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Energy Dependence of the Low-Energy K—-Proton and K+-Proton Cross Sections™
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The K—-proton and K*-proton S-wave scattering is analyzed by using a relativistic effective-range
formula derived by studying the analytic properties of partial-wave scattering amplitudes. The influence
of the pion-pion interaction on the elastic scattering and reaction cross sections is discussed.

I. INTRODUCTION

N interesting analysis of the low-energy K~ elastic
scattering and reaction processes on protons, has
been worked out by using an effective-range expansion
for S-state interactions. Jackson, Ravenhall, and Wyld
have shown that in order to describe these processes,
only two complex phase shifts are needed.! In particular,
extensive calculations carried out by Dalitz and Tuan
on the basis of zero-range formulas, and considering
explicitly the K°— K~ mass difference, have succeeded
in reproducing all the gross features of the elastic and
reaction cross sections.?

Unfortunately, although these phenomenological
approaches give a reasonable fit to the experimental
data, they are deficient from a theoretical point of view
inasmuch as there are no clear relations between the
phenomenological parameters and the dynamics of the
interaction. On the other hand, more fundamental
theoretical attempts based on conventional field theory
have so far been meaningless because of the difficulties
of handling strong interactions. The static model,
although tractable, is inadequate for the K-nucleon
problem.

The aim of this paper is to discuss the K-nucleon
interaction in terms of relativistic effective-range
formulas, derived by studying the analytic properties
of partial-wave scattering amplitudes. This new way
of looking at strong-interaction theory, originated by
the works of Chew-Mandelstam and Chew-Low,?
marked an important step forward with respect to
previous theoretical attempts. The fundamental princi-
ple of the theory is that the “interactions” are associ-
ated with singularities of the scattering amplitudes in
the unphysical region. The location of these singularities
is determined by the masses of the physical systems
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involved, whereas their strengths are related to physical
cross sections and restricted by the unitarity condition.*
It follows that the ‘“long-range forces,” due to the
exchange of one or two particles, are associated with
“nearby” singularities. At the present stage, it is
possible to calculate the “long-range forces,” while the
“short-range forces,” due to the exchange of three or
more particles, have still to be treated phenomeno-
logically.

Returning to the K-nucleon interaction, we would
like to emphasize the fact that, as a consequence of the
small mass of the pion with respect to the K meson,
the singularity associated with the exchange of a two-
pion system is very close to the K-nucleon physical
threshold and, more important, may be considered as
the only ‘nearby” singularity.® From this point of
view, the “long-range part” of the K-nucleon inter-
action should, in principle, give clearer information on
the pion-pion interaction than that obtained by
studying the nucleon-nucleon and pion-nucleon prob-
lems. It is unfortunate that, due to the complexity of
the K-nucleon force, other strongly interacting particles
tend to confuse the situation with major contributions
to the S-wave phase shifts. Nevertheless, the presence
of a strong pion-pion interaction should affect in a
detectable way the energy dependence of the low-energy
K—-proton elastic and reaction cross sections.

In a previous note,® we have analyzed the elastic
and charge exchange K—-proton cross sections on the
basis of a model in which there is a strong pion-pion
interaction in the 7=1, J=1 state. It has been found
that a sharp resonance, such as suggested by Frazer
and Fulco,” is consistent with the present experimental
data. Here we will discuss the influence of the pion-pion
interaction on hyperon production.

Finally, the relation between the “long-range force”
of the K-nucleon and K-nucleon systems is pointed
out,® which follows from charge conjugation symmetry.
There is no simple relation for the short-range forces
that involve exchange of particles other than pions.
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II. RELATIVISTIC EFFECTIVE RANGE FORMULAS
FOR THE K-NUCLEON INTERACTION

Let us consider the K-nucleon interaction under the
assumption of charge independence and neglecting
mass corrections. The partial-wave scattering ampli-

tudes for the processes
K+N—EK+N, K+N—Y+r, V+r— V+r,

can be written in terms of two matrices 7P (I=0, 1
are the isotopic spin):

TOgNvx

T(I)Y‘lr,Y'lr

TOgN,RN

T = (IL1)

TOyrrN

For I=0, Ty~ and 1%, gy are 1-by-1 matrices,
whereas for I=1, T'y,v- and T'gy,v~ are 2-by-2 and
1-by-2 submatrices referring to Z= and Am channels.
As pointed out in FNP and FFP, it is convenient to
express the analytic behavior of the 7P matrix in
terms of a matrix GP defined by

1 [ qzz+1 :r [ q2z+1 ]’.
T = GO ,
\/sLE+M E+M

where G is of the form,

(I1.2)

1 _
GO =—{(E+M)g'[A D+ (s*— M) BD g H(E+M)
167

— [ A D — (s M) By P JgH1Y.

A; and B; are the partial-wave projections of the
amplitudes 4 and B which satisfy the Mandelstam
representation; ¢, £, and M are diagonal matrices with
components equal to the center-of-mass momentum,
baryon energy, and baryon mass, respectively; M;;
=1(M+M;) and 4/s is the total energy. G has been
defined so as to contain, in the cut 4/s plane, only
singularities connected with the Mandelstam repre-
sentation. (In what follows we will suppress, for
simplicity, the isotopic spin index.)

From Eq. (I1.2), it follows that the unitarity con-
dition requires:

(I1.3)

1 q2l+l
ImG(s)=— — 0, (I1.4)
s E+M
where 6 is a diagonal matrix of step functions,
0;=1 for W;<+/s
=0 for W;>4/5, (I1.5)

W ; being the threshold energy of the ¢th channel.

The location of the singularities of G is discussed by
Ferrari et al.? The main point is that all the dynamic
cuts, except that arising from the KK-rw interaction,
lie below the threshold for the A channel (sj.~80m.?).
Therefore, restricting our discussion to energies close

9 F. Ferrari, M. Nauenberg, and M. Pusterla, University of

California Radiation Laboratory Report UCRL-8985 (unpub-
lished).
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to the K-nucleon physical threshold (f1.,<250 Mev/c,
ie., 104m.2<s< 113m.%), the single baryon poles, the
cuts associated with the absorptive part of the processes
m+r— Y+ 7, the crossed K-nucleon and w-hyperon
cuts, should affect weakly the energy dependence of
the scattering amplitudes. Moreover, only some of the
discontinuities across these cuts may be considered as
known functions (for example, the single-baryon terms
containing the baryon masses, the K-nucleon and the
w-hyperon coupling constants). Thus, it is plausible to
describe the effect of these singularities by phenomeno-
logical constants or by ‘“faraway” poles.® The intro-
duction of phenomenological parameters makes it
immaterial, for S-wave processes, to work in the cut
A/s plane; for simplicity, we shall use the cut s plane
later on (see Appendix A).

The dynamic singularity due to the KK-rm inter-
action instead extends to s=[(My2—m.2)i+ (mg?
—m.2)¥P and should produce the strongest energy
dependence in the physical amplitudes. The discon-
tinuity across this cut, i.e., [ImG(s) ]+, depends on the
matrix elements for the reactions w+r— K+K and
7+m — N-+N.8 Extensive calculations are required to
determine the influence the long-range force has on the
physical processes. To simplify the problem, we will
represent the distributed spectrum [ImG(s) ]~ by the
function R§(s—a1). This approximation is quite accu-
rate for a narrow pion-pion resonance of the type
introduced by Frazer and Fulco in the =1, J=1 state.
In particular, if the two-pion system interacts preva-
lently in this state, the long-range contributions to the
I=0 and /=1 K-nucleon states are in the ratio ~—3.8

Let us now go on to calculate the scattering ampli-
tudes. We definel!

G'(s)=D(s)N71(s), (I1.6)

where the matrix N (s) has only the left-hand cuts and
the matrix D(s) has only the unitarity cuts starting
from the physical thresholds s, for the different K-
nucleon and w-hyperon processes. Applying Cauchy’s
theorem in the complex s plane, we have for a given
set of poles on the dynamical cuts:

V= -p 22,

Tt §—a;

(IL.7)

s—w p® ImG(s") - R;D(a,)
=1 — 45
DGs)=1 w2 j;o ’ Zt (s'—5)(s'—ai) (s’ —w)

10 The importance of the single-nucleon term for the low-energy
behavior of pion-nucleon scattering has been emphasized by
Chew and Low. By analogy, it may be interesting to fix the
position of the “faraway’” poles by considering the single-baryon
terms and regard the residues as only the phenomenological
parameters.

1 Technique introduced by Chew and Mandelstam for the
pion-pion problem. Extension of the method to the many-channel
case requires some caution in order to continue analytically the
scattering amplitudes below physical thresholds, as usually there
are anomalous thresholds and superpositions of left and right cuts
[see also J. Bjorken, Phys. Rev. Letters 4, 473 (1960)7].
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where D(s) is normalized by setting D(w)=1. R; are
matrices in channel space. In particular, R; refers to
the mr interaction and has only the (1,1) element
Rkr ,«r different from zero.

A two-pole approximation to the left-hand cuts leads
to the following expressions for the elastic scattering
and reaction amplitudes:

A(I)KN,I?N(S)= GPgy rn(s)

(E+M)/s

1
e
(E+M)n/s f1(s)+ar

gNE L
—i——] , (IL.8)
(E+M)\/s
QEW i 2mr
A(”KN 27(‘(8) ( ; ) —I—f ( )A(I)KN,I?N(S),
3 S
gNEM 3 I 1 (H.9)
QAwM 211
AV gy ax(s)= ( ) AD gy 2 (s),
gNEM s 21+f1(3)
(11.10)
where
(s—a1)(s—as) ImG(s")
I(s)=——— f s ,
T 0 (§'—8)(s'—a1)(s'—ay)
RKK,-mr(I)
Jile)== r(s—al)(l—i—ﬁRKK’”(D)’
and

ai—ag ImG— (Sl)
B= f ds’ .
71'2 S0 (s’—al)z(s'—ag)

20, %1, Mo, M1, and »; depend on the parameters (R;;)s
and @, of the second pole and on the center-of-mass
momenta ¢s» and ga. for the pion-hyperon systems;
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they may be regarded as complex constants if we
neglect the energy dependence of ¢zr and ¢ar with
respect to gyx (Appendix B).

Finally, by considering the unitarity condition we
have the following relations between the constants
20, 21, M0, M1, and »y:

(I1.11)
(I1.12)

gz |m0] 2= —Im(1/20),
gar|vol24qzr|m0] 2= —Im(1/21).

It is easy to see that the elastic scattering amplitudes,
Eq. (I1.8), reduce to the two complex scattering lengths
of JRW if the KK, = interaction is disregarded, i.e.,
if fr(s)~0. Note that the energy dependence of I(s)
is negligible in the approximation gy,~ constant.

The generalization of Egs. (11.8), (I1.9), and (I1.10)
for any finite number of poles on the left-hand cuts is
straightforward.

III. EFFECT OF K°K~ MASS DIFFERENCE ON
THE SCATTERING AMPLITUDES

The kinematic effects which result from the mass
difference between K° and K~ mesons have been
discussed in detail by Jackson and Wyld.?? Owing to
the mass difference the isotopic spin is not strictly
conserved in reactions involving both K° and K-
mesons. It is then necessary to transform the matrix
G7(s), defined by Eq. (I1.6), from the isotopic spin
representation to a charge representation. In this new
representation, we have to deal with a 5-by-5 matrix
in which the rows and columns refer to the elastic and
charge exchange process K~p — K—p, K—p — K% and
to the reactions K—p — (Zw); in the two isotopic spin
state /=0, 1 and K—p — Am, respectively. If we indi-
cate with g;® and g;! the elements of the matrix
¢*T-1¢* for the two isotopic spin states 0,1 we have
explicitly :

3 (g’ +gut) —igren 3 (gu'—gud) AAV2)g®  (1/V2)gt (1/V2)gst

3 (gu'—gu®) 3 (gut+gn)—igry’ —(1/V2)g® (1/V2)gt (1/V2)gust
M=|(1/V2)g:° —(1/V2)g:e® g2’ —1qzx 0 0 , (I11.1)

(1/v2)g12 (1/V2)g1s! 0 gos'—1Qzx gos'

(1/\/2)!5131 (1/\/2)3131 0 g231 gssl*‘il]m

where ¢’ is the momentum in the K% channel. By inverting the matrix M and recalling Eq. (IL.2), the elastic

reaction and scattering amplitudes are given by

Axp xp=%[d'rwx en(1—iqrn'arn &n)+ 0=y, en (1 —qrN'd 2N, RN) I/A, (I11.2)
Agp,xn=3%(dgn kN~ & N,EN)/A, (I11.3)
gz (1—igrn'd'&N &EN)
Axp, o= ( ) ( )noa"izN,zN X (111.4)
V2 \grnmz 20+ fo A
1/ ¢=N (1—igrn'd’kN &N
Ax-p @)1= —( ) ( )7’)1GIKN RN , (I11.5)
gRNM z1+ f1 A
gV \¥/ 2 (1—igrn'arN,&N)
Agpar= —( ) ( )V1011?N,sz y (I11.6)
qRNMA z21+f1 A

2 J. D. Jackson and H. W. Wyld, Nuovo cimento 13, 85 (1959).
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where

and

a"gn,ev=ATgn &n/(1+iqrnAT &N, RN),

The two elastic amplitudes A°zy gy and A'gn, gy, as
well as the parameters 7o, 71, and »;, are defined in
Sec. II.

Sufficiently above the threshold for the charge
exchange scattering these formulas reduce to those
given by Eqs. (IL.8), (IL.9), and (I1.10).

IV. TOTAL ELASTIC AND REACTION
CROSS SECTIONS

The available experimental data on the K—-proton
elastic and reaction cross sections are too crude in
order to get any reliable information on the pion-pion
forces.’® However, we think it important to recognize
that a strong pion-pion interaction, like that discussed
by Frazer and Fulco in their analysis of the nucleon
electromagnetic structure, is consistent with both the
K—proton and K+-proton data (see also Sec. V).

As an example of the effects the pion-pion forces
may have on the K-nucleon S-wave scattering, we have
calculated the elastic, charge exchange and hyperon
production cross sections according to Egs. (I1.8-12)
and (III1.2-6). Assuming a pion-pion interaction in the
I=1, J=1 state, with a resonant energy wp~3.6#
and |F.(wg)|2~16, the spectral function [ImG(s)]rx
can be calculated in terms of the parameter fx de-
scribing the charge structure of the K meson® (Fig. 1).
The corresponding function RP gk ».0(s—a1) is given
by

Rgg,nnO~—2.8 fxM* fermi, a:>293m,%

The elastic and charge exchange cross sections are
given in Fig. 2; the Z*r— and Z—#+ production cross
sections are given in Fig. 3. The dotted curves refer
to the Dalitz and Tuan solution (a-).2

[I‘m 6(8)] g In My
58 3 &8 38
T T 1

N
Q.
T

1 1 {
70 80 90 100 So

S in m2

Fic. 1. Spectral function [ImG(s)J» assuming the pion form
factor of Frazer and Fulco with wg=~3.6m, and | F.(wg)|2~16.
So is the K-nucleon physical threshold.

18 Data of A. H. Rosenfeld, F. Solmitz, R. O. Tripp, and R. R.
Ross, reported by L. W. Alvarez at the Ninth Annual Interna-
tionalfConference on High-Energy Nuclear Physics, Kiev, 1959
(unpublished).
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A=1—3i(qzn+qzn’) (kN &N+ 0" RN, BEN) — QRNGREN " RN, RNC' RN BN,

T=0, 1.

Inspection of Figs. 2 and 3 exhibits some interesting
features related to the long-range contributions to the
S-wave K-nucleon interaction. In particular, it is
worthwhile to note: (a) the leveling off of the low-
energy (po~150 Mev/c) K—-proton elastic scattering
cross section; and (b) the different form of the cusps
for the Z+7~ and Z—#* production cross sections.

These results are extremely sensitive to the ratio
between the long-range contributions in the two =0
and /=1 K-nucleon isotopic spin states which, if the
two pion pair interacts in the /=1, J=1 state only,
is —3. Since the curves plotted in the figures are
obtained with the ratio RO kg »r/RVkk, rn~—3.8, we
have a feeble indication in favor of a strong pion-pion
interaction in the /=1, J=1 state.

100~

80—

60—

40 -

Cross section (mb)

20— ]

0 | ] | | | | |
o} 40 80 120 160 200. 240 280 320
Py lab Mev/c

Fi1c. 2. Cross section for elastic and charge exchange K—-proton
scattering. The cross sections are normalized at pg,1ap=172
Mev/c. The parameters used are zo=[—0.41441.177]; 2,=[2.01
+40.20]M §? fermi; aa="55m.2

If the last conclusion is qualitatively correct, the
picture that seems to be emerging is that for the
K-nucleon system the long-range force is repulsive in
the isotopic spin /=0 state and attractive for I=1,
whereas the net K—-proton short-range interaction is
attractive. The same experimental fit requires fx~1.5.

V. RELATIVISTIC EFFECTIVE RANGE FORMULA
FOR THE K*-PROTON INTERACTION

In this section we shall discuss briefly the K+-proton
interaction. Two considerations determine the nature
of our results: (a) The dynamical singularity closest
to the physical threshold is again due to the KK, 7w
interaction; (b) the long-range forces, arising from the
exchange of a pion pair, give opposite contributions to
the K-nucleon and K-nucleon systems.®

Using the same technique as outlined in Sec. II, a
two-pole approximation to the left-hand cuts leads to
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Fic. 3. Cross section for Z-z+ and =*r~ production. The
cross sections are normalized at pk,1.b=172 Mev/c. The phase
difference between the 7=0 and /=1 Zx production amplitudes
is —112°,

the following expression for the elastic (K*+p|Ktp)
amplitude:

L[t

Ag*p,x*p

CIST V2 AW e
—iﬂ—r. (V.1)
(E+M)\/s
Here
R(1+)KK,1r7r
f1+(5)=

(s—a1) (14+BR Mk, 7r1r),

and z, is a real constant depending on the parameters
R; and a; of the second pole. As the K+ proton is a
pure /=1 state the distributed spectrum [ImG(s)]rs
will be described by the function RPgg ..86(s—ay)
where

R(H')KK,”-N —0. 72fKM4 fermi,

Very few experimental data are yet available for the
low-energy K*-proton scattering. The cross section
increases slightly with increasing K+ momentum and
is of the order of 15 mb at 250-300 Mev/c. Using Eq.
(V.1) and normalizing the cross section at 250 Mev/c,
we get a smoothly varying monotonic cross section
ranging between 10 mb for p1.,=0 and 15 mb for
P1a=250 Mev/c. It is gratifying that the long-range
forces here do not produce sharp variations in the
cross section, in contrast to the K—-proton results
described above.

Note added in proof. A sign error for the residue
R(1+) was kindly pointed out by Professor R. Dalitz.

a1>~93m.,2.
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APPENDIX A

It is known that, in order to avoid kinematic singu-
larities, the boson-baryon partial wave amplitudes
should be given as functions of W=4/s.

We define the scattering amplitude as

fo= (/W) (E+M)G(E+M)},
where

1 _
G=—{[Ao+(W—M)Bo]
167
E—-M

E—-M _
+—F[— A4+ (W+M)B.]
q

shows the proper threshold behavior at W=W, and
W= —‘Wo.
Following the method outlined in Sec. I, we have

|’ n U]
NW)= -
EAMIWAN/a, W= ar
t Wr/as W—-\/dz]’
Wew p® (=) (E+M)NW
D)=14- f dW’( ¢YE+M)NW)
r dwe W (W —w)(W—W)

W—wf—wo , J(E+M)NW)
7 Y W' (W' —w) (W' —W)

The threshold behavior at W= —W, is violated with
this choice of N(W); however, N (W) now satisfies the
symmetry relation (E+M)N(W)=—(E—M)N(—W)
which makes the present expression for D(W) reduce to
that in Eq. (IL.7). The alternative sets of parameters
are related by

2 (ai)%niz R,Dz/Zﬂ'M,

and the factor E4M in Eq. (IL.4) is correctly re-
placed by 2M.
APPENDIX B

In this appendix we give the relations between the zo,
21, Mo, M1, and vy and the parameters of the second pole.*
We use the abbreviations

Y= 1/7"(5_'02)7

bif = {R/[1+aRe T} 45,

and

where

o=

ax—ay f"’ ds’ ImG(s")
w (5'—an) (s'—as)*

The isotopic spin index of b;; will be omitted in the
following ; we also remind the reader that a and I(s) are
diagonal matrices in channel space.

™

14 We are indebted to Dr. E. Pagiola for calling our attention to
some errors in this appendix.
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Isotopic Spin I=0

byl detd
S
1+’le2522

Isotopic Spin I=1
bl1’|‘7l22(bub22“‘ b12bz1) Flss (bnbsa—" b13b31) +'Y2l22l33 detd

)

1 ‘I"Y[lzzbm‘l‘lzsbaa'{’lzzlss (b22bsa— bzabsz)]

320 FERRARI,
bis
flo=—"—""""7
but7lae detd
5=
1= [b1a—vl33(b13b3a— b21d33) 1/ A,
vi=[b13—"yl22(b1obss— bs1b22) I/ A,
where

A= b11+7l22(b11522— b12b22) +’Ylss (bnbss— blsbsl) +’Yzl22lsa detb.

PHYSICAL REVIEW VOLUME

123,

NUMBER 1 JULY 1, 1961

K——p and K~ —n Cross Sections in the Momentum Range 1-4 Bev/c

V. Cook, Bruce Cork, T. F. Hoanc, D. Keerg, L. T. KertH, W. A. WENzEL, AND T. F. Z1pF
Lawrence Radiation Laboratory, University of California, Berkeley, California

(Received February 27, 1961)

The energy dependence of the K—-nucleon total cross sections
has been measured over the K~ momentum range 0.98-3.98
Bev/c. K~—n cross sections were obtained by deuterium-hydrogen
subtraction, with a correction for screening effects. There is evi-
dence for structure in the 7’=0 K~-nucleon state in the momentum
range 0.98-2.0 Bev/c. This structure is absent in the T'=1 state.
In addition, a measurement was made at 1.95 Bev/c of the angular

I. INTRODUCTION

EVERAL measurements of the K~—3p total cross
section at different energies have been made previ-
ously by means of bubble chambers, counters, and
nuclear emulsions.! These in general have rather large
errors and are too widely spaced to allow much more
than the general trend of the cross section with energy
to be inferred. At energies less than a few hundred Mev,
the data suggest a 1/v dependence, and the higher-
energy points are consistent with a smoothly falling
curve, the slope diminishing as the energy increases. The
object of the experiment presented here was to de-
termine to a precision of a few percent both the K——p
and K——w total cross sections in the high-energy region
(px=>1 Bev/c). The upper limit in momentum (px=4
Bev/c) was the highest at which a convenient flux of K~
mesons could still be obtained at the Bevatron. In
addition, the cross section for the charge-exchange

! For a recent compilation of data and references see, for ex-
ample, T. F. Kycia, L. T. Kerth, and R. G. Baender, Phys. Rev.
118, 553 (1960).

distribution of the K~—p elastic scattering at small angles. The
forward-scattering amplitude obtained from the data gives a ratio

of real part to imaginary part 0.5+0.2 at 0°. The corresponding

ratio for 7~ mesons at this momentum was found to be 0.4_o.4™-2.

Measurements of the K~—p “elastic’” charge exchange gives a
cross section which falls from about 10 mb at 1 Bev/c to at most
a few mb at 4 Bev/c.

reaction

K~+p— K'n,

was measured at four different values of incident mo-
mentum. The angular distribution for small-angle
K——p scattering (015530 deg), and the forward-
scattering cross section, were measured at a single K—
meson momentum of 1.95 Bev/c.

II. THE K- BEAM
A. Beam Layout

Figure 1 shows the arrangement of counters and
magnets used to obtain a variable-energy K—-meson
beam. The primary target was of stainless steel, SX$X%
in., placed in the magnet gap of the Bevatron. Negative
particles, produced within about 5 deg to the direction
of the circulating 6.2-Bev proton beam, entered the
channel through a 0.020-in. aluminum window in the
vacuum tank at the beginning of the west straight
section. The first bending magnet M; was used to cor-
rect for variation in apparent target position with



