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Self-diffusion in argon crystals is discussed on the basis of the mobility of vacancies, and in the scheme
of the “absolute rate theory.” Detailed calculations are made for the heat of activation Q and for the pre-
exponential factor Dy including quantum corrections. The change of potential energy is evaluated first by
minimizing the lattice energy with respect to the displacement of the four atoms around the diffusing
particle, next by calculating first-order elastic relaxation of the entire lattice. The change of vibrational
properties is evaluated in the Einstein approximation. Including the contributions for the hole formation,
the values Do=4.20X107* cm? sec™, Q=13.85X10"2 ev, are found at 7'=80°K; the zero-point energy
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contributes 5% to the heat of activation.

1. INTRODUCTION

HE problem of determining theoretically the

self-diffusion coefficients of crystals is usually
viewed in the well-known simplified scheme of the
absolute rate theory.

It has been recently suggested by Rice' that this
approach is not satisfactory in principle, mainly because
neglecting the dynamical correlation between atoms
“masks much of the physical situation.” Rice himself
developed a dynamical theory which avoids the above
difficulties. At this stage, however, Rice’s approach is
not suitable for accurate calculations of diffusion
coefficients; practical applications can be made only
under rather restrictive assumptions®? whose impli-
cations can hardly be guessed.

From another point of view, Vineyard® showed that
the results of the ‘“absolute rate theory” are quite
consistent with the rigorous formulation of transport
phenomena in solids, when applied to the total phase
space of the system, and provided the configurational
integral of the system at the saddle point between the
initial and final configurations is evaluated in terms of
an harmonic potential.

However, it seems to the writers that the reliability
of the harmonic approximation at the saddle point
configuration is subject in turn to the existence of a
transition state, so that Vineyard’s work does not seem
to justify completely the scheme of the absolute rate
theory. We shall return to this subject in a subsequent
paper.?

*Work supported in part by the Consiglio Nazionale delle
Ricerche.
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It would be interesting to obtain a posieriori quanti-
tative indications on the limits of the absolute rate
theory, by comparing the results of reliable calculations
to accurate experimental data. While there exist a
large number of experimental data on self-diffusion in
solids, very few complete calculations have been carried
out so far; they concern the self-diffusion coefficient of
copper, and the activation energy of alkali metals and
of some ionic crystals. Moreover, all the theoretical
results are necessarily affected by crude approximations
and, although very important indications on the atomic
mechanism of diffusion have been obtained, no quanti-
tative comparison with experimental data can be
attempted. The numerical values of the activation
energy of copper calculated by different authors differ
by as much as 100%,. In metallic solids, as well as in
ionic crystals and valence crystals, it is practically
impossible, so far, to carry out accurate calculations.
In the case of metals, and probably also of valence
crystals, this is mainly due to the difficulty of treating
the contribution of valence electrons to the activation
energy; in ionic crystals the difficulty arises from the
polarization effects.

The situation is more promising in the simplest group
of Van der Waals crystals, i.e., “inert gas” crystals.
As is known, this type of solid is the most suitable for

. fundamental studies on crystal lattices because of its

simplicity: essentially ‘“‘two-body” forces of central
type, short-range interatomic potential, and no addi-
tional polarization effects. Moreover, the validity of
the adiabatic theorem for large displacements makes it
possible to include the electronic contribution in a
well-defined potential function. If we apply the absolute
rate theory to the evaluation of the self-diffusion
coefficients of the heavier inert gas crystals, such as
Ar, Kr, and Xe, where quantum effects are relatively
small, the limits of the theoretical scheme should not be
masked by the approximation introduced in order
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actually to solve the problem, as is the case with the
other substances.

We choose argon crystals, because the interatomic
potential is known with a greater accuracy than for
krypton and xenon, and because self-diffusion measure-
ments are in progress at the University of Genova
(G. Boato and co-workers). In a previous paper® two
of us have calculated the vacancy concentration in
inert-gas crystals; in this paper we evaluate the self-
diffusion coefficient of argon, under the hypothesis
that atoms diffuse through a vacancy mechanism.
Preliminary results have already been published.®
Vacancy interchange seems to be the dominant mecha-
nism; a preliminary estimate of the formation energy
of interstitials yields values considerably higher (about
four times) than for the creation of vacancies. This
agrees with the results found in copper (for a review of
the theoretical results, see Lazarus.” Similarly, the
activation energy for direct-exchange diffusion 1is
thought to be much too high; no attempt has been
made to consider mechanisms based on the motion of
crowdions and of the split interstitial.

Calculations have been performed at 80°K, because
experiments will be carried out in a temperature range
around this point.

2. PRELIMINARY CONSIDERATIONS

Let us assume for the self-diffusion coefficient for
vacancy diffusion the usual expression®:

D=75a? exp(—BAF), AF=AF,+AF; (1)
where 8= (kT)™, a is the lattice constant, 7 is a vi-
brational frequency, and AF is the Helmholtz free
energy per atom for the activation of the ‘“‘transition
state,” including the free energy AF; of formation of
a hole. As is known, the above expression implies that
there exists a ‘“transition state” which is sufficiently
well defined and whose lifetime is sufficiently long that
it makes sense to define the thermodynamic properties
of the activated atom.

The aim of the present paper is the numerical
calculation of the two quantities, # and AF, which
appear in (1), in the spirit of the absolute rate theory.
Some corrections will be introduced in order to take
into account quantum effects, which play a rather
important role in argon crystals.

For these purposes we extend the Vineyard formu-
lation? to a quantum system. Assuming that the system
coordinate involved in the diffusive motion could be

( 5 G.) Nardelli and A. Repanai-Chiarotti, Nuovo cimento 18, 1053
1960).

6 R. Fieschi, G. Nardelli, and A. Repanai, Suppl. Nuovo
cimento No. 3, 463 (1959).

7D. Lazarus, in Solid-State Physics edited by F. Seitz and D.
Turnbull (Academic Press, Inc., New York, 1960), Vol. 10.

8 C. Zener, Imperfections in Nearly Perfect Crystals (John Wiley
& Sons, Inc., New York, 1952).
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treated from a semiclassical point of view,’ we can

write
v=(BR)[Z:°(B)/Z1(B) Jon, (2)

and

AF = AF3+AF j= AD+[F4(8)—F (8) Jon
+[Fs(5)—FhO(B)]ph- (3)

Here (Zy)pn and (Z1%),n denote the phonon partition
functions for the hole configuration, and for the same
configuration when the coordinate of the diffusing
particle in the hole direction is constrained at the
proper lattice site. A® is the change of lattice energy
for the formation of the activated complex, including
the formation energy of the hole, and (F)pn, (Fs)pn,
(Fi)on, (Fi%pn are the phonon free energies, respec-
tively, for the perfect lattice, the saddle point, the hole,
and the constrained hole configuration.

It is easily verified that the above expressions for »
and AF correspond to Vineyard’s results, in the classical
limit for 8 — 0. The Helmholtz free energy per atom
for the activation of self-diffusion can also be split into
three terms: :

AF=A®+AE,pe+AF 4)

AE,p., and AFyy, are, respectively, the changes of zero-
point energy and thermal free energy, including the
contribution from the hole formation.

3. METHOD OF CALCULATION
(a) Lattice Energy

The saddle-point configuration is characterized by a
large displacement field in the region near the diffusing
particle. This situation does not allow the direct use of
the harmonic theory in order to obtain the displace-
ments, as has been done in the case of a vacancy.>!

We try to solve the elastic problem for the discrete
displacement field assuming that only a small part of
the crystal, which we call region (I), suffers large
displacements, whereas every other atom [region (II)]
suffers a displacement small enough to be treated by the
elastic theory of discrete media.

In general, starting from an initial deformed con-
figuration, hereafter referred to as the (*) configuration,
the potential energy of the crystal can be expanded in
a Taylor series:

®,=Ner+AD*4-[ f1-[e]4+3[E]-[4]-[£]

+{anharmonic terms}. (5)

In this expression V is the total number of particles of
the perfect lattice, e the rigid lattice energy per atom,
and A®* the lattice energy change for the formation of
the initial configuration; [£] is the column matrix

9 This condition, very crude in principle, should not affect
drastically the numerical results because of the high quantum
numbers involved in the diffusive motion, and the high atomic
mass of the particle.

1 H. Kanzaki, J. Phys. Chem. Solids 2, 24 (1957).
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whose elements are the vector displacements of all the
atoms in the crystal from the (*) configuration; the
elements of the column matrix [f] are the first-order
derivatives of the potential energy, and those of the
square matrix [4] are the second-order derivatives,
both evaluated in the (*) configuration; by [---]f we
mean the adjoint to [-+-].

If the initial deformed configuration is sufficiently
close to the true equilibrium configuration, in the
expansion (5) the anharmonic terms can be neglected.
As the (*) configuration we assume that for which only
the four nearest neighbors By, ---, By of the particle
at the saddle point are displaced from the regular
lattice site B; to the new position B*=B;+v,, every
other atom being undisplaced (Fig. 1); v, is chosen in
such a way that the potential energy is a minimum
when region (II) is unrelaxed. Therefore region (I)
includes the atom at the saddle point O (the origin of
the coordinate axes), its four nearest neighbors
(Bi1- -+ By), and the two holes (/1,k).

The coefficients [ f] of the linear term in the above
expansion may be regarded as external forces exerted
on the system!®!'; owing to the present choice of the
displacements v;, the forces on the atoms of region (I)
vanish.

The condition of elastic equilibrium for the saddle-
point configuration is then

[4]-[&]=—L1]. (6)

The reliability of the harmonic approximation is proved
a posteriori. The solution is formally given by

Le]l=—L[4aT"[/] ()

The first term in the right-hand member of (4), that is
the static contribution to the Helmholtz free energy
for activation of the transition state, is finally

A= AP*—3[ fF-LAT-[f]. ®)

We call the second term in the right-hand member the
relaxation energy, A®,e1ax.

The main difficulties in the evaluation of the relax-
ation energy are given by the inversion of the matrix
[4]. We can try to achieve this through a perturbative
expansion, splitting [4 ] into the sum of two terms,

[A1=[AoJ+[A44], ©)

so that
[AT= £ (—1)" AT [AD™[AT. - (10

This expansion converges to the true inverse matrix,
provided each eigenvalue of [A4¢]™!-[4:] is smaller
than unity in absolute value. For the evaluation of
each term of (10) we need the knowledge of the inverse
unperturbed matrix [A¢ ]

The above choice of the initial deformed configuration

1 J. D. Eshelby, Solid-State Physics, edited by F. Seitz and
D. Turnbull (Academic Press, Inc., New York, 1956), Vol. 3.
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F16 1. Initial deformed configuration around the
atom at the saddle point.

suggests the following decomposition :
(47 o
aa=( )
0 [47]
(11)
[AT1D] )

0
[Al:lE ([AI'H]T 0

where the square submatrix [A] contains the elements
of [A7] which refer only to the atoms B* of region (I)
(the diffusing particle is considered as a fixed potential
source), [A™] contains the elements connected with
the atoms of region (II), while (47" is the rectangular
submatrix representing the coupling between the sets
{B*} and (II) of atoms.

From the above considerations it follows that the
relaxation energy can be expanded in powers of the
perturbation [A4,]:

A‘brelax= _% i A@relax(n)y (12)
where
A(I)telax(n) = (_ 1)”[][]1' (I:A 0]“1 : I:A lj)n
L4 [f] (13)

The first contribution (z=0) represents the elastic
work done by the “forces” exerted by region (I) on
the atoms of region (II). The first power of the pertur-
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bation (n=1) gives no contribution, so that the
submatrix [AT] plays its role in the third (z=2) and
following terms only.

(b) Zero-Point Energy and Thermal
Free Energy

In order to evaluate the vibrational contribution to
the Helmholtz free energy for the activation of self-
diffusion we should employ the “trace formula” given
by Lifshitz, Montroll, and others.’>** Unfortunately,
the perturbation operator corresponding to a hole or to
the saddle point configuration is not sufficiently simple
to employ the trace formula for numerical applications.
Alternatively, we could use the perturbative techniques
suggested by Stripp and Kirkwood!* some years ago,
but at the present time we do not know any proof for
the convergence of this perturbative expansion.!®
Huntington and co-workers'® tried to justify the
Einstein model for the self-entropy of a vacancy in fcc
metals; however, in the light of more rigorous theory,
their proof does not seem to be generally valid.

Nevertheless, the Einstein scheme should give the
correct order of magnitude of the perturbation on the
vibrational properties; hence we follow this scheme in
view of its simplicity.

The Einstein frequencies of the atoms in region (II)
are slightly affected by the distortion of region (I), so
that the change of phonon free energy in region (II)
may be evaluated by a perturbative expansion. Then,
if we define

¢(x)=1()"/24+p" In[1—exp(—pAz})], (14)
we can write, remembering (3),
AE AT =4 2 (o (B9) = olas?)
+ 53{ 2(@a2(0)) — ¢(wr?) } + o(wi(h))
« —1  Spled']
— oo+ X _¢<n)i[_:|_, (15)
n=1 1! Mnr

where M is the atomic mass; wg=2mvE is the Einstein
frequency for the perfect lattice; w.(B*) are the
Einstein frequencies (a=1, 2, 3) of the atom B*, and
w4 (0) are the transverse Einstein frequencies (a=2, 3)

12 M. Lifshitz, Suppl. Nuovo cimento 3, 716 (1956).

13 E. W. Montroll and R. B. Potts, Phys. Rev. 100, 525 (1955);
102, 72 (1956); A. A. Maradudin, P. Mazur, E. W. Montroll, and
G. H. Weiss, Revs. Modern Phys. 30, 175 (1958); J. Mahanty,
A. A. Maradudin, and G. H. Weiss, Progr. Theoret. Phys. (Kyoto)
20, 369 (1958).

4 K. F. Stripp and J. G. Kirkwood, J. Chem. Phys. 22, 1579
(1954).

15 G, Nardelli and N. Tettamanzi, Nuovo cimento (to be
published) ; preliminary communication at the XLVI Conference
of the Italian Physical Society.

16 H. B. Huntington, G. A. Schirn, and E. S. Wajda, Phys.
Rev. 99, 1085 (1955).
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of the diffusing atom, both in the saddle-point configu-
ration; w;(k) is the Einstein frequency, in the hole
direction, of a nearest neighbor of the hole before
diffusion. By ¢ (wg?) we mean the nth-order derivative
of ¢(z) evaluated at z=wg®. We note that the first
term in the right-hand member of (14) represents the
zero-point energy while the second term represents the
thermal free energy.

4. NUMERICAL RESULTS

The Helmholtz free energy per atom for the activation
of the “transition state” is evaluated at the temperature
of 80°K. We use the following Lennard-Jones inter-
atomic potential,

o (r)= Qr 22— ®rs, (16)

where @=1.63X10"7 erg X A2 and B=1.05X1071° erg
X A8 For the sake of consistency, we choose for the
lattice constant the equilibrium value calculated by
means of the above potential; at 7=80°K, Zucker'®
gives the value ¢=5.45 A.

(a) Change of Lattice Energy

(a-1) Energy Change for the Formation of
the (*) Configuration

Remembering its definition [ Sec. 3 (a)], A®*isgiven by

AP*=3er+¢(|rm—rn|)+25 ¢(|1;])

5 (10— TP T (| r—10])

+2Z 2P o([r—10) =32 ,P 2P

Fo (=1 )EX 0 0% ¢(Ixj—1p ), (17)

where r;° is the position vector of the /th lattice site of
region (II), and by >_,;¢"7 > ;D ¢(---) we mean the
double summation of the interatomic potential for the
indicated sets of atoms when region (II) is in the
unrelaxed configuration. The summations are per-
formed including contributions up to third neighbors.
Owing to the short-range character of the interatomic
potential, this limitation seems to be a reliable approxi-
mation for argon crystals. The rigid lattice energy per
atom in the perfect crystal ez>0 is evaluated by the
lattice sums of Jones and Ingham. '

(a-2) Relaxation Energy

The relaxation energy is given by the perturbative
expansion (12). The “forces” [ f] are defined as

L/ 1={(82/ 010} ; (18)

1, indicates the position vector of the /th atom, and the
derivative is evaluated at the (*) configuration. With
the adopted convention, we may write

(- (g]])

17 C. Domb and J. Zucker, Nature 178, 484 (1956).
18 J. Zucker, J. Chem. Phys. 25, 915 (1954).

(19)
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where

(=0, (j=1--4)

] (B) B
= | Lo+ E o(r-r )= £ o(1x-x,)
ar i i

(hi1,h2)

-5 ¢<lr—'rh{>]]r=m. (20)
i

The matrix [4] is defined in a similar way as
[A]={(0®/1,01)4}.

The elements of the submatrix [41] are

(21)

a aIrlm » (B)
Aj,vl={——[—z S|t )+ (53])
or; orpl2 ;7 & J

(B) (II)

¥ o] 5 e

r;* is the position vector of the atom B*.

To evaluate the elements of the submatrix [4™] it
is convenient to split it into two parts, the first giving
the coupling coefficients between the atoms in the
perfect lattice, and the second including the pertur-
bation to the former matrix arising from the imper-
fection of region (I):

LA™]=[4,"]+[64M],

L4, ]={(9®/ dr:011) ). (24)

p indicates that the derivatives of the total potential
energy of the lattice are evaluated at the perfect
crystal configuration; / and /' range only over the atoms
of region (II);

(23)
where

d 9 (B*)
aAstaw{——[¢<|r|>+ > o([r—r;])
ar or i

(B) (hi1,he)
~To(er= 5 s(e-ub]| . @9

r=rp

Finally, the elements of the perturbation matrix [4;]
are

Jd 9
A= {——qb(ll'i—l‘l() (26)

dar; dr; L’ =ri*n=rp

In view of the short-range character of the inter-
atomic potential, the forces and the perturbation
matrices [64™] and [A"™] are assumed to have
nonvanishing elements only for the first and second
neighbors to the holes and to the four atoms B. Pro-
vided the perturbative expansion (12) is convergent,
the evaluation of the relaxation energy is substantially
a problem of numerical inversion of the unperturbed
matrix. Only those elements which are connected by
the perturbation [4%1'] are necessary.
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Fi6. 2. Atoms of region (I) and of region (II) in the first
quadrant. The broken circles indicate points of the set (II*).
The components are in units of d/2.

We note also that, up to the first-order term, only
inversion of the submatrix [4,""464™] is required.
Unfortunately the inversion of [A4o] or [4 /"84 ] is
too difficult a numerical problem. A rough estimate of
the zero-order relaxation energy can be easily obtained
if we neglect the influence of the tensors outside the
diagonal of the matrix [4,"+84™], i.e., if we neglect
the coupling between different atoms of the lattice.
The contribution arising from the off-diagonal tensors
could be of the same order as that from the diagonal
ones; in any case, the Einstein approximation should
give the correct order of magnitude of the relaxation
energy.

Let [4,"4-64"]z be the Einstein part of the
matrix; we obtain

Arerax O —3[ ][4, +84 5[], (26)

Further contributions to the relaxation energy should
be calculated from the terms A®re1x™ in (13); even
the calculation of A®.q.x®, however, requires a con-
siderable amount of work. We found it more convenient
to evaluate the second-order relaxation energy and the
displacements of B* atoms by direct lattice calculations,
by minimizing the potential energy of the B atoms
when region (II) is relaxed up to first order. The atoms
of the reduced set (II)*, on which there are non-
vanishing forces, are shown in Fig. 2. The results for
the displacements are shown in Table I; the contri-
butions to the activation lattice energies are reported
in Table II.
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TasrLE I. Displacements at the elastic equilibrium (in units of
107%d) ; the coordinate axes are oriented as in Figs. 1 and 2.

Atoms & £ £

—(0-1.1 first approx.® 0 2.91 4.70
B=(0;3; ‘Wj)d{second approx.? 0 2.30 5.75
(3;1;0) —0.738  —1.269 0
(15 %; \%/\_E)d —0.236 —0.044 —0.07;
(3;0;v2)d 0.432 0 0.86
(1:0}0)d 0119 0 0
05 35 $V2)d 0 0.872 0.017
(3;1;0)d 0.229 0.239 0
(3;1;v2)d 0.743 0.757 1.069
(1; §;3v2)d —0.009 0.046 0.045
0; 35 3V2)d 0 0.005 —0.078

» From lattice calculations.

(b) Change of Phonon Free Energy

The phonon free energy for the activation of self-
diffusion has been evaluated by the approximate
expression (14). Owing to the limitations implicit in
the Einstein approximation we consider only the first-
order term of the infinite expansion in the right-hand
member of (14). The new frequencies are evaluated for
the (*) configuration, since the relaxation of region
(II) is small.

The numerical results for AE,,. and AF:, at a
temperature of 80°K are reported in Table IIL.

The last term in the right-hand member of (15) gives
the change of phonon free energy of region (II), while
the others represent the change of phonon free energy
of region (I) (always neglecting the degree of freedom
associated with the direction of diffusion).

In order to compare the present results with those of
Huntington,'® we split the change of entropy into the

TaBLE II. Change of lattice energy.

AP* 13.85X 1072 ev
Adrelax® —0.50X 102 ev
Ad(total) 13.12X102 eve
(A®)n 8.70X1072 ev®
(A(I’relax) h —0.03X 1072 ev?

s From lattice calculations.
b See reference 5.

contributions of region (I) and region (II); in the
classical approximation we have

AST/k=—4 i_ In[wq(B*)/wg]

— ¥ n[wa(0)/wr]—In[wi(h)/ws], (27)

a=2,3

AST/ e~ — (2002 'Sp[6 A/ M. (28)

Region (I) gives a decrease of entropy of +2.68%; this
comes from the increase of the frequencies due to the
crowding of the five atoms. The analogous contribution
found by Huntington in Cu is smaller (AS?/k=—1.10).
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The difference could be explained in part by the
slightly smaller outward relaxation of B atoms in argon
[v(Ar)=0.055d, v(Cu)=0.06d) and in part by the
different rate of change of the elastic constants with
the change of lattice parameters.

The contribution of region (II) differs considerably
from the estimate given by Huntington: AS(A)/k
=—0.064, AS™I(Cu)/k=1.97. The discrepancy is due
to the fact that Huntington assumes that every atom
of region (II) contributes as much as the neighbors of
a vacancy, while direct calculations show that some
frequencies increase, others decrease, and their effects
partly compensate.

(c) The Vibrational Frequency &

The vibrational frequency o is easily evaluated if
again we employ the Einstein approximation:

o~ (B%)™12 sinh[367w. (k) ], (29)

where, as before, w, (k) is the Einstein frequency, in the

TaBLE III. Zero point energy and thermal free energy for
activation of seli-diffusion at 80°K.

AFE,pe 0.72X10 2 ev
(AE pe)n —0.51X102 ev®
AFw 1.27X102 ev
(AFw)n —1.30X 1072 eve
(AS/k) g0 —2.74

a See reference 5.

hole direction, of a nearest neighbor of the hole. The
numerical value is reported in Table IV; we note that
for T=80°K there is no substantial difference between
@ and w, (k).

Finally the contribution to the self-diffusion coeff-
cients are summarized in Table V, where Q, D,, and D
are given by the usual expressions D= D, exp(—p0Q),
Dy= pa® exp(—AFw/k), and Q=AD+AE,,..

5. DISCUSSION

Besides the simplification implicit in the adopted
scheme, the reliability of the numerical results is
subject also to the validity of the following assumptions:
(a) Self-diffusion occurs mainly by a vacancy mecha-
nism; (b) the adiabatic theorem holds even for dis-
placements large enough to describe the atomic jumps
in the diffusion process, and the “effective potential”
is just X_u' ¢(|ri—1r|), where ¢(r) is a well-defined
two-body potential; (c) the harmonic approximation
holds, in the Einstein scheme, in evaluating the relax-
ation energy and the vibrational properties of the

TastLE IV. Vibrational frequency for self-diffusion at 80°K.

0.559< 1018 sec™t

@
(@) po=ws (k) 0.554X 10 sec™!
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TaBLE V. Self-diffusion coefficient (I'=80°K, a=25.45 A).

D, 4.20X 1074 cm? sec™!
(Do) g0 1.69%X 1074 cm? sec™?
13.85X 102 ev
O 8.16X 1072 ev®
0;=0—0 5.69X 1072 ev
(@ g0 13.12X1072 ev=3026 cal/mole
D 7.95X10718 cm? sec™!

 See reference 5.

activated complex; (d) the perturbative expansions
are quickly convergent.

Point (a) has been already considered ; however, it
would be worthwhile to consider also crowdion diffusion
and the diffusion of a split interstitial.

The adiabatic theorem should hold because of the
“closed-shell”” structure of atoms in argon crystals. The
effective potential could include a many-body compo-
nent!® but this term should not appreciably affect the
numerical results. Moreover, the present (12-6)
Lennard-Jones potential seems to be valid for argon
crystals up to a pressure of many thousand atmos-
pheres,?® where the interatomic distance is of the same
order as that between the squeezed atoms in the saddle
complex.

The wvalidity of the harmonic approximation for
evaluating the relaxation energy is proved a posterior:
by the weakness of the displacement field; the anhar-
monicity could still affect to some extent the phonon
free energy. Even in the last case, however, its impor-
tance is probably negligible.

A critical point is the convergence of the perturbation
expansion. In the general case the convergence has not
been proven?'; nevertheless the convergence is easily
verified in the Einstein approximation. For the elastic
problem, the physical meaning of the Einstein approxi-
mation is that of neglecting the transmission of the
strain around the point of application of a given force.
Therefore this approximation should not be suitable
for evaluating the strain itself, but it should give a
reasonable estimate of the relaxation energy. More
than 909, of the heat of activation, however, is ac-
counted by the energy of region (I) only. The reliability
of the Einstein approximation for the vibrational
properties of a lattice defect cannot be proven in the
general case; however, if there is no impurity frequency
associated to the defect itself, it seems that the Einstein
approximation can give fairly good numerical results,
in the high-temperature limit.!® We note that in the
present scheme there is no relaxation far away from

18 1,. Jansen, thesis, Leiden, 1955 (unpublished).

2 J.'W. Stewardt, J. Phys. Chem. Solids 1, 146 (1956).

2 We note that Kanzaki® deduced the perturbative expansion
for the elastic displacement around a vacancy by an iteration
meﬁhod; he does not prove the convergence of the expansion
either.

147

the activated complex, so that any perturbation to the
dynamical matrix coming from the relaxation field via
the anharmonic terms® is completely neglected. In
another paper® it has been proven that surface effects
are not to be taken into account in the evaluation of
vibrational changes due to the formation of a lattice
defect.

As to the numerical results, it is worth noting
(Table III) that the change of zero-point energy gives
an appreciable contribution. Hence a poor estimate of
the vibrational properties of the activated complex
could affect to some extent the activation energy for
self-diffusion. The same consideration holds particu-
larly for the pre-exponential factor Dj.

The value we obtain for the heat of activation Q
can be compared with the results of the empirical rule
of Nachtrieb and co-workers,” connecting Q to the
latent heat of melting L,, in cubic metals:

Qso°x (atomic theory)=23.210 cal/mole,
Qso°x(Nachtrieb)=16.5L,,=4.633 cal/mole.

The self-diffusion coefficient has been calculated at
T=80°K. It is not completely safe to suppose that the
temperature dependence of the three contributions A®,
AE, e, and AFyy are such that they combine to give a
linear temperature dependence of AF. It has been
shown® that for the hole formation the temperature
dependence deviates from the linear law, especially at
low temperature; hence calculation of D should be
repeated at different temperatures. However, in a
temperature range of 10° around 75°K, the deviation
of AF} from a linear dependence on T is about 29%,.
This fact suggest that formula (1) can be used with
confidence in a small temperature range, such as can
be examined experimentally, assuming for Q and D,
the values at 80°K.

Comparing the present results for the pre-exponential
factor Dy and the heat of activation Q for self-diffusion
to the corresponding values in other crystals, we can
conclude that transport processes occur in argon at
lower rates than in close-packed metals. The pre-
exponential factor Dy is surprisingly small as compared
with the experimental results for close-packed metals;
this fact cannot be explained on the basis of the present
model.

(30)
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