The vector potential in (2) becomes, in the new
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The total current operator J is
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where Vg has the components 9/0R,, and A(R)
= Ec¢(coswl/w)—JHR;. The current depends only on
the center-of-mass coordinates so that our goal is to
find the equation of motion of the center of mass.

The Hamiltonian of (1) becomes, using the relations
in (4) and the subsidiary condition >_;S;=0,

H=Hp+H,
where

1/Ve 1 2 NnR?
HR=—(——I——NA(R,t)) +4ar ,
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and where Vg, has the components d/9S;,. The Hamil-
tonian divides into two parts, one part being a function
only of the center of mass coordinates and the other
part being a function only of the relative coordinates.
It is of interest to note that the electric field has no
effect on the relative coordinates. The appearance of
the term (3_; Vs:)? in H; is related to the fact that Vg,
are not the true momentum operators for the problem.
If IV is large enough then one would expect that the
subsidiary condition has a negligible effect and the
Vs: are to a good approximation the true momentum
operators. In that case the term in question becomes
zero since the total momentum about the center of
mass is zero.

The Hamiltonian for the center of mass coordinates
Hp describes the motion of a single particle of mass
Nm and charge —Ne [in (8) atomic units are used
where 2m=e=%=17] being acted upon by the uniform
electric and magnetic fields and the positive back-
ground. Because of the large mass of this center-of-mass
particle, the motion of the center of mass can accurately
be solved for classically. The classical equations of
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motion of the center of mass are

dZRl 41!' N 62%R1 ng
=— — NeE; sinwi— NeH—,

dﬁ 3 dt

d2R2 4:7[' N CZ%RQ . dR]_

Nm—=— — NeE, sinwi+NeH—, (9)

ar 3 dt

d*R; drNe*nR;

m = — NeE; sinwt.

ag 3

It is important to note that the electric field
E= (E1>E27E3)

in (9) is the external applied field and not the actual
electric field seen by the electrons. The actual field
inside the medium which is in the form of a sphere is
given by the well-known result of electrostatics,

Ein=E[3/(e+2)], (10)

where € is the dielectric constant of the medium. We
can solve (9) to obtain R and thus the polarization of
the medium per unit volume given by P=—uneR.
The dielectric constant is defined by

eEin= Ein—l—41rP,
or, using (10),

47 8r
e(E"i-——P) =E——P.
3 3

From symmetry arguments alone it can be shown that
the dielectric constant of a uniform gas in a magnetic
field must be a tensor of the following form.

€ss Tezy O
€= | —l€ry €z O0].

0 0 e,

(11)

(12)

Instead of working with a tensor e it is possible to
simplify the problem by using right () and left (l)
circularly polarized electric fields defined as

E,=Re[E(i+ij)e "],
E,=Re[E(i—1ij)e ],

where Re means real part of. Defining the displace-
ment vector for right and left circularly polarized cases
in an analogous way, the dielectric constants relating
E, and D, and E; and D, are scalars given by

Dr= ErEr, frzéx:c"l-ifzy,
and (13)
Di=«k,,

€= €35 1€y,

It is more convenient to work with e, and ¢;. These
scalar dielectric constants can be found from (11)
with the understanding that ¢, P, and E all have the
same subscript of 7 or I. The circularly polarized
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polarization vectors P, and P; are defined analogously
to E, and E,.

It is a straightforward but tedious matter to solve
(9) and obtain

47 P, we?
3E, weo[ 14 (we/weo) ]
where w@=w,/3, wl=4mne?/m, e=1—wd/w?, and

w;=eH/mc. The classical plasma frequency of the
electron gas is w,/2m. Finally €, can be obtained from
(11) and (14), giving
ertw./w
€r=—"", (15)
1+w./w

where ¢;=1— (w,/w)?.
In the same way one can show that

er—wo/w

€= 5
1—w,/w

e~ (wo/c (w /w)2
€Epz™— 15,
1— (wc/ w)2 (15}

Wy

" W= (wo/w)]
and

€,= €5.

Equations (15) and (15’) determine completely and
exactly the behavior of the dielectric constant of a
electron gas in a uniform magnetic field. The result is
correct for all values of magnetic field, large or small;
for all densities of the gas, even for the very tenuous
region where the electrons form a lattice; and for all
temperatures of the gas, from the degenerate region to
the classical limit. The cyclotron resonance occurs at
the poles of ¢ and €, giving weyelotron==eH/mc and
showing that the effective mass determined by cyclotron
resonance in an electron gas is exactly the free electron
value. The long wavelength plasma resonances occur
at the zeros of ¢ and e, giving

%"-’ci [ (%‘*’cy""*’pz]%-

The results given in (15) and (15’) are exactly the
same results one would obtain from (9) if all boundary
effects and the background term proportional to R are
neglected, and the electric field is treated in a self-
consistent way. By a self-consistent treatment of the
electric field is meant that the field seen by the electrons
is the external field plus the induced electric field
assuming no local-field corrections, i.e., the macroscopic
induced electric field is the actual induced electric
field seen by the electrons. Therefore, if one wants to
neglect all boundary effects, as it will be done from now
on in this paper, it is possible to do so by replacing the

Wplasma ™=

(16)
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Hamiltonian Hz in (8) by
1 /vr N 2
HR:“‘(—,"’"—A(RJ)) )
N\ ¢

where now A is the vector potential of the magnetic
field and the self-consistent electric field. All magnetic
interactions between electrons have been neglected
because in practice these are small. However, if included,
they can be taken account of by using a self-consistent
magnetic field.

Because the dielectric constant given in (15) and
(15) is the same as if interactions between electrons
are neglected except for treating the electric field in a
self-consistent way, effective masses measured by the
Faraday effect and by the wavelength dependence of the
optical dielectric constant are just the free electron
value.

In the above discussion an implicit assumption has
been made that requires further justification. It has
been assumed that the spacial variation of the electric
fieldin the experimental measurements can be neglected.
For optical properties such as the Faraday effect and
optical constants this is the usual approximation that
is used, and we require no further justification. How-
ever, in the usual Azbel’-Kaner type of cyclotron
resonance experiments in metals the measurements are
made in the extreme anomalous skin effect region where
it is not possible to relate the currents and electric
fields by a local relationship such as a dielectric constant.
Nevertheless the dielectric constants in (15) and (15%)
do show that in the presence of a uniform magnetic
field there are excited states of the system at energies
nhw, above the ground state, # an integer, which can
be excited by a uniform electric field. The uniform
electric field assures that the excited states have the
same total momentum as the ground state. A non-
uniform electric field, as is present in cyclotron res-
onance experiments, can transfer momentum to the
excited states. However, if the spacial variation of the
electric field in the distance of a wavelength correspond-
ing to the Fermi momentum of the electrons can be
neglected, as is the case, then the momentum transferred
by the electric field can be neglected and an electric
field in a cyclotron resonance experiment oscillating
near the frequencies 7w, should cause transitions to
excited states. It follows from the above reasoning that
although the calculation at uniform electric and mag-
netic fields cannot predict the absorption at subhar-
monics and the shape of the absorption curves in cy-
clotron resonance experiments in metals, the fact that
there is an absorption at w, does follow from the uniform-
field case.

®)

III. QUASI-PARTICLES AND THE DE HAAS-VAN
ALPHEN EFFECT

In this section we use the results of the previous
section to derive some of the properties of quasi-
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particles from which it will turn out to be possible to
calculate the period of the de Haas-van Alphen oscilla-
tions. A physical picture of a quasi-particle? can be
obtained by considering the ground state of the electron
gas to be analogous to the vacuum state in quantum
electrodynamics. Excited states consisting of the
excitation of a small fraction of the total number of
particles can be described in terms of a ‘““vacuum” state
together with a small number of particle-hole pairs.
As usual, a hole corresponds to a vacancy in an energy
state below the Fermi energy and a particle to a filled
energy state above the Fermi energy. Again, in analogy
with quantum electrodynamics the electron gas acts
like a dielectric medium whose dielectric properties
are wave number and frequency dependent. A particle
or hole polarizes the electron gas in its vicinity. A
quasi-particle consists of an electron and its polariza-
tion cloud that it carries along with it. The interaction
of an electron with its own polarization cloud produces
the difference in energy between a quasi-particle and
a bare or free electron. The polarization cloud screens
the charge of the electron so that quasi-particles in-
teract with one another via only a weak short-range
interaction.

It has been shown®® that it is rigorously correct to
talk about quasi-particles only at the Fermi surface.
Single-particle or quasi-particle excitations damp out
with a lifetime proportional to (p— po)~2, where p is the
momentum of the excited particle and po the Fermi
momentum. In this discussion we limit ourselves to
quasi-particles very close to the Fermi surface so that
the damping is negligible. In fact, it is only in this case
that it appears reasonable to talk about quasi-particles
at all. In summary, it has been shown elsewhere that
in an interacting electron gas in no external fields there
exist single-particle states, called quasi-particles, which
have a precise momentum and energy for momenta very
near the Fermi momentum. The energy of these quasi-
particles we will denote by e(p), where p is the momen-
tum of the quasi-particle. From the spherical symmetry
of the problem eis just a function of the magnitude of p.

Consider a system of IV electrons in the ground state
of zero total momentum. We add one quasi-particle of
momentum p to the system. The momentum of the
center of mass of the system is also p. The total current
of the system is, by (7),

j=—ep/mc. an
The velocity of a quasi-particle is given by®
V="V ¢(p), (18)

where V, is the gradient operator with respect to the
momentum. Since the current j is all carried by the

2J. J. Quinn and R. A. Ferrell (to be published).

3J. J. Quinn and R. A. Ferrell, Phys. Rev. 112, 812 (1958).
4 N. M. Hugenholtz, Physica 23, 481 (1957).

§D. F. DuBois, Ann. Phys. 7, 174 (1959); 8, 24 (1959).

6 L. D. Landau, Soviet Physics—JETP, 3, 920 (1957).



INTERACTIONS ON DETERMINATION OF FERMI SURFACES

quasi-particle, it must have an effective dynamical
charge ¢* given by

e*=—ep/mv. (19)

If we define an effective dynamical mass m* given by
m*=p/v, (20)

(21)

Equation -(17) tells us that a quasi-particle of momen-
tum p carries the same current as a free electron of the
same momentum. This can be understood physically
when one remembers that the momentum is all carried
by electrons with the same charge over mass ratio.
Any mass flow, no matter how it is distributed among
the electrons, must produce a charge flow e/m times
the mass flow.

Now consider the same electron gas in its ground
state in a magnetic field. At a certain time, say ¢=0,
we add to the electron gas a quasi-particle of mechanical
momentum p. Transferring to center-of-mass and
relative coordinates, at =0 the center of mass also has
mechanical momentum p. The center of mass moves
like a single particle of mass Nm and charge —Ne as
can be seen from (8'). Equation (8’) implies that

dp ep e*
—=—XH=—vXH.
dt mc c

then
e*=—em™/m.

(22)

Since p is also the momentum of the quasi-particle,
the quasi-particle momentum also satisfies (22). This is
just the equation of motion we would expect for the
quasi-particle of effective dynamical charge e* and
moving with a velocity v.

It is important to emphasize that the effective
dynamical charge ¢* is not in general the effective charge
of the quasi-particle. We have only shown that it is
the effective charge in a uniform magnetic field and for
calculating the current carried by a quasi-particle.
The interaction between two quasi-particles is not like
that between two particles of charge ¢* but through a

screened interaction. In an electric field, the acceleration -

of the quasi-particle is not that of a charge ¢* but of a
charge e because not only is the quasi-particle accel-
erated in an electric field, but so is the rest of the gas.
The acceleration of the rest of the gas takes it out of
its ground state changing the interaction between the
quasi-particle and the rest of the gas and affecting the
acceleration of the quasi-particle. This effect does not
occur with a uniform magnetic field because stationary
ground state solutions for the gas exist in a magnetic
field and only the additional quasi-particle state varies.

We quantize the quasi-particle orbits, using the
Bohr-Sommerfeld rule in the form

fﬂ-dr= (n+3)k,

(23)
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where II=p-} (¢¥/2c)HX r is the conjugate momentum
in a magnetic field. Following Onsager,” we integrate
(22) and choose an origin so that the constant of
integration is zero, obtaining p= (e*/c)rX H. Substitut-
ing into (23) gives the relation

Apo/eH= (n+5)h, (24)

where 4 ,=wpn® and py is the component of p perpen-
dicular to H. The degeneracy of each level in (24) is
HQe*/he, where Q is the cross section of the electron gas,
just as in the noninteracting case.” Unfortunately, the
concept of quasi-particles is only good near the Fermi
surface so that we cannot describe the total state of
the gas in terms of the levels of (24), in contrast to
the noninteracting gas. However, we can divide the
energy of the system into two parts. One part is the
quasi-particle states just below the Fermi surface and
the other is the rest of the energy. These quasi-particles
just below the Fermi surface are located in momentum
space on the quantized levels given by (24). It is
being assumed that they also act to a good approxima-
tion like noninteracting particles, and therefore the
usual independent-particle arguments’ can be used to
show that these quasi-particles alone produce an
oscillatory part to the susceptibility. The period is
determined when, as the magnetic field is varied,
states in Eq. (24) differing by one in # pass through the
Fermi surface. If we make the further reasonable
assumption that the susceptibility produced by the
rest of the system varies smoothly with magnetic field,
then the period of the de Haas-van Alphen effect is
given by the quasi-particles states alone and is

( 1 ) 2he*  2he m*
AM—=)=——=——"-o—
H7; pic pic m
The period given in (25) is related to the period of the
noninteracting gas, A(1/H)r=2%e/pec, by

1 m* 1
()56,
H]; m H F
The difference in energy between the states in (24)

can be easily calculated. For a change in % of one, the
change in area A4, is from (24)

(25)

(26)

AA,=hHe*/c.
But we also have
04, 9pn :
AA,=—— " AE="2rm*AS.
(9?11 68

By combining we obtain
A8=n(e*H/m*c)=h(eH/mc) =?w,.

Cyclotron resonance absorption occurs at a frequency
w., in agreement with the results of Sec. II. Quasi-

7 L. Onsager, Phil. Mag. 43, 1006 (1952).
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particles have the same cyclotron frequency as free
electrons because e*/m*=e¢/m.
The specific heat of an interacting electron gas C;
is given by*
Ci= (po/mvo)C = (m*/m)Cy, (27

where vy is the velocity of the quasi-particles at the
Fermi surface, Cy= (wk/po)>mT is the specific heat for
noninteracting electrons, & is Boltzmann’s constant,
and T is the absolute temperature. It is seen from a
comparison of (26) and (27) that both the period of
the de Haas-van Alphen effect and the specific heat
are changed in exactly the same way by electron-
electron interactions. However, in the next section
we will show that this does not remain true when
electron-phonon interactions are included. Calculations®
and experiment8 indicate that m*/m can differ signif-
icantly from one (for sodium m*/m=1.4), so that the
effect of electron-electron interactions on these two
quantities is significant.

IV. ELECTRON-PHONON INTERACTIONS

The discussion of this paper has so far been limited to
a consideration of the electron-electron interactions
alone and electron-phonon interactions have been
neglected. However, it is possible to include the effect
of electron-phonon interactions on the properties of
the quasi-particles, and from this infer the effect on
the period of the de Haas-van Alphen effect and on the
cyclotron resonance frequency. When both electron-
electron and electron-phonon interactions are included,
our picture of a quasi-particle is a core electron sur-
rounded by a polarization cloud of electrons and a
cloud of phonons. We are again using an idealized
model of a metal consisting of a degenerate electron
gas together with a uniform background of positive
charge which is now capable of propagating sound
waves.

As before, quasi-particles at the Fermi surface have
momentum po and velocity v=V,e(p). We define an
effective dynamical mass m’ by

m'v=p. (28)
The current carried by a quasi-particle is
j=¢v, (29)

where ¢ is the effective dynamical charge. In this case,
however, ¢'/m’'><e/m because not all of the momentum
is carried by electrons, some of it is carried by the
phonons. The phonons to a good approximation do not
contribute to the current and thus ¢’, because their
charge over mass ratio is much smaller than that for
electrons. We can set
¢ e 1 30)
—=— 30
m  m (1+a)’
8 E. A. Stern, Phys. Rev. 121, 397 (1961).
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where now « is a measure of the importance of the
electron-phonon interaction. When a=0 there is no
electron-phonon interaction. The fraction of the total
dynamical mass contributed by the phonons is given
by «/(14a). Knowing the dynamical charges and
masses of the quasi-particle, we can proceed as in
Sec. ITI to quantize the orbits in a magnetic field and

obtain
1\ ¢ /1 m' 1
)20 ),
H e H/y (14+a)m \H/p

0/ =w,/(1+a). (32)

Here A(1/H)’ is the period of the de Haas-van Alphen
effect including the electron-phonon interaction, and
w, is the cyclotron frequency for the same case. We
also have from (27) for C’, the specific heat in this
case, that

C'= (m'/m)Cj.

We see that the specific heat and the period of the de
Haas-van Alphen effect are affected differently by the
electron-phonon interaction.

The importance of o can be estimated by comparing
with experiment. Aluminum is a metal which approxi-
mates the model used in this paper.’ As indicated by
calculations'®2 and by comparison with experiment!?
the electronic states for aluminum can be obtained by
neglecting the interaction between the electrons and the
periodic potential of the lattice except for states in
the vicinity of the Brillouin zone boundaries. The
effect of the Brillouin zone boundaries is to produce
small discontinuities in the energy across the boundaries
and preventing an electronic state which is initially in
one zone to move out of that zone under the influence
of low frequency electric and magnetic fields. This, for
instance, complicates the orbits in a constant uniform
magnetic field from what they would be if there were
no zone boundaries, but this effect can be straight-
forwardly accounted for by a factor which depends on
the geometry of the zone boundaries. In addition, the
Fermi surface is changed from a sphere to a multiply
connected surface. To summarize, by including
geometric factors depending on the geometry of the
boundaries, the electrons in aluminum can be con-
sidered as approximately the model calculated in this
paper.

Experimental measurements on aluminum of the
electronic specific heat, cyclotron resonance, and de
Haas-van Alphen effect are available.’? Unfortunately
the available de Haas-van Alphen data is incomplete
and is caused by the electrons on parts of the multiply

(33)

? The author is indebted to Professor M. H. Cohen for pointing
this fact out to him and the subsequent conclusion that the
electron-phonon interaction is important.

10V, Heine, Proc. Roy. Soc. (London) A240, 340 (1957).

11 M. H. Cohen and V. Heine, Suppl. Phil. Mag. 7, 395 (1958).

2 W. A. Harrison, Phys. Rev. 118, 1182 (1960).
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connected Fermi surface with small cross section.
These small cross sections are most sensitive to any
deviation of aluminum from our model. For this
reason we will not use the de Haas-van Alphen data to
determine @, but will use the other experimental data
to determine o and then show that the de Haas-van
Alphen period calculated from (31) is consistent with
experiment. For aluminum C’/Cy=m'/m=1.6. Also
for the cyclotron resonance of the largest area Fermi
surface w./w/=14a=1.5/0.76=2. The factor 1.5 is
the actually measured cyclotron mass measured in
terms of the free electron mass m and is inversely
proportional to w.. The factor 0.76 is the cyclotron
mass including geometric factors that one calculates
for a noninteracting electron gas. One sees immediately
that =1 and thus the electron-phonon interaction is
as important as the electron-electron interaction and
perhaps more so. One can now calculate from (31) that

A(1/H)' =0.8A(1/H)p. (34)

This means that the actual area of the Fermi surface
is 0.8 of the value that one would calculate using the
noninteracting formulas. This factor worsens the
original, only semiquantitative agreement with the
area calculated from free electron model, but since
this result is so sensitive to small deviations from the
free electron model it is not significant. Only when the
de Haas-van Alphen periods for the large area Fermi
surfaces for aluminum, which are relatively insensitive
to small deviations from the free electron model, are
measured will one be able to determine if (34) is
consistent with experiment. The main conclusion
remains that electron-phonon interactions are most
important and cannot be neglected.!*®

V. SUMMARY AND DISCUSSION

It has been shown in this paper that electron-electron
interactions alone have no effect on the currents induced
in an ideal electron gas by uniform electric and magnetic
fields. On the basis of this it also followed that the
effective masses determined by Faraday effect, optical
constants, and cyclotron resonance is just the free
electron mass, independent of electron-electron interac-
tions between electrons. The period of the de Haas-van
Alphen oscillations is, however, affected by these
interactions, the relationship being given by (25) and
(26), and is affected in exactly the same way that the
specific heat is. When electron-phonon interactions are
added to the problem the currents induced by uniform
electric and magnetic fields are now affected. The de
Haas-van Alphen period and the specific heat are now
affected differently and the cyclotron mass is no longer
the free value. Comparison with experiments on
aluminum shows that the electron-phonon interaction
is of the same order as the electron-electron interactions

122 The conclusions of this paragraph are in doubt, particularly
Eq. (34), as explained in the Note added in proof.
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and neither can be neglected. In fact, it is really artificial
to separate the electron-electron and electron-phonon
interactions. They can be separated only when they
are both small or when one is small compared to the
other, and it has been shown that this is not the case.

It appears off-hand surprising that in transport
type properties such as cyclotron resonance, Faraday
effect, and optical constants, interactions between elec-
trons alone appear to have no effect in an electron gas.
However, there is a simple explanation for this. Elec-
tron-electron interactions do not effect the current.
They are momentum conserving interactions and do not
change the total momentum of the system. As discussed
previously, because all carriers have the same ¢/ ratio,
the current is just ¢/m times the momentum and thus
is not affected by electron-electron interactions. On the
other hand properties that depend on the energy of the
electron gas such as the de Haas-van Alphen effect and
the specific heat, are affected in an important way by
electron-electron interactions.

Although the results of this paper apply only to the
ideal model of an interacting electron gas, it seems clear
that in actual metals the same qualitative conclusions
can be drawn. In fact, if the effect of the periodic
potential of the lattice can be entirely taken account
of by an effective mass, m;, all of the results of this
paper apply if m is replaced by m;. In the case of actual
metals it appears that both electron-phonon and
electron-electron interactions should be considered and
have important effects on the electronic properties.
It is clear from the results of this paper that the size
of the Fermi surfaces determined from the de Haas-van
Alphen effect using the theory of non-interacting
electrons is incorrect. However, more seriously, even
the interpretation of the shape using the noninteracting
theory may be in error.’® The interactions may change
the relationship between period of the oscillations and
area of the Fermi surface in proportionally different .
ways as the orientation of the crystal is varied. Only
actual calculations and further measurements will tell
if this possibility is real.

The fact that interactions change the relationship
between the area of the Fermi surface and the period of
oscillations of the de Haas-van Alphen effect was
actually first shown by Dresselhaus,s although he did
not apparently realize it.!® Dresselhaus showed that if
the first order exchange is included the period is given
by A(uw/fiw)=1, where p is the Fermi energy. If no
interactions at all are included, one also obtains that

13 Experimental results of reference 14 show a disagreement
between the period measured by the de Haas-van Alphen effect in
copper and the predicted period from Pippard’s model for copper
using the noninteracting theory. If we interpret this disagreement
in terms of (31) and assume that Pippard’s model is correct, we
obtain e’/e=0.96 in [1117] and ¢’/e=0.92 in [100]. This indicates
that €’/e is a function of orientation of the crystal.

14 D. Shoenberg, Phil. Mag. 5, 105 (1960).

15 G. Dresselhaus, Phys. Rev. 114, 736 (1959).

16 The author is indebted to Dr. Donald DuBois of The RAND
Corporation for pointing this fact out to him.
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A(u/hiw)=1, and from this Dresselhaus concluded that
the de Haas-van Alphen effect is unchanged by the
exchange term except for a possible shift in the phase
of the oscillations. With no interactions, u=3.69/rs?
rydbergs!” and is proportional to the maximum area of
the Fermi sphere. The periodicity condition that
A(u/hw)=1 gives the correct relationship between
period and area for no interactions. However, when
first order exchange is included, u= (3.69/rs*—1.22/75)
rydbergs and is not any longer simply related to the
maximum area of the Fermi surface. Then A (u/%w)=1
when exchange is included is a changed relationship,
and the period in the de Haas-van Alphen effect s
changed by first order exchange because u is changed.

It has been previously shown that the dielectric con-
stant of an interacting electron gas in the long-wave-
length limit reduces to the nonintersecting case.b182
However, the previous result was proved by using
calculations that depended on a perturbation approach
and were only correct at high densities. The results of
this paper are correct for all densities and are thus
more general.
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Note added in proof. Since the writing of this paper,
before the meeting of the Conference on Fermi Surfaces
in Metals held in Cooperstown, New York, on August
22-24, 1960, additional related papers have been pub-
lished. Falicov at the Conference?? and Falicov and
Heine? afterwards have also independently introduced
the concept of an effective dynamical charge for quasi-
particles when electron-electron interactions are con-
sidered. Their conclusions about the consequences of an
effective dynamical charge in magnetic fields are in

177, is the radius measured in units of the Bohr radius of a
sphere that has a volume equal to the average volume per electron.

18 D. Bohm and D. Pines, Phys. Rev. 92, 609 (1953).

19 R. Brout, Phys. Rev. 108, 515 (1957).

2 K. Sawada, K. A. Brueckner, N. Fukuda, and R. Brout,
Phys. Rev., 108, 507 (1957).

AD. Pines, in Solid-State Physics, edited by F. Seitz and
D. Turnbull (Academic Press, New York, 1955), Vol. 1, p. 367.

2T,. M. Falicov, reference 1, pp. 39-49.

3 L. M. Falicov and V. Heine, Suppl. Phil. Mag. 10, 57 (1961).

EDWARD A.
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essential agreement with that presented in this paper.
Luttinger has, at the Conference, and subsequently,?®
put forth a proof that the concept of ¢* and its conse-
quences for the period of the de Haas-van Alphen effect
are incorrect. He maintains that from arguments of
gauge invariance the quasi-particle interacts with the
magnetic field via the electronic charge e, not ¢*, and
thus the de Haas-van Alphen period is not changed.
Luttinger’s arguments imply that the energy difference
between the quantized levels of the quasi-particles is not
fiw, but is instead 7%(m*/m)w.. Since m*m it is hard
to reconcile Luttinger’s result with the result that the
cyclotron frequency is %w,. Also, it can be shown on the
basis of Landau’s theory of quasi-particles,?® though it
will not be done here for reasons of economy of space,
that the core particle part of the quasi-particle does
interact with both uniform electric and magnetic fields
via the electron charge e. However, because the core
particles does ot carry all of the momentum of the
quasi-particle it turns out from Landau’s theory that
the motion of the core particle gives exacily identical
results with saying that the whole quasi-particle has an
effective dynamical charge ¢* as was done in this paper.
Interestingly, if it is incorrectly assumed that the core
particle does carry all of the quasi-particle momentum
then one obtains Luttinger’s results. The possibility
then presents itself that by some subtle means Luttinger
may have identified the core particle with the whole
quasi-particle.

Recently another calculation of the effect of first
order exchange on the de Haas-van Alphen effect has
been published?® and results on the period agree with
those of Dresselhaus's which then give added weight to
his calculation that the period is not simply related to
the area of the Fermi surface.

Finally, the correctness of the measured cyclotron
mass in aluminum of 1.5 times the free electron value
has been questioned at the Conference by Fawcett.?’
The conclusions reached in the last paragraph of Sec. IV
are to be considered only tentative pending an experi-
mental verification of this mass.

2 J, M. Luttinger, reference 1, pp. 2-8, 67-68.

27, M. Luttinger, Phys. Rev. 121, 1251 (1961).

26 H. Ichimura and S. Tanaka, Progr. Theoret. Phys. 25, 315

961).
21 E. Fawcett, reference 1, p. 166.



