PHYSICAL REVIEW VOLUME

122, NUMBER 6 JUNE 15, 1961

Some Considerations on Global Symmetry

T. D. Lee anp C. N, Yanc
Institute for Advanced Study, Princeton, New Jersey

(Received February 3, 1961)

If the recently discovered Y* state is related to the 7'=%, J =3 resonance in = scattering, global symmetry
considerations should become relevant. In this paper, global symmetry is discussed with a view to under-
standing its group structure. Also discussed is a possibility of reconciling the conflict, pointed out by Pais,
between certain experimental results and global symmetry. The partial widths of the ¥* state are calculated
and also those of the companion excited states Z* and E*, A generalization of the quantum number G is

discussed.

1. INTRODUCTION

ECENT experiments'? have established the exist-

ence of an excited state Y** in the A4#* system.

The spin and parity of the state are not yet measured.

As discussed in reference 1, the state shows certain re-

semblance to the J=%, T'=4%, p-state resonance N* of

the p+4r system, and the resemblance is reminiscent of
the concept of global symmetry.

In this paper we proceed along this line of thinking
and assume that indeed the ¥ *=A-+#=* resonance is in
the J=3%, p state, and that the resonance is related to
the J=$%, T'=$%, p-state resonance N* of the p+m
system by global symmetry. To analyze this relation it
is necessary to know the quantum numbers of various
states with respect to the global symmetry operations.
It is therefore important to know the structure of the
global symmetry group. Now global symmetry®—% means
some symmetry, larger than isotopic spin invariance,
that describes an approximate analogy between the
various baryons. But in the literature its group property
has not been fully discussed. We shall in this paper
formulate in mathematical terms the requirements that
global symmetry must satisfy. It appears that the
simplest group Go satisfying these requirements can be
generated by three independent 2-dimensional unitary
unimodular transformations together with a discrete
transformation. Adopting this group as the global
symmetry group we then try to assign quantum numbers
to the various particles and the resonance states ¥*, N*,

Certain approximate relations are then written down
between the widths of ¥* and N* and also for the
various partial widths of ¥*. Companion resonance
states Z* and E* are also discussed.
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It has been pointed out by Pais® that any kind of
global symmetry is in conflict with certain experimental
facts. We suggest in Sec. 6 that if global symmetry is
needed to understand the resonant state Y'*, a way to
resolve Pais’ conflict is to have the K mesons as a mix-
ture of states which have different quantum numbers
under the global symmetry transformations. The inter-
actions between each of these states and other particles
could still predominantly satisfy global symmetry. Such
a picture, while not completely satisfactory, does offer a
possible consistent scheme incorporating global sym-
metry that leads to useful experimental information.

It should be emphasized that much of our results
about widths have already been discussed in the litera-
ture from the viewpoint of symmetry considerations.”8
Furthermore a detailed calculation using a specific
dynamical model has been performed by Amati,
Stanghellini, and Vitale” for the states ¥* and Z*.
Various discussions on the global symmetry group prop-
erties have also existed in the literature.?=¢ The present
paper is written not in the spirit of presenting something
entirely new, nor even in that of presenting something
which we believe to be necessarily relevant® to physical
facts. But if a similarity between ¥* and NV* exists, an
analysis along the present line would be useful. ‘

For completeness we include in Sec. 8 a discussion of
charge conjugation invariance, together with a generali-
zation of the quantum number G. Also included are
some remarks in Sec. 9 concerning a global symmetry
that does not put Z and nucleons in the same multiplet.

2. REQUIREMENTS ON THE GLOBAL
SYMMETRY GROUP

The global symmetry group must by definition con-
tain the isotopic spin group and the strangeness group
[defined by the operators exp(:S8) or exp(:(S+N)f),
where S=strangeness and N=baryon number; the
strangeness group commutes with the isotopic spin
group . It has an 8 X8 unitary representation to which
the 8 baryons belong. [Cf. Sec. 9 for the case of a
symmetry between NV, 2, and A only.] In order that the
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8 baryons be analogous to each other under the global and write
symmetry group, the representation must be irreducible.
For the isotopic spin rotation subgroup the 8X8 repre- _llp v+ 7= z| | 5
sentation breaks up into two doublets (N and &), one N= ull? V= volp “~llz-lp =~ |=-|I 2)
triplet (Z), and one singlet (A). For the strangeness '
subgroup this breakup must conform with the usual b
assignments of S+N=-1, —1,0,0 for N, 5, 2, and A, P
respectively. N =0
To state the above requirements explicitly we intro- = -
duce as usual the states B= YIS v+ ©)
Y+=3+, Z ye
1 Z
Vo= —(24A9), z
V2
1 ® It is now useful to introduce (operating on the column
Z0=—(Z0—A9), matrix B) the following three sets of operators, each set
V2 satisfying the commutation relations for angular
Z—=Z", momenta:
g 0 0 O
0 o 0 O .
(£17£27£3): Li=3 0 06 i O (=1,2,3), 4)
0 0 0 o
0 00O 000 O 000 O
. _10 0 0 0 _10 O 0 O _4/0 0 0 O
(mlam2;m3)' Ny=3 0O 0 0 Il Me=31 0O 0 0 —JII Ms=3 0 0 7 01 (5)
0 07O 0071 O 0 0 0 —I
0 I 0O 0 —I 00 I 0 00
I 00O A0 00 0 —I 0 O
. =1 =1 =1
(L) =3y o o of =HHjy o o of F=Ho o o of ©
0 0 0O 0O 0 0 0 0O 0 00
where ested in unnecessary additional symmetries, we take the
0 1 0 —i 1 0 group to be ssomorphic with the representation, and shall
o1= |1 0”, =\ ol o= ‘0 __1”, identify a group element with its 8 X8 representation.
and The simplest such possibility, Go, is discussed in the
10 following sections. Other possibilities are discussed in
I =H0 1l Appendix A.

Clearly £;, 91, 9 all commute for any 1, 7, k.

The physical observables, Q=charge, S=strangeness,
N=baryon number, 7'y, T, T3=isotopic spin are re-
lated to £, 91T, and 9T by

Ti= L+, (7
3(S+N) =9, ®)
Q= Ts+Ns= L3+ N3+ 9s. 9

The 8X8 representation must (i) contain exp(:7:01),
exp (1T90), exp(iT40;), exp(iNsfs). In other words, T4,
T, T3, N5 are among the infinitesimal generators of the
representation. Furthermore (ii) the 8 X 8 representation
is irreducible.

Many possible 8X8 representations of groups can be
found that satisfy (i) and (ii). Since we are not inter-

3. THE GROUP G,

The group contains arbitrary £ transformations [i.e.,
Ug=-expi(lhi1+1:L:+1:L3), where lilol; are real num-
bers ], arbitrary 9 transformations [ exps (#9790,
+mN;), which mixes ¥ and Z7, and arbitrary 9t
transformations [ exps (#2190 +#:92~+#3973), which mixes
N and . The product of all these is reducible since no
mixing of N, & with ¥, Z has been introduced. To effect
such a mixing we introduce the discrete element!?

0 01O

R (10)

0 0 01
I 0 0 O
01 00O

10 This discrete operator has been discussed by various authors.
See reference 5.



1956

T. D. LEE AND C. N. YANG

Tasre I. The irreducible representations of the group Go. The quantity xart(U) is the character of the 2)X2 matrix U
for the irreducible representations of dimension 2314-1.

Character for Character for

Representation Dimension elements (11) elements (12)
(LMIM+-1) (2£+1) 2m+1)* xe(Ug)xa(U)xan(U’) xe(Ug)xam(UU")
(Lmam—1) (2£4-1) 2m4-1)? xe(Ue)xan(U)xam(U") —xg(Ug)xam(UT")
(LMI) 2(2£+1) (29+1) (29t+1) xe(Ue)xo(U)xa (U’) 0

M>N +xom(U)xa(U)]

and other necessary elements to form a group. The
elements of the group are then the 8 X8 matrices of the
form

al bl 0 0
—b*[ a*I 0 0
Ul 0" o w1 wrfp @Y
0 0 —=v* a'*]
and those of the form
0 0 al bl
0 0 =% a*l
Ul or w1 0 o (12)
—b* ad'*I 0 0
Here
a b ||=U=arbitrary 2)X2 unimodular uni-
—b* @%| tary matrix,
and (13)
a b |=U'=arbitrary 2X2 unimodular
—b'* @'*| unitary matrix.

This group will be called Q. It has an invariant
subgroup (11) which is the direct product!* of three SU,,
and the quotient of the group by this invariant subgroup
is the two-element group. [It is, however, not the direct
product of the two-element group with the invariant
subgroup.

In Appendix A we shall give a few other possible
groups satisfying conditions (i) and (ii).

11 We use SU, to denote the group of unitary »X# matrices
with determinant unity. Strictly speaking, the invariant subgroup
(11) is only locally identical with SU2XSU2XSUo. If one changes
the signs of Ug and a, b, @/, b’ at the same time, (11) is unchanged.
Hence (11) has a 1 to 2 homomorphism with SU2XSU2XSUs. In
other words, SU:XSU,XSU, is the covering group of (11).
Similarly Go, which is defined to be the group of matrices of the
form (11) and (12), has a covering group which we shall call
Go’. G’ has a 2 to 1 homomorphism with Go. It has an invariant
subgroup SUsX.SU3XSUs. The relationship between Go’ and Gy is
entirely similar to the familiar relationship between SU: and Os,
the group of 3X 3 rotations. To simplify matters we shall not dwell
on the difference between Go and Go’ in the text. The irreducible
representations in Table I ate actually representations of Go'.
Those representations (LMIMA) with £-+291=integer, and those
representations (LM, M>N, with £4IM 4 =integer are also
representations of Go. (The others are not single-valued repre-
sentations of Go.) Since the baryons belong to a representation of
this type, and all known particles have transition elements to a
collection of baryons and antibaryons, only representations of the
same type (i.e., single-valued representations of Go) enter into the
discussion of known particles.

4. IRREDUCIBLE REPRESENTATION OF G,

For any representation of Gy, the infinitesimal opera-
tors £1, £9, £3, Ny, mz, m:s, 51,1, mz, I3 form three sets
of commuting angular momenta. One can diagonalize
£2, L3, M2, M, 93, N3 simultaneously. Now

RE;R 1= £,
RNMR1=91,, (14)
RIUR=91,.

Hence jn any representation the set of eigenvalues of 912
must be the same as those of 912 One has therefore two
kinds of irreducible representations:

() £, M2, 9% have unique eigenvalues L(R+1),
WMW(IMA+1), P(IMM4+1), respectively. Since R com-
mutes with 9N;+9Ts, the state with 9Mz=97;= P is an
eigenstate of R. The eigenvalue A can be 4=1. We denote
this representation by the symbol (RINPN), where
2Q=integer=0, 2 Yt=integer=0, \==1.

The states of this representation are designated by
£3, M, N, each running in integral steps between and
including £&, == I, &= I respectively. The operator R
switches the indices 93 and 91; for a state:

leazd, m3=b>=)\lm3=b, 9‘63=a). (15)

(8) £? has a unique eigenvalue L({41). 92 and 90
each has two eigenvalues IM(IM-+1) and NNH+1)
where IMM=N. We denote this representation by the
symbol (RINN), where 28, 29N, and 2 are integers
=0 and IM>N.

The states of this representation are states for which

{mz___ Sﬁ(fm—l—l), Ng=— %7 - EDE"I—I, o +§D’e7
while 92=NN+1), Fu=-—N, —N+1, ---+N};
and

{e=NN+1), NMz=—N, —N+1,---4+N,
while 92= M(M+1), Is=—IM, —M+1, ---+M}.

The operator R switches the states between these two
sets. In a suitable representation, R satisfies

R| MMMty = |99 W ).

The dimensions of the irreducible representations are
tabulated in Table I. Also given are the characters of the
representations. From the characters the decomposition
of the direct product of two representations can be easily
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TaBLE II. Quantum number assignments for particles and excited states. T=£+49M =isotopic spin. Px=parity of K meson. The
quantum number G is explained in Sec. 8. In this table only the (0,%,3Ax) part is listed for the K mesons.

Repre-
Particle sentation L L3 M ANy N M3 Gy T R
D, (3,3,0) 3 +3 0 0 3 3 3
=, 2 X0 0 ! —4 3
v+, yo 3 +3 3 3 0 0 1,0
0,7 3 3 3 —3% 0 0 5,0
xt (1,0,0,\r) 1 1 0 0 0 0 -1 1 Ar
0 Ae==1 1 0 0 0 0 0 -1 1 Ar
L 1 -1 0 0 0 0 -1 1 A
K+ O3t 0 0o 3 O VI Ak
Ko Ag==1 0 0 3 —1 3 3 —AK i {K10:)\KPK
Ko 0 0 % —% % ——% "‘>\K % Kz": —)\KPK
K- 0 0 i -1 3 —% —AK 3 Mg
e (3,30 3 0 0 3 3
z H 0 O
v* 3 1 cee 0 0 1
VA 3 1 0 0 2

found in the standard way. (Except for the quantum
number A, it can also be found by the usual vector sum
rule for £, 9, and N separately.)

5. QUANTUM NUMBERS

To assign quantum numbers to the states we first
notice that Eqs. (7)-(9) give the isotopic spin, the
strangeness, and the charge in terms of these quantum
numbers.

The 8 baryons clearly belong to the representation

2,3,0). It seems natural that the pions should be as-
signed to the 3X3 representation (1,0,0,A,). The two
possibilities A,= =1 are, of course, physically different,
and differentiable. It seems natural to assign the K
mesons to the representation (0,3,%,Ax) with again the
two possibilities Axk==-1. These assignments are tabu-
lated in Table II.

For the state N*=x4p we notice that =-+p always
belongs to either (£,3,0) T=3%, or (3,3,0) T=1. But N*
has a total T=%. Henceit belongs to (£,3,0). The natural
assumption is therefore that ¥* is in the same multiplet
structure (%,3,0), as indicated in Table II. Since Y* can
go into A+, its isotopic spin T'=1. The multiplet

£,34,0) also contains a T=2 state!*7 which will be called
Z* In addition to the 3 V* states and 5 Z* states there
should also be 4 E* states with T'=%.

6. BREAKDOWN OF GLOBAL SYMMETRY

Even if global symmetry has any valid basis, there
must be relatively strong interactions that violate it.
One manifestation of this violation lies in the mass
difference between the hyperons. Another manifestation
was first pointed out by Pais, who showed that the
following reactions

71.+_|_1, — K+
Kt4-n— K45,

(16)
)

and many others violate global symmetry. For the
group Go discussed above, the conservation of £ is
violated by both (16) and (17).

In face of these difficulties, does global symmetry
have any validity at all? And if it has, does it ever pro-
duce useful physical information?

It would be difficult to answer these questions. But if
the answers to the above questions are affirmative, pre-
sumably the baryons and the states N*, V* allow more
directly the application of global symmetry than reac-
tions (16) and (17). For example, if the global-sym-
metry-destroying interactions produce relatively little
mixing for the baryons, pions and ¥*, N*  but produce
large mixing for the K mesons, then apparent violation
of global symmetry is not unnatural for (16) and (17).
While the mixing may be the multiplet (0,3,%) with any
multiplet possessing a T=1%, 91=% component, it seems
that the mixing of (0,3,%) with (1,3,3) is the simplest
possibility.

In this view, then, the usual interactions (baryons,
pions, and K mesons) are regarded as predominantly
globally symmetrical. The globally unsymmetrical inter-
actions give rise to, among others, two effects: (a) mass
splitting of the states within each multiplet. (b) a
strong mixing for the K meson of a (1,4,3) T=% com-
ponent with the (0,3,3) state. The globally unsym-
metrical interactions may, for example, have a very
small range, so that the two effects (a) and (b) are the
only ones that one need consider as causing global
unsymmetry in the zeroth approximation. The influence
of global unsymmetry is then quite limited in scope,
though not in magnitude, and one can derive conse-
quences that can be checked with experimental infor-
mation. [This is true only insofar as one does not probe
into the very small range where the strong unsymmetric
force is assumed to be effective. It may be instructive to
recall the well-known symmetry between e+ and u*. In
that case, the asymmetry between these two particles
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TasLe III. Phase-space factor ©, projection weight w, and rela-
tive partial widths of resonance levels. The weights w are calcu-
lated from the quantum number assignments. The phase space
factor © is computed from experimental resonance energies for N *
and V* and from an assumed energy spectrum for Z* and E*. The
partial widths of other disintegration processes, such as Z*+ — 7t
-++20 etc., can be inferred from the table through a simple isotopic
spin rotation.

Total Disinte- Computed
energy gration Q relative par-
Particle (Mev) products (Mev®) w tial width
(V¥)*++ 1237 wt4p 9.7%x108 1 1
yH+ 1385 at4A 7.3%X108 % 0.5
240 1.6x106 % 0.03
204t 1.6X106 % 0.03
Z*t+ ~1539(?) #t4+2t ~18(2)X1068 1 ~1.9(?)
Ex ~1637(?) at4E0 ~15()x108 1 ~1.5(?)

seems to be completely characterized by their large
mass difference which, presumably, is also generated by
some unsymmetrical forces, strong in magnitude but
remarkably limited in its symmetry destroying effects. ]

If one asks how does it happen that only the K
particles have a strong mixing, a possible answer could
be that without the globally unsymmetrical interaction
two multiplets (1,3,3) and (0,3,3) happen to lie rela-
tively close together and, therefore, result in large
mixings for the states with T'=3. It would then be
reasonable to expect the existence of other excited
states K*.

In such a picture the K meson is a mixture of (0,3,%
and (1,3,3), each of which, in interacting with the other
particles, still predominantly saiisfies global symmetry.
Thus, e.g., in reactions such as K~+baryon with
multiple pion productions, one can apply the global
symmetry arguments and obtain equalities and in-
equalities between the various related processes.

7. POSITIONS AND WIDTHS OF
N*, Y* z* AND E*

The discussion of Sec. 6 suggests a zeroth order calcu-
lation of the partial widths of N*YV*Z* and E*, for the
processes tabulated in Table III. These processes repre-
sent a transition from a (3,3,0) multiplet to a product of
a (3,%,0) multiplet and a (1,0,0,\,) multiplet. The de-
composition therefore yields unique weights w which are
related to the squares of the appropriate transition
amplitude. The calculation of these weights from the
usual tables of Clebsch-Gordan coefficients is straight-
forward and the result is tabulated in Table ITI. Be-
sides these weights due to the projection of the initial
state on final states, there is also a phase-space-poten-
tial-barrier factor Q for the p-wave state. We take it to

be given by
Q=¢Ep/(Ep+E.), (18)

where ¢g=momentum of pion in the rest system of the
resonance state, Ep=total energy of the final baryon,

T. D. LEE AND C.

N. YANG

and E.=total energy of the final pion. In the approxi-
mation that other effects due to global asymmetrical
interactions are neglected, the partial widths of each
resonance level are proportional to the appropriate
products of w and Q. To calculate @ one needs the
excitation energy of the resonance states. For N* and
V* we take the values in reference 1. To guess at the
energies of Z* and Z* we write the total energy E of the
excited state in the multiplet (3,3,0) in the form

E(EEB'l'Er)
= Eystd/ & M+ (W -+ (—3), (19)
where o/, 8 and 4’ are constants. Similarly, for the 8

baryons in the multiplet (3,3,0) we have an analogous
expression

E=Eytal MA-BOV—3)+v(0W—3),  (20).
where
a=Es— Ex>277 Mev,
B=4[%(Ez+En)—}(BEs+Ey)1—59 Mev, (21)
v=— (Ez— Eyx)==—2380 Mev.
One sees that by taking!
d=a, pB'=B, ¥'=—400 Mev, (22)

one obtains the experimental resonance energy for Y*.
With this choice the resonance energies for Z* and E*
can be computed and are tabulated in Table III, with
the corresponding phase space factors Q.

The last column of Table IIT shows a smaller total
width for ¥* than N* [in the ratio of approximately
0.56:17, and shows a very small branching ratio of
V* — 2+ Both of these are in general agreement with
experimental information.!

8. CHARGE CONJUGATION INVARIANCE

With the inclusion of the unitary operator C, repre-
senting charge conjugation, the symmetry group is
enlarged. The irreducible representations become larger
in general, corresponding to, e.g., the fact that a particle
and its antiparticle have the same mass. To study the
combined group generated from Gy, C and the baryon
number gauge transformation exp(#N), we start from
their commutation relations. For the sake of clarity we
shall formulate this discussion in theorems. We shall
also only deal with particles and states that have
transition matrix elements into »# baryons and anti-
baryons, n=1, 2, 3, ---.

Theorem 1.

G1EC eXp[iT(£2+m2+m2)]

commutes with all elements of the group Go.

Proaf: For a single baryon-antibaryon the explicit
representations of C, £, 91T, 9, R are given in Appendix
B. The theorem follows from a straightforward explicit

(23)

12 A similar guess on the masses of excited levels has been made
by A. Pais (private communication). See also reference 7.
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computation of the commutators. For other states the
theorem follows because Gi, C, exp(irLs), exp (tmd,),
and exp(im91,) are all multiplicative for a collection of
particles.

Theorem 2.

G\N+NG=0, [N,g].=0, Ge=1. (24)

Proof : This theorem follows directly from the explicit
representation of Appendix B.

Theorem 3. The full group generated by Go, Gy and
exp(iN6) is the direct product group GoXO.%, where
Oy* is the group of all 2)X2 real orthogonal matrices
with determinant=+1.

The proof of this theorem is again straightforward.

The irreducible representations of O.* are either (a)
2X 2 in size, in which N=+« and N= —a [a=integer |
each occurs once, representing physically a pair of
particles, and G; switches the two states; or (b) the
representation is of dimension 1X1 in which ¥=0 and
either Gi=+1 or Gi=—1.

For a state with N =0, the operator G is one and the
same numerical constant (==1) for all states in a
multiplet of Go. By (23), C brings one state into another
in the same multiplet of Go.

Theorem 4. For the pions, Gy=—1.

Proof : The pions are eigenfunctions of 9 with eigen-
value N=0. Hence® G;=G=—1.

Theorem 5. For the (0,3,%,\), N=0 representation, if
the total angular momentum J=0, and the system has
transition matrix elements into a baryon-antibaryon
pair, then

Ga=—1. (25)

For the (1,3,5\), N=0 representation under the same
assumption,
G=1. (26)

Proof : In the notation of Appendix B, we have four
possible states for the baryon-antibaryon pair that
belong to (0,3,3), with NMz=1, 9;=1:

{pZ°}+{nZ+}, (27)
{Z°p}+{Z+n}, (28)
{VHEY+{VOET}, (29)
and _ _
{EVH} {5170}, (30)

where each curly bracket represents a state, for which
the first symbol inside specifies the state of particle a
and the second symbol that of particle b. Consider a
[¢ number | product wave function of an orbital part,
a spin part, and a charge part [depending on the other
quantum numbers, £, £;, N, M3, etc.] of the two
particles. For a state J=0, the product of the first two
parts is antisymmetry in the interchange a <> b. Hence
the charge part is symmetric since the entire wave
function must be antisymmetric. Now under a <> b,

(27) <> (28), (29) <> (30).
3T, D. Lee and C. N. Yang, Nuovo cimento 3, 749 (1956).
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Hence the states are either
(27)+(28) or (29)4(30), (31)

or superpositions of these two. By using the explicit
matrices listed in Appendix B it can be directly verified
that under

R: (27)«+ (29), (28) < (30),
Gi: (27) & —(30), (28)«> —(29).

Hence under RG; both wave functions in (31) remain
themselves but change sign. Thus (25) is proved. A
similar proof holds for (26).

Applied to the K mesons, if the K meson admixture
(1,%,3) can be neglected, Theorem 5 states that

(Gy)r=—\k.

While all the four states Mz=-4% and Nz=-+3 are
eigenstates of G; with eigenvalues —\g, only two:
NM;3=9Ns==1 are eigenstates of R with eigenvalues \k.

If, further, one assumes that time reversal invariance
holds, then the two states K% and K, have simple be-
haviors under R. To see this, we notice that (G1)x is a
numerical constant. Hence (23) shows that

CloMa=3, o= —3)=— G [9Ma=—3, a=1).
If P is the parity operator, we have
CP|My=}, Mo=—3)=—G1P|My=—3, Na=13).

Now K% (K°) is an eigenstate of CP with eigenvalue
+1, (—1). Hence

| K1,0%)= |Me=3, No=—5)F (G1P) | Mo= —3, No=13).
One obtains with the use of (15):
RIK1,2O>= -+ (G1P) l K1,2O>= =+ ()\KPK) |K1,20>,

where Pk is the parity of K [with respect to, say, An].
Thus we obtain the entries in Table IT for K% K,°
under R.

9. REMARKS

For a symmetry to exist between ¥* and N* it is no
necessary that all 8 baryons be brought into globa
symmetry. For example, one could have a symmetry
between N, V, and Z without E. A simple symmetry
group in such a case! is SUXSU;z which has more
parameters than Go. The irreducible representations in
such a case can be written down and an analysis like the
above for G, can be made. There also would be a com-
panion Z* T=2 state together with N* and V*. The
weight factors w for N*, V*, Z* remain the same as in
Table III.

APPENDIX A

We give here several examples other than Gy satisfying
conditions (i) and (ii) of Sec. 2.

(A) The group Gi. The group is isomorphic with
SUXSU where SU consists of the £ transformations
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U g=-expi(lhL1-1:L2+1385) and SU, consists of all the
unimodular unitary transformations between NV, ¥, Z,
. Clearly R is an element of SU 4. Hence Go is a subgroup
of G1. The usual g1= go= gs= g4 case* [where g1, g1, g3, g4
are, respectively, the coupling constants between pion
and NN, YV, ZZ, EZ] has this larger symmetry G:
rather than Go. Notice that if the coupling constants
g1= —g2= —gs={g4, the symmetry group is the smaller
Gy, with the pion assignment (1,0,0,A,) where A,=—1.

00171 0 0 0
b oo 1 lo o
P=lr 0 0 o PTHI o
01 00 0 I
071 00 0 —1I
I 000 I o
=lo o o0 7/ ™Yo o
00110 0 0

The infinitesimal generators of the invariant subgroup
SU;XSU;XSU, of Gy are

01, 09,03, (1+ps)71, (I+pa)rs, (1+py)7s,
(1—p3)r1i, (1—pg)re, (1—p3)7s, (33)
or
Tiy Tiy P3T4

The infinitesimal generator for (32) is
pP101.

Taking the commutator of this generator with those
listed in (33) one obtains additional generators. Alto-
gether by repeatedly taking commutators one obtains
the following 21 infinitesimal generators:

Tiy Tiy P10y P3Tiy P2OAT 5. (34)
Taking further commutators gives rise to no new inde-
pendent generators. The group obtained from these 21
generators is O;” which has a 2-to-1 homomorphism with
the group of 7X7 proper real orthogonal matrices Oy, as
already discussed by various authors®? in the literature.
To see this we define seven anticommuting Hermitian
matrices

Y1=P301, Ye= P30z, V3= P303, V4= P17,
Ys=p1T2, Ye=piT3, YVi=p2. (35)
Then
VYtV Yu= 20, (36)
YIY2YSYLY5YeYT= —1. 37)

The 21 infinitesimal generators (34) are then iv,y,
(u~v). The group generated by (34) is therefore of the
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(B) The group O;'. The group is generated by the
invariant subgroup SU,XSU;XSU, of G, together
with the elements

0 0 g1 0
0 0 0
exp (i6) o1 0 0 (8 . (32)
0 ov 0 O

To find the group we introduce the matrices

-7 0 I 0 0 0
0 —I Jor o o
0 ol 7o o —1 of
0 0 00 0 —I
0 0 I 0 0 0
0 0 o =1 0 o0
o —If ™o o I o
I 0 0 0 0 —I
form

exp (X @wyuyy),

where a,, are real numbers. Now

[P air) I Lesp(=Z auin)1= X bivs, (39

where ||b;5]| is a 7X7 real orthogonal matrix with de-
terminant=1. It is easy to prove that, conversely, for
every such ||b;], there exist two sets of real a,’s
satisfying (38). The group has thus a 2-to-1 homo-
morphism with O;. [T. A. Tarski has pointed out to us
that O7' is called spin (7) in the standard language. |

In terms of the 4’s, the element R of Gy is

R=p1=—tvyyvsve=v1rv2vsv1
=[exp(ryrv2/2) JLexp(ryrys/2)].  (39)

Thus R is an element of O/, hence G isa subgroup of O7'.

Both of the above two groups contain G, as a sub-
group. There exist also groups that satisfy conditions
(i) and (ii) but do not contain G, as a subgroup.

(C) The group SU;. It was pointed out to us by
Speiser and Tarski* that the group SU; has an
irreducible 8X8 representation which satisfies both
conditions (i) and (ii). However, in this case it seems
impossible to incorporate = mesons and K mesons with-
out introducing more new bosons. It is clear that Gy is
not a subgroup of SUs;. The full implications and
consequences of such possibilities still need to be
investigated.

APPENDIX B

We give in this Appendix explicit matrices for G, R,
£, M, N, and N between the 16 states that describe a

14D, R. Speiser and J. A. Tarski (private communication).
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single baryon or antibaryon:

I#1

B'||’

where
? Bt
n —&°
B —7

B= ﬁ‘Y; and B'= Zp+

Yo _ zo
A —Y0
7 Y-

The antibaryon states!® are defined such that under the
charge conjugation operation all baryon states p, z, E°,
&, Y, V9, Z°% Z~ are transformed in an identical way
into their respective antibaryon states p, @, £°, &+, Y,
¥°, Z9, and Z*. The minus signs in B’ are so chosen that
the matrices Gy, R, £, 9, 9, and IV are given by

1000
07100
00710
B 000 I
G=r 0 0 0 ,
07100
0010
000 I
0010
000 I
71000
o100
R= 00 I o
000 I
7100 0
07100
71000
0700
007 0
000 I
N= I 0 0 of
0 —I 0 0
0 0 —I 0
0 0 0 —I
g 0 0 O
0 o: 0 0O
0 0 o, O
=30 0 0 o w0 0 of =123
0 o 0 0
0 0 o; O
0 0 0 o

15 We use the notation that, e.g., ¥~ is the antiparticle of ¥+and
is negatively charged.

0000
000 0
00 0 I
0010
-1
My=3 00 0 o
0000
000 I
00710
000 0
000 0
000 —1I
0071 0
My=3i 000 O
000 0
000 —JI
007 0
000 0
000 0
0071 0
000 —I
—1
M=z 000 O
000 0
0071 0
000 —JI
07100
7100 0
000 0
0000
—1
Ta=3 071 0 of
1000
000 0
000 0
0 —T 0 0
7 0 00
0 0 00
o o 0o
Np=13i 0 —I 0 of
I 0 00
0 0 00
0 0 00
and
I 0 00
0 —T 0 0
0 0 00
0 0 00
Ns=3 I 0 o0 o
0 —1 0 0
0 0 00
0 0 00

where ;(i=1, 2, 3) are the 2X2 Pauli spin matrices and
I is the 2)X2 unit matrix. All empty places in the above
matrices are zeroes.



