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The radiative corrections to the electron-proton scattering are calculated with the effects of the proton 
recoil taken into account. We assumed the experimental conditions of Hofstadter et al. at Stanford, namely 
only the final electrons are momentum-analyzed. The anisotropy in the maximum energy of photons which 
can be emitted and the radiation from the proton current are the two main effects due to the proton recoil, 
and both effects are considered. The mesonic effects in the two-photon exchange diagrams are not con­
sidered. Other than the uncertainty in the mesonic effects, our formula is good up to about 5 Bev. 

I. INTRODUCTION 

RECENTLY1"4 the energy of the electron-proton 
scattering has been increased to around 1 Bev and 

within a few years the energy will probably go up to 
5 Bev (Cambridge Machine) or 15 Bev (Stanford 
Monster). The purpose of this paper is to calculate the 
quantum electrodynamic parts of the radiative cor­
rections which are applicable up to 5 Bev of the incident 
energy. 

Schwinger5 first calculated the radiative corrections 
to the potential scattering and he found that the cross 
section is altered by a factor (1+6), where 

-2a 

V AE 1 2 / V m2 J ' » - & • ( L I ) 

Here q is the four-momentum transfer, E is the energy 
of incident or scattered electrons (in the potential 
scattering they are identical), m is the rest mass of the 
electron, and AE is the maximum energy loss of the 
electron or the maximum energy of a photon which can 
be emitted (they are identical in the potential scat­
tering). In the region M2y>—q2^>tn2, where M is the 
rest mass of the proton, Eq. (1.1) is a good approxi­
mation and has been used extensively by the experi­
mentalists6 in analyzing the data of the e-p scattering. 
However at high incident energy and large scattering 
angle, i.e., —q2>M2, the incident energy (Ei) is no 
longer equal to the energy of the final electron (E3) and 
the maximum energy loss of the electron AE is no 
longer equal to the maximum energy of a photon which 
can be emitted. In fact E% and E\ are related by the 

* Supported in part by the U. S. Air Force through the Air 
Force Office of Scientific Research. 

1R. Hofstadter and R. R. Wilson, Proceedings of the Tenth 
Annual International Conference on High-Energy Physics at 
Rochester (Interscience Publishers, Inc., New York, 1960). 

2 L. N. Hand, Phys. Rev. Letters 5, 168 (1960). 
3 F. Bumiller, M. Croissiaux, and R. Hofstadter, Phys. Rev. 

Letters 5, 261 (1960); 5, 263 (1960). 
4 R. R. Wilson, K. Berkelman, and J. Cassels, Cornell Univer­

sity reprint (to be published). 
5 J. Schwinger, Phys. Rev. 76, 760 (1949), Eq. (2.105). 
6 R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). Actually 

the energy of the scattered electron Es was used in E of Eq. (1.1) 
in this reference. 

formula 

where 
r y ^ l + E i M - ^ l - c o s f l ) . 

(1.2) 

(1.3) 

For definiteness let us define the energy resolution AE 
as the experimental quantity shown in Fig. 1. Then 
from the energy-momentum conservation, it can be 
shown that the maximum energy of a photon which can 
be emitted along the direction of the final electron is 
AE, but in the direction of the incident electron it is 
rfAE. Thus Eq. (LI) becomes quite ambiguous in the 
practical application at high energies because one does 
not know what to use for E and AE. Intuitively one 
would guess that Eq. (1.1) should be changed to 
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I t will be shown later that Eq. (1.4) is approximately 
true if one neglects the radiation by the proton current. 

When —q2>M2 the velocity of the recoil proton v± 
approaches the velocity of light, i.e., P4 = v4/c—* 1. 
Thus one would expect that in this case the radiation 

Counting 
rate 

FIG. 1. A typical energy spectrum of the scattered electrons at 
a fixed angle. The point Efl{6&v) is chosen to be the energy of the 
elastically scattered electron at the center of the entrance slit. 
AE should be chosen such that W<£AE<Z:Ez{l+2Ei/M)-1. The 
widths W is caused by the energy spread in the incident beam and 
the finite width of the entrance slit. The curve should be integrated 
from Ezmin to C in order to compute the cross section. 
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from the proton current would be no longer negligible. 
If one tries to calculate the bremsstrahlung from the 
proton current, one encounters the usual infrared 
divergence and thus one is forced to consider diagrams 
such as M2, Ms, and M* in Fig. 2 in order to achieve the 
infrared cancellation. The exact calculation of M%, Mz, 
and MQ is not attempted in this paper since to do it 
one has to consider mesonic contributions from these 
diagrams such as carried out by Drell and Fubini.7 We 
shall merely extract the infrared contributions from 
these diagrams using the technique developed by 
Yennie, Frautschi, and Suura.8 

I t has been emphasized by the present author9 in a 
previous paper that in the calculation of the radiative 
corrections for any process a critical analysis of the 
experimental corrections for any process a critical 
analysis of the experimental conditions is necessary. We 
shall proceed to discuss our problem in the same spirit. 
The experimental conditions assumed are those of 
Hofstadter et at. at Stanford that electrons, after being 
scattered by a hydrogen target and going through an 
entrance slit, are momentum analyzed by a magnetic 
spectrometer and the recoil protons are left undetected. 

The notation used is similar to that in reference 9. 
pi and pz represent the four-momenta of incident and 
scattered electrons, respectively. p<i and p± are the four-
momenta of initial and recoil protons, respectively. The 
metric chosen is such that py pi—Ei£2—Prp2. The 
units fi=c= 1 and e2/4:ir=a are used, p represents p^y^. 

The infrared divergence is avoided by assuming that 
a photon has a small fictitious mass X whenever we 
encounter integrations in which such divergence occurs. 
When the photon mass X is used, it always appears in 
both the elastic and inelastic cross sections in the form10 

r1 dy Pv 
K{pi,p3)^{prp3)\ —In—, (1.5) 

Jo py2 X2 

where py=piy+pj(l — y)- We shall call terms of this 
kind infrared terms. They always cancel out completely 
when elastic and inelastic cross sections are added 
together. Thus one does not have to integrate Eq. (1.5) 
explicitly. [ In the matrix element of Mi of Fig. 2, we 
shall see that the infrared terms have the form 
K(pi, —pj) instead of K(pi,pj). K{p^ —pj) is complex. 

7 S. D. Drell and S. Fubini, Phys. Rev. 113, 741 (1959). 
8 D. R. Yennie, S. C. Frautschi, and H. Suura, Ann. Phys. (to 

be published). In addition to the problem of infrared divergence 
these authors also gave a general treatment of the recoil effects 
in the electron-proton scattering. The purpose of our paper is to 
derive a convenient formula which can be used readily by the 
experimentalists. Thus the present work and these authors' work 
are complementary to each other. 

9 Y. S. Tsai, Phys. Rev. 120, 269 (1960), also Proceedings of the 
Tenth Annual International Conference on High-Energy Physics at 
Rochester (Interscience Publishers, New York, 1960). 

10 The notations for the infrared terms are improved in this 
paper. — 2K(pi,p3)/q2 corresponds to ^{q2) in reference 9. 

In our calculation only the real part of Jkf 2 contributes 
to the cross section, and it can be shown8 that 

Terms of order m2/ — q2 compared with unity are 
neglected throughout in this paper. In the calculation 
of the contribution to the cross section by the radiation 
from the proton current one encounters a lot of Spence 
functions <£ (x). We shall neglect those Spence functions 
which are of order unity, e.g., 3>(1). This approximation 
causes an error of order a ~ 1 % in the cross section. 

In Sees. I I and I I I elastic and inelastic scattering 
cross sections, respectively, are treated. The observ­
able cross section is obtained by adding elastic and 
inelastic cross sections. In Sec. IV some numerical 
examples are given. In Sec. V some precautions to the 
practical applications of our formula are considered. 

II. ELASTIC SCATTERING CROSS SECTION 

The Feynman diagrams contributing to the elastic 
scattering cross section to order a3 are shown in Fig. 2. 
The expression for the elastic scattering cross section 
can be written as11 

^e l a s t i c = (27r)2-
ElE2 

L(pip2)2~m2M2J 

X- Cd(pZ+pA-pl-p2)<Pp*Ppi 

X L [MxtMx+E 2 Re(Jf itilf <)]. (II.l) 

The first term in the square bracket of Eq. (II . l ) 
represents the Rosenbluth cross section. The matrix 

kw^^VlJ 

M4 

FIG. 2. Feynman diagrams for elastic scattering. 

11 Compare with Eq. (1) of reference 9. 
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element Mi can be written as12 

—iaZ mM 1 
Mi-

ir (EiE2EzE^ q2 

where q=(pi—pz), 

u(p3)yMpi)u(PdTA<f)u(p2), 

TM2)=Fi(q2h.+—W)qy», (n.2) 
2M 

and K—1.79 is the Pauli magnetic moment of the 
proton. Fi(q2) and F2(q

2) are the electric and magnetic 
form factors, respectively, of the proton and are to be 
determined by the experiment. After averaging over 
the initial states and summing over the final states, one 
obtains the Rosenbluth cross section13: 

( da 

dtt 
\ 

rQ
2m2Z2 cos2 (6/2) 

Rosenbluth W r ? sin4 (0/2) 

X Ft pCFi+zc^) 2 t an2(0 /2)+KW] , (H.3) 
I 4M2 J 

where ro=aw _ 1 ~2.82XlO - 1 3 cm is the classical radius 
of an electron. For the vacuum polarization (M4) and 
the electron vertex (MB) diagrams, we can directly use 
the results of the electron-electron scattering calcu­
lation14 and obtain 

Af4=-[ +- \a(— \\liu 

A 9 3 \ m 2 / J 
(II.4) 

MB= [K(Pi,pt)-K(PuPd-i ln(-gV^)+2]M1, 
2TT 

(II.5) 
where 

r1 dy py
2 

Jo Py2 X2 

The terms K{phpz) and K(phpi) in Eq. (II.5) are 
infrared terms. I t will be shown later that they cancel 
out completely with the similar terms in the inelastic 
cross section and therefore they need not be integrated 
explicitly. 

As mentioned in the previous section, we shall merely 
extract the infrared terms from M2) M3, and MQ and 
assume the noninfrared parts of these diagrams to be 
negligible. Let us consider the matrix element for M2 

as shown in Fig. 2. When either of the 4-momenta of 
the photon propagators approaches zero, i.e., k —» 0 or 

12 Although we are primarily interested in the electron-proton 
scattering in this paper, our result can be used in the electron-
nucleus scattering. The atomic number Z is kept here for this 
purpose. Also we shall see later that Z is a convenient quantity 
for identifying the contributions from various diagrams in the 
inelastic cross section. For electron-nucleus scattering the defi­
nitions of Fi, F2, K, and M should be appropriately changed. 

13 M. N. Rosenbluth, Phys. Rev. 79, 615 (1950). 
14 See Eqs. (5) and (6) of reference 9. 

k+q—» 0, we have infrared divergence. Suppose k —> 0, 
then TM in M2 of Fig. 2 can be replaced by 7^, and we 
may write the matrix element for M2 as 

M2 

mMZ2 

(2TT)6 {EIE2EZE,)' 
J d*k u(pz)yt-

pi+k+m 

k2+2pvk 

p2-k+M 
Xy^u(p!)u(pA)Tp——-—y,xu{p2) 

k2-2k>p2 

1 
X-

(£2-X2)[(£+g)2-A2] 
(II.6) 

The infrared contribution from M2 due to k—>0 is 
obtained by neglecting k in the numerator and in 
(k+q)2, and we obtain 

iaZ r 4:(pVp2)dik 

W J (k2+2p1-k)(^-2k-p2)(k
i-\i) 

Mi 

-aZ 
(II.7) 

2T 
-K(p», -pi)Mi. 

Similarly the infrared contribution from M% due to 
k-\-q —>0 can be obtained by a substitution k+q—* k 
in Eq. (II.6), and we have 

M2"~-
-aZ 

2% 
-KiPi, -P,)ML. (II.8) 

Thus we have accomplished the extraction of infrared 
terms from M2. Neglecting the noninfrared terms in 
M2, we obtain 

Mt=M,'+ift" 

-aZ 

2T 
-M£K(pt, -pj+Kfa -ps)J (II.9) 

K(p2, —pi) and K(piy —pz) are complex. Only the real 
parts contribute to the cross section. I t can be shown 
that8 

Re Kfa, Py) = Jf(fr,#y)+"negHgible," (11.10) 

where "negligible" means the term of order unity. Using 
a similar method, one can extract the infrared terms 
from MB. Neglecting the noninfrared terms in I f 3, we 
get 

aZ 
M*=—MJ[K(pa,pz)+K(Pi,pdl. (11.11) 

2TT 

Similarly, for M§ we have 

-aZ2 

M6=-
2TT 

-MiZK(p2,pt)-K(p2,p2)l, (11.12) 
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FIG. 3. Feynman t} 
diagrams for inelastic 
scattering. 

rB + * Mi bi 

^ v y u * | 

1/ 
L-eMb2 

where the term K(p2,p2) was introduced by the renor-
malization of M& and represents the infrared term of the 
electromagnetic proton self-energy. [Compare Eq. 
(11.12) with Eq. (II.5).] 

Substituting expressions for the matrix elements in 
Eq. (II. 1), we obtain the elastic scattering cross section 

( da\ /da\ ( a 

dQ,/ elastic \dQ,/ Rosenbluth I 7T 

+K(php1)-ZK(p2,p1)-ZK(p4,Pz) 

+ZK(p2,p3)+ZK(pijp1) 

-Z2K(p2,p,)+Z2K{p2,p2)~] 

" - 2 8 13 o f - 2 8 13 -q2l) 
I + „ l n . ( n . l 3 ) 

TTL 9 6 m2 J J 

III. INELASTIC CROSS SECTION 

The Feynman diagrams for the matrix elements con­
tributing to the inelastic cross section to order a3 are 
shown in Fig. 3. Since we are interested only in the soft 
photon emissions, the vertex function connecting the 
real photon k and the proton current may be approxi­
mated by Y„. Thus the matrix elements Mbi and Mb2 

may be written as 

Mbl=-
mMZ 

(2TT)7'2 (2a>£i£2£3£4)* 

pi— k+m 

u{pi)\e~ 
ps+k+m 

-y» 

- 7 M -
2P 

2prk 

e \u(pi)u(p^Tliu(p2) 

X [ l / ( £ i - ^ - £ ) 2 ] , ( IH. l ) 

Mb2=-
mMZ2 

(2TT)7'2 (2coEiE2E3E4)* 

Xu(pAe-

u(pzhMpi) 

Pt+k+M 
1 

2p±'k 

-r„ 
p2-k+M 1 u(P2) 

2p2-k ](pi-pz)2 
(IIL2) 

We shall neglect the &'s in the numerators of the above 
equations and in the term (pi—pz—k) in Eq. ( I I I . l ) . 
The experimental conditions under which this ap­
proximation is valid will be discussed in detail in 
Appendix A. Here we simply state the result: 

A £ ( 1 + 2 E 1 / M ) « E 3 . (III.3) 

With this approximation we may write 

Mbl+Mh2* 
7r 2 \2 / 

* 1 
Mi 

(2w)i 

X 
p3~c pi-e Zpi-e Zp2-e 

pz'k pimk pi'k p2'k -1 (III.4) 

The inelastic scattering cross section can be calculated 
by using the formula 

d<rb= (2TT)5 
EIE2 

Cd*pzdzp4d*k 
'2]l 4 J l(pvp2)

2-m2M22 

Xh{pz+pi+k-pi-p2) 

XH(MbJ+Mb2t)(Mbl+Mb2). (III.5) 
spin 

In the above formula, one has to perform the integration 

'<Ppz rd?k rdzp* J ap?, r OTR r a PA 
I — I 8(pz+pt+k-pi-p2)x

2, 
£ 3 J 2co J E 4 

C 
r pz px zpi zp2 f 

x 2 = + . (III.7) 
\-pz*k pvk p±-k p2-k\ 

where 
(IIL6) 

The range of this integration is determined by the 
experimental conditions. One can perform this inte­
gration in any coordinate system provided the experi­
mental conditions are transformed into those in the 
coordinate system in which the integration is carried 
out.15 The procedure we shall use here is somewhat 
involved. In Stanford experiments k and p± are unde­
tected and for p% the entrance slit and the spectrometer 
determine the angular range (0min, 6max) and the energy 
range E 3 >E 3

m i n , respectively. This experimental con­
dition is shown in Fig. 4. The curve AD corresponds to 
the energy-angle relation of the elastically scattered 
electron obtained from Eq. (1.2). Only the electrons 
which are scattered into the area ABCD are detected. 
As mentioned in the introduction, due to the recoil 
effect the maximum energy of a photon which can 
be emitted is very anisotropic. Very roughly speaking, 
the maximum energy of a photon which can be emitted 
in the forward direction is much larger than the 
maximum energy of a photon which can be emitted in 
the backward direction when there is a big recoil. Thus 

15 For choice of the coordinate system when Eq. (III.3) is not 
satisfied see Sec. VII.c of reference 9. 
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one has to perform the k integration in Eq. (III.6) in a 
very elongated ellipsoidal volume. We avoid doing this 
by choosing a special Lorentz frame in which this 
ellipsoid becomes a sphere and do the k integration in 
this frame. We then transform everything back into 
the laboratory system and use some other trick to do 
the pz integration. The p* integration is eliminated at 
the beginning by using the 5 function. We will show 
more precisely in the following how this is done. 

We first perform the p4 integration by using the 5 
function and obtain 

A-

where 

and 

/

d?pz n d*k 
-S(E,)b((t-k)2-M2)x

2, (IIL8) 

IpA+k+pi+pz—pz (III.9) 

•5(30 = 1, 3O>0 
= 0, y<0. 

In the special frame16 p 4 + k = 0 or t= (tofi), the 5 
function in Eq. (III.8) is independent of the angle in 
which the photon is emitted. Thus we perform the 
photon integration in this special frame: 

1= fd&lf pzdEs 
[(M)2-\2t2J 

2/2 

X5(^~/min
2)J^x2, (III.10) 

where 
tmin^M2+2M\+\2-M2+2M\} ( I I I . i l ) 

and the tilde represents the quantity in the special 
frame. After the photon angular integration, we trans­
form all the quantities in the special frame back into 
those of the laboratory system and perform the p% 
integration. For the p% integration we use the following 
trick. From Eq. (III.9) we obtain 

x = P-M2=2tn2+2M(E1-E<i) 

-2EiE 3 ( l -cos6>). (III. 12) 

fdS, > =(Pi'Pi) dy I 
(Pi>k)(prk) A J 

=Mpi-pj) f -

=Mpi-pj) f 

d&k 

Thus instead of integrating with respect to E 3 and 6, 
we can integrate with respect to x and 6. Equation 
(III. 10) can then be written as 

A 
/

Es f 
dQ I 

4Mn Jxr 

XCLX 

4:Mrj * '#min 2(x+M)2 
! • 

dti.x2, (HI. 13) 

where xmin=2XM, which corresponds to the value of 
x along the curve CD in Fig. 4, and xmax is the value of 
x along BC. The infrared divergence occurs just under 
the curve AD. Since relatively few electrons are scat­
tered near the curve BC, we may replace the curve BC 
by B'C where the curve BrC is obtained by 

x=xm^^2m2+2M(E1-E^) 

- 2ExEd
min (1 - cos0av) « 2MrjAE} 

where 

" a v == {ymax'irt'mm) % 

A J E = £ 3
e l ( 0 a v ) - - E m i n , 

and 

£3
6l(0av) = ' 

Ei 

H-£iJ f - 1 ( l -cos t f . T ) 

(III. 14) 

(III. 15) 

(III.16) 

With this modification of the region of integration, xu 

is now independent of 8, thus we can finally write 

A = dtt-
E, I 

$Mr\LE X(LX 

4MV J2m 2(x+M*) f <& x
2 . (IIL17) 

Using Eqs. (II.3), (III.5), and (III. 17), we can express 
the inelastic scattering cross section as 

d& / b \dil/ Rosenbluth Sir2 J 2\M 

ZMrjAE 
XCLX 

2(x+m2) 

x | 4 x 2 . (ni.18) 

The photon angular integration can be carried out in 
the following way :17 

(Pv'k)2 

dy 

o \k\2py
2+\2Ey

2 

1 My 

ItwiPi-pj) f 
Jn X2-

-\H^py
2+\2l(p^t)y+{l-y){prt)J 

(x+M2)dy 

(x2-4xw2)A2+4x2(^.02[i+^^^-^-0to-0-1]2 (III. 19) 

16 This coordinate system is often used in the calculation of processes in which two of the three final particles are undetected; for 
example, (j, —> e-\-v-{-v or e-{-p —•» e-{-p-\-Tr. 

17 Note added in proof. Strictly speaking, this angular integration is incorrect when 2= /=4 , since p4-k=:(x-~\2)/2 and is independent 
of photon direction. However, it can be shown that the same result is obtained by using the correct method as long as one considers 
only the emission of a soft photon. 

III.il
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AE 
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^_j 

D 

8-

i » 

The integration with respect to x can be carried out 
easily and we obtain 

Jib 

ZMn\E X(lx 

Au 2(*+M2) 
fdaK 

(fa-Pi) 

(Pvk)(prk) 

(Prt) 

^min 3BV ^max e 

FIG. 4. 0min and 0max define the width of the entrance slit. 
E3

min defines the spectrometer threshold. The curve AD corre­
sponds to the elastic scattering. Only those electrons going into 
the area ABCD are detected. We approximate the number of 
electrons going into the area ABCD by the number of electrons 
going into the area AB'C'C. 

In 21n-
o i X2 MrjAE 

}dy 
-2\nll+y(pvt-pj't)/(pj'tm— 

\pv2 

b 

MrjAEJo p2 

(Prt) f'dy i't) f 

IAE Jo 

*l\n[l+y(pvt-Prt)/{prt)1 
-Mpi'p3) f 

Pv2 
dy. 

(111.21) 
where py=piy-\-pj(l — y)> We have made the quantities 
in the special frame covariant by using w= (k-t)/(l2)?, 
Ei= (prt)/(P)i, and (k-t) = h(x+\*). Notice that the T h e first t e r m i g t h e i n f r a r e d t e r m a n d i t c a n c e l s o u t 

quantities (p-t) m Eq. (111.19) are important only in c o m p l e t e l y with the similar term in the elastic scat-
the infrared limit and therefore we can replace t by ph t e r i n g c r o s s s e c t i o n > T h e i n t e g r a t i o n s o f t h e s e c o n d a n d 

and we can express them in terms of lab quantities as t h i r d t e r m s a r e s t r a i g h t f o r w a r d ? the results are listed 
f o l l o w s : in Appendix B. 

pi't—^Mh^ p2't—>ME4, ^ The observable cross section is obtained by adding 
p3-t—> MEi, pA-t-^M2. ' elastic and inelastic scattering cross sections. We have 

where 

-a[2S 13 

da 
(1+5), 

Rosenbluth 
( \ / \ ( \ 

dQ./ elastic \dQ,f\ \dtt/ 

-a [28 13 / - g 2 \ / -f \ / Et \ /Ei-K1\ 
3==. l n ( l + ( l n l + 2 Z l m j l ( 2 1 n 3 1 n i j | - * l - — ) - Z 2 l n 

x I 9 6 V m2 / \ TO2 / V AE / V £3 / 

\ Zy l + 0 « Et+M / / £ t - M \ » / H - i 8 4 \ * \ - | 

/ /34L2 n i - / 3 4 2M \ \Ei+M/ V l - fo / / J 

(111.22) 

M / 1 l+ /3 4 
+ Z 2 In ( — In 2 

ijAEVft I-184 / P4i 

M-Ez\ / M(M-E3) 

% 2M 

/2E,(M-ES) r / M-Es\ / M{M-Es).\ /2Ei{M-E3)\ \2EzEt-MEi\ / M \1 
+Z $( — ) - $ ( — )+$( - ) + l n In! ) 

L V Ex J \ 2 £ 3 £ 4 - M £ 1 / \2EiEi-MEj \Ex(M-2Et) \ \2E3/J 

r / E 4 - £ 3 \ /M(Et-Es)\ /2E1(Ei-Es)\ \2ElEi-MEz\ / Af \ " | 
- Z U ( ) - $ ( ) + $ ( — l + l n ln( ) 

L V £ 3 / \2EiEi-MEs} \2EiEi-MEj \EiiM-2Et) \ \ 2 £ 1 / J 

£ 4 - M \ » / l + i 8 4 \ * 

f-Jf/ Vl - fo / 

2 £ 3 £ 4 - M £ ! | / M 

£ i ( M - 2 £ 3 ) 

2E1Ei-ME-

r / M - £ i \ / M - £ A / 2 ( 7 k f - £ 1 ) \ 

T(-^r)-*hr)+*Hir-) +ln 
M 

In 
2E1-MI V2EX/J 

) - $ ( ) + $ ( )+ln Inl — ) . 
Es / \ £3 / V M J \2EZ-M\ V2E3/JI 

(111.23) 

$(x) is the Spence function18 

*x — ln| 1—y\dy 
(111.24) 

to that of light, 

/3 4 =(£ 4
2 -M 2 )V^4 , £ 4 = £ i + J f - J E 8 . 

We have kept Z in our formula for convenience of 
discussion. Z is equal to + 1 for e~+p scattering and 

and & is the ratio of the velocity of the recoil proton i s e q u a l t 0 _1 f o r e++p s c a t te r ing . The terms propor-
18 K. Mitchell, Phil. Mag. 40, 351 (1949). tional to Z come from the interference terms between 
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Mbi and Mm and the terms proportional to Z2 come 
from Mb2^Mb2. If we neglect the radiation from the 
proton current, i.e., letting Z = 0 in Eq. (III.23), we 
obtain Eq. (1.4), except for a small term <£[(E3—Ei)/E{], 
which we guessed on intuitive physical grounds. We 
notice that the radiation from the proton current 
increases (or decreases) the radiative corrections to 
e~+p (or e++p) scatterings. 

IV. NUMERICAL EXAMPLES 

Example A. Consider the radiative corrections under 
the following conditions3: 

£^=900 Mev, 0=145°, 77=2.75, 

£ 3 = 3 2 7 Mev, £ 4 = 1511 Mev, A £ = 13.1 Mev, 

04 =0.783 2 2 = - 2 M ( £ i - £ 3 ) = -1 .075X10 6 Mev 2 . 

Equation (111.23) gives 5= —15% for e~+p and 
8 = — 8 . 6 % for e++p scatterings. If one neglects the 
radiation from protons, one gets from Eq. (1.4) 
5 = - 1 1 % . 

Example B. Consider an example at a higher energy: 

AE=10Mev , £ i = 5 Bev, £3==500 Mev, r? =10, 

£4=0.975. 

Equation (111.23) gives 5 = - 2 1 . 0 % for e~+p and 
6 = — 9 . 9 % for e++p scatterings. Equation (1.4) gives 
5 = - 1 2 . 8 4 % . 

Notice in both examples given above that the 
condition (III.3) is satisfied. 

V. PRACTICAL CONSIDERATIONS 

In applying Eq. (111.23) to the actual analysis of 
data some precautions are necessary. When an electron 
beam is scattered by a liquid hydrogen target, the 
scattered electrons, after going through an entrance 

slit and the magnetic spectrometer, will have a typical 
energy spectrum shown in Fig. 1. The shape of this 
spectrum is in general due to (1) the energy spread of 
the incident beam, (2) the finite thickness of the target, 
(3) the finite width of the entrance slit, and (4) the 
radiative corrections which we have treated in this 
paper. The effect due to the finite thickness of the 
target is also a radiative phenomenon and thus one 
should be able to calculate it along lines similar to the 
present treatment. This effect may cause as much as 
10% correction to the cross section at 900 Mev under 
typical experimental conditions.19 The smearing of the 
energy spectrum due to the energy spread of the 
incident beam and the finite width of the entrance slit 
do not cause any appreciable trouble as long as A£ is 
chosen sufficiently larger than the energy spread of the 
scattered electrons due to these two effects. Suppose the 
initial beam has an energy spread AEi; then the 
energy spread of the scattered electron due to AE± can 
be calculated from Eq. (1.2): 

(dE3 /d£i)A£i = A£i7T (V.l) 

Similarly the energy spread of E 3 due to the finite 
width of the entrance slit is 

(&E3/d0)A0= (E^/Mr}2) sindde. (V.2) 

Thus one should choose AE such that 

AE»AElV-2, (a) 

A £ > (Ei/M) sin0A0. (b) 
and 

The condition (a) is necessary because the shape of the 
spectrum near E3

el(^av) is mainly due to the energy 

19 R. Hofstadter (private communication). See reference 6, Eq. 
(34). This formula needs a reexamination at energies with which 
we are concerned here. 
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spread of the incident beam, which has nothing to do 
with the radiative effect. Condition (b) is necessary 
because we have replaced the area of integration A BCD 
by AB'C'D in Fig. 4 in order to simplify the calcu­
lation. This approximation breaks down unless con­
dition (b) is satisfied.20 Experimentally these two con­
ditions are equivalent to taking AE5>W, where W is 
the width of the spectrum to the right of E3

el(^av) as 
shown in Fig. 1. 

Conditions (a) and (b) give a lower limit for AE. On 
the other hand AE should not be too large, otherwise 
condition (III.3) will not be satisfied. 

VI. DISCUSSION 

A. In this paper we have amply demonstrated the 
power of the technique of infrared extraction developed 
by Yennie et al.B We have assumed the noninfrared parts 
of the matrix elements M2, M3, and MQ to be negligible. 
This has to be somehow justified. Drell and Fubini7 

have considered the mesonic contributions to M2 and 
M3, especially the resonance effect of the nucleon 
Compton scattering. They estimated the contribution 
on the cross section to be about 1 % in the energy range 
~ 1 Bev. I t is very desirable to extend this kind of con­
sideration to higher energies.21 One could of course try 
to treat the proton as a structureless Dirac particle and 
calculate these matrix elements exactly and show that 
the noninfrared parts are indeed negligible.22 However, 
in an electron-electron scattering9 it was explicitly 
shown that the noninfrared parts of M2+.M3 are neg­
ligible. Thus one would expect that this must also be 
true for e+p scattering if protons are structureless. The 
order of magnitude of the contribution to the cross 
section from M$ can be estimated by using Eq. (II.5) 
with m2 replaced by M2. I t can be shown that even at 
E\= 10 Bev, and E 3 =500 Mev, the contribution to the 
cross section from M6 is only about + 0 . 5 % . Thus the 

20 In electron-electron scattering when one of the initial electrons 
is at rest, the extreme opposite condition to (b) was used. See 
reference 9, Sec. V. 

21 The noninfrared parts of M^+Mz, including the mesonic 
effects, can be evaluated experimentally by comparing the cross 
sections of e+Jrp with those of e~-\-p scatterings performed under 
identical experimental conditions. After applying the radiative 
corrections given by Eq. (III.23), the difference in two cross 
sections must be exactly twice the contributions from the non­
infrared parts of M2-\-M3. (We assumed that the difference in the 
effects due to the finite target thickness for e~-{-p and e++p 
scatterings is negligible.) Such an experiment is being performed 
at Stanford by J. Pine and D. Yount. 

22 In this connection it is interesting to notice that McKinley and 
Feshbach have calculated the second Born approximation to the 
Coulomb scattering and found that the first Born cross section is 
altered by a factor (1+5), where 5 = Zair[sin (^)— sin2 (J0)] 
Xcos~2(j0). In a later paper Dalitz confirmed this result. This 
correction is independent of energy and has different signs for 
e~-{-p (Z—l) and e+-\-p (Z=— 1) scatterings. At 145° this cor­
rection gives S~0.015Z and at smaller angles the correction is 
smaller. In view of the lack of exact calculation for the noninfrared 
parts of M2-\-Ms} we may add this correction to Eq. (111.23) for 
practical analysis of the e±+p scatterings. See W. A. McKinley, 
Jr., and H. Feshbach, Phys. Rev. 74, 1759 (1948); and R. H. 
Dalitz, Proc. Roy. Soc. (London) A206, 509 (1951). 

neglect of the noninfrared parts of M& is probably 
justified up to about 10 Bev. In summary, our Eq. 
(III.23) is good up to about 1 Bev within ± 2 % of the 
cross section. (Of the 2 % error, 1% is from the approxi­
mation used in our integration and 1% from the non­
infrared parts of the contributions from M2+M3+M&.) 
If one can prove that the noninfrared parts of M2+M3, 
especially the mesonic resonance effects, are negligible 
( ± 1 % ) even at higher energies, then our result is good 
up to about 5 Bev within 2 % of the cross section. 

B. In this paper we have considered the radiative 
corrections to the e+p scattering when only the scat­
tered electrons are detected. In part of the Cornell 
experiment4 the recoil protons are detected instead of 
the scattered electrons. Our formula is not applicable 
under this experimental condition. Under this experi­
mental condition, very hard photons can be emitted 
along the direction of the scattered electrons and thus 
one would expect the radiative corrections should be 
much smaller than the result of the present calculation. 
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APPENDIX A 

We have neglected the photon momentum k in the 
numerators of Eqs. (III . 1,2). We investigate here under 
what experimental conditions this procedure is justified. 
For this purpose it is necessary to consider everything 
in the center-of-mass system. (We denote the quantities 
in the c m . system by a tilde in this section.) I t is easily 
seen that for the above-mentioned,approximation to be 
applicable, the maximum energy of a photon 
which can be emitted in the c m . system must be smaller 
than the momentum of all the particles. Thus in the 
center-of-mass system, 

Wmax«-Ei. (A.l) 

To determine the value of comax we transform experi­
mental conditions as specified by Fig. 4 into those in the 
c m . system. The result is plotted in Fig. 6. Ex can be 
obtained by considering the invariant 

pvp2=ME1^E1E2+E1
2^EUEi2+M2)i+E1']. 

Hence 

£ i « JSi [ l+ (2£ , /A0]-* . (A.2) 

Similarly, 

fi2« (£ 1 +Jkf ) [ l+ {lEx/M^'K (A.3) 
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FIG. 6. Experimental conditions (Fig. 4) expressed in terms of 
quantities in the center-of-mass system. 

For the elastic scattering, E^ = Eh which corresponds 
to the straight line AD in Fig. 6. The lower bound of 
JB3 can be obtained by considering the invariant 

Hence, 

pz-p2=MEz*in~Ez(E2+Ei cos0). 

EZ=ME^(E2+E1 cosd (A.4) 

which corresponds to the curve BC in Fig. 6. The 
relation between 6 and 6 can be obtained by considering 
the invariant 

: ( l -cos0) = —r 
M 2 ( l - co s0 

(E1+E2)(E2+E1cosd 

M2(pvpz) 

(pl'p2)(pS'p2) 

Hence, 

cos0= [(Ei+ibf) c o s f l - E i ^ - W - 1 , (A.5) 

and from this we obtain 0min, 0av, and 0max corresponding, 
respectively, to 0min, 0av, and 0max of Fig. 4. Using an 
argument similar to that in the discussion of Fig. 4, 
we may replace the area ABCD by the area AB'C'D. 
The length DC' is defined as AE. Then from Eqs. 
(A.2, 3, 4, 5) we have 

AE=E1-MEZ^(E2+E1 cos^)"1 

= r](l+2ElM-1)-^AE. (A.6) 

The maximum energy of a photon which can be emitted, 
Wmax («,£>)> c a n be calculated by using the equation 
(pi+p2-pz-k)2=M2 and letting Ez=Ez™in. We have 
then 

« m a x ( a , r i 
A E ( M + 2 £ i ) 

M"+Ei+Ei(cos0 cosa+sina cos<p sin0) 
(A.7) 

where a and <p are defined in Fig. 7. If the photon k is 
emitted along the direction of pi, we have 

2 

" * \ 

k 

/ y 

FIG. 7. The geometry 
for calculating the maxi­
mum energy of a photon 
which can be emitted in 
the center-of-mass sys­
tem. pz is on the xz plane. 

Similarly, along the p2, pz, and p4 directions we have, 
respectively, 

£max(y, <£>)== A£-
M+2EX 

M+E1(l-cosd) 

<AE(1+2E1M-1), (A.9) 

«max(9,0) = A£, (A.10) 

and 

<£max(7T— 0 , 7r) 

M+2Ei 
= AE < A E ( l + 2 £ 1 l f - 1 ) . (A.11) 

M+Ex sin20 

From Eqs. (A.6, 8, 9, 10 and 11) we have 

comax<^?(l+2E1M-1)*AE. (A.12) 

Thus condition (A.l) can be written in terms of lab 
quantities [using Eq. (A.2)] as 

AE(1+2E 1 M- 1 )«E 3 . (III.3) 

This result is very important experimentally. In 
example B of Sec. IV, the maximum energy of a photon 
which can be emitted along the pi direction is AErj2 

== 1 Bev in the lab system. Our consideration here 
shows that even in this case the approximation we used 
is not bad. 

APPENDIX B 

We list here the results of all the integrations which 
appeared in Eq. (111.21). The invariant products (pi't) 
in Eq. (111.21) are reduced to lab quantities by using 
Eqs. (IIL20). Let us define 

- 1 r 

Sir Jn 

— 1 ^.2M,AB xfo 
I dfok 

(Pf Pi) 

Wmax(0,^) = A£l7. (A.8) 

(Pi-k)(pi-k) 

+ lK(p,P<Pi). 

Then the following results can be obtained from Eq. 
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(HI.21): o r _,_ Ei ,_W [^/ M-Ez^jM-E. 

Ex 
7i , i= ln , J2,2=ln-

iAE' h'2==ln^AE' /2{M-EZ)\ I ilf I i f i 

£ 3 M 

2/44=111 In * ( ) + $ ( ) 
V2AE m2 L V E8 / V £3 / 

/2(M-EZ)\ I AT I ilfl 
+*( l+ln In , 

V M J \2EZ-M\ 2E3J 
£3 W r / M - £ A /M-EI\ 

2/4,3=ln—In <£>( )-<£( I 
/ El E^ -f /E.-EA AE ** L V & 7 U J 

E3 W r / M-E3X
 V M ' | 2 E l " M | 2 E l J ? 

2/2,3=ln— I n — - * l — - j ! 1 + jg4 M t M 1 + £ 4 £ 4 + M 
A£ m2 L V Ei / 97\», = —In In 1— - In in— 

U 2 1 -
2/2,4=— In In 1— - In ln-

4 l - 0 4 rj^E 04L2 l - /3 4 M 
/M{M-EZ) \ /2EZ{M-EZ)\ 

\2EtEi-MEj \2EtEi—MEi/ ~H~( ) ( ) I • 

| 2 E 3 £ 4 - M E i | A f 
• l n , 

\E1(M—2E8) I 2E3J of the above integrations: 
+ln | ^ ——— I ln—— J, The following identity was found to be useful in many 

2/̂ =1^1*—IJJ^Z^ (*Wl+cy)dy •H~) r ij2A£ m? L \ E3 / J0 ayi+by 

M(Ei-Et)\ /2E1(Et-E,)\ _ i 
| * ( - c ) - * ( — , . , 

•(a/c)/ Vl-(a/Jc) 

/ M{Et-Et) \ / 2 £ « \ -lr , a + 6 x , 1 * 

KIE^-MEJ \2E1Ei-MEj = T L {~C)~\b-(a/c)/\l-(a/bc)) 

rj. +ln|(6c/a)-l|lnf— H +ln In- . . . . - . . . . / 
|E3(ilf-2£i) I 2EX. 
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