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The isobaric nucleon model of pion production in nucleon-
nucleon and pion-nucleon collisions has been extended to include
the effect of the higher resonances in the isotopic spin T'=1 state
of the pion-nucleon system, in addition to the effect of the well-
known low-energy T'=% resonance which has been previously
investigated. The higher T=1% resonances are centered at incident
pion energies of 600 and 880 Mev, and thus correspond to isobar
masses mr=1.51 and 1.68 Bev, respectively, as compared to
my=1.23 Bev for the T=% resonance. For the inelastic pion-
nucleon interactions, calculations of the various pion and recoil
nucleon energy spectra have been carried out for incident pion
energies T'r,ine=1.0, 1.4, and 2.0 Bev. We have considered both
single and double pion production by the incident pion, corre-
sponding to two-pion and three-pion final states, respectively.
General equations for the center-of-mass energy spectra of the
final-state pions and nucleons have been obtained for all single
and double pion production reactions from both =~ —p and =+ —p
collisions. The results of the present extended isobar model at
Tr,ine=1.0 Bev are in reasonable agreement with the combined
data from three experiments on #~—p interactions in the region

I. INTRODUCTION

N previous papers,'— we have proposed an isobaric
nucleon model of pion production in nucleon-
nucleon (NV—N) and pion-nucleon (r—N) collisions.
In this model, it is assumed that in the primary (N—N
or w—N) interaction the nucleon is excited to an
isobaric state N,* which subsequently decays into a
nucleon and one or several pions. In the previous cal-
culations, we have considered only the isobaric state
Ny* corresponding to the well-known pion-nucleon
resonance with isotopic spin T'=% and angular mo-
mentum J=$% at an incident pion energy 7'»= 180 Mev.
The isobar N* is assumed to decay into a nucleon and
a pion. Thus, for #—N collisions, we have given a
treatment of production of one additional pion (i.e., two
pions in the final state); for N—N collisions, we have
considered both single pion and double pion production.
This isobar model involving the state N,* only has
been able to give reasonable agreement with most of
the dominant features of a number of experiments on
inelastic N—N and #— N interactions. 4%
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of 1.0 Bev incident energy. The Q value distributions for pion-
nucleon and pion-pion pairs have been calculated for single pion
production at Tz, inc=1.0 Bev. The present extension of the isobar
model can also be used to treat up to four-pion final states in
=—N interactions, and up to eight-pion final states in N—N
interactions,

For pion production in nucleon-nucleon collisions, we have
obtained the branching ratios for all pion production reactions
which involve the isobaric states Ni*, Ngo*, and Na*, corre-
sponding to the 7=3% and 7'=1% resonances. General equations for
the energy spectra of the final-state pions and nucleons have been
derived for all single- and double-pion production reactions from
both p—p and »—p collisions. Calculations of the various pion
and nucleon energy spectra have been carried out for incident
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production in antinucleon-nucleon interactions which do not
result in annihilation, it has been assumed that an anti-isobar
N.* can be produced, which is the antiparticle of the isobar N.*.
Specific results have been obtained for both single and double pion
production in p—p, p—n, and fi— p collisions.

It has been recently shown that the cross section
for 7 —p scattering [o(m"—p)] has two maxima in
the region of T',=500-1000 Mev pion energy.*~'* These
two maxima, which are centered at T,=600 and 880
Mev, correspond to peaks in the cross section oy for
interactions in the isotopic spin T'=#% state of the pion-
nucleon system. It seems reasonable to assume that
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particular angular momentum state with T=%, or
possibly in several overlapping states. In this case, we
can consider the resonant states as additional isobaric
states of the nucleon, which will be denoted by Na.*
and Ny»* for the T,=600 and 880 Mev resonances,
respectively. The isobar masses #; which correspond to
these pion kinetic energies are: m;=1.51 and 1.68 Bev,
respectively, as compared to a mass m;=1225 Bev
pertaining to the N,* isobar (center of the T'=J=3$
resonance at T',=180 Mev).

As a natural extension of our previous isobar model,
which quite generally formulated the possibility of
other higher-energy isobaric nucleon levels, we assume
that the pion production can proceed via the T=3
isobars Ng,* and N ¥, in addition to the previously con-
sidered processes via the T'=% isobar Ni* We will
consider together the two states Ny,* and Ny, and we
will refer to the group of the higher energy T'=4% states
as Ny*. The probability Pj{mr)dm; for exciting the
isobar No* in the mass range between my and my+dmy
is obtained from an expression similar to that used in
I for the formation of the N;* isobar:

P;(mf)dmz= CO‘;-('WH)Fd?ﬂI, (1)

where C is a constant, oy(my) is the total interaction
cross section for the pion-nucleon system in the T'=3%
state, and F is the appropriate two-body phase space
factor for N,* and the other (recoil) particle in the
final state (e.g., No*+N or No*+m).

It appears reasonable to assume that transitions
between any two isobaric states can occur by emission
of a single pion, and that transitions which involve the
simultaneous emission of two or more pions have a small
probability.

It will therefore be assumed that the isobar N,* can
decay either directly into a nucleon and a pion, or into
N.* and a pion (provided that the latter transition is
energetically possible). Thus we have the reactions:

Ny*— N-; )
No*— Np*+r; Ni*— N+ (3)

In reaction (3), two pions are produced from the decay
of NV,*, whereas in reaction (2) only one pion is emitted.
Thus for #— N interactions, in which No* is produced,
we have the reaction:

7+ N — 9e* — N+, ()

where 97¢* is the initial compound state of the pion-
nucleon system, which for #~4-p will obviously be a
mixture of isotopic spin T’=% and T=4§ states. For
reaction (4), we have the possibility of both two-pion
and three-pion final states, corresponding to production
of one or two additional pions, respectively.?

2 As will be discussed below [after Eq. (27)], four-pion final
states which can be obtained by considering the additional
transition Nop* — Nao*-bmr, will be neglected in the present
treatment.
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In Sec. II of the present paper, we obtain the general
equations for pion production in pion-nucleon collisions
via the isobaric states N* and Ny*. In particular, we
obtain the partial cross sections for all possible two-pion
and three-pion final states for 7——p and =+—p inter-
actions. Moreover, the expressions for the momentum
spectra of the final-state pions will be given in terms of
certain basic spectra J ;.

The procedure of the calculation of the pion spectra
J =, and the recoil nucleon spectra Iy ;™ is given in
Sec. III. Calculations have been carried out for incident
pion kinetic energies 7' im.=1.0, 1.4, and 2.0 Bev.

In Sec. IV, we give a comparison of the present
extended isobar model with the results of three recent
experiments on inelastic #~—p interactions at 7'z inc
=1.0 Bev. It will be shown that reasonable agreement
can be obtained with the dominant features of the
experimental results for the reactions leading to both
the two-pion and three-pion final states.

In Sec. V, we give the expressions for the Q-value
distributions of the various types of pion-nucleon pairs
which arise in pion production in pion-nucleon inter-
actions. The expressions for the probability distribu-
tions P(Q) are given in terms of certain basic distri-
butions Prx,«”(Q). In particular, P,y,:1‘“(Q) is the
(Q-value distribution for a nucleon and pion originating
from the N,* isobar. Thus P,y,1® is essentially given
by o3(mi)F, where oy is the T=% cross section for the
w—N system, and F is the two-body phase space factor
for an isobar of mass #; and the recoil pion. Similarly,
Py 29(Q) denotes the Q-value distribution for the
pion-nucleon pair originating from the decay of the No*
isobar. Py, @ is essentially given by o3(ma)F.

In Sec. VI, we obtain the branching ratios for the
various final states for pion production in nucleon-
nucleon collisions, specifically p—p and #—p collisions.
For n—p collisions, the branching ratios involve, in
some cases, the phase angle ¢o between the matrix
elements for production in the isotopic spin T=1 and
T=0 states. The basic reactions for which branching
ratios have been obtained are the following:

p+N— N*+N; p+N—2N*; p+N— N *+N;
p+N— Ni*+No*; and p+N — 2N*,

In Sec. VII, we give the expressions for the energy
spectra of pions and nucleons from inelastic p—p and
n—p interactions leading to single and double pion
production. These spectra are given in terms of certain
basic spectra (such as I, ;4 and Iy ;) which are
analogous to the spectra J,,; and Iy ;™ pertaining to
pion-nucleon interactions.

In Sec. VIII, we obtain the basic pion and nucleon
energy spectra for the reaction: N4+N — Ny*+N at
the incident nucleon kinetic energies 7w, im.=2.3 and
3.0 Bev. In addition, the energy spectra of the pions
and nucleons from the reaction N+N — Ni*4Ny*
have been evaluated for T'w,ine=3.0 Bev. The resulting
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energy spectra are presented in several figures, together
with the spectra arising from the reactions: N+N —
N*4N and N4+ N — 2N * which have been previously
obtained in I. In connection with the choice of the
energies I'x,ino= 2.3 and 3.0 Bev, it should be noted that
the effective thresholds for the reactions N+N — N,*
+N and ]V-l—N—’) N1*+N2* are TN,inc'\’l.6 and
~ 2.6 Bev, respectively. For this reason, calculations for
N+N — N*4Ny* were not carried out at 2.3 Bev,
but only at 3.0 Bev. The threshold values given above
correspond to formation of the isobars N;* and Nj*
with mass values exceeding somewhat (by ~80 Mev)
the mass pertaining to the peak of the cross section
o3 (mr=1.23 Bev) and the first maximum of o3
(mr=1.51 Bev). Specifically, we used: m(N*)=1.3
Bev, m(N,*)=1.6 Bev.

In Sec. IX, we consider the process of pion production
in antinucleon-nucleon collisions which do not result
in annihilation. Specifically, we have carried out cal-
culations for §—p, p—n, and A—p interactions. For
single-pion production, the basic reactions are as
follows:

N+N—>N#+N — N+N+n, (3)

N4N - NN — N+N-4, 6)

where N,* denotes an anti-isobar, i.e., the antiparticle
of the isobar N,*. We note that reactions (5) and (6)
have equal cross sections from charge conjugation
invariance. For double-pion production, the following
reaction has been considered :

N+N— N#+N* — N+N4-2x. N

We have obtained the branching ratios for the
various possible one-pion and two-pion final states
arising from reactions (5)-(7). In addition, expressions
for the energy spectra of the pions and nucleons have
been derived, together with the expressions for the
Q-value distributions for the pion-nucleon and pion-
antinucleon pairs. The energy spectrum of the nucleons
from the single-pion production reactions can be
expressed in terms of the functions [y ,; and I 2 which
have been introduced and calculated in I for the case
of nucleon-nucleon interactions. For the double-pion
production reaction (7), the nucleon spectrum is given
by the distribution Iy, obtained in I. Similarly, the
pion spectrum for reactions (5) and (6) is given by I, ,
of reference 1, while the pion spectrum for reaction (7)
is given by the function I, 4 which has also been
obtained in reference 1. For single-pion production, the
Q-value distribution P(Q) is found to be a linear com-
bination of the functions P1(Q) and Py(Q) which have
been introduced in I for the case of nucleon-nucleon
collisions.

In Sec. X, we outline a procedure for the evaluation
of certain basic cross sections for pion-nucleon inter-
actions, oar,., from experimental data on the cross
sections for the various single- and double-pion pro-
duction reactions from #+—p and #~—p collisions. The
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cross sections aar, are defined in Sec. I and enter into
the expressions for the energy spectra of the final-state
pions which are given in this section.

In Sec. XI, a procedure is described for the calculation
of the basic cross sections for nucleon-nucleon interac-
tions, o1, gy, 04, from experimental values of the
cross sections for the various pion production reactions
from p—p and n—p collisions. The discussion of Sec.
XTI is very similar to that of Sec. X, except that it
pertains to nucleon-nucleon rather than pion-nucleon
interactions. The cross sections ¢1—o¢ enter into the
equations for the pion and nucleon energy spectra from
$p— p and n— p collisions, which are obtained in Sec. VII.

II. GENERAL EQUATIONS FOR PION PRODUCTION
IN PION-NUCLEON COLLISIONS

We will now proceed to derive the general equations
for the energy spectra and branching ratios for the pion
production in pion-nucleon collisions via the reaction
7+ N — Ny*+x. The cross sections and energy dis-
tributions which are thus obtained from the N,*
processes must be added to the corresponding cross
sections and energy distributions arising from the N¢*
processes : 7+ N — Ny*+x, which have been previously
obtained in II. The approximation in which these
cross sections can be simply added is that the N,* and
N,* isobars are considered as different particles (having
appreciably different masses, and also different isotopic
spin and different decay modes). Therefore, it is neces-
sarily assumed that the lifetime of N1* and N,* is suffi-
ciently long so that the decay takes place outside the
range of interaction of the decay products, and inter-
ference effects due to a possible short lifetime are
neglected.

We shall first consider pion production in #—p
collisions. The basic reactions involved are as follows:

a4+ p — Nt — Ny* 4, (8)
N+, (9a)
No*
N\
Ni*+mr; N*— N4, (9b)

where 9* is the initial compound state of the 7—N
system, which subsequently decays into Ny*+.

The pion production which proceeds directly via Ny*
involves the following reactions:

7 p — ¥ — N,
N1* —> N+7l'

(10)
(11)

In analogy to Eq. (21) of II, the partial cross sections
and energy spectra of the final reaction products from
(8)—(9b) are determined by:

|, @ (inal 2= |\~ @ (T'=4)
—'92% €Xp (i§02)‘1’1r"—~p<2) (T: %) I 27

(12)
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where the superscript (2) indicates that the production
goes via Ny*; ¥~ @ (T'=3) and ¥, ,P(T=3) are
the wave functions for the final state consisting of N,*
and a recoil pion, with total isotopic spin T'=% and
T=4%, respectively, and with z component 7,=—4% in
each case; py=o3s/(2012), where o3, is the inelastic cross
section pertaining to No* for the #— N system in the
T=3% state, and oy, is the corresponding cross section
in the T=1% state; ¢, is the phase difference between
the matrix elements for production of No*+7 in the
T=3 and T'=1 states.

The wave functions

V,,®(T=1) and ¥,—,O(T=}
are given by
Vo ® (T=%)=— BNkt (5)Niko,
Y@ (T=5)= BN+ (Dt

where Az, is the wave function for the No* isobar with

z component of isotopic spin T.(=% or —%), and &r, is

the wave function of the recoil pion in reaction (8).
From Egs. (12)-(14), one obtains

(13)
(14)

[ W, @ CfinaD) |22 AN2E 24 BN 2252 (15)
where the constants 4, B, and & are defined by
A=3+%p10, (16)
B=3+3%p.—0, (17
b= (2V2/3)ps? coses. (18)

For the direct decay of N,* into a nucleon and a pion
[reaction (9a)], A\; and A_; are equivalent to the fol-
lowing:

(19)

(20)

M= — (3wt (3K wy,
Ag=— (Di_wyt+ (B Koy,

where {7, and k7. are the wave functions of the decay
pion and the final nucleon, respectively. On the other
hand, for the decay of N,* into N1* and a pion [Eq.
(9b)], A; and A—; become

M= @) Nopi— Nt @)Wy,
A= @)W wi— )Wt () Ry,

where ¢, is the wave function of the N,* isobar, and
vy, is the wave function of the pion emitted in the
transition Ng*— Ny*4-. In this process, Ni* decays
subsequently into N-w, and the appropriate charge
ratios are obtained from the following equations:

1)
(22)

Y= pixy, (23)
1= (1) oy (5 Xy, (24)
Y= (D)t (3 uoXy, (25)
Yoy=p-1Xy, (26)
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¥16. 1. Schematic diagram showing isobaric states of nucleon
(N1*, Nao*, Ny*) and initial state for pion-nucleon collisions
(N¢*). The diagram indicates the notation employed for the wave
functions of the particles involved, and for the various types of
pions [see Eq. (27)7].

where pr. and xr. are the wave functions of the decay
pion and nucleon, respectively, for the process

Ni*— N+,

Figure 1 shows schematically the notation used for
the various types of pions and the recoil nucleon. The
transition marked 7 corresponds to the recoil pion in
the previously studied process (10) and (11) which goes
directly via N* [see Eq. (15) of IT7]. The notations (R),
(Ds), (D21), and (Dy) will be explained below.

From Eqgs. (15) and (19)-(26), we can now obtain
the equation for the intensities of the various types of
final pions and reactions:

[ -, @ (tinaD) |2
= APLHRDip)+3(RDitn)]
+BP[3(RDyp2)+ 3 (RD )]
+ AP (1/18)(R™DoitDi~p1)+ 5 (R~DartD1%n4)
+(2/9)(R~D2°D1*p1)+ % (R~Dy"Drtns)
+32(R~Dyr~Ditp1) J+BPy[3(RDortDimy)
+3(RD2"Dip1)+ (2/9) (RD21°D1ny)
+§(RDoi=D%p1)+ (1/18)(R°Dyi~Ditmn) ], (27)

where P, is the relative probability that N.* decays
into N+x [Eq. (9a)], giving rise to single pion pro-
duction, while Py is the relative probability for the
decay Ny* — Ni*4-7 (double pion production). Ob-
viously, Ps+Pg=1. The value of P, must be deter-
mined from the requirement that the calculated double-
pion cross section should agree with the observed cross
section for double-pion production at the energy con-
sidered. In Eq. (27), R+ denotes the recoil pion in
Eq. (8); Dy*® denotes the decay pion from Ny*—>N-7;
P2 or ny denotes a proton or neutron which originates
from the decay of Ng*; Dy*0 denotes the decay pion
from Ng*— Ni*+x; DiF° denotes the decay pion
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from Ny*-» N+, and p; or #: is the corresponding
nucleon. The charge state of the pion is indicated in
each case as a superscript. We note that R+ corre-
sponds to pions with wave function £1,0-1. D, corre-
sponds to pions with wave function ¢; similarly, Dy,
corresponds to », and D; corresponds to p. The nucleons
$2 and np have the wave function «, while the nucleons
$1and »; have the wave function x. These relationships
are indicated in Fig. 1.

We note that in the preceding discussion we have
not included the effect of a possible transition between
the states Nyp* and Np* with emission of a pion:
Nop* — No*+m. The main reason for neglecting this
contribution is that for the centers of the corresponding
resonances, the isobar mass difference is Am;=1.68
—1.51=0.17 Bev, which is only 30 Mev in excess of
the pion mass. Thus, the phase space factor for the
decay Naup* — Nao*+7 will be very small compared to
the phase space for the competing modes of decay;
Ny*— N+7 and Nop* — Ni¥+7 [see Egs. (82) and
(83)7]. However, it may be remarked that if we consider
the transition from an isobaric state on the high-energy
side of the center of the Ny™* resonance to a state on the
low-energy side of the Ng.* resonance, the decay
Nap* — Nao*4-7 will not be quite as improbable as for
the example considered above, on account of the larger
isobar mass difference Am;. In this connection, we note
that for an incident 7~ energy 7' ino in the range from
~0.8 to 1.0 Bev, the isotopic spin 7'=#% part of the
w~—p interaction will probably proceed mainly via
the Nyp* state, which is centered at T'r,ine=880 Mev.
In this case, the initial compound state of the #—N
system, 9¢*, will have a large component of Ny*. Thus
the transition M¢* — No*+7 of reaction (8) will have
a contribution from the decay Na* — Ny,*+. In the
present extended isobar model, this contribution is
automatically included as a part of the pion spectrum
T3

The possible reactions for #~— p interactions will be
labeled by (I), (IT), and (III) for the two-pion final
states (single-pion production), and by (A)-(D) for
the three-pion final states (double-pion production).
The possible reactions are as follows:

7+ p—= ntata, (1)

7P — pta 2, (IT)
7 +p— nt+27 (1IT)
7 +p— p+at+2a, (A)
749 — p+r+ 22, (B)
7~+p — ntatata, ()
7+ p — n+-37°% (D)

We note that among the reactions leading to 3 pions
in the final state, (A) leads to formation of 4-prong
events, while (B) and (C) lead to formation of 2-prong
events.
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From Eq. (27) of the present paper, and from the
results of II, one obtains the following expressions for
the total cross sections for both N¢* and No* processes,
for the various reactions. The total cross sections will
be denoted by ¢, @D, . ..¢®) where the superscript
indicates the reaction considered. We find:

2 /5 26
G(I)=§011( +—P1

—a) +—'A0'12 183 (28)

2 2 17
O'(H)_‘go'll(a'i‘—'[)l—'a) +-012,:(4A+2B), (29)

) s, o
e™ = (10/27)Ac1s.q, 1A 16
o® = (4/2T) 712,01+ p), (32)
0@ =(2/27)012,4(2445B), (33)
o™ = (4/27)0 12,45, (34)

where o1 denotes the cross section for producing
N+*+# [Eq. (10)] in the state of total isotopic spin
T=1; o15,; and 13,4 are the parts of the cross section
012 which pertain to single-pion production and double-
pion production, respectively. o1, has been defined
above [after Eq. (12)] as the cross section for producing
No*+ in the state of total isotopic spin T'=%. In
general, we use the notation oyr . for the cross section
for producing No+7 (@=1 or 2) in the state of total
isotopic spin 7. In Egs. (28)-(30), p: is defined as:
p=0c3/(2011), i.e,, p1 is the same as the ratio p used in
II. The constant a is defined in the same manner as in
II:
a=(2/59)p1} coser, (34a)

where ¢ is the phase angle between the matrix elements
for production of V¥4 in the T'=4% and T=$ states.
Thus ¢; is the same as the angle ¢ defined in II [see
Egs. (20), (21), and (27) of I1].

The differential cross sections as a function of center-
of-mass momentum P, for the pions from the reactions
(D)-(I1I) are given by:

do\ D 2 1 2
(—') (7) =—011|:(*+“P1+G)J1r 1
APy 3 25
1 8 2
+ (——i——pl——a)fm]
18 45 9

4
+§0'12,3A-]1r,3; (35)
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has been used, i.e., for the #— {from reaction (A) and
the #° from reaction (B), the expressions for do/dp
are normalized to 2¢™ and 2¢™®), respectively, while
do/dp, for the w° from reaction (D) is normalized to
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do\ D 2 1 8 2
(——) (W”L):Ull[(—*‘i—*pl‘*d)fr,l
dpx 3 18 45 9
1 2
+(5+gﬁ1+d)f7r,2] 3¢,

4
+§0'12,3A]7r,47 (36)

do \ 2 11 1
_) (W_):—Un[( ~+—p1—~a)J 1
&P 3 9 45 9

1 16 4
+ (~+—p1~*a)h,2]
9 45 9 ,

2
+50'12,3(/1]1r,3+23]7r,4)y (37>

do \ dD 2 1 16 4
(__') (7"0)2—011[ —+——p1——a)],,1
dpx 3 9 45 9

1 1 1
-+ (—+—p1—‘—a)-]7r,2]
9 45 .9

2
+§0'12,3(ZB]7,3+AJW,4): (38)

do \ D 2 2 2 2
(—) (7r°)=—011(—+—p1——d) (Jeat+Tr2)
APy 3 9 45 9

2
+§012,SB(JT,3+]W,4)- (39)

Here J.: and J,, are the center-of-mass (c.m.)
momentum spectra for the Ni* processes previously
considered in IT. Thus J,, pertains to the decay pion
from reaction (11); J.,; denotes the c.m. spectrum of
the recoil pion from (10). Similarly, for the No* reac-
tions, J . ; denotes the spectrum of the recoil pion from
(8), while J, 4 is the spectrum of the decay pion from
(9a). All of the spectra J,,; are normalized to unity, i.e.,

P, max
f JrildPpa=1,
1}

where fix max 1$ the maximum possible value of 7..
The spectra (35)-(38) are normalized to the corre-
sponding total cross sections ¢ and ¢« [Eqs. (28)
and (29)]. The spectrum (39) for the #° mesons from
reaction (III) has been normalized to twice the cross
section ¢ [Eq. (30)] since there are two #¥s origi-
nating from the reaction. For the three-pion events, for
which do/dp, is given below, a similar normalization

(40)

The pion momentum spectra from reactions (A)-(D)
are given by:

do & 10

(*—‘) (7!'+):*Ao’myd(0.1],,-,5—{"0.9]1,-,6), (41)
dp. 27
do \ 10

('—‘) (7!"-):'*Aolg,d(]ﬂ‘g‘l‘o.g]ﬂ—@‘*—o.1]-,“6), (4:2)
dp 27

do \ B 8
(—_) ()= o0 AT A 0SBt )], (43

do \ ® 1
E) (m)= Eolz,d[ZB],,,3
+QCA+B) (T s t+T6)], (44)
do \ @ 1
(_) () =—012, 2A+9B)T x5
dpx 27
+QA4+B)J 5], (45)
do \ © 2
“_) (a1 =—012,0[ 3BS 3+ A v 5+Tr6) ], (46)
D 27
do \ (© 1
(55) o= ondds B U st92.0 1)
ap. 27
s\ (D) 4 v
(—) (@) =—012,4B(Jr 3+T x5+ Tr5). (48)
dpx 27

Here, as in Eqgs. (35)-(39), the parenthesis (z%:%) after
(do/dp,) indicates the pion considered for which the
momentum spectrum is given. In Eqgs. (41)-(48), Jx.5
denotes the c.m. momentum spectrum of the pion
emitted in the decay No* — N *+m, while J, ¢ is the
spectrum of the pion emitted in the subsequent decay
of Nv* [Eq. (9b)].

We shall now consider the pion production in #7—p
collisions. In this case, the wave function for the final
state ¥,+_,® (inal) ig oiven by:

W, @ (fnad — g\

From Egs. (19), (21), and (23)-(25), one obtains:
| W g+ @ (tinal) |2
=P 3 (RtDLps)+%(R*Dytns) ]
+ P (1/18) (Rt Doy D1 p1)+5 (R Dor™ D1 %n1)
4+ (2/9) (R¥D2°D1*p1) 5 (RTDo® D1t ny)
+3 (Rt Do Ditp) ] (50)

For the mt— p interactions, the two-pion final states
will be labelled (IV) and (V), while the three-pion final

(49)
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states will be labelled (E), (F), and (G). The possible
reactions are as follows:

7t4p — ptat-a0, (av)
at+p — nt20t, 2
7t+p— p+ 247, (E)
at+p— ptat-+2a0, (F)
wttp— nt-2xt -0, (&

The total cross sections for these reactions are given by

eIV = (13/15)a514 So32, (51)
oM = (2/15)031+ 3043, (52)
o B =(5/903. 4, (53)
P =g = (2/9)gg 4. (54)

The following expressions for the c¢.m. momentum
spectra are normalized to #,o, where 7, is the number
of pions of the charge state considered, and o is the
total cross section as given by Egs. (51)-(54). This
normalization is similar to that used above for the
spectra from =~ — p interactions.

From Eq. (50), one obtains

do \ IV 3 4 1
_~) (7r+):U31(_J7r,1+__‘~]1r,2)+’A0'3253]7r,3, (55)
dPx 5 15 3
do av) 4 3 1
(“‘“) ("FO):031(—*]7r,1+_]7r,2)+"032,8J1r,4, (56)
dpe 15 5 3
do WV 2
(—) (7r+):_0-31(]1r,1+]7r,2)
D 15
+%0-32,s(]7r,3+]7r,4)q (57)
do \ (B 5 1 1
(*) (W+):Ua2,d(*]w,3+—.]7r,5+~]7r,6), (58)
AP 9 18 2
do \ ® 1
(_“) (T_):<732,d(—]7r,5+ Jr e), (59)
dpr 2
o\ P 2
(“*) () =—039,a) .3 (60)
AP 9
do \ () 2
(—) (1) =—032,0(J r,57 r.6), (61)
Px 9
do [(&)) 2 1 .
(_) (7T+):032,d[*f1r,3+~(]7r,5+],,,6)], (62)
dpx 9 9
do \ @ 1
(—j‘) (@) =—~32,0(Tr5 T r.6), (63)
dpr 9

where o3, and o394 are paits of o3 which pertain to
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single-pion production and double-pion production,
respectively.

In connection with the total cross sections of Egs.
(28)-(34), we note that for the two-pion final states,
we obtain

@40+ =211 (14p1)+ 3012, (1+p2)

=20u+ioutdon ot o,

(64)

This result was to be expected, since the cross section
for any process (via N,* or Ny*) arising from 7=~ —p
interactions is equal to [Zo(T=%)-+30(T=%)], where
o(T=%) and o(T'=%) are the corresponding cross
sections for the T=1% and T=4% isotopic spin states.
Similarly, for the three-pion final states, we have

oW g ®) g O 40D =201y 4(1+p2)
= %012,d+ %032,d~ (65)

From Egs. (51)-(54), one obtains for #*—p inter-
actions:
eIV D =gytay,q, (66)

gD @ =y (67)

In connection with the inelastic #~—p interactions
discussed in IT, we have defined the ratio R of the cross
sections for reactions (I) and (IT): R=¢"D/¢c™, With
the inclusion of the N,* processes, one obtains from
Eqs. (28) and (29):

o g(pt+r+7)

o _a(n+1r++7r_)
10+17p:—25a+157 (4 +2B)

, (68)
254-26p;+35a4-3074
where the constant 7 is defined by
T=019,/011- (69)

For 12,,=0 (r=0), Eq. (68) reduces to Eq. (37) of IT,
as is expected. For g11=0 (7= ), corresponding to the
presence of No* processes only, the expression for R
becomes

R(r=w)=1+B/A. (70)

It may be noted that the ratio R depends on the five
parameters p1, @1, p2, @2, and 7, so that R will be most
useful in determining any of these constants, when it
is combined with information from other sources. One
such possibility is the measurement of #U', and hence
the determination of the ratio S=¢™D/¢c® [see Eq.
(30)]. If it is assumed that the N,* processes are neg-
ligible, so that r~0, then R depends only on p; and ¢,
as has been discussed in II. Information on the con-
stants ps, @3, and 7 can be obtained from a measurement
of the partial cross sections for the three-pion events
[Egs. (31)-(34)].

In II, we have introduced the ratio £ of the intensity
of fast 7+ to slow =+ mesons from the reaction (I) [see
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Eq. (42) of IT]. The intensity of fast 7+ was taken as
the coefficient of J, 2 in Eq. (36) (J.:=spectrum of
recoil pions), while the intensity of slow #+ was assumed
to be given by the coefficient of J 1 (decay pions), With
the inclusion of N.* reactions, we have in addition a
term proportional to J.s (decay pions from Ng*—
N+x). As will be shown below, the J, . spectrum
consists predominantly of fast pions, so that the coef-
ficient of J 1 can be combined with that of /-, in Eq.
(36), in order to obtain the ratio £ including the N,*
processes. We thus find
&= (454 36p1+90a+6074)/(5+16p:—20a). (71)
Of course, for =0, Eq. (71) reduces to Eq. (42) of II.
The shape of the ot spectrum from reaction (I), which
determines the experimental value of £ can thus be
used as an additional restriction on the parameters p;,
@i, and 7, besides the values of R and .S defined above.
For the xt—p interactions, the situation is very
much simpler, since one is dealing with a pure T'=3%
state, so that the parameters p; and ¢; do not enter.
We will define the ratio U of the single-pion production
reactions, as follows:

oIV g(ptat+a?)  13+59

= - 3 )
™ g(ntat+xty 2410y
where the constant % is defined by
N=032,6/0 1. (73)

Equation (72) shows that a measurement of U enables
one to determine directly the ratio 5, which gives the
relative strength of the N,* processes (leading to
single-pion production) and the N,* reactions. We note
that for o3,,=0 (y=0), we have U=6.5, as was pointed
out in IT [Eq. (36)]. On the other hand, for os=0
(p= o ; absence of Ni* reactions), we would obtain
U=0.5. For other values of 4, the present isobar model
predicts that the value of U should be intermediate
between the extreme values of 0.5 and 6.5. From Eq.
(72), we obtain the following expression for 5 in terms
of U:

n=(13-2U)/(10U-5). (74)

III. CALCULATION OF THE PION SPECTRA J.
AND THE NUCLEON SPECTRA Iy FROM
PION-NUCLEON INTERACTIONS

In this section, we will describe the procedure of the
calculation of the pion spectra J.; and the recoil
nucleon spectra I ;™. Calculations were carried out
for incident pion energies T'r ine=1.0, 1.4, and 2.0 Bev.

The procedure of the calculation of J, 1 and J. ; has
been described in II. These spectra pertain to the
decay pion and the recoil pion, respectively, from the
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reactions via N* [Egs. (10) and (11)].2' The spectra
Jrsand J, 4 which pertain to the N,* reactions (8) and
(9a) are obtained in essentially the same manner as
Jx1and J, 9. Thus J. 3 represents the spectrum of the
recoil pions from reaction (8). J, 3 is given by

J 2 3(Tr) =K soy(m2)0-(dms/dT)F, (75)

where K3 is a normalization factor; oy(m,) is the total
T=1% pion-nucleon scattering cross section at the in-
cident pion energy which corresponds to an energy o
in the center-of-mass system of the pion and nucleon
(rest system of the isobar) ; m; is the mass of the isobar
Ns* for which the recoil pion has the energy 7', in the
center-of-mass system of reaction (8) ; F is the two-body
phase space factor for the recoil pion and N,*, for the
appropriate total energy ¥ in the c.m. system of reac-
tion (8): o
F=p.E.En,/E, (76)
where E, and E~, are the center-of-mass total energies
of the pion and N,* respectively; P, is the c.m.
momentum of either particle; and E=E .+ En,.

We note that for o3 we use the total T=% cross
section for all values of m, which are kinematically
possible. Thus, at an incident energy T,ine=1.0 Bev,
for which E=1.743 Bev, the range of m, extends from
Mamin=my+m,=1078 Bev up to Mo mux=E—m,
=1.603 Bev, and therefore includes the lower maximum
of the T'=1 cross section, which is centered at my=1.51
Bev. The choice of the lower limit for m. will be dis-
cussed in more detail below.

In order to obtain the values of 3 used in the cal-
culations, we employed the experimental values of
o(m—p) and o{at—p) determined by Brisson et al.8
and Devlin et al.’® .

In the calculations pertaining to Eq. (75), the range
of ms was divided into equal intervals of 25 Mev. The
Jth interval, centered at mass mo=1m,;, gives rise to a
step function of value g; 5:

g5.5= Koy (mp))F o i/ (T30 —T, ), (77)
which represents J,,3 in the interval from TG0 to
7,40, Here T':4%F) is given by
T G0 =4[ T D4 T, ], (78)
where T, is the value of the recoil pion energy T,
which pertains to the isobar NVo* with mass m.;. In Eq.
(77), o3(ms;), F;, and 7, ; are the values of o3, F, and
7, pertaining to ms; [see Eqs. (7) and (8) of IT].
The spectrum J,. . represents the c.m. momentum
distribution of the pions from the decay of N.* [Eq.

21 We note that a derivation of the factor o3(m/)F in the ex-
pression for the probability P3(mr) for the formation of the T=4%
isobar N;* with mass m; has also been given by S. Bergia, ¥.
Bonsignori, and A. Stanghellini, Nuovo cimento 16, 1073 (1960).
They find that interference effects due to the finite lifetime of the

isobar are small except at lower energies than are considered here.
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(92)7. Jr41s given by

Jea(Ts
Ty

Ur

_K, f T () F G 1~ e(m) s, (79)

m2,min

where K4 is a normalization factor, me min=my~+m,
=1.078 Bev, ma,mux=FE—m,, and F is the appropriate
two-body phase space factor; I, 4 is the corresponding
c.m. energy distribution of the pions. The factor
[1—e(my)] in the integrand of (79) takes into account
the possibility that N,* may decay into N,*4, rather
than N+=. Thus, e(m,) is defined as the probability of
the decay No* — Ni*+7 for an isobar Ny* of mass ms.
The method of determination of e(m,) will be described
below. In Eq. (79), G, is a step function of value:

Gwzl/(T'lr,max"' Tvr,min) fOI' Tﬂ,min< TW<T7r,max, (80)
G.=0 for T, <Trmin and T.>T; mex, (80a)

where Ty omin and Ty nex are the minimum and maxi-
mum values of the c.m. energy of the decay pion from
the isobar N,* with mass m,. In Eqs. (80) and (80a),
it has been assumed that the isobar N,* decays iso-
tropically in its rest system. For simplicity, this
assumption will be made throughout this paper for
both N,* and N,* decays (see footnote 19 of I).

In analogy to Eq. (5) of II, the spectrum I, s is
obtained by adding the step functions g;,s defined by

Koy (me) P 1 — e(may) ]

§4= Tw,max(j)_ Tmin(j)
fOr T,r,min(j)<T1r<T7r,max(j); (81)
gj,4EO’ fOI‘ T,,.< T.,,’min(j) and Tﬂ—> Tﬂ',max(]‘)) (813')

where Fj, Tr mex®, and Tp nin? are the values of F,
Tr max, and T min pertaining to ;.

The probability e(m,) which enters into Eq. (79) is
determined in the following manner. For a definite
mass 7, of the isobar N1* we can obtain the phase
space for the decay of N.* (with mass m,) into N*.
This phase space will be denoted by Fg(Vy* — N (@0%),

and is given by

Fd(lVg* — ZV],(Q)*) = Pw*Ew*ENl*/mQ, (82)

where p,*=py:* is the momentum of the pion (or N1¥)
in the rest system of N,*; E,* and Ex* are the total
energies of the pion and of N* in this system, We have:
my=E*+ En*,

In similarity to (82), we can obtain the phase space
factor Fq(N*— N) for the decay No*— N-+w. We
have

Fd(N2* — N) =PT(N)*E7I‘(N)*EN*/m2’ (83)

where $."*=py* is the momentum of the pion (or
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nucleon) in the rest system of Ny*; E,¥* and Ey™* are
the total energies of the pion and nucleon in this rest
system. ‘

We assume that the two alternate modes of decay
(for me>m1®+m,) proceed in proportion to their
respective phase factors Fy. Thus the probability e is

obtained from
Fa(No* — N(@%)

Fa(Ny*— N)+Fo(Ny*— Ny @%)

(84)

6(1%2) =

As indicated, e is only a function of the mass m, of the
isobar No* (for a fixed choice of m;(®), Representative
values of e(mz) for m(®=1.225 Bev are as follows:
€(1.365 Bev)=0; €(1.40)=0.120; (1.50)=0,246;
€(1.60)=0.312; €(1.80)=0.381; €(2.00)=0.419.

The average of e(m) over the mass distribution of
No* is given by

2, max
f oy (mo)Fe(me)dms
m2,min
<e(m2)> = 72 max ]
[ ay(my)Fdm
*/ m2 min

(85)

where s min=my+m,=1.078 Bev, and mQ,max=E
—my. If one uses m;(®=1.225 Bev for the calculation
of e(ms), one obtains the following values of {e(m2))
from Eq. (85): {e(m2))=0.111 at T ine=1.0 Bev, 0.192
at 1.4 Bev, and 0.247 at 2.0 Bev.

In obtaining the values of e(m,) used in the calcula-
tion of the spectrum J, ., we have assumed for sim-
plicity that the isobar N:* has the fixed mass m;(®
=1.225 Bev, corresponding to the center of the
T'=J=4% resonance. The resulting error in J, 4 which is
introduced by this simplification is expected to be quite
small, since J. 4 involves the difference 1—e(m,), and
the effective values of e(m,) are only of order 0.1-0.2.
On the other hand, as will be discussed below, for the
spectra J. s and J. s pertaining to the three-pion final
states, which involve e (m,) directly [rather than
(1—¢)], we have used an appropriate average of the
spectra Jr 5@ and Jr ¥ obtained for three mass
values m1®@ of the isobar N,¥,

In connection with the pion spectrum J, 4, we note
that the preceding calculation is based on Eq. (80),
which gives the decay pion spectrum for the isobar No*
with fixed mass m,, irrespective of the angle of the
decay pion with respect to the direction of motion of
N,*. Thus, if the cross section for isobar production is
not isotropic in the c.m. system, J. 4+ must be inter-
preted as the momentum spectrum integrated over all
angles 8, of the pion with respect to the incident
direction (i.e., Jr,¢ < do/dp.). In the special case that
the isobar production is isotropic, this restriction is not
necessary, and J, 4 is then proportional to the differ-
ential cross section d%/dp,dS, at all angles 6,. The
same remark applies for all of the other decay spectra
obtained in this paper (e.g., Jx,1, Jr5 and J. g for
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F16. 2. Center-of-mass momentum spectra of pions from pion-
nucleon interactions at an incident pion energy T, ine=1.0 Bev.
The spectra J,, 3 and J., 4 were calculated by including the con-
tribution of the low-energy T'=% cross section.

7—N interactions). The possibility of other than iso-
tropic distributions for the isobar production cross
section has been considered in I.

The spectrum J,,5 gives the momentum distribution
of the decay pions from N,* — N*4-x. For the purpose
of the present calculation, it was assumed that the mass
distribution of N* [which is given by the scattering
cross section o (rt—p)7] can be effectively replaced by
three mass values m,®, with m,=1.15 Bev (weight
w=0.25), m,®=1.225 Bev (w=0.5), and #m;®=1.30
Bev (w=0.25). The value m;® =1.225 Bev corresponds
to the center of the 7'=$% resonance (incident pion
energy 7,=180 Mev). In view of the narrowness of
the mass distribution of N*, it is believed that no
appreciable error is introduced by the present procedure
involving the mu;(®.

For each m;(®, the calculation proceeds in the same
manner as for J,. except that the maximum and
minimum pion energies T, mex® and T min® now
depend on ;. We have

T”’max(a) — ,72[E1r (a)*+ 52pﬂ_(rx)*:]_mﬂ_,

T 5 *_ 5 * (86)
Tr,min(a):72EEw(a) —1)2P1r(a) ]_mﬂ')

where 7, is the velocity of Ng* in the c.m. system of
reaction (8); yo=(1—102)"%; E.(* and p,@* are the
total energy and momentum of the pion (in the rest
system of No¥) for the decay Ny* — N *+-n, where V*
has mass m; (.

It should be noted that instead of the factor
[1— e(m,) ] which appears in Eq. (79) for J, 4, the inte-
grand for the spectrum J, 5 contains the factor e(® (m,),
since J .5 pertains to the decay No* — N1*+4 7 for which
the probability is €@ (m,). Thus the integrand of J,,5 is
given by : o1(ma)FG, e (my), where G,® is obtained
by means of T, mex @ and Ty min ) as given by Eq. (86).
We have obtained for each J 5 (a=1, 2, 3) the ap-
propriate probability e (m,), calculated by assuming a
mass e, (=1.15, 1.225, or 1.30 Bev) for the isobar NV ;*,

For each m;(®, one thus obtains a spectrum J, 5.
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The final spectrum J, 5 is given by
J25=0.257 5 5040507 5@ 4-0.257 5,5, (87)

The spectrum J, ¢ pertains to the decay pions from
N*— N+, which follow the decay No*— Ni*a.
Here again the same three values of m:(*) were used,
and a spectrum J, @ was calculated for each (.
In order to obtain J, @, we note that for a given
value of msj, and a given m:(®, the isobar N;* will have
a uniform distribution of energies between the values
T1,min®@ and Ty mex®, where

71 max @ =Fo[ E1¢0¥4-Bgpy (¥ |—my (@),

i ~ . - . (88)
Tl,min(“)=72EE1(°‘) -1)2P1(°‘) J—mq (0.

Here £:* and $,(®* are the total energy and momen-
tum of Ny* (in the rest system of Np*) for the decay
Ng*— Ny*+a. For each value of T, one has in turn
a step function giving the c.m. energy distribution of
the final decay pion from N* — N+. In the present
calculation, five such rectangles were added for each
value of ms; and m,‘®). These rectangles pertain to
isobars Ny* with the following kinetic energies:

T =T pax®, (weight w=0.125); (89a)
T129=3T1 max @+ 3T 10, (w=0.25); (89b)
T15@ =3 (T max @+ T1min @), (@=0.25);  (89c)
T4 @=2T1 in @427 @, (0=0.25);  (89d)
715 0=T1min®, (w=0.125). (8%)

This procedure gives the contribution to J, ¢ from
a single mq;. The weighting factor for the different ms;
values 1s given by oi(ms)Fel® (my;). By adding the
partial spectra due to all possible mg; values, one
obtains J, . Finally J, ¢ is given by

Tr6=0.257 5 s040.507; 6@ 40.257 4 6®.  (90)

The spectra J, 5 and J, ¢ were normalized to 1, in the
same manner as J.,1~J 4.
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Fic. 3. Center-of-mass momentum spectra of pions from
pion-nucleon interactions at an incident pion energy I'r inc=14
Bev. The spectra J. 3 and J 4 were calculated by including the
contribution of the low-energy T'=4% cross section.
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In order to summarize the notation used for the
J i, we may refer to Fig. 1. Thus, the spectrum J,
corresponds to the transition p following 9; J, 2 cor-
responds to n. Similarly, J, 3 is the spectrum for the
transition &(R); J. 4 corresponds to {(Dy); J. 5 cor-
responds to »(Dsr); and J, ¢ is the spectrum due to the
transition u(D;) following »(Dq1).

The pion spectra J.,; obtained from the present cal-
culations for Ty ine=1.0, 1.4, and 2.0 Bev are shown in
Figs. 24, respectively. It should be noted that both
for the spectra J,, and J. . which involve the cross
section ¢y, and for the spectra J, 3~J,,¢ which involve
oy, it was assumed that all isobar masses m; which are
kinematically possible will contribute to the pion
production. Thus, the minimum mass 7 min equals
my+m,=1.078 Bev, while the maximum mass 7, max
is given by: E—m., where £ is the total energy in the
c.m. system. Thus, #r max=1.603, 1.806, and 2.077 Bev
for Tw,im.=1.0, 1.4, and 2.0 Bev, respectively.

In the work of I1, we have used a cutoff My=my-+m,
0.5 Bev=1.578 Bev for the maximum isobar mass
M, max Which was used in connection with o3(m,) for
the calculation of the spectra J.,; and J.  pertaining
to the NV ,* reactions (10) and (11). The motivation for
this procedure was that the Ny* processes are believed
to be mainly due to the effect of the 7’=J=$ resonance
centered at T-=180 Mev. The isobar mass Mp=1.578
Bev corresponds to an incident pion energy 7',=710
Mev. At energies above this value, and actually already
in the region of 7',~500-700 Mev, the experimental
values of oy are quite small, and are probably not due
primarily to the tail of the 7’=J/=3} resonance. Hence
it was argued that the values of m;> M, should not be
included, since they do not represent the effect of the
low-energy T'=J=3% isobar. However, in the present
extended isobar model, it seems more reasonable to
include all mass values my which are kinematically
possible. The cross section o3(mr) for mass values
mr> My may represent the effect of unresolved isobaric
levels centered at higher energies, and, in particular,
the effect of the 7’=3 resonance maximum centered at
a pion energy 7,=1.35 Bev (mr=1.92 Bev). It should
be pointed out that the present procedure of including
all possible mass values m; for the T'=3% states is con-
sistent with the procedure employed for the 7=1 states
in the calculation of the spectra J» sJ .

In connection with the lower limit #er i, =1.078 Bev,
which has been used here for the No* processes (spectra
Jr5=Jx6), we note that the T'=4% cross section oy is
quite small and approximately constant for T, below
~300 Mev (s3~7 mb). In our previous work,? we have
neglected ¢y for incident pion energies 7, <300 Meyv,
i.e., for values of the isobar mass mr<1.30 Bev.
Although the low-energy T'=% cross section is small,
it has a rather pronounced effect on the resultant pion
spectra at Ts ine=1.0 Bev, as will be shown below. It
should be pointed out that the treatment of the low-

energy 7'=4% cross section is to some extent an open
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Fic. 4. Center-of-mass momentum spectra of pions from pion-
nucleon interactions at an incident pion energy T'r,ine=2.0 Bev.
The spectra J,,3 and J.,4 were calculated by including the con-
tribution of the low-energy T'=3% cross section.

question, and that the two possible procedures should
be regarded as alternative possibilities. The present
procedure of including the low-energy o4 is more con-
sistent from the point of view of the extended isobar
model, in which the 7'=4% and T'=% cross sections are
treated on the same footing, i.e., the same (kinematical)
limits for m; are used for both ¢; and ;3. On the other
hand, one can argue that the low-energy ¢, corresponds
predominantly to S-wave scattering, and therefore the
inclusion of this cross section allows for low-energy
S-wave pion production. In this connection, it is possible
that some selection rule prevents the emission of pions
in S states relative to the decay nucleon from the N,*
isobar. In any case, the fact that the S-wave cross
section ¢3 (~7 mb) is very small compared to the
maximum of the cross section o3 (~200 mb), which
corresponds essentially to a pure P state, indicates
that the S-wave pion production will be very small
compared to the P-wave production at low incident
energies (mr51.3 Bev).

For comparison with the results for the pion spectra
obtained by the present procedure, we have shown in
Figs. 5 and 6 the pion spectra for 7', in.=1.0 and 1.4
Bev, which have been previously obtained? by neglecting
the low-energy T'=1% cross section.

The spectra Jr 1—Jr6 for T ine=1.0 Bev are shown
in Fig. 2. It is seen that the principal maximum of the
recoil spectrum J, 3 from the N»* processes approxi-
mately coincides with the maximum of the decay
spectrum J., for the N,* reactions (5-~0.25 Bev/c),
and similarly, the maximum of J, 4 occurs at about the
same momentum (=0.43 Bev/c) as the peak of J, .
However, it should be pointed out that this close agree-
ment holds only for T'rine~1.0 Bev. At appreciably
higher incident energies, the maxima of the corre-
sponding spectra will, in general, be separated. This
will be shown below for T ine=1.4 and 2.0 Bev.

The second maximum of the J, ; curve at p,~0.5
Bev/c is a direct consequence of the inclusion of the
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F16. 5. Center-of-mass momentum spectra of pions from pion-
nucleon interactions at an incident pion energy T'r, ine=1.0 Bev.
The spectra J,,3 and J,, 1 were obtained by neglecting the low-
energy T'=% cross section.

low-energy T'=7% cross section. This maximum arises

from the increase of the phase space factor F with
increasing momentum $, of the recoil pion, and the
approximate constancy of &3 with energy (for 7', <300
Mev). On the other hand, the principal maximum of
Jr3 (at 0.25 Bev/c) is essentially not affected by the
inclusion of the low-energy o, as is shown by a com-
parison of Fig. 2 with Fig. 5. However, it may be noted
that whereas the spectra J.1—J.4 of Fig. 2 all have
the same maximum momentum p. »=0.52 Bev/c, the
spectrum J. 3 of Fig. 5 has a lower value of Prm
(0.42 Bev/c) than the other spectra for two pions in
the final state (Jx,1, Jx,2, and J, 4). The lower maximum
recoil momentum Hr . for J,. 3 of Fig. 3 is caused by
the omission of the low-energy 7'=1% cross section.

In both Figs. 2 and 5, the maximum of the decay
spectrum J.4 occurs at high momenta (p,=20.42
Bev/c), as a result of the large difference of mass
between the isobar Np* and the nucleon (m;—my
=1.51—-0.94=0.57 Bev, where m; is taken as the
center of the T,=600 Mev resonance). It should be
noted that the present curve of J. 4 (Fig. 2) has a
relatively flat region near p,=0.2 Bev/c, whereas the
spectrum J. 4 of Fig. 5 drops rapidly to zero below
0.2 Bev/c. Thus the present procedure gives a con-
siderably larger intensity of low-energy decay pions
than that which would be obtained by neglecting the
low-energy T'=4% cross section. This change is directly
attributable to the presence of isobars N;* having low
mass values, which favors the emission of low-energy
decay pions.

The spectra J. 5 and J. 5 of Fig. 2 are centered at
relatively small momenta (f.~0.2 Bev/c), and have a
low value for the maximum momentum, Prn=0.37
Bev/c. This behavior was to be expected, since these
spectra correspond to production of two additional
pions by the incident pion. It may be noted that the
momentum distributions J, 5 and J, s are essentially
unaffected by the low-energy T'=1 cross section, since
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the low mass values, mr<1.3 Bev, do not enter into
the calculation of these spectra. [The minimum mass
M, min 18 given by: m;@4m,, which is 1.29 Bev for
miM=1.15 Bev.]

Similar results have been obtained for Ty, in.=1.4 Bev
(see Figs. 3 and 6). The spectra J,,1 and J, 2 obtained
in the present work (Fig. 3) can be compared with
those previously obtained in IT for T in.=1.37 Bev
(Fig. 2 of IT). The maxima of the spectra from the two
calculations are in essential agreement, as would be
expected. However, it may be noted that the present
spectrum J,, (Fig. 3) has a larger high-energy tail
(from Pr~0.5 t0 Hr,»=0.66 Bev/c) than the spectrum
J a1 of II. This change is a direct consequence of the
inclusion of o3 (my) for isobar masses up to 761, max=1.806
Bev in the present work, whereas a cutoff at M,=1.58
Bev was used in the previous calculations, as discussed
above. The presence of isobars with large mass favors
the emission of high-energy decay pions. 1t is also seen
from Fig. 3 that the present spectrum J, s extends to
zero energy, whereas the previous J.» (Fig. 2 of II)
had a cutoff at $.22290 Mev/c. This cutoff was also
due to the use of the upper limit M=1.58 Bev for the
range of isobar masses ;.

Concerning the curve of J, 3 of Fig. 3, we note that
the somewhat irregular shape of this spectrum (below
0.5 Bev/c) is directly caused by the presence of the two
peaks in the T'=% cross section o3(ms). As shown by
Egs. (75) and (77), the recoil spectrum J, 3 is propor-
tional to op(mg)F. Thus the maximum of J,; at
P==0.38 Bev/c corresponds to the formation of an
isobar Ne.* at the first (lower-energy) peak of the T=1
cross section, for which ms=1.51 Bev. On the other
hand, the region of $,2¢0.26 Bev/¢, where the slope of
J .3 has a relative minimum, pertains to a recoil pion
which is made together with an isobar Nx* at the
second (higher-energy) peak of the T=1 cross section
(ms=1.68 Bev). The reason why in this region there is
no additional maximum, but only a decrease of the
slope of J. 3, is that the phase space factor F decreases
rapidly with increasing m., and hence with decreasing
momentum 7, of the recoil pion. We note that §,=0
corresponds to an isobar with maximum possible mass
ms, which is 1.806 Bev for Ty m.=1.4 Bev (E=1.946
Bev= 2 maxt5). The decrease of J, 3 on the high-
energy side of the maximum at 0.38 Bev/c is due to the
decrease of oy(ms) with decreasing m., i.e., with increas-
ing momentum .. In Fig, 3, there is a second maximum
of the J,;3 curve at high momenta ($.~0.65 Bev/c)
which arises from the low-energy T'=3% cross section.
This maximum is qualitatively similar to the second
maximum of Jn,3 for T, in.=1.0 Bev, which has been
discussed above. However, Fig. 3 shows that the high-
energy maximum of J, ; is considerably less pronounced
at 1.4 Bev than at 1.0 Bev. This result arises from the
fact that the range of isobar masses is appreciably
larger at 1.4 Bev than at 1.0 Bev (mr,max=1.806 Bev,
as compared to 1.603 Bev at T'; ine=1.0 Bev), so that
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the region m; < 1.3 Bev which gives rise to the second
maximum of J, 3 is relatively less important.

The decay spectrum J, 4 of Fig. 3 has the same
general features as the corresponding spectrum J, 4 at
1.0 Bev (Fig. 2). Thus there is a high-energy maximum
at p.=0.5 Bev/c, and an almost flat region near
P»=0.2 Bev/c, which arises from the low-mass T'=3%
isobars which are included in the present work. Similarly
to the behavior of the high-energy maximum of J, 3,
the increase of the intensity of J,. 4 at p,~0.2 Bev/c
due to the low-cnergy o; is also somewhat less im-
portant at 1.4 Bev than at 1.0 Bev. It may be noted
that aside from the high-energy maximum of J,,; and
the behavior of J, s at low momenta, the main features
of Jr s and J, 4 are essentially the same for the two
alternative procedures concerning the low-energy oy
(compare Figs. 3 and 6).

In connection with the approximate coincidence of
the maxima of J,,; and J, 3 and also of J, 2 and J, 4
at T, ine=1.0 Bev, we note that at 1.4 Bev these
maxima are separated by ~0.1 Bev/c. Thus the
momentum 7, at which the maximum occurs is 0.27
Bev/c for J, 1 as compared to 0.38 Bev/c for J, 3, and
similarly, p.#=0.57 and 0.50 Bev/c for J,. 2 and J, 4
respectively. At 2.0 Bev, the separation of the corre-
sponding maxima is still larger. In fact, at this energy,
the two principal maxima of the recoil spectrum J, 3
lie in the region of the maximum of the decay spectrum
J x5 (see Fig. 4). Thus J .3 and J ., 4 no longer correspond
to “slow” pions and ‘“fast” pions, respectively. The
reason is that with increasing incident energy, the
momentum $," of the maximum of the recoil spectrum
_ J =3 increases rapidly (from 0.25 Bev/c at 1.0 Bev to
0.5 Bev/c at 2.0 Bev), whereas the momentum #,¥ of
the maximum of the decay spectrum J, 4 increases much
more slowly with T’y ine, since it is determined primarily
by the mass difference mr—my.

The spectra J,,5 and J . have their maxima at rela-
tively low momenta, although the maximum of J,;
(P:%=0.28 Bev/c) occurs at a somewhat higher
momentum than the maximum of J,s (.4=0.21
Bev/c). This feature becomes more noticeable at
T. ine=2.0 Bev (Fig. 4), where the maxima of J, 5 and
J x5 occur at 0.35 and 0.22 Bev/c, respectively. Thus,
while the momentum $,# for which the maximum of
Jx,6 occurs is practically independent of the incident
energy T'r ine, the value of .M for J, 5 increases ap-
proximately linearly with increasing Ty ine (from 0.22
Bev/c at 1.0 Bev to 0.35 Bev/c at 2.0 Bev).

Although the various effects which enter into the
calculation of J, ;5 and J. s are quite complicated, a
reasonably simple explanation for the different behavior
of J, 5 and J. s can be given. As T, i, is increased, the
total c.m. energy K increases, which results directly
in an increase of the kinetic energy of the isobar N,*
produced in reaction (8), and an increase of the average
{ms) of the mass distribution of Ny*. Both effects will
contribute to increase the average energy of the pion
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F16. 6. Center-of-mass momentum spectra of pions from pion-
nucleon interactions at an incident pion energy T'r,inc=1.4 Bev.
The spectra Jr,3 and J, 4 were obtained by neglecting the low-
energy T=% cross section.

from the decay No*— Ny*+r [Eq. (9b)], whose
momentum spectrum is J.5 This would explain the
increase of $, for J, ; with increasing 7'y, in. On the
other hand, the effective mass distribution of the isobar
Ny* is essentially independent of T i, so that one
would not expect a variation of the spectrum of the
decay pion from N* — N, except for the influence
of the increase of the average velocity of N;* with
increasing T',ine. The latter effect is probably rather
small. In this connection, we note that the momentum
DM of the maximum of the decay spectrum J, ; varies
very slowly with incident energy (from 0.24 Bev/s at
1.0 Bev to 0.29 Bev/c at 2.0 Bev) even though the
total energy I in the c.m. system increases considerably
(by 0.474 Bev between T',ine=1.0 and 2.0 Bev).

The various pion spectra for Ty in.=2.0 Bev are
shown in Fig. 4. Similarly to Figs. 2 and 3, these spectra
were also obtained with the inclusion of the low-energy
T'=1% cross section. However, it is seen that the high-
energy maximum of J,.; (at 0.82 Bev/c) which arises
from this procedure is not very pronounced, thus con-
tinuing the trend already noted in going from 1.0 to 1.4
Bev. The reason is, of course, that the region of m; 1.3
Bev is quite unimportant compared to the total range
of isobar masses, which extends up to #y, max=2.077
Bev. We note that J, ; has two prominent maxima at
lower momenta (0.46 and 0.59 Bev/c), which correspond
directly to the two resonant states Ny* and Nyu*. It
would obviously be of interest to confirm the existence
of these maxima experimentally.

By comparing the maximum of J,z for T ine=2.0
Bev with the corresponding maxima for J, ; for 1.0 and
1.4 Bev, it is seen that the maximum at 2.0 Bev is
somewhat narrower than the maxima at the two lower
energies. The widths at half maximum, as obtained
from the curves of J, s, are as follows: 78 Mev/c at
1.0 Bev, 75 Mev/c at 1.4 Bev, and 64 Mev/c at 2.0 Bev.
The narrowing which takes place in going from 1.4 to
2.0 Bev is probably mainly a kinematic effect, as will be
shown in the following discussion.
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For a narrow resonance, the width at half maximum,
App, for the momentum spectrum of the recoil particle
is given by

ABr= Iai)R/am;lAmI, (91)

where Amy is the width at half maximum for the cross
section ¢{my), and Pr is the c.m. momentum of the

recoil particle (pion or nucleon). We obtain
Pu=D/(AB?), (92)

where E is the total energy in the c.m. system, and D
is defined by

D= (E+m):—m ][ (E—mr)?—mz"].
Equations (92) and (93) give
E26ﬁ32/67n1= 3;6D/6m1= —Mmy (E2+MR2—MI2). (94)

(93)

We have

Opr/dmr=(1/2pr) (0pr*/ dmr), (95)

whence

PR

Apr=
amz

my mrt—mg?
Am1=——[1-— (——_———) ]Am;. (96)
2pr E?

For sufficiently large Ej, for which the variation of
the square bracket with E is small, the width Apz will
therefore decrease approximately as 1/Pr with increas-
ing incident energy.

In the present case, for incident pions, we have
Acy=115 Mev, mp=0.140 Bev, mr=1225 Bev,
=1.743, 1.946, and 2.217 Bev for T'r =10, 1.4,
and 2.0 Bev, respectively; §,=0.425, 0.570, and 0.755
Bev/c at 1.0, 1.4, and 2.0 Bev, respectively. From Eq.
(96), one obtains Ap,=85, 75, and 65 Mev/¢ for 1.0,
1.4, and 2.0 Bev, respectively. These results are in
satisfactory agreement with the widths obtained above
from the curves of J,q, especially at 1.4 and 2.0 Bev.

In Fig. 4 for T’y ine=2.0 Bev, it may be noted that
the spectrum .J,; has a sizable high-energy tail, ex-
tending from Pr~0.5 Bev/c 10 Pr,max=0.83 Bev/c. This
part of the J, 1 curve is due primarily to the decay of
isobars N(* having a large mass, i.e., with »; between
~1.5 Bev and #r max=2.077 Bev. For the spectrum
J =1, we note that there is only a weak indication of the
low-energy shelf or flat region which was found at 1.0
and 1.4 Bev. Thus, there is a region of relatively small
slope dJ . s/dp= in the neighborhood of $.=0.2 Bev/c
(followed by a region with steeper slope, from $,220.3
to 0.4 Bev/c). It was already pointed out that for 1.4
Bev, the flat region is much less conspicuous than at
1.0 Bev. The result for 2.0 Bev is a continuation of this
trend. Since the shelf found at 1.0 Bev arises from the
low-energy T'=3% cross section, one expects a much
decreased effect at 2.0 Bev, since the region of m;<1.3
Bev becomes quite unimportant compared to the total
range of possible isobar masses.
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The spectra J, 5 and J . ¢ of Fig. 4 were obtained with
the assumption of a single mass value m;=1.225 Bev
for the isobar NV,*. This assumption is not expected to
lead to appreciable errors for 7' ime=2.0 Bev, since the
maximum isobar mass #r max=2.077 Bev is consider-
ably larger than the threshold for the decay ¥.* — N,*
+, which lies at me=1.365 Bev for m;=1.225 Bev.
Thus the effects of differences in the probability e and
the phase space factor F, which arise from the small
spread of the effective masses of Ni* will be quite
unimportant at 2.0 Bev. We note that for 1.0 and 1.4
Bev, the procedure involving the three mass values
my(® was used in obtaining J, 5 and J, ¢ as has been
described above [Eqgs. (87) and (90)7].

We have also obtained the c.m. energy spectra of the
nucleons from reactions (9a), (9b), and (11). These
spectra will be denoted by Iy (i=1, 2, 3). Here the
superscript () is used to distinguish these spectra,
corresponding to incident pions from the spectra Iy,
I, Iy, and Iy ‘®, which pertain to the recoil
nucleons from nucleon-nucleon interactions (see Sec.
VI). The notation for the Iy, is as follows: Iy (™
denotes the spectrum of the decay nucleon from the N,*
reaction (11). Similarly, Iy o™ pertains to the nucleon
from reaction (9a), which is emitted in the direct decay:
Ny*— N+a. The spectrum Iy ;'™ pertains to the
nucleon from reaction (9b), in which N.* decays by
emission of two pions.

The calculation of Iy, and Iy is entirely
analogous to the calculation of the pion decay spectra
Jx,1and Jg 4 Thus I'y 2™ is obtained from an equation
similar to (79), except that G is replaced by the corre-
sponding function Gy for the energy distribution of the
decay nucleon. The step functions of the type of g;.4
are obtained from Eq. (81), in which the denominator
T imax?— T min® must be replaced by T max®
_"TN,min(j)-

The spectrum Iy, ;™ pertaining to the Ny* processes
is obtained in a similar manner from Eqs. (79) and
(81), by replacing the factor oy(ms)[1—e(ms)] by 3.
The spectrum Iy ;™ pertaining to the N,* reactions
with three pions in the final state is calculated essen-
tially in the same manner as J. s [Eq. (90)], except
that it is the nucleon spectrum, rather than the pion
spectrum from the final decay N*— N+, which is
being considered. Thus a spectrum Iy 3;™® is calcu-
lated for each of the three choices of the mass m,(® of
the V,* isobar. The spectra [n,3(™%) are combined in
the same manner as in Eq. (90):

Ile("') =0.25[1\7,3("’1>+0.501N,3("’2)+0.251N,3(”’3). (97)

It should be noted that the individual spectra
Iy 3D Iy 3m2 and Iy 3™ have not been normalized
to the same value, but are instead normalized to the
quantity

N[ L5+ ]=C f o3 (M) Pe(mamy@)dms,  (98)
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where (' is a constant (independent of m,(®) and
€(mo,m1(®) depends on m;(®, as indicated. For a given
mass mg of the isobar Ny*, e(ms,m,®) decreases with
increasing m, (@, as can be seen from Eqs. (82) and (84),
since the phase space factor Fq(Ny* — N1 (@%) decreases
as m @ is increased. It is reasonable to use the nor-
malization (98) [together with Eq. (97)], since the
expression (98) is exactly what is obtained from the
isobar model: The factor oy(m2)F gives the probability
of formation of Ny*, and the factor e gives the prob-
ability of the subsequent decay of N,* into Ny*+m.
Thus, by virtue of the dependence of e(ma,m;(®) on
mq (@, the spectrum Iy 3™V pertaining to m;®=1.15
Bev has a somewhat greater weight than the spectrum
Iy,3¢m® pertaining to m1®=1.30 Bev. This effect is
important for Ty ine~1.0 Bev, but decreases rapidly as
the incident energy is increased, so that the average
(my) of the mass distribution of N,* becomes appreciably
larger than the threshold for the decay No* — N*® -,
which lies at #g,min®=1.3040.14=1.44 Bev. For
Trine=1.0 and 1.4 Bev, the relative weights of the
three spectra Iy ;™% are as follows: R;»=1.729 and
R3=0.412 at T, =10 Bev; and R;;=1.407 and
R33=0.606 at T, ine=1.4 Bev, where the ratio R.g is
defined by
NIy, ]

m[[Nygw,m]' (99)

RaﬂE

It is seen that the ratios Ras tend rather rapidly towards
1, as the incident energy Ty, is increased above ~1.0
Bev.

It should be noted that the same normalization as for
Iy, was also used for the pion spectra J,,5/* and
J .69, which enter into the expressions for J, s and J - g,
respectively, [Eqs. (87) and (90)7. This is, of course,
required for the sake of consistency, since the same
quantity oj(mg)Fe(ma,m,(®) enters into both the pion
and nucleon spectra involved in the decay Ns*—
N 1(a)*+1|"

In connection with the notation I and J for the
nucleon and pion spectra, it may be remarked that I
always denotes a c.m. energy spectrum, whereas J
denotes a ¢.m. momentum spectrum. Thus we have

]w,i: 61r]1r,i; (100)
JN,Z*(ﬂ: ﬁNlN,i(’r), (]01)

where 7, and 7y are the c.m. velocities of the pion and
nucleon, respectively ; J- ;is a pion momentum spectrum
and I, the corresponding energy spectrum; and
similarly, Jx,:¢™ and Iy ;‘ are the nucleon momentum
and energy spectra, respectively, of type 7 (1=1, 2, 3).

Tigures 7, 8, and 9 show the calculated recoil nucleon
spectra In ;™ for Ts ime=1.0, 1.4, and 2.0 Bev, re-
spectively. We have also shown the energy spectrum
Ix, ™ obtained from the Fermi statistical theory,?

22 ., Fermi, Progr. Theoret. Phys. (Japan) 5, 570 (1950); Phys.
Rev. 92, 452 (1953); ibid. 93, 1435 (1954).
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F1c. 7. Center-of-mass energy spectra of nucleons from pion-
nucleon interactions at an incident pion energy 7'r, ine=1.0 Bev.
The solid curves show the spectra obtained from the present
extended isobar model. The dashed curve gives the result of the
Fermi statistical theory.

which is given by the appropriate three-body phase
space factor (assuming a two-pion final state).?? We
note that, in the same manner as for the pion spectra
[Eq. (40)], the nucleon spectra Iy ;™ are also nor-
malized to 1. Thus:

TN max _
f IN,i(”)dTN=1,
0

where 7'y max is the maximum possible nucleon energy
Ty.

As was already pointed out in II, the statistical
spectrum Iy, does not differ appreciably from the
isobar model spectrum Iy,1(™ pertaining to the N*
reactions (11). Figures 7-9 also show that the spectrum
Iy »™ pertaining to the Ny* processes is quite similar in
shape to Ix,1¢™, except that Iy, has a broad maxi-
mum near the maximum energy 7'y, max, whereas Iy (™
is essentially flat in this energy region (e.g., from 7’52260
to 140 Mev for Ty imc=1.0 Bev). At all three incident
energies, Iy, (™ 1is generally intermediate between
[Nyl("r) and [N,z(”).

Concerning the spectrum Iy 5™ for the three-pion
final states, we note that the energy 75 at which the
maximum occurs increases very slowly with incident
energy (from Ty =25 Mev at 1.0 Bev to Ty =50 Mev
at 2.0 Bev). This feature is similar to the behavior of
the maximum of J,. ¢ which has been discussed above.
This similarity is to be expected, since Iy 3™ and J,
pertain to the nucleon and pion originating from the
same type of Ni* decay [Eq. (9b)]. However, the
nucleon spectrum Iy 5™ has a long high-energy tail,
and the maximum possible nucleon energy 7'a max
increases somewhat faster with 7. than the cor-
responding maximum pion energy T max for J. ¢ The
increase of 7'y mex with incident energy is probably
caused by the increase of the average velocity of N.*
with increasing 7'rine.

% M. M. Block, Phys. Rev. 101, 796 (1956).

(102)
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F1c. 8. Center-of-mass energy spectra of nucleons from pion-
nucleon interactions at an incident pion energy I'r, inc=1.4 Bev.
The solid curves show the spectra obtained from the present
extended isobar model. The dashed curve gives the result of the
Fermi statistical theory.

It may be noted that in Sec. II we have not given
the expressions for the nucleon spectra from the various
reactions arising from #——¢ and z*t—3» collisions. In
terms of the spectra Iy (™, these expressions can be
easily obtained.

For the single-pion production reactions (I), (II),
and (IIT) from #——# collisions, the nucleon energy
spectra are given by the following equations [see Eqs.

(28)-(30)]:
do \® 2 5 2 7
(—:—) (n)=—011(—+———p1+—a)IN,1(’f)
dTy 3 9 45 9

4
—Aoia, w2,
9

do \ @D 2 2 17 5
-_—) (P)=—011(—+—P1——G)IN,1(”)
dTy 3 9 45 9

(103)

2
+—019,s(A+2B) Iy 2, (104)
9

do \ D 2 2 2 2
( poy ) (")=—011(—+—pl—"d)[1v,1(")
alx 3 9 45 9

2
+-Boiz,«lw,2™.
9

(105)

For the reactions (IV) and (V) from z+— p collisions,
one obtains from Eqs. (51) and (52):

(du‘/dTN)(IV) (j)) = (13/15)0’31[]\7.1(")+%0’32,SIN,2(”),
(106)

(do/dT )V (m)=(2/15)a 51l n 1+ Fos, sy o ™. (107)

For the double-pion production reactions (A)— (D)
from a#~—3p collisions, and (E)-(F) from wmt—p col-
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lisions, the nucleon spectrum is simply proportional to
Iy,3™, and is given by

(do/dTx) B (N) =6 ® [ ), (108)

where ¢®) is the total cross section for the reaction (R)
[=(A), (B), --- or (F)] as given by Egs. (31)-(34)
and (53)-(54).

Iv. COMPARISON OF THE EXTENDED ISOBAR
MODEL WITH EXPERIMENTS ON INELASTIC
n~—p INTERACTIONS AT T. in.=¢1.0 Bev

Recently, three experiments on #——p interactions
have been carried out at incident 7~ energies in the
region of 1.0 Bev: the experiment of Derado and
Schmitz* at Gottingen with 1.0-Bev #~, and the experi-
ments of Alles-Borelli et ¢l.25 at Bologna, and of Pickup,
Ayer, and Salant?® at Brookhaven, both using 7~
mesons of energy 7. ine=0.96 Bev. These three
groups have obtained fits to their data, using the cal-
culations of our previous isobar model? involving only
the N,* isobar. For the Bologna? and Brookhaven?®
experiments, reasonable agreement of the calculations
with the data was obtained for both reactions (I) and
(IT) [Eqgs. (35)-(38)]. For the Gottingen experiment,
good agreement was obtained for the #— and #™* spectra
from reaction (I). On the other hand, there were appre-
ciable discrepancies between the calculated and the
observed spectra for the 7~ mesons from reaction (II).

Aside from - the single-pion production reactions
7 +p-—~rtta+n and 7 +p — a7 +a2"+p, an ap-
preciable number of double-pion production events have
also been observed in the above-mentioned experi-
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-
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F1c. 9. Center-of-mass energy spectra of nucleons from pion-
nucleon interactions at an incident pion energy 7'r, ime=2.0 Bev.
The solid curves show the spectra obtained from the present
extended isobar model. The dashed curve gives the result of the
Fermi statistical theory.

21, Derado and N. Schmitz, Phys. Rev. 118, 309 (1960).

# V. Alles-Borelli, S. Bergia, E. Perez Ferreira, and P. Walo-
schek, Nuovo cimento 14, 211 (1959).

26 K. Pickup, F. Ayer, and E. O. Salant, Phys. Rev. Letters 5,
161 (1960), and private communication. We wish to thank Dr.
E. Pickup and Dr. E. O. Salant for informing us of their results
in advance of publication.
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ments.#26 Thus, both the Géttingen and Bologna
groups have observed a cross section of ~3 mb for
production of two additional pions in #~—p collisions
at ~1.0 Bev. In order to account for these reactions,
it is necessary to have an appreciable cross section for
the process 7#~+p — 7+ N,* (along with a predominant
amount of the reaction #+p — w+N,* which has
been considered previously in IT).

We have obtained an approximate fit to the comblned
pion momentum distributions from the three experi-
ments, for the reactions (I) and (IT). In addition, the
parameters pertaining to the N.* processes were so
adjusted as to give agreement with the total cross
section oq(7~— p) for all types of double-pion production
events, and with the observed ratio ¢(*/¢¢® for the
cross sections for reactions (A) and (C), corresponding
to the final states: p+at+7—+7—, and n-t+at4-2'+7,
respectively [see Egs. (31) and (33)].

For the three experiments 2 the numbers of
events of type (I) and (II) were comparable, and we
have weighted all of the events equally. Thus, for reac-
tion (I), the numbers of events from the Goéttingen,
Bologna, and Brookhaven experiments are: ng =235,
neo ™ =239, and ngs, =301, respectively. Our com-
bined hlstograms for this reaction are thus normalized
to 775 events (see Figs. 10 and 11). Similarly, for reac-
tion (II), we have: ng@ =118, #p, =180, and
ne, =151, giving a total of 449 events, on which the
histograms of Figs. 12 and 13 are based. The value of
R from the combined experiments is: R=449/775
=0.579.

In order to determine the values of the various cross
sections oer,«, we make use of the measured experi-
mental values of the cross sections for elastic and
inelastic processes. The total inelastic cross sections via
N* and No* combined will be denoted by o1 and o3 for
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F16. 10. Center-of-mass momentum spectrum of the =~ mesons
from the reaction #~-+p > w rt-4n at T'r ine=1.0 Bev. The
histogram represents the combined experimental data from
references 24-26. The solid curve was obtained from the present
extended isobar model. The right-hand ordinate scale gives the
corresponding differential cross section do/dp. calculated from
the isobar model. The dashed curve gives the result of the Fermi
statistical theory.
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Fic. 11. Center-of-mass momentum spectrum of the =+ mesons
from the reaction #=+p — #~+7"+n at Trine=1.0 Bev. The
histogram represents the combined experimental data from
references 24-26. The solid curve was obtained from the present
extended isobar model. The dashed curve gives the result of the
Fermi statistical theory.

T=1% and T'=3, respectively. Thus we have:
(109)
(110)

As was mentioned above, the ratios p, (@a=1, 2) are
defined by

o1=outoi,

03=0311030.

Pa 50'3(2/(20'1;!). (111)

In Table I of the paper by Derado and Schmitz,? the
elastic 7~ p cross section is given as 22 mb, and the
charge exchange cross section can be estimated to be
~3 mb, giving a total of 25 mb. On the other hand, the
total #~—p cross section is 47 mb, so that the total
inelastic cross section is:

Ginelast (T — ) =47-25=22 mb= %01+ %05. (112)

In an experiment on =t—p interactions at 1.0 Bev,
Erwin and Kopp? found that the inelastic #+— p cross
section, Ginelast (7t —p) =03, is ~10 mb. Upon inserting
this result in Eq. (112), one obtains ¢1=28 mb for the
T=1% inelastic cross section.

For the fit to the experimental data, it was assumed
that the cross section for the N,* reactions is % of the
total inelastic cross section for both T'=% and T'=4.
A fraction of the order of % is required in order to
account for the observed cross section®25 of ~3 mb
for the double pion production at T'r in.=1.0 Bev. Thus
we obtain:

012=0.3X28=8.4 mb; o1;=28—8.4=19.6 mb; (113)
022=0.3X10=3.0 mb; o0y=10—3.0=7.0mb; (114)
p1=pa=10/56=0.179. (115)

In view of Egs. (113) and (114), the part of the cross
section ¢ (x~—p) which proceeds via N,* is

o2(m™—p)=%(8.4)+%(3.0)=6.60 mb.

21 A. Erwin and J. Kopp (private communication).

(116)
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F16. 12. Center-of-mass momentum spectrum of the =~ mesons
from the reaction w#~+p — 7 +a%4p at Trine=1.0 Bev. The
histogram represents the combined experimental data from
references 24-26. The solid curve was obtained from the present
extended isobar model. The dashed curve gives the result of the
Fermi statistical theory.

Of this 6.60 mb, it is assumed that 3 mb goes into
production of two additional pions (3-pion events), so
that the probabilities P; and P, [Eq. (27)] have the
following values:

Py=3/6.60=0455; P,=3.60/6.60=0.545. (117)

The part of o1 which leads to single-pion production
1s therefore given by

o12,s=P,015=0.545X8.4=4.58 mh.  (118)

We note that the value of P; which we must use to
obtain a double-pion production cross section ga(m™—p)
of 3mb is appreciably larger than the value of
{e(my))=0.111 which would be deduced from the decay
phase space factors alone [see Egs. (82)—-(85)]. This
result seems to indicate that the effect of the transition
matrix element and the statistical weight factors favors
the decay of NVo* to the excited state V,* at the expense
of the direct decay No* — N4 It should also be noted
that if we had used a larger cross section for the N,*
reactions [i.e., a larger fraction f than &% in Egs.
(113) and (114)7, then the required P; would have
been proportionately smaller, since o4(m~—p) < fPq.

In order to obtain the values of 4, B, and the phase
angle s, we use the ratio of the number of 3-pion
events of type (A) (p+=t+a+7") to number of
events of type (C) (n+xt-4=n'4n), as observed by
the Bologna group.?s The corresponding numbers are:
n4=23 and ne=43, which gives, in view of Egs. (31)
and (33):

o8 /g =54/(2443B)=23/43=0.535. (119)

Upon using: A+B=14p,=1.179 [see Egs. (16) and
(17)7, one can solve (119) for 4 and B, with the result:
A=0.477, B=0.702, Finally, from Eq. (16) or (17),
one obtains b= —0.250, whence ¢.=128.7° from Eq.
(18).
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From Eqs. (113) and (117), we obtain
012,0= Par12=0.455X8.4=3.82 mb.  (120)

The resulting values of the individual cross sections, as
obtained from Egs. (31)-(34) are: ¢*=0.68 mb,
c®=0.67 mb, ¢©=1.26 mb, and ¢ =0.39 mb.
These values are in fair agreement with the experi-
mental results of Alles-Borelli et al.25 Thus the Bologna
group has identified 23 events of type (A), 8 events of
type (B), and 43 events of type (C), as compared to
240 cases of reaction (I): n~+p — n+nt-+=x—. Upon
using the experimental value of 10 mb for ™, we thus
find

o™ = (23/240)X 10=0.96 mb, (121)
B = (8/240) X 10=0.33 mb, (122)
() = (43/240)X 10=1.79 mb. (123)

The present calculated cross sections are also in reason-
able agreement with the results of Derado and
Schmitz*: ¢4)=0.640.3 mb, and ¢® +4¢(©=2.5
=#+0.7 mb.

With the present values of 4 and B, the contribu-
tions of the No* processes to the single-pion production
reactions (I) and (II) are as follows: ¢,¥=0.971 mb,
02 =1.915 mb. In view of Eqs. (28), (29), and (34a),
we obtain

0 ™=9.584-3.84 cos¢;,

oI =5.71—2.74 cos ¢y,

(124a)
(124b)

where the units are millibarns. From the experimental
value of R=09D/¢M=0.58 from the 3 combined
experiments, one obtains by means of Eqs. (124a) and
(124b): ©;=288.2° so that (with p;=0.179), we find
a=0.0121. We note that the present fit to the experi-
ments at 1.0 Bev is somewhat different from that used
in reference 3. The set of parameters used here corre-
sponds to a larger value of o9/ (o11+012) (0.3 instead
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T16. 13. Center-of-mass momentum spectrum of the #° mesons
from the reaction 77 +p — 7~ +a%+p at Ty ine=1.0 Bev. The
histogram represents the combined experimental data from
references 24-26. The solid curve was obtained from the present
extended isobar model. The dashed curve gives the result of the
Fermi statistical theory.
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of 0.2), and gives better agreement with the cross
sections for double-pion production ge(r=—2p), ¢,
o®) and ¢(©,

With the present values of a, p1, 11, and 12,5 [ Egs.
(113) and (118)7], Egs. (35)-(38) give for the mo-
mentum spectra of the pions from reactions (I) and (II):

do\ D
(,__) () =7.6297 -+ 11077 1.0

dp=x

S +0.9717 45, (125)

(——) () =1.1077 y 1+7.6297 1.5
Z " - +0.9717,,5, (126)

(——) () =1487J , 1 +2.2147 , »
df;: . +0.4867 5 54+1.4297 14, (127)

(ﬁ) (1) =2.214 , 1 +1.4877 1.,
+1.4297 , 4-+0.4867 .4, (128)

where the values are given in units of mb/(Bev/c). The
corresponding total cross sections are: ¢™=9.71 mb,
and ¢ =562 mb. It may be noted that the =t
spectrum from reaction (I) and the #° spectrum from
reaction (II) are obtained from the corresponding #~
spectra [Eqgs. (125) and (127)7], merely by interchang-
ing J.,1 with J; 2, and J, 3 with J, i This property is
exhibited explicitly in Egs. (35)-(38) from which Egs.
(125)—(128) are derived.

The resulting c.m. momentum spectra are shown in
Figs. 10-13, together with the combined histograms
from the three experiments®*2% at 7' in.=1.0 Bev. For
comparison, we have also shown the momentum dis-
tribution predicted by the Fermi statistical theory.?
The two theoretical curves and the experimental
histogram are normalized to the same area in each figure.

For the 7~ mesons from the z 4a*+4n reaction
(Fig. 10), the isobar model curve fits the data quite
well and, in particular, is able to reproduce the maxi-
mum of the histogram at $,220.25 Bev/¢. On the other
hand, the curve obtained from the statistical theory
deviates considerably from the experimental histogram
throughout the range of momenta.

Figure 11 shows the spectrum of #* mesons from the
7 +atn reaction. The isobar model curve agrees
reasonably well with the data. In particular, the
momentum at which the peak of the isobar curve occurs
(P+=0.43 Bev/c) is in good agreement with the position
of the maximum of the experimental histogram. How-
ever, the value of the maximum of the isobar curve is
somewhat too high. On the other hand, the spectrum
predicted by the statistical theory is in qualitative
disagreement with the data. One should note that the
theoretical isobar curves of Figs. 10-13 have not been
weighted by experimental resolution functions, and
therefore some of the discrepancies with the data may
arise from effects of finite momentum resolution.
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For the »— mesons from the a~4=%+p reaction
(Fig. 12), the agreement of the isobar model curve
with the data is comparable with that obtained by the
statistical theory. As was pointed out above, the
histogram represents the combined results of the three
experiments of references 24-26. In this connection, we
may note (as was done in reference 3), that for the
Bologna and Brookhaven experiments at 7'y ine=0.96
for reaction (II), the average momentum of the 7~ is
appreciably higher than that of the 7% mesons, whereas
for the Gottingen experiment at 1.0 Bev there is a
preponderance of slow 7~ and fast #° mesons. Our
previous isobar model calculations involving the isobar
N* only? give very good agreement with the Bologna-
Brookhaven spectrum of »~ and =°

We can define a fraction f of low-energy =~ mesons
as the number of 7~ with c.m. momenta 7§, below 300
Mev/c, divided by the total number of 7~ from the
7~ +#%+p reaction. The three experiments give some-
what different values of f. Thus for the Bologna,
Brookhaven, and Gottingen experiments, we have:
fBo=0.357, fp,=0.455, and f=0.595, respectively. If
one combines all of the data, one obtains fex,=0.432.
The theoretical value of f as obtained from the isobar
model curve of Fig. 12 is: fineor=0.367. It should be
noted that the experimental value of f has considerable
uncertainty, since the values of f from the three experi-
ments vary by as much as 0.24 (from 0.357 to 0.595).
We also wish to point out that one may expect some
effects of a possible pion-pion interaction in the
7 +a%+p reaction, where the formation of the pion-
nucleon isobar N:* is not as highly probable as for the
«— and neutron from the reaction leading to #~+=*+4n
[reaction (I)]. The effect of a final-state pion-pion
interaction?® has not been included in the present work.
It has, of course, been our purpose in this work to see
how far one can go in explaining the experimental
results on pion production in pion-nucleon collisions,
without invoking the existence of a pion-pion inter-
action.

For the #° mesons from #—4=%}-p, Fig. 13 shows
that the present isobar model gives reasonable agree-
ment with the experimental data, whereas the Fermi
theory spectrum shows appreciable deviations from the
histogram. The isobar model is able to predict correctly
the peak of the experimental histogram in the region
of P, between 0.40 and 0.45 Bev/c.

V. Q-VALUE DISTRIBUTIONS FOR PION-NUCLEON
AND PION-PION PAIRS FROM
=*—p INTERACTIONS

We have obtained the equations for the (-value
distribution functions P(Q) for the various types of

28 I, Bonsignori and F. Selleri, Nuovo cimento 15, 465 (1960);
1. Derado, bid. 15, 853 (1960); L. Landovitz and L. Marshall,
Phys. Rev. Letters 4, 474 (1960); P. Carruthers and H. A. Bethe,
ibid. 4, 536 (1960); K. Itabashi, M. Kato, K. Nakagawa, and
G. Takeda, Institute for Nuclear Studies Report No. 4, University
of Tokyo, 1960 (unpublished).
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TasiLE I. Q-value distributions of pion-nucleon pairs arising from =~— p interactions.

Primary reaction Final state x—N pair Q-value distribution P(Q)

a+p — N¥*4a — N42«x (n+—) (n—) [(454-36p1+90a) P, + (5+16p1—20a) P,/ (50+52p1+70a)
(p0—~) (p—) [ (104261 —102) P19 +- (10+4-32p; — 40a) P1® 1/ (20+-34p: — 50a)
(n00) (#0) 3PP ]

7~+p — No*+r — N42x (n4-—) (n4) Py
(”+"') (n'—) Pz(l')
(p0—) (p—) (AP;®4-2BP>® /(A+-2B)
(p0—~) (p0) (4P;@4-2BP;®)/(4+2B)
(n00) (#0) [P @ +P, ]

™ +p > No¥*+x — N+-3r (p+—-) (r+) 0.90,@+0.1P©
(p+—-) =) 0.056¢,@)4-0.45P 40,50 P (D
(n+0-) () [2A+B)®,@+ Q4+9B) PO/ A4 +10B)
(n+0—) (n0) [4 (©,@+P©)+5BP@ 1/ QA+5B)
(n+0—) (n—) (4APDL9BE®, @ -+BP@)/(444+10B) X
(p00—) (p0) [4(1+p2) T (24+B) (P1 @+ PE) +2BP @) ]
(p00—) (p=) (1-p)~I{A PO L1B (@@ 4-P©)]
(n000) (n0) 1L, @ - P@ 4 p@]

pion-nucleon pairs arising from inelastic #~—¢ and
xt—p interactions. Here the Q value is defined as
Q=E.n*~ (my-+m,), where E.x* is the total energy
of the pion and nucleon considered, in the center-of-
mass system of the two particles. The functions P(Q)
are given in terms of certain basic functions P,x,o™ (Q)
which describe the normalized Q-value distributions for
the nucleon from the decay of an isobar N,* and a
definite pion, which may be either a recoil pion, or a
decay pion originating from the same isobar N.* The
coefficients ¢q, of the various P.x,.™ (Q) will depend on
the type of primary reaction (e.g., #~+p — Ny*+7),
the final state, and the pion-nucleon pair considered
Le.g., (p—7) from reaction (II)]. For an incident
energy 7'z ine=1.0 Bev, we have calculated the basic
functions Pey,o ™ (Q) for 7— N pairs, which are involved
for the single-pion production reactions, and the corre-
sponding functions P, .(Q) for the pion-pion pairs for
single-pion production.

The notation for the functions P.x,.?(Q) and
Prr,e(Q) will be defined by means of the following
equations which show the possible pion production
reactions:

7+N — Ni*4+7 - (No)i+, (129)

7+ N — Ny*+7 — (Nw)gt, (130)

7+ N — No*+r — [Ni¥nr Jotm — [(Vr)r Jot 7. (131)

In Eqs. (129)-(131), the notations (Nw); and (Nr),
represent the nucleon and pion arising from the decay
of N* and No* respectively. Similarly [Ni*z ], —
[(Nx)mr ], represents the two pions which arise from
the decay of NV,* via Ny*.

For the reaction of Eq. (129), the Q-value distribution
for the pion-pion pair is denoted by Prr,i. Similarly,
the Q-value distribution for the pion-nucleon pair
(V)1 which originates from the decay of Ny* is denoted
by P.x.1®, whereas the Q value distribution pertaining
to the recoil pion and the final-state nucleon is denoted
by P N, 1(b>.

For the reaction of Eq. (130), the notation is entirely
analogous to that of Eq. (129), except that the subscript
1 is replaced by 2. Thus the pion-pion Q-value dis-
tribution for reaction (130) is denoted by Pax,2, and
the two pion-nucleon @ distributions are written as
P,y @ and P,y ®, where P,y @ pertains to the
7—N pair from (Nn)s, whereas Pry ™® pertains to
the recoil pion and the final-state nucleon.

In connection with the double-pion production reac-
tion of Eq. (131), we have considered only the pion-
nucleon Q-value distributions in the present work (see
Tables I and II). The Q distribution for the pion-
nucleon pair from the decay of N* [i.e., (Wr)(] is
written as ®,x,19. The Q distribution for the final-
state nucleon and the pion which arises from the decay
No*— Ny*+r is denoted by Prx(. Finally P,n@®
denotes the Q distribution for the final-state nucleon
and the recoil pion which is made together with No* in
the primary reaction. All of the functions P,y,.",
Por.o, and also ®rx 1@ are normalized to 1:

Qm Qm

Pﬂ'N,a(") (Q)dQ= Pﬂr.a(Q)dQ= 17 (132)
4] 0

where Q. is the maximum possible value of Q.

The function P,y is essentially the same as the
function P; previously introduced in I (see Sec. VIII).
Thus P,y is given by

a%(mI)F
Py @ (Q)= ’

mI,max
f (4] (mI)der

mI,min

(133)

where mr=my~+nz~+Q, M min=my+m.=1.078 Bev,
and #r, max=E—m, (E=total energy in the c.m. system
of the incident pion and proton). In a similar manner,
the distribution P.x,2*? pertaining to the No* processes

is given by
Py a0(Q) =i CMIFLL~ el) ]

- (134)
f ’. a%(ml)Fl:l-e(mI)]dmI
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TasLE II. Q-value distributions of pion-nucleon pairs arising from =+ — p interactions.

Primary reaction Final state w— N pair Q-value distribution P(Q)

attp o Ni*+r — N+2r (#10) (r+) (9/13) Py @4 (4/13) P, ®
(p+0) (20) (4/13) P, @4-(9/13) P, ®
(n4+) (n+) HP@4P O]

wthp = No*+r— N+2x (p+0) (p+) Py
(+0) (20) Py@
(n++) () AP +Py®]

7t4-p — No*+o — N4+3r p++-) @®+) 0.45¢,®4-0.05P© +0.50P D
(p++-—) (p—) 0.1¢,©)1-0.9P
(n++0) (n+) 10, @+1PO £1Pw
(n++0) (n0) e+ Po]
(p1-00) (p1) P
(p-+00) (20) e @+pe]

Since the two-body phase space factor F, and the
function [1— e(m;)] are slowly varying functions of the
isobar mass my, the distributions P,x,1(Q) and
Py, @ (Q) will reflect primarily the behavior of the
total cross sections oy and oy, respectively. Figure 14
shows the functions P,y (Q) for T wme=1.0 Bev.
For P.x1(Q), the prominent peak at Q-y=150 Mev
is directly due to the maximum of oy at the I'=J=3%
resonance. For P,y (0), the full curve shows the
result of including the low-energy o3, which results in an
appreciable probability for low Q values. On the other
hand, the dashed part of the curve represents the
effect of disregarding the low-energy o;, i.e., taking
a3 (mr)~0 for m;<1.23 Bev (corresponding to incident
energy T,<180 Mev). These two alternative pro-
cedures concerning the low-energy o3 have been dis-
cussed in detail in Sec. ITI. It should be noted that the
region of small Q values which corresponds to the
low-energy o3 becomes rapidly less important as the
incident pion energy is raised above ~1 Bev. The
behavior of this part of the distribution Py, (Q) is
completely analogous to the behavior of the high-energy
maximum of the recoil pion spectrum J. 3 (see Sec.
II1), since there is a one-to-one correspondence between
the recoil momentum P, and the Q value of the =V
pair arising from the decay of NVj*.

The maximum of Py at Q=350 Mev is due to
the maximum of ay(m;) at the first T=4 resonance
corresponding to the state Ng.*, with mass m;=1.51
Bev. This value of m; corresponds to Q=m;— (my-+m.,)
=430 Mev. The fact that the maximum of P,y
occurs at a somewhat lower Q value (350 Mev) is due
to the decrease of the two-body phase factor F with
increasing sy, i.e., decreasing momentum . of the
recoil pion. We note that at 1.0 Bev there is not enough
energy in the center-of-mass system to excite the isobar
No* (with mass m;=1.68 Bev) by the reaction (8).
(We have mr ma=1.603 Bev at T';,10,=1.0 Bev). For
this reason, the distribution P, x: (Q) has a single
maximum at large Q values. For higher incident energies
(Tx,ine=2 Bev), the curve of Pry @ (Q) will have two
maxima in this region, corresponding to the excitation
Of bOth Nza* and N2b*.

The Q-value distribution ®.x,1® (Q) which isinvolved
for the 3-pion final states [Eq. (131)]is very similar to
Py 1(Q), since both functions pertain to the pion
and nucleon arising from the decay of the N,* isobar.
However, the weighting function for @.x1(Q),
instead of being the two-body phase space factor F,
is given by the following integral &:

E—my
ff(ml)E [} (MQ)F(E_,MQ)E(Mz,ml)dM2,

mitmy

(135)

where F(F,ms) is the two-body phase space factor for
the formation of No*-7 when the N,* isobar has mass
my; €(msg,my) Is the probability that No* will decay into
Ny*+7 when N* has mass m; [see Eq. (84)]. In terms
of F, ®ry,1® Is given by ‘

Cev 19 (Q)= 71Om)3 Cm) ,

mL,max
f Ug(%l)g(ml)dﬂh

m1,min

(136)

where #1=Q-Fmy+q; My,min=my+m,=1.078 Bev,
and my,max=FE—2m, Is the maximum mass of N,*

6 T T T ] T T
Trinc =1.0Bev.

[¢] {00 200 300 400 500 600
Quny (Mev)

F16. 14. Q-value distribution functions P,y,1@ and Py, 2@ for
pion-nucleon pairs from single pion production in pion-nucleon
collisions at T'r,ime=1.0 Bev. The function Pry, . (a=1 or 2)
pertains to the nucleon and pion originating from the decay of
the isobar N,*.
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when two pions are produced besides N,* Except for
the decrease of the upper limit #;,max and the replace-
ment of F by ¥, Eq. (136) is identical with Eq. (133)
for P.n,1(Q).

The normalized Q-value distributions for the various
wN pairs, in terms of the P,n,.(Q), are given in
Tables T and IT for #——p and #=*—p interactions, re-
spectively. In these tables, in labeling the final states,
we have employed the usual notation: 0 stands for a #°;
+ and — represent wt and 7, respectively. Thus
n+0— stands for: n-+=xt-+x"+=x~. For the sake of
simplicity, since we are only referring to the #NV pairs
in these tables, we have omitted the subscript #V from
Pon,o'™ and ®,x 1, which are written simply as P,"
and @9, respectively.

Concerning the reaction #—+p — N*+x (Table I),
we have not listed the Q distributions P(n+) for the
n+xt-+a— final state, nor the distribution P(p0) for
the p+a'+7~ final state. These distributions can be
obtained by merely interchanging P, and Pi® in
the expressions for P(z—) and P(p—), respectively.
The results of Tables I and II were obtained in a
straightforward manner, by considering the wave
functions W,-_, el and ¥, +_, 10D which represent
the various final states [see Sec. 11, Egs. (12)-(27) and
(49)-(50) .

The Q value distributions P, (Q) for wr pairs are not
included in Tables I and II. In the present isobar
model, P (Q) for single-pion production is given by

P,,—T(Q)z (Gqur-,r,l‘I‘O'ngr,g)/o‘, (137)

where ¢ is the total cross section for the particular
reaction considered, and o1, o5 are the parts of ¢ which
pertain to formation of N¢*4+r and Ny*+m, respec-
tively. (Thus e=01402.)

In connection with the equations of Tables I and II,
we note that the angular correlation in the c.m. system,
Crw(Brw), for a particular pion-nucleon pair is given
by equations which are completely similar to the equa-
tions for P.n(Q), the only difference being that the
functions Py, (Q) must be replaced by basic angular
correlation functions Crx,o™ (8,x) for the nucleon from
the decay of NV,* and a particular pion (decay pion from
N.* or recoil pion). Here 8,y is the angle between the
pion and nucleon in the c.m. system. As an example,
for the #— and proton from the reaction #=+p—p
+a=+a° via N the angular correlation function is
given by

Cw_—p(évr"—p)
(104-2p1— 108)C 5 1@~ (104320, — 40a)C .1 ®
20+34p,— 504 )

(138)

The functions Cry,,” have not been calculated in the
present work.
We will now describe the calculation of the Q-value
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distributions Py o® and Prr,« at Ty imne=1.0 Bev. We
will discuss first the evaluation of the distribution
Prr,o(Q) of the Q values for mr pairs. As mentioned
above, Pg. . is defined as the Q-value distribution
function pertaining to the two pions made via N,*+m.
In particular, at 1.0 Bev, we expect the function Prr 1
to predominate in the expression for P..(Q), since
most of the single-pion production proceeds via the
T=$ isobaric state Ni* [see Eq. (137)].

For a given mass m; of the isobar, the energy of the
decay pion in the c.m. system of the incident pion and
nucleon is given by

B a=73;(EF0;p.* cosf™), (139)
where 7; is the velocity of the isobar in the c.m. system,
¥;=(1—927% and E.* p,* are the pion total energy
and momentum in the isobar rest system; 6,* is the
angle of emission of the pion with respect to the direc-
tion of motion of the isobar; 6,* is measured in the
isobar rest system. The component of the c.m. mo-
mentum of the decay pion along the direction of motion
of the isobar (taken as the x axis) is given by

pw,d,xz')_/j(fbvr* COS@W*—I-ijEW*). (140)

The combined momentum of the two pions in the c.m.
system is obtained from

(141)

where P, is the c.m. momentum of the recoil pion, and
Pa,dy=px" sind,* is the transverse momentum of the
decay pion. The total c.m. energy of the wr system is
given by

ﬁ7r1r2= (pw,d,z*pw,r)2+ﬁw,d,y2,

Ewszw,d+Ew,r,

where E,,, is the total energy of the recoil pion.

Since the quantity FE?—p? is invariant under a
Lorentz transformation, we obtain for the total energy
in the center-of-mass system of the two pions:

Ep¥= (EM2_1_)M2)%’ (143)
where .- and E,, are given by Eqs. (141) and (142).
The Q value Q.. is now given by

Q’Mr = E*)Mr"< - 2m1r7

(142)

(144)

We will assume that the isobar decays isotropically
in its rest system. Similarly to the calculations of I
(Sec. VIII), we have considered angles 8,* at intervals
of 22.5° These angles will be denoted by 8,:* (ie.,
0r,1%=0°% 0,5=225° --- 0,,%=180°). Since the
solid angle in the isobar rest system is given by
AQ, f=sind, ;¥A0, ¥, the Q-value distribution per-
taining to the isobar mass #; is given by

Prx@(Q)=M sindr*/ QP —Qn)
for 0 <Q<Qu™,

where Q1+ is defined by
QP =3(Qn+0jrx1);

(145)

(146)
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Frc. 15, Q-value distribution functions Prr: and P, for
pion-pion pairs from single pion production in pion-nucleon col-
lisions at 7'z, ine=1.0 Bev.

Qg 1s the Q value of Eq. (144) pertaining to isobar mass
m; and decay angle 8, :* In Eq. (145), M is a normal-
ization factor.

Finally, the weighted distributions Py, . are given by
the following integrals:

Prrt(Q) =M, f a9 (Q)oy(m,)Fdm;, (147)

Py a(Q)= My f P (Q)os () F[1— e(m;) Jdm;, (148)

where M, is a normalization factor, o3 and oy are the
appropriate total w/V cross sections in the T'=3 and
T=1% states, respectively, and [1—e(m;)] gives the
fraction of N,* decays which result in single-pion
production, i.e., for which N,* — N+4. In Eqs. (147)
and (148), F is the two-body phase space factor for the
formation of NV*4.

The resulting Q.. distributions are shown in Fig. 15.
It is seen that the distributions Prr,1 and Pr s are very
similar, with Pr., being somewhat more peaked at
large Q wvalues, near the maximum possible Q,
QOmax=525 Mev (for 7'y ime=1.0 Bev). The weighted
distributions shown in Fig. 15 reflect the behavior of
the individual distributions P, (Q) for the various m;.
In all cases (i.e., for all m;), these distributions increase
with increasing Q. to a maximum which is reached
near the maximum possible Q, Omax,j, for the particular
m; considered. As an example, for m;=1.30 Bev,
P D(Q) increases from 0 at Qmin,;=8 Mev to 0.70
at 80 Mev, and a maximum of 1.42 at Q=500 Mev, then
rapidly decreases to 0 at Qmax,; =525 Mev.

If in a particular reaction (e.g., ¥~+p — 7+ ),
the pions are made via N,* with a probability £;, and
via No* with a probability (1—£,), then the predicted
Qrr distribution is given by

Pri(Q)=£1P w1+ (1—£1) Prr 2. (149)
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Equation (149) is equivalent to Eq. (137), in which
o1/ (ortor)= &1,

We shall now obtain the Q-value distributions
Pry,o® which pertain to the recoil pion and the
nucleon arising from the decay of N.*. The total energy
of the pion-nucleon pair in the c.m. system is given by

E.n=FE—-E,,, (150)

where % is the total energy of all particles in the c.m.
system, and E, 4 is the energy of the decay pion [Eq.
(139)]. The total momentum Prx of the 7V system is
equal to —7Px,q, where Pr,q is the momentum of the
decay pion [Eq. (140)]. Thus, in analogy to Eq. (143),
the total energy in the center-of-mass system of the
pion and nucleon is given by

il — — 1
EwN*z (EwNz_pﬂN,zz—prN,y2)z

‘ = [(E_'Er,d)Q_ﬁr.d,:g_pvr.d,y?]%- (151)
Finally, the Q value is obtained from
QTN=Equ*—mN—m,.-. (152)

The Q-value distribution P,y (Q) pertaining to a
given m; is obtained from an equation similar to (145):

Pry@(Q)=M sinfny i*/ QP —Qa)
for 05T <Q<Qx™), (153)

where Q& is the appropriate value of Qr» from Eq.
(152), and 8y * is the angle of emission of the nucleon
in’ the isobar rest system.

The weighted distributions P,x,.® (Q) are given by

Py a®(0) =M, f P oy (Q)ery(m;)Edms, (154)
PWN,z(b)(Q)=M2fPW.N(”(Q)U%(m:')
XI:I——e(m,-)]de,-, (155)

where M, is a normalization factor.

The resulting distributions Prx,1® (Q) and Py 2@ (Q)
are shown in Fig. 16. It is seen that P,y,1® has a pro-
nounced maximum at Q=370 Mev, whereas P,y ®
has a relatively weak maximum at =180 Mev, and is
essentially flat from Q=320 to 480 Mev.These distribu-
tions reflect the behavior of the partial distributions
P.x@(Q) pertaining to the various m;. The P.x(Q)
are practically constant (actually increasing slightly
with increasing Q) between limits Qmin,; and QOmex,j
which decrease generally with increasing m; Each dis-
tribution P, (" (Q) for a given m; is different from zero
only over a limited part of the complete range of Q,
which extends from 0 to 525 Mev. The region occupied
by P.x?{Q) is generally of the order of 150-200 Mev.
Thus for m;=1.15 Bev, P.x?(Q) extends from Q=368
to 504 Mev; for m;=1.25 Bev, we have Qmin=248,
Omex=440 Mev; for m;=1.40 Bev, Qmin=106, Quax
=308 Mev; for m;=1.50 Bev, Onin=40, Omax=192
Mev.
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‘TasrE II1. Branching ratios for pion production in p— p interactions.

Reaction N+N1* 2N1* N+N2* N]*-*I-Nz* 2N2*
(pn+) 5/6 2/3
(p20) 1/6 1/3
g 0'1(N+N1*)v Ul,g(N*}-sz*)
(pp+=) 1/5 5/9 1/2 0
(pp00) 8/45 2/9 1/18 1/9
(pn+0) 26/45 2/9 7/18 4/9
(nn4--+) 2/45 0 1/18 4/9
a o1 (2N:¥%) o1a(N+N*) a1,a(N*+N2¥) a1,4(2N5%)
(pp4-0—) 7/21 5/27 |
(p$000) 1/27 2/27
(pn++—) 25/54 10/27
(pn-00) 2/9 2/9
(nn—++0) 1/54 4/27
g gy, t(Nl*-i-Nz*) 0‘1.1(2N2*)
(pp++—-) 25/81
(pp+00—) 20/81
(#£0000) 4/81
(pn+-+0-—) 20/81
(pn-+-000) 8/81
(nn+4-00) 4/81
2 01,¢(2N2%)

For P,y.1®, the maximum at Q=370 Mev is a
direct consequence of the predominance of the distri-
butions P,y (Q) for m;=1.20 and 1.25 Bev, which
extend from 304 to 476 Mev, and from 248 to 440 Mev,
respectively. These distributions have fractional weights
fi=0.309 and 0.285, respectively, in the integral of
Eq. (154). It should be noted that for the calculation
of P.x..® (and also P,..), the distributions were
evaluated at intervals of 50 Mev in m; (from m;=1.10 to
1.60 Bev), and the integrals of Eqgs. (147), (148), (154),
and (155) were thus replaced by sums over the various
PO with weighting factors determined by ¢3F and
aF(1—¢).

For the distribution P,y,®, the weighting factor
has a maximum at m;=1.45 Bev (f;=0.140), and the
maximum of P,y ® at Q.x=180 Mev is due to the

ST T T T T T T T 1 T 1

[~ Tuine=)-0 Bev I
5 (b} —
P1rN.I

{b}
P.3l Prn,2

0 ! 1 | 1 | { - I 1
0 100 200 300 400 500 600

Q,y (Mev)

F16. 16. Q-value distribution functions P.n,1®) and Py, ™
for pion-nucleon pairs from single pion production in pion-nucleon
collisions at T’y ine=1.0 Bev. The function Py, «® (a=1 or 2)
pertains to the recoil pion and the nucleon arising from the decay
of the isobar N.*.

effect of the P.x? for m;=1.45 Bev, which extends
from Q=68 to 256 Mev. However, the value of f;at the
maximum is not very large (0.140), and the other m;
values throughout the range from 1.10 to 1.60 Bev make
significant contributions. This accounts for the rela-
tively flat behavior and the large values of P,y ®
above the maximum (i.e., from ~320 to ~480 Mev).

For a definite 7V pair from a particular single-pion
production reaction, the predicted Q-value distribution
is given by

Pov=(o1F02)[o1(c1aPrn 1D+ Py 1 ®)

+02(caaPrn 2D enPan 2 ®)],  (156)
where ¢,. and ¢ are the coefficients of Py @ and
Pan,«?, respectively, in Table I or Table II. The cross
sections ¢, and o2 were defined above in connection with
Eq. (137). Thus o, and o4 are the partial cross sections
for the reaction to proceed via Ni*+= and No*+m,
respectively.

As an example of the use of Eq. (156) and Table I,
we will calculate the functions P,x(Q) and P, (Q) for
the #V and #r pairs from reaction (I) at 7'r me=1.0
Bev, using the values of the parameters of the present
extended isobar model, which have been determined in
Sec. IV. These values are as follows: p;=p2=0.179;
a=0.0121; 4=0477, B=0.702; ¢©=9.71 mb, o1®
=8.74 mb, ¢,=0.97 mb, where ¢, is the part of
o which is due to the formation of the N,* isobar
[see Eq. (125)]. We thus obtain:

f1= 01D /o D =8.74/9.71=0.900. (157)

For the #~—# pair from reaction (I), Table I gives

€1.=0.873, ¢p=0.127, ¢2,=0, and c:»=1, so that one
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TagtEe IV. Branching ratios for pion production in #—p interactions.

Reaction N+N1* 2N1* N+N2* N1*+Nz* 2N2*

(pr—) 1/6 (1/3)C.,
(pn0) 2/3 (1/3) (1 +241)
(nn+) 1/6 (1/3)C_
b o (N4+N¥) Sot s (NN
(pp0--) (1/45)4-(1/9)ko (1/9)C 5/18 2/9
(pn+—) (41/45)+(5/9)kq (5/9) (1+F1) 2/9 4/9
(pn00) (2/45)+(2/9) k0 (2/9) (14-E1) 2/9 1/9
(nn-4-0) (1/45)+ (1/9)kq 1/9C_ 5/18 2/9
G 301 (2NY) 3o1,a(N+N2¥) 3o1,a(Vi*--No¥) $lo1,a(2N¥) +00,a(2N:%) ]
(pp+——) 5/54 5/27
($p00—) 1/9 1/0
(pn+0-) 4/9 173
(p1000) 427 2727
(nm+—4—) 5/54 5727
(nn-+00) 1/9 1/9
4 301, (N1 *+No*) 3o, QN ) 400, : (2N )]
(pp+0——) 10/81
(pp000—) 4/81

+— =) 25/81
(pn+00—) 8/27
($n0000) 4/81
(mn+-+0—) 10/81
(nn+4-000) 4/81 :
7 1010 2N2*) 00,2V ]

obtains from Eq. (156), [with ¢/ (s1+02)=0.900]:

Por=(0)=0.786P 5 1@ +0.114P 5 ,®
+0.100P 5 2®. (158)

The Q-value distribution for the n—z* pair is
obtained from Eq. (158) by merely interchanging
Poy,o® with Py . Thus we find

Pt (Q)=0.114P 1 +40.786 P,y , ¥
+0.100P,x 2@. (159)

For the #"—= pair, we obtain from Eq. (149):
Prtr~(Q)=0.900P ;,,1+0.100P, ». (160)

Similarly, one obtains for the Q-value distribution of
the 7~—=° pair from reaction (II), with £=0.659:

Poe(0)=0.659P,, 1+0.341P, . (161)

Here the value §£,=0.659 is obtained from the cross
sections ¢ =23.705 mb, ¢,™=1.915 mb, ¢ =562
mb [see Eq. (127)], so that £=23.705/5.62=0.659. The
distribution (161) is quite flat in the region of Q from
~200 to 500 Mev (see Fig. 15). On the other hand, if
there should be a strong = interaction, with a large
cross section ¢, which passes through a resonance in
the region of Q> 500 Mev, we would expect that the
distribution Pr-,¢(Q) for reaction (II) will be strongly
peaked near the value of Q which corresponds to the
resonance of o.,. Such an effect seems to have been
observed by Pickup ef al?® in the analysis of their
experiment with 0.96-Bev 7~ mesons. As was pointed
out above, the effect of a possible plon-pion interaction?®
has not heen included in the present work. Of course, it

would be possible to introduce an effective pion-pion
final-state interaction and to determine quantitatively
how it would modify the result of Eq. (161).

VI. BRANCHING RATIOS FOR PION PRODUCTION
IN NUCLEON-NUCLEON COLLISIONS

We have obtained the branching ratios for pion
production in p—p and »—p collisions, using the fol-
lowing processes:

p+N— Ni*+N, (a)
p+N — 2N ¥, (b)
p+N— N*+N, ©)
p+N — N+ N, (d)
p+N — 2N (e)

The reactions (a) and (b) have been previously inves-
tigated in I. When Nj* is produced, we consider the
possibility that it may decay into N,* or directly into
a nucleon, i.e., we include both one-pion and two-pion
decays.

The resulting branching ratios for p—p interactions
are given in Table ITI; those for #—p interactions are
given in Table IV. Each table is divided into four parts,
corresponding to production of one, two, three, or
four pions. At the end of each part, we give the ex-
pression for the cross section & by which the branching
ratios listed above & must be multiplied in order to
obtain the corresponding partial cross sections for the
reactions considered. As an example, the cross section
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a(@(pp-+—) for the reaction
pt+p— No*+N — p+ptat+a,

is (5/9)a1,¢(N-+N5*). The notation used for the # is
as follows. Taking o,a(N-4N:*) as an example, the
parenthesis indicates the final state involved in the
primary reaction [(a)-(e)]; the first subscript of ¢
gives the isotopic spin 7" of the system (=1) and the
second subscript (=d) indicates the total number of
pions produced: s for single, d=double, (=triple,
g=quadruple. Thus o1,4(N+N5*) is the cross section
for producing N+No* in the state T=1, with sub-
sequent decay of No* into 2 pions [Eq. (9b)]. For
N+N* and 2N(*, where the number of pions is
unambiguous the subscript s or d is omitted.

We note that the production of a maximum of 8 pions
could be treated within the framework of the present
extended isobar model. Thus we can consider the
reaction: N+N — 2915%, with subsequent decay of each
No* as follows:

No* — No¥+n — Noo* 427 — N1* 430 — N-+4x.

For the n—p interactions (Table IV), we have
introduced the quantities ko, k1, Cy, and C_, which are
defined as follows:

koEUo(ZNl*)/01(2N1*), (162)
ky Eﬂo,s(N2*+N)/01,s(Z\72*+N)

=00,o(No*+N)/01,o(N2"*+N), (163)

Cy=14k1=2k cosgo, (164)

where o is the phase angle between the matrix elements
for the reaction N+N — N4N,* in the I'=0 and
T=1 states. It may be noted that for n—p interactions
which lead to N+N,* and N *4N,*, the reaction can
take place only in the T'=1 state, so that the branching
ratios do not involve any ratio k; For the pion pro-
duction in n#—p collisions which proceeds via 2N,*
[reaction (e)], all of the partial cross sections are pro-
portional to [o1(2Ns*)4-00(2N:*)]. We remark that
the ratio ko was previously used in I [see Eqgs. (62)-
(64)7. For n+p— N+ No*, the terms in coseg which
enter into Cy and C_ are due to the interference between
the T=0 and T'=1 contributions.

The calculation of the various branching ratios is
straightforward. We shall therefore give the derivation
only for one case as an example, namely, the production
of two pions in n—p interactions, via N+Ns* The
wave functions N+N5* in the - T'=1 and 7=0 states
(T'.=0) are given by:

N (T= 1) =24 (wQ\A%—{—w_Q\%),
W (T=0)=2"4wh_1—w_i\1),

(165)
(166)

where wr, i1s the wave function of the unexcited nucleon,
and Ar, is the wave function of the Ny* isobar. The
relative probability of the various possible final states
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is obtained from the following expression for | (finab |2;

[ 2= [ (7= 1)+ explig) ¥ (T=0) 2

=3C A +3C_w B2 (167)
For the decay of N.* into Ni*+m, Ay and Ay are
equivalent to the expressions (21) and (22) involving

Yr, (wave function of Ni*) and »r, (wave function of
decay pion). Thus for A;?, we may write

A= S0+ e
= % (%M-lZX%Z—i‘ §M02X~%2) v
+ 3 Guexi’+ aulx)re (168)
where the last expression, in terms of ur, and xr.,
follows from Eqs. (23)—(25). Here ur, and xr, represent

the pion and nucleon, respectively, from the decay of
Ny*. From (168), one finds that A\ is equivalent to

A= (5/9) (o4 =)+ (2/9) (00)+ (2/9) (n+0).  (169)

By applying charge symmetry to (169), one obtains
the following expression for A_;?:

Ag?= (5/9) (n4-—)+(2/9) (p0—)+ (2/9) (n00). (170)
Upon inserting (169) and (170) into Eq. (167), one
obtains the result:
| ctineb [2=C, [ (5/18) (pr-+- =)+ (pp0—)

+5(pn00) J+-C_[(5/18) (pn+—)
+5(pn00)+5(nnt-0)1. (171)

Hence the relative probabilities of the possible two-pion
final states are

1,22, 2
ZHIXY V-1

Ppnt—)=(5/9)(14-ky), (172)
P(pn00)=(2/9)(1+ky), (173)
P(pp0—)=(1/9)C, (174)
P(nn0+)=(1/9)C_. (175)

The sum of the above quantities P is

1+ki=[o1,a(No*+N)+00,a(No*+N) 1/ o1,a(N*+N).
(176)

Thus the branching ratios P must be multiplied by
F=101,4(V-+Ns*) in order to obtain the corresponding
partial cross sections for pion production (see Table IV).

VII. GENERAL EQUATIONS FOR PION PRODUCTION
IN NUCLEON-NUCLEON COLLISIONS

The energy spectra for the pions and nucleons from
nucleon-nucleon collisions can be expressed in terms
of certain basic spectra (such as I, Irq4 In:4,
Iy,:) which pertain to a pion or nucleon from a
particular transition between definite isobaric states.
These basic spectra are analogous to the spectra I,,;
and Iy ™ pertaining to pion-nucleon interactions
(Sec. II).

In this section, we will give the expressions for the
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pion and nucleon energy spectra for all reactions arising
from p—p and n— p collisions, which lead to production
of one or two pions, using the processes (a), (b), (c),
and (d) defined above in Sec. VI. The basic spectra are
defined in the following manner. For the c.m. energy
spectra from reactions (a) and (b) previously inves-
tigated in I, the notation is as follows:

N+4+N — N(Iy,o)+N ¥, (al)
Ni*—> Ny, )+r(l..), (a2)
N+N — 2N, (b1)
N*— N{Iy,g)+w(Ir,q). (b2)

Here and in the following, the expression in parentheses
after NV or 7 denotes the center-of-mass energy spectrum
of the corresponding nucleon or pion. Thus /s pertains
to the recoil nucleon from reaction (a), while Ix,; and
I, pertain to the decay nucleon and the decay pion
involved in this single-pion production process. Simi-
larly, Iy,q and I, 4 are the spectra of the decay nucleon
and pion from N,* in the double-pion production reac-
tion (b).

For the reaction (c), in which either one or two pions
can be produced, we employ the following notation:

N-+N— N*+N(Ix 54, (c1)
No*— NIy )47 244, (c2)
Ny — N7 (1, 54), (c3)
Ni¥*— NIy )47 164, (c4)

Thus, Ix,34 is the spectrum of the recoil nucleon from
reaction (c). I, s* and Iy 44 pertain to the direct tran-
sition No* — N7 which gives single-pion production.
On the other hand, 7, 4, I, 4, and Iy ¢4 correspond
to the double-pion production via No*. The superscript
A is used here for I, 4, I, 54, and I, ¢4, in order to
distinguish these spectra from the pion spectra I, 4,
I, 5, and I, ¢ previously defined in Sec. 1T, which pertain
to pion-nucleon interactions. The same superscript 4
is also used for the nucleon spectra from reaction (c),
for consistency of notation.
For the reaction (d), the notation is as follows:

N+N — Ni*+Ng¥, (d1)
Ny* s NIy, B)+r(I,15), (d2)
No*—= NIy &) F7 I +,45), (d3)
No* — Ni*a (I, 55), (d4)
N — NIy 68 +n(65). (d3)

Iy,1% and I, ;% pertain to the decay of the isobar N ,*
which is formed in the primary reaction (d1). The other
spectra: In 4B, I, 48 1.5, Ine®, and I, % are com-
pletely analogous to the corresponding spectra (with
the same subscripts) from reaction (c). These five
spectra pertain to the two modes of decay of the No*
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formed in the reaction (d). When Ns* decays according
to (d3), altogether two pions are produced, whereas the
decays (d4)-(d5) correspond to production of a total
of three pions in the reaction (d1).

We note that [with the exception of reaction (a2)],
the same numerical subscript is used for the decay
nucleon and the decay pion originating from a given
isobar [e.g., Ix,44 and I, 44 for reaction (c2)]. All of
the pion and nucleon energy spectra I are assumed to
be normalized to 1 [Cf. Eq. (102)].

For the sake of simplicity of the resulting expressions
for the energy spectra, we will use the following nota-
tion, o;, for the various cross sections & appearing in
Tables IIT and IV:

a1=0(N*+N), Q77)
a2=01(2N,*¥), (178)
o3 =01,.(N*+N), (179)
oc1=01,¢(N*+N), (180)
os=01,0(N*+N5), (181)
oce=01,a(2N¥). (182)

In labeling the energy spectra (do/dTy) and (do/dT.),
we will use a superscript (p7) or (n4) to denote the
final state involved. Here, (p1), ($2), - - - ($6) refer to
the reactions from p— p collisions, in the order in which
they are listed in Table ITII. Thus (1) denotes the final
state (pn-+), (p2) denotes (pp0), and (p6) stands for
(nn-+). Similarly, (#1), (#2), ---(#7) refer to the
reactions from n— p collisions, as given in Table IV. As
an example, (n4) represents the fourth reaction listed
in Table IV, which gives rise to: p+p-+a’+=—. This
notation will be shown explicitly for each reaction
below.

The derivation of the equations for the energy spectra
is straightforward, and will not be given here. We note
that the contribution to the final state considered from
a particular basic reaction [(a), (b), (c), or (d)] is
obtained from equations similar to Eqs. (167) and (168)
which apply to the particular case: n4p— No¥*+N —
2N+2r. In these equations, the nucleons represented
by the wave functions wz, and xz, have energy spectra
Iy 3% and Iy ¢4, respectively, while the pions repre-
sented by »r, and pr, have the spectra I, 54 and 7,4,
respectively.

The following expressions for the spectra are nor-
malized to #ye or #,0, where ¢ is the total cross section
for the reaction involved, and ny, 7. are the numbers of
nucleons or pions of the charge state considered which
arise from the reaction. As an example, for the reaction
($3): p+p— p+p+7t+7, the proton spectrum
(do/dTx)™(p) [Eq. (188)] is normalized to 2¢®%,
whereas the 7+ and 7 spectra (do/dT,)®® (z%) [Eqs.
(189), (190)] are normalized to o). This normalization
is the same as was used for the pion and nucleon spectra
from w¥—p collisions [Eqgs. (35)-(48); (55)-(63)].
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We will first give the results for the spectra from p—p
interactions. For the reaction

p+p— pFntat, (p1)
we obtain
(do/dTx) ¥ (p)
=£01(0.9I 5 1011 N 2)+ 203l v 34, (183)
(do/dTw) ™ (n)
=251(0.115,1+0.91 x5 2)+ 203l i 44, (184)
(da/dT ) (a) = o1l r, o+ Fosl s %, (185)

where, as before (Sec. II), the parenthesis after
(do/dT)™ indicates the particle considered (proton,
neutron, or 7t). The cross sections ¢ and o3 are defined
by Egs. (177) and (179).

For the reaction

pt+p— ptpta (p2)
we find
(do/dTn) ™ (p)=%o:1(In 1 t+In 2)
Sos(Ins4+1In4%), (186)
(do/dTy) @ (1%) = §o11 ¢, +F0sl 2,44 (187)

Similarly, for the reactions p+p— 2N+27, we
obtain:

(1) For
ptp— ptptatta: (p3)
(do/dTw) " (p)
= %U'ZIN,d'*‘ (5/9)0’4(IN'3A+[N,5‘4)
1 B B
(o JT.) 5 (%) +dos(In, B+ In,45), (188)
= %Uz[,,,d‘l" (5/9)0’4(0.11,,5‘4—!—0.9[,,5‘4)
1 B
(dq/dT,,)(P“l) (7r_) 20'5[1r.l ) (189)
= %a’z[md—{" (5/9)0‘4(O.QIW,5A+0.1[,,6A)
) F +1o51..48. (190)
or
P prhptete: (o9
do \ @9 16 2
’T) (p)=—0oly,at—-04s(In s4+1n %)
dTy 45 9
1
+E<75UN,1B+IN,4B), (191)
do \ @ 16 2
: ( — ) (@) =—0al s at—0s(T 7 54+ 5.6%)
ar, 45 9
1
+I‘8—05(1z.1B+Im4B)~ (192)
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(3) For
bt prtnt e, (b5)
do \ #® 26 2
("“*‘- ) (P)=—0aln,at—odd N s*
dTy 45 9
i3 1
+380'51N,1B+580'51N,48, (193)
do \ @9 26 2
e ) (")=_021N,d+—U4IN.eA
dly 45 9
1 13
+5—605[N,1B+3—665[N,4B, (194)
do \ 26 1
—‘—:—) (7r+)=_0'211r,d+_0'4(17r BA+I‘N BA)
ar., 45 9
5 1
+1_8SO'5I,,».1B+*9‘05I,,4B, (195)
do \ # 26 1
_—:') (7ro) = _-U2lr,d+_a-4(jw.5A+Iﬂ.6A)
ar, 45 9
1 5
F—o5lx 1 B+—0sl 5,48 (196)
@ F 9 18
or
. p+p— ntntattat: (p6)
do \ @ 4 1
(—_—) (n)y=—02ly,at—os(In1B4+Tn,45), (197)
aly 45 18
do \ @® 4 1
( p ) (7t)y=—02l s at—0o5(Tx 1 B+1,45). (198)
ar, 45 18

The combined proton spectrum from all p—p reac-
tions (p1-p6) is obtained by adding Eqs. (183), (186),
(188), (191), and (193). The result is given by

do 11 1

(p) 4
- ) (p)=—0dn 1t -olnoF—0lna
dTlx 12 4 3

1 7
+ (03+U4)[N,3A+503[N,4A+§U4IN,64

11 7
F—osly  B+—oslnB. (199)
12 12

We note that the term corresponding to the recoil
spectrum pertaining to the 7=% resonances (NVs,* and
Na*) is (o3F04ln a4, so that the possibility of ob-
serving these resonances will depend on the value of
(05F04)/0t0ta1® (p), where oo @ (p) is the cross
section pertaining to the total outgoing proton flux,
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which is given by

oo ()= f (d” )(p)(de

—01+ (02+63)+—64+—05 (200)

The total cross sections ¢@? for the reactions
(p1)-(p6) will be given here for convenience. These
cross sections can be obtained directly from Table III:

o =254 2453 (201)
o™ =154 %03, (202)
o =154+ (5/9) 04+ 305, (203)
0@ = (8/45)0s+(2/9)os+ (1/18)a5+50s, (204)

o = (26/45)c2+ (2/9)as+ (7/18)a5+ (4/9)as, (205)
o @ = (2/45)03+ (1/18)05+ (4/9) 0. (206)

We note that the pion production via 2N:* (which
is proportional to ¢s) has not been included in the
expressions for the energy spectra [Eqgs. (183)-(200)7].
The effective threshold for the reaction p+p — 2No* is
T'p,ine~3.6 Bev.

We will now give the corresponding expressions for
the spectra from n—p collisions. For the reactions
n+p —> 2N-+m, we obtain: (1) For the reaction

np— ptptr, (nl)
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(nd)
(dT ) (p)= (—-l‘—ko)ffzfzv d+—‘C+¢74(IN sA+TIn, sA)"l'—Us(IN FH-Iy 4B,
N

a7

aT,

(2) For

do
dTx

90 18
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the spectra of protons and #»~ mesons are given by

(do/dT )™ (p)=To01(In 1+ In2)
+3Cros(In 54 +1n 44), (207)
(do/dT )™ (1) =501l r, s+ EC 05T 1 44, (208)

where the constant C, is defined by Eq. (164). (2) For
the reaction

n+p — ptntad, (n2)
we find
(do/dTx) > (p)=%o1(Ina+1n2)
+15C o8l v 34+ 5C o3l v, 44, (209)
(do/dTw) " (ny=%o1(In1+In.2)
+%C_ o3l v 34 +&%Crosln s, (210)
(da/dT+) " (%) =401l 4 o5 (14E1)osl 1 42 (211)
(3) For
#n+p— ntntat; (n3)
(do/dTw)"® (n) =vgo1(In1+1Iw,2)
+%C_G'3(IN,3A+IN.4A), (212)
(da/dT,,)("") (7t =150 . s+ 5C o3l 5 41 (213)
For the reactions n+4p — 2N-2x, we find:
(1) For
ntp— ptptat+a, (n4)

the spectra of protons, #° and =~ mesons are given by

(214)
da ™ 1 1 1 1 1
( = ) (@)= —+——k0)¢72lw,d+——c+o'4(17r,EA—{—IT.BA)+_0-5[1|',IB+_‘TBI1\‘,4By (215)
90 18 36 9 36
do 1 1 1 1 1
( - ) (@)= (—+'—*k0)UZIr,d+_C+0'4(I1r,5A+I1r,6A)+_‘75[7r,13+_0'5[1r,43~ (216)
90 18 36 36 9
ntp— ptuntattr: (n5)
(n8) 41
(dT ) »)= (*'{‘*‘ko)tfzfzv d+—C+04[N 3A+—C ol 6A+_0'5(IN 1B+1y,45), (217)
N
(n5) 41 5 5 5 1
(T) (n>=(—+~—ko)ale,d+-c_a4IN,3A+~C+UJN,6A+—oa(IN,IB+IN,4B), (218)
90 18 36 36 18
("5) 1 1 1 1 1
)= (—+—~k0)0—211r at (_C++—'C—~)0'4I1r,5‘4+ (~—C++%’_)04Lr,s‘*+—cra (Ir1B4+1:45), (219)
8 72 72 8 18
(220)

()«
(7)o Gt ) (s

(n5) 1 1 1 1
)= (—~-¥-~—ko)tr,zl7r at (_C++"C—)0'4[1r 544 (§C++EC—)04IT,6“+I§05(Lr,1B+Lr.4B)-
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(3) For
wt+p— ptnta+n: (n6)
do \ (16 1 1 1 1 1
(dT ) (p)= (g‘{’;ko)iﬂll\’,d+EC+U'4IN,3A+EC—04[N,6A+1_80’5(IN,1B+[N.43), (221)
N
(”6) 1 1 1 1 1
(dT ) )= (E+§ko)621N'd+E§C_“4IN,3A+§C+U‘JN‘6A+EU5(1N‘1B+IN'4B)> (222)
N
do \ ® 2 2 1 1
( ’ ) ()= (—_+—ko)agzr,d+4<1+k1>a4<zw,5A+z,,eA>+—as(1w.13+1,,43>. (223)
ar. 45 9 9 9
(4) For
n+p — nt+unt+rt+7’: (n7)
do \ ™D 1 1 1 5
(T) (n)= (_+-—ko)UQIN,d+%ﬁa4(1N,3A+zN,6A>+—as(1N,lB+1N,4B>, (220)
aTy 45 9 18 36
(n7) 1
(dT ) (xt)= (9—0—}—48/80)011} d‘*“*c oI5t +1, sAH-*Us[vr 1B USIW 4%, (225)
do \ "7 1 1 1 1 1
( — ) (7%= (—”*"_“k())UZIW,d+7c~0‘4(17r,5‘4+[1r,ﬁ‘4)+70'5]1r,1B+_0'5[7r,4B' (226)
ar, 90 18 36 9 36

From Eqs. (207), (209), (214), (217), and (221), one obtains for the combined proton spectrum from all z—p
reactions (n1-n7):

de \ ™ 1 1 1 1 1
—_—) P)=-01{Iny 1+In)+-A+ko)od y.at—Ci(osF0) x4+ ("C++—C_)0'3[N,4A
dTy 4 2 4 6 12

1 7 1
+ (wC++~C_)04[N,5A+*05([N.1B+1N 8. (227)
18 36 4

The partial cross section for the recoil spectrum pertaining to the 7=% resonances is 1C, (g3-F04). This result can
be compared with the effective cross section o1 (p) pertaining to the total outgoing proton flux, which is
given by

1 1 5 1 1 7 1
T ron ™ () =014~ (L4-ko)oo+ (—C++—Cv)03+( —C++—C,)a4+—as. (228)
2 2 12 12 36 36 2
The total cross sections o for the reactions n) 11 1
(n1)—(n7) are as follows (see Table IV): o= (g+§k°)02+§(1+kl)“
o™ =15011+5Cy03, (229) 1 1
o =301+ 1 (1+k1)os, (230) Horet el TR, (234)
o) = —1—0'1-|— lC'_<73, (231)
. \ - 11
ol = —~+— 0 02‘|—— +04+~05 oD = ——i———ko)og—}—~c_o4
90 18 90 18
5 1
+§‘76(1+k2)7 (232) +%O’5+606(1+k2)7 (235)

41 5 5
o) = (—+*—k0)02+1§(1+k1)04

90 18 where %2 is defined by

1 2
Cost—as(1+k), (233
+9‘”‘+906( th), (233) ka=00,a(2N ) /01,0(2N ). (236)
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VIII. CALCULATION OF THE PION AND NUCLEON
SPECTRA FROM NUCLEON-NUCLEON
INTERACTIONS

The center-of-mass energy spectra of the pions and
nucleons from reactions (a) and (b) (see Sec. VI) have
been previously obtained in I for incident nucleon
energies 7', in.=0.8, 1.5, 2.3, and 3.0 Bev. The effective
threshold for reaction (c) is ~1.6 Bev, while that for
reaction (d) is ~2.6 Bev. As explained in Sec. 1, these
threshold values were obtained by using isobar masses
m(NV*)=1.3 Bev and m(Ns*)=1.6 Bev, which exceed
by a small amount (~80 Mev) the masses pertaining
to the maxima of the corresponding cross sections o
and ¢3. In the present work, we have obtained the
energy spectra for reaction (¢) at 7'y me=2.3 and 3.0
Bev, and for reaction (d) at 3.0 Bev.

We will first discuss the calculations for the reaction
(c). The spectrum Iy 3% is obtained in the same manner
as the spectrum J, 3 for #—X interactions [Egs. (75)-
(78)]. In fact, the equation for Iy:4 is completely
similar to Eq. (75) for J, 5. We have

IN,;;A(TN):K;;AO‘.,}(’}%z) (d’ﬂ’LQ/dTN)F, (237)
where K34 is a normalization factor, and F is the two-
body phase space factor for Ng*+XN, for the total
energy E in the center-of-mass system. As compared to
Eq. (75), a factor 7y is missing, corresponding to the
fact that Iy,3? gives the nucleon energy spectrum,
while J,s gives the momentum distribution of the
recoil pions [see Egs. (100), (101)].

In view of Eq. (237), the spectrum Iy ;4 will essen-
tially reproduce the T'=% cross section oy(ms) with
the two maxima at me=1.51 and 1.68 Bev, provided
that the incident energy is high enough so that both
the Noo* and Nop* isobaric states can be excited. This
is the case for T =2 Bev. Figures 17 and 18 show
the various spectra at T in.= 2.3 and 3.0 Bev, respec-
tively. The maxima of Iy s at Ty=120 and 210 Mev
for Tx,ine=2.3 Bev, and at 260 and 340 Mev for
Tx,ine=3.0 Bev correspond directly to the No.* and
Nop* isobars. It would obviously be of great interest to
verify experimentally the presence of the two peaks in
the spectrum I v 34. However, the question as to whether
the two maxima will be distinguishable from the
background due to the other components (Zx,1, Iw,z,
Iv,a Ina4, Inet) will depend on the value of the
cross section o1(Ng*+N) in relation to o (N *+N),
a1(2N¥), and o1 (N *+N*) for the case of p—p col-
lisions. Here, o1(No*+N) is the sum of oy,:(NV*+N)
and o1,4(V2*+ ) as used in Table IIL. [ In the notation
of Egs. (177)-(182), we have: o1(No*+N)=03+04.]
In the case that all recoil protons are observed (as in a
counter experiment), the spectrum is given by Eq.
(199), and the relevant quantity which measures the
relative strength of Iy 34 is the ratio o((Ng*4N)/
Ttota1® (p), Where ciora1™ (p) is given by Eq. (200).

In Figs. 17 and 18, it may be noted that near the
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Fic. 17. Center-of-mass energy spectra of nucleons from
nucleon-nucleon interactions at an incident nucleon energy
T, ine=2.3 Bev.

maximum nucleon energy Tx max, the spectrum Iy 4
is almost constant with energy (for T'x=20.32-0.41 Bev
at Tw,ine=2.3 Bev, and for Ty 220.45-0.53 Bev at 3.0
Bev). This part of the energy distribution Iy 34 cor-
responds to the formation of isobars N* with low mass
values my in the range from 1.08 to ~1.30 Bev, which
pertain to the low-energy T=% cross section o;. As has
been extensively discussed in Sec. III, the low-energy
oy 1s approximately energy-independent (~7 mb),
which accounts for the fact that Iy 34 is nearly constant
at the high-energy end of the spectrum. We note that
the phase space factor F which also enters into Eq.
(237) increases only very slightly with increasing
nucleon energy Ty in this region. The high-energy part
of Iy is essentially analogous to the high-energy
maximum of the recoil pion spectrum J, 3 for #—N
interactions (see Figs. 2-4). From Figs. 17 and 18, it
is seen that the high-energy region of constant Iy 34
becomes relatively less important with increasing in-
cident energy 7'w,ine, in similarity to the corresponding
behavior of the maxima of J, 3.

The spectrum Iy 34 can be compared with Iy,
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F16. 18. Center-of-mass energy spectra of nucleons from
nucleon-nucleon interactions at an incident nucleon energy
TN, ine=3.0 Bev.
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F1c. 19. Center-of-mass energy spectra of pions from nucleon-
nucleon interactions at an incident nucleon energy T ine=2.3
Bev.

which pertains to the recoil nucleons from reaction (a).
Figures 17 and 18 show the spectra Iy s for T ine=2.3
and 3.0 Bev. The maximum of Iy s is at Ty=350 Mev
for 2.3 Bev, and 470 Mev for 3.0 Bev. These maxima
are at higher energies than those of 7y 34, corresponding
to the lower mass of the V,* isobar (m;=1.23 Bev).

The nuclear spectra Iy, and Iy . have been pre-
viously obtained in I. However, these nucleon spectra,
and also the pion spectrum [, ., were recalculated in
the present work for each energy (2.3 and 3.0 Bev),
using a slightly different procedure than that employed
in I. The modification consists in including all kine-
matically possible isobar mass values m; up to the
maximum, #r,ma=E—my, instead of using a cutoff
at My=mun-+m,+0.5 Bev=1.578 Bev for the maximum
isobar mass, as was done in I. The present procedure
concerning #er max for Iw 1, Iw,s, and I, is the same
as was used in the present work for the pion spectra
Jraand J; o from 71— N interactions [ see the discussion
after Eq. (90)]. We note that the present spectrum
Ix,» extends to zero energy, Tx=0, (see Figs. 17 and
18), whereas in the calculation of I, Iy ; was zero below
Tx~175 Mev for Ty ine= 2.3 Bev, as a result of the use
of the cutoff M, (see Fig. 8 of I). However, as is shown
by Fig. 17, the present revised Iy is quite small
below ~200 Mev, as a result of the smallness of the
7wt —p cross section ¢y in the appropriate energy range
(T'>=700-1200 Mev), relative to its maximum at 180
Mev.

We note that the nucleon spectra /y,¢ and the pion
spectra In,q from reaction (b) were not recalculated
with the higher value of m mux=E—my—m,. It is
believed that since these spectra pertain to the forma-
tion of two isobars: N+N — 2N*, the region of isobar
masses between M,=1.58 Bev and the kinematic
maximum 7, mex Will be less important. This value of
M1, max 1S Smaller by one pion mass (m,) than the value
of i mex for N+N— NF+N, Thus mr e for
N+N — 2N * equals 1.721 Bev for Ty, ine=2.3 Bev,
and 1.946 Bev for Ty,ine=3.0 Bev.
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The spectrum Iy 4* of the decay nucleons from
N2*— N4-7 is obtained in the same manner as the
spectrum I, 4 for #— N collisions [see Egs. (79)-(81)].
As is expected from the large mass difference of N,*
and &, the maximum of 7,44 occurs at relatively high
cm. energies (Tx=270 Mev at 2.3 Bev, Tx¥=375
Mev at 3.0 Bev).

The spectrum Iy ¢4 pertains to the nucleon from the
double transition, Eq. (9b). The corresponding spectra
for the two emitted pions are denoted by I, 54 and
T4 In order to simplify the calculation of these
spectra, we have assumed that the N;* is produced
with a single mass, m;=1.225 Bev, corresponding to
the center of the T'=% resonance (7',=180 Mev). It is
expected that no appreciable error is introduced by this
procedure, since the maximum isobar mass #my, max 1S
1.861 Bev at T, ine=2.3 Bev, and 2.086 Bev at 3.0 Bev,
so that we are considerably above threshold for the
two-pion decay of No* at both energies. The situation
is thus similar to that for .2.0-Bev incident pions
(m1,mex=2.077 Bev), where we have also used a single
mass # for N/* (see discussion of Fig. 4 in Sec. III).
As expected because of the small mass difference
w1~ (my-+m.)=147 Mev, the maximum of the Iy ¢4
distributions occurs at a low c.m. energy (T =60 Mev
at 2.3 Bev, and 100 Mev at 3.0 Bev). However, these
spectra have a long high-energy tail (extending up to
Tn=470 Mev for Ty 1n= 3.0 Bev), presumably because
of the effect of the relatively large maximum kinetic
energy of V* in the c.m. system. In connection with
the two-pion decay of NV:*, we note that the average of
the probability e(m.) as obtained from Eq. (85) is:
(e(m2))=0.239 at Ty, ime= 2.3 Bev, and 0.273 at 3.0 Bev.

The pion spectra from nucleon-nucleon collisions are
shown in Figs. 19 and 20 for T m.=2.3 and 3.0 Bev,
respectively. The spectra I, , and 7,4 pertain to the
N* processes (a) and (b), and have been previously
obtained in I. As mentioned above, the spectrum I,
(pions from the decay N1*— N+ ) hasbeenrecalculated
in the present work, using the kinematic upper limit
M1 max=H—my for the range of isobar masses my,
instead of the cutoff M,=1.578 Bev employed in I.
Figures 19 and 20 show that the resulting spectra I, .
have an appreciable high-energy tail, especially at 3.0
Bev, which was not present in the previous work (see
Fig. 3). This tail arises directly from the decay of isobars
with large mass values mr between ~1.5 Bev and
ML max (Mr,max=1.861 Bev at 2.3 Bev, and 2.086 Bev
at 3.0 Bev). It would be of interest to verify experi-
mentally whether this high-energy tail for the single-
pion production via N1* is indeed present. However, an
experimental check is made difficult by the probable
presence of the reaction p+p— N*+ N, which tends
to give predominantly high-energy pions (spectrum
I..4*). Perhaps use could be made of the somewhat
different branching ratios in order to establish the
relative magnitude of o1(V*+N) and oy,(V.*+N).
Thus the ratio of the (pn+) to (pp0) final states in
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p—p collisions is 5/1 for the reaction via N/*+N and
2/1 for Ny*+N (see Table III). :

* The spectrum I, 4* pertains to the decay N*—
N+-. This spectrum is obtained in the same manner
as Iy 4 (for N—N collisions) or J, 4 for #—N inter-
actions [Eqs. (79)-(81)]. As expected from the large
mass difference of No* and N, the maximum of 7, 44
occurs at a relatively large energy in the c.m. system
(T.M=440 Mev at 2.3 Bev, T,% =520 Mev at 3.0 Bev).

Concerning the spectra I, 34 and I, ¢4 pertaining to
the two-pion decay of Ny* we note that in order to
simplify the calculations, the assumption was made (as
for Iy %) that the NV,* has a single mass m;=1.225 Bev,
corresponding to the center of the 7'=4% resonance.
This assumption does not introduce any significant
inaccuracies for I, 54, but for I, 4 (decay pions from
N*— N+4m), it was found that the spectrum would be
zero for T,.<30 Mev, which is directly attributable to
the use of a single mass value m; for Ni*. Actually the
pions of very small energies (0<7T,< 50 Mev) will arise
mainly from V,* isobars having low mass values, in the
range 1.078 <m, X 1.15 Bev, where 1.078 Bev=my—+m...
Since these isobars are produced in the actual decay of
No* (although with relatively small probability), we
have modified the spectrum 7, ¢4 between T,=0 and
the energy of the maximum of 7,4 (T#=120 Mev),
o0 as to obtain a non-zero intensity in this region. This
modification amounts to only 5-10%, of the total area
under the /.64 spectrum. For the other spectra from
the two-pion decay of No* I. 54 and Iy ¢4, no modi-
fication was made. As expected because of the small
difference m;— (my—+m.)=147 Mev, the maximum of
I, 64 occurs at a low c.m. energy (T M~120 Mev).
The maximum pion energy 7. is 310 Mev for
T, ine= 2.3 Bev, and 370 Mev for 3.0 Bev. The spectrum
I, 54 occupies an intermediate energy region between
17,,4‘4 and Iﬂ-'sA.

In order to obtain the spectra pertaining to reaction
(d) at 3.0 Bev: N+N — N*+No* we have again
made the simplifying assumption of replacing the mass
distribution of N,* by a single mass value m;=1.225
Bev. This assumption is made, in particular, for the
isobar N * produced in the primary reaction (d1). The
resulting spectra will necessarily be somewhat less
accurate than those obtained above for reactions
(a)-(c), but it is believed that at least the qualitative
features will be obtained correctly. Since the wide mass
distribution of Ny* was correctly taken into account,
and in view of the smearing-out effect of the motion
of the decay nucleon and pion in the N * and No* rest
systems, it is believed that no large errors are introduced
by the use of a single mass value for N1*, both in the
primary reaction and for the N.* involved in the two-
pion decay of Ny*.

The calculation of the decay spectra I'x 1% and 1,5
is similar to that of Iy 44 and I, 44 for N— N collisions,
or J, for 7— N collisions. Thus, for each mass m, of
the N* isobar, there is a single velocity #; of N*, and
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F1c. 20. Center-of-mass energy spectra of pions from nucleon-
nucleon interactions at an incident nucleon energy 7', inc=3.0
Bev.

hence a step-function distribution for the energy
spectrum of either the decay nucleon or the decay pion
from N * The complete spectrum Iy.® or I.,% is
obtained by adding all such step functions pertaining
to different mq; with the appropriate weighting factors
o3(me;)F;. The calculation of the spectra In,4?, I 45,
I8, IxneB, and I, 8 is completely analogous to that
of the corresponding spectra Iy 44, 1. 4%, «- Iz ¢4 for
reaction (c), except that in the kinematics the mass of
the recoil nucleon is replaced by the mass of the N,*
isobar, m;=1.225 Bev.

The resulting spectra for reaction (d) at 3.0 Bev are
quite similar to those for reaction (c) at 2.3 Bev. The
spectra for reaction (d) are not shown in this paper,
but we will give the following characteristics. For each
spectrum, we list the energy 7,2 or Tx* at which the
distribution has its maximum intensity, and also the
maximum energy of the pion or nucleon, T, or Ty n
(above which 7=0). For the pion spectra, one finds:
for I..B: T, =125 Mev; Trn=370 Mev; for I, .&:
420 and 600 Mev; for 7,%: 230 and 380 Mev; for
I,,6%: 125 and 310 Mev. For the nucleon spectra, one
obtains: for I 1%: Ta¥=100 Mev, Tx .=470 Mev;
forly 4B: 270 and 410 Mev; for Iy ¢%: 65 and 345 Mev.

By comparing these results with Figs. 17 and 19, it
may be noted that with the exception of 7,,% and
Iy 1B which have no equivalent for reaction (c), the
other (d) reaction spectra have closely the same
characteristics (7., Tr.m Tn™, Tw.m) as the corre-
sponding spectra for reaction (c) at 2.3 Bev; e.g., for
I.44 at 2.3 Bev: T,4=440 Mev, T, =630 Mev, as
compared to 420 and 600 Mev for I, % at 3.0 Bev.
Presumably, the extra energy AE in the center-of-mass
system which results from the increase of 7'v,in, from
2.3 to 3.0 Bev (AE=225 Mev) is essentially used in
producing the N,* isobar (as compared to a recoil
nucleon), so that the spectra resulting from the decay
of N,* are generally similar for reaction (c) at 2.3 Bev
and reaction (d) at 3.0 Bev.
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IX. PION PRODUCTION IN ANTINUCLEON-
NUCLEON INTERACTIONS

For the processes of pion production in antinucleon-
nucleon collisions which do not result in annihilation,
we may assume that one or two anti-isobars ]Y ot
(a=1 or 2) are formed, with subsequent decay of N,*
into an antinucleon N and one or several pions. N,* is
defined as the antiparticle of the isobar N, *. From
charge conjugation invariance, the basic energy spectra,
Q-value distributions, and angular correlations will be
the same as for pion production in nucleon-nucleon
collisions (for the same incident energy). The exact
prescription for treating these interactions can be
obtained from the formulas developed in I and in the
present paper. One should note here that the fact that
the isobar model seems to work rather well for nucleon-
nucleon meson-producing interactions does not neces-
sarily imply that it will work equally well for anti-
nucleon-nucleon nonannihilation meson-producing in-
teractions. These interactions are basically very differ-
ent in one important respect.

Since the isobar lifetime is not much larger than the
range of interaction, there are possible corrections in
the nucleon-nucleon case due to the interaction between
the various final-state particles including the nucleon-
nucleon pair. However, the agreement of the experi-
ments with the basic predictions of the model in the
nucleon-nucleon case implies that these corrections are
not very important.

However, in the antinucleon-nucleon case, the strong
annihilation interaction may have a more important
effect. Furthermore, the availability of the 1.88-Bev
annihilation energy may enhance virtual off-the-energy
shell processes which are neglected in the present isobar
model.

Nevertheless, one can hope that the present model
will still describe the dominant features, since the non-
annihilation meson-producing interactions are probably
due to peripheral collisions for which the N —XN inter-
action is expected to be considerably less strong than
for close collisions.

We will first consider p—p interactions, and we will
assume that the incident antiproton energy is suffi-
ciently low (T5<1.5 Bev), so that only the isobaric
states NV;* and N* need to be considered. According to
the present model, two single-pion production reactions
are possible:

ptp— Ni*+N,
ptp— N*+N.

(238)
(239)

These two reactions have equal cross sections, from
charge conjugation invariance. We note that although
the initial state p+p consists of an equal mixture of
T=1 and T=0 states, only the T'=1 part contributes
to the reactions (238) and (239), as a result of the
isotopic spin T=3% of Ny* and N ,*,

The final state wave function ¥, can be written

STERNHEIMER AND S. ]J.
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as follows:
VM= — PR — 2o+ Ry, (240)

where Yz, and 7. are the wave functions of Ny* and N,
respectively, from (238), while ¢r. and 5y, are the
wave functions of N* and N, respectively, from (239).

From Eqs. (24) and (25), it is seen that the states ¢
and ¢_;? are equivalent to

P=3(0)+3(n+), (241)
V' =3(p—)+5(x0). (242)
Similarly, ¥;2 and ¢¥_s2 lead to
B =300+ 3 (), (243)
¥ =30—)+3(p0). (244)

From Egs. (240)-(244),
(W5 ,@ ]2 is given by

| W50 2= 25 (Arpa—) 4§ (Ana0) +§ (P2 0)
+ 15 (Prat)+15 (Rapr—)+§ (Dap.0)
+ % (n—dnro) +ﬁ (ﬁd”r"‘);

where the subscript ¢ or 7 indicates whether the N (or
N) arises from the decay of Ni* (or Ni¥), or whether it
is a recoil particle.

In view of Eq. (245), the relative intensities of the
four possible final states are as follows:

the probability density

(245)

I(pp0)=§(Prpa0)+ 5§ (Dap-0), (246)
I(7n0) = (f.n0)+ % #Aan,0), (247)
I(p—) =15 Mpa— )12 Aapr—), (248)
IH{pn+)=75Ppmat)+5 Panrt). (249)

The branching ratios for the various final states are as
follows: P(pp0)=P(An0)=%; Pip—)=P(pn+)=43.
The corresponding total cross sections for the four
reactions are given by : o1 (W *+N) P, where o1 (N *-F V)
is the cross section for the reaction N+N — N *+N
in the isotopic spin T=1 state. We note that this
result includes two compensating factors of 4 and 2:
the factor § arises from the probability 3 that the initial
P+p system be in the T'=1 state; the factor 2 takes
into account the equal contribution of the reaction
N+N - Ni*+N [see Egs. (238) and (239)7]. As an
example, for the reaction p-+p— p-4p+=° we have
o=3%a (N *+N).

We note that the branching ratios P lead to the fol-
lowing relations between the cross sections for the 4
possible final states:

a(pp0) 10 (Mn0): 0 (Mp—):0(Pr+)=2:2:1:1. (250)

The final state (7z0) would be very difficult to identify.
However, the other three reactions are probably
measurable with reasonable accuracy. It would thus be
possible to check experimentally the predictions of Eq.
(250). We note that the basic cross section o1 (N *+ V)
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can be obtained from the observed value of any one of
the 4 cross sections of Eq. (250).

Equations (246)-(249) show that for each final
state, both V and N have equal probabilities of being
the decay or the recoil particle. Thus, in terms of the
functions Iy ; and Iy, of I, the normalized center-of-
mass energy spectrum is given by

IWNV)=1IN)=1Uy1+1Ix2).

Iy, pertains to the decay nucleon from the N*
isobar, while Iy, is the recoil spectrum. The pion
spectrum is given by I, , (see Fig. 3 of I).

The Q-value distribution for (w,N) and (x,N) pairs
is given by

P[Q(#,ZV)]=PI:Q(7F,N)]=%(P1+P2),

where P, is the Q-value distribution for the decay pion
and the decay nucleon (or V) originating from the same
isobar Ni* (or N1*); P, is the Q-value distribution for
the recoil nucleon (or N) and the pion from the decay
of Ni* or Ni*. The distributions Py and P, have been
previously calculated in I [Eqs, (95) and (98)].

The distribution of the c.m. angles between = and N,
or between = and N, is given by

C(W7N):C<W’N)=%(Ol+ 62)7

where C; and C, are the angular correlation functions
for the pion-nucleon pairs pertaining to P; and P,
respectively. C; and C, have been previously obtained
in I (Sec. VII).

We have calculated the normalized nucleon spectra
Iyy and Iy for Twine=10 Bev. These spectra
are shown in Fig. 21, together with the spectrum
3w 1F+1n,s) of Eq. (251). We have also obtained the
Q-value distributions P; and P, for T',ime=1.0 Bev.
The functions P; and P,, together with % (P,-+Ps) are
shown in Fig. 22. We note that the spectra Iy ; and
I, (but not Pyand P;) have been previously obtained in
Ifor T'w,ine=1.0 Bev (see Fig. 7 of I). We have neverthe-

(251)

(252)

(253)
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I'ic. 21. Center-of-mass energy spectra of nucleons from
nucleon-nucleon interactions at an incident nucleon energy
T, ine=1.0 Bev.
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less included these spectra in Fig. 21, since we wanted
also to show the function 3(Ix.1-4{x.2), which is the
predicted energy distribution I(N) or I(N) for all of
the single-pion production reactions from $—p col-
lisions. The pion spectrum I, for Ty =10 Bev is
shown in Fig. 3 of I. The functions Iy, and P; of Figs.
21 and 22 are normalized to 1, if Ty and Q are in Bev.

It would obviously be of interest to verify experi-
mentally the present resultsfor the nucleon, antinucleon,
and pion spectra, as well as for the Q-value distributions
and angular correlations for 7— N and 7— N pairs. We
note that Egs. (250)-(253) contain no adjustable
constants. This result follows from the fact that only
one isotopic spin state (7'=1) is involved for the single-
pion production reactions for p— p collisions.

We will now discuss the production of two pions by
the reaction i

p+p— N¥*+Np*— N+N+2r.  (254)

For this case, both the T’=1 and 7'=0 states con-
tribute, in the same manner as for n—¢ interactions.
The final state wave functions for 7=1 and T=0 are
given by [see Eqs. (60) and (61) of I]:

W5, O (T=1)= (9/20) 40— (1/20) Wy

~ (1/20) 33+ (9/20)_gbs,  (255)
V5@ (T=0)= -3+ 5l
— Wit (256)

The probabilities of the various final states are obtained
from the expression for | ¥z, (finaD |2;

o (final) |2 \I/f;—p@)(T:l)
F-p
~ +oteiel; @ (T=0)[2, (257)

where p is defined by
p=0o(N*+N1*)/o1(N*+N ). (258)

Here oo(N1*+N1*) and o1(V1*+N1¥) are the cross
sections for the reaction N+N — N+ N,* in the
states with total isotopic spin 7'=0 and T'= 1, respec-
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tively; ¢ is the phase angle between the matrix elements
for the 7=0 and T'=1 states. One obtains

l \I,ﬁ_p(final) I 2—g 1%21;_ %2_’_ azyb;?\/—/_g?
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and ¢ is defined by
= (p/20)* cose. (264)

In order to illustrate the evaluation of (259), we will

+asp i tad 97, (259 consider the term B s* as an example. From (241)
where the coefficients ¢, are given by and (244), one finds
a1= (9/20)+21p— 3¢, (260) ¢%2117-%2=[f(go)+§(§n+)2][9%(ﬁ—)4(;%(230)]
= 2
@= (12048, (261 O a4 3(ant . a65)
a5=(1/20) 30+, (262) The probabilities of the various possible reactions, as
a4=(9/20)+31p+ 3¢, (263) obtained from (259), are as follows:

P(pp+—)=(1+p)"[art+ (1/9as]= (14p) [ (41/90) 4 (5/18)p— (26/9)¢ ], (266)
Plin+—)= (14p)"Lait(1/9ax]= (140) [ (41/90)+(5/18)p+ (26/9)¢ ], (267)
PAp0—)=P(pr+0)=(2/9)(1+4p) 7 (axtas) = (14-p) [ (1/45)+(1/9)p], (268)
P(pp00)= (4/9)(1+p)az= (1+p)'[(1/45)+ (1/Np— (4/9)¢ ], (269)
P(n00) = (4/9) (1 p)as= (14+p) [ (1/45)+ (1/9)o+ (4/9)¢ . (270)

The corresponding total cross sections are given by
301N *+N1*)(1+p)P. The pion spectra are given by
I, (Fig. 4 of I); the spectra of N and N are given by
IN,d (Flg 8 of I)

We note that we have one final state with four
prongs, (pp+—), and four possible final states with
two prongs and two neutral particles: (An+-—),
(Ap0—), (Pn0+), and (pp00). One can use any three
of these five cross sections to determine the three
parameters, o1(N*+N1*), p, and ¢. From the values
of p and ¢, the phase angle ¢ can be obtained by means
of Eq. (264). If all of the five cross sections pertaining
to formation of 4 or 2 prongs can be determined experi-
mentally, then two of the relations of Egs. (266)—(269)
can be used as a check on the validity of the present
isobar model. It would also be of interest to compare
the experimental spectra for pions, nucleons, and
antinucleons with the functions I, 4 and Iy of the
isobar model.

We will now obtain the branching ratios and energy
spectra for single-pion production in §—# interactions.
We will again have two reactions of the type (238)
and (239), with equal cross sections. We note that the
total isotopic spin of the system is 7= 1. The final-state
wave function is given by

V5 n@=(1/2V2) (—d_yn_3 HV3P_ym—Y_y7y
+V3y_gm). (271)

One thus obtains:

[ W5 ® 2= 3024 3+ 7
+ 8-y
= (1/24) (Ran,— )+ 7 (Dan,0)
+E(Dapr—)+ (1/24) (Brpa—)

+12 (Pmd0)+-§(Ama—). (272)

The intensities of the three possible final states can be
written as follows:

I(n—)=3@ma—)+(1/24) Gian,—),  (273)
I(pp—)=(1/28) (Prpa—)+3Bap.—),  (274)
1(pn0) =15 (pma0)+'5 (pans0). (275)

The corresponding branching ratios are: P(fin—)
=P(pp—)=5/12; P(pn0)=%. The total cross sections
for the three reactions are given by 2¢:(N*+N)P;
e.g., for p-+n— Atn+r—, we have o= a1 (N F+N).
For (pp—), the antiproton is predominantly a decay
particle, while for (Az—), the antineutron is predomi-
nantly the recoil particle. For ($x0), p and » have the
same spectrum,

The branching ratios £ lead to the following relations
between the cross sections for the three possible final
states:

a(@p—):a(in—):0(pn0)=2,5:25:1.  (276)
The final state (pp—) is probably much easier to
identify than the other two, since it leads to the forma-
tion of 3 prongs, whereas (iz—) and (pn0) are 1-prong
states. Nevertheless, it may be possible to obtain a
reliable experimental result for the sum: [o(fin—)
~+o(pn0)], in which case one can attempt to verify the
prediction that the ratio o(pp—)/[o(in—)+o(pn0)]
should equal 2.5/3.5=0.71.

For (pp—), the normalized p and p spectra are as
follows:

I(P)=091y,1+011y 5,

I(p)=0.1IN‘1+0.91N‘2.

277)
(278)

The corresponding Q-value distributions are given by
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PLO(Hx)]=0.9P1+0.1P,,

(279)
P[O(p,x)]=0.1P;+0.9P,, (280)

Similarly, the angular correlation functions C are given
by _ -
C(pa)=0.9C40.1C,,

(281)
C(pa)=0.1C+0.9C,. (282)

For the final state considered here, (fp—), it should
be relatively simple to measure the spectra of p and p.
According to Egs. (277) and (278), the energy dis-
tributions of § and p should be quite different, especially
at the higher incident energies, T5,imc=1 Bev, where
the spectra Iy,1 and Iy s are considerably different from
each other. The energy distribution of the protons
should thus show a sharp peak corresponding to the
resonance maximum of the T=% cross section o3 which
enters into Iy,s.

For (Ain—), the 7 and » spectra are as follows:

1) =011y 1+0.91 y 2, (283)
1(n)=0.9Iy 1+0.11y .. (284)

For (pn0), we have
IP)=I(n)=%In1+1ns). (285)

For the double-pion production via Ny*4N.*, the
final-state wave function is given by

5@ == (3/10)%_gf1+ (4/10) 30,
—(3/10)y3_5.  (286)
From the resulting expression for [¥5,® |2,
[ Wpn® [2= (3/10) 22+ (4/ 102y
+G3/10)y- 2,  (287)
one obtains the following branching ratios:
P(ppO—)= P (in0—)=13/45, (288)
P(pnt+—)=1/5, (289)
P(n00)=8/45, (290)
P(fip——)=2/45. (291)

The corresponding cross sections for the various reac-
tions are given by o1 (N *+N¥)P.

We may consider, in particular, the final states giving
rise to three prongs and one neutral particle, namely
(pp0—), (Pu+—), and (7p— —). The branching ratios
of Eqs. (288), (289), and (291) lead to the following
relations for the corresponding reaction cross sections:

o (Bp0—)/0(pnt+—)/o(ip——)=65:4.5:1. (292)

We note that from any one of these three p—#n reac-
tions, we can obtain a value for the basic cross section
o1(N1*+N1*), which can be compared with the cot-
responding value of ¢(N:*+N1*) as deduced from the
p—p interactions at the same incident energy [Egs.
(266)— (270) 1.
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We note that the results of the present isobar model
for pion production in 71— p interactions can be obtained
by simply applying charge conjugation to the preceding
equations pertaining to p—#» interactions [Eqs (271)-
(292)7]. Thus for single-pion production in 7i—p col-
lisions, the intensities of the three possible final states
are given [see Egs. (273)-(275)] by

I(in+)=§Aanr+)+ (1/24) Fsnat),  (293)
I(pp+)=(1/24) (Paps+)+3(Brpat), (294)
1(72p0) =15 (Map,0) -+ (7irp 0). (295)

The corresponding branching ratios are
Pan+)=Ppp+)=5/12; P(rp0)=1/6.

Equation (294) shows that for (pp+), the antiproton
is predominantly the recoil particle. The normalized p
and p spectra for (pp+) are given by

I(p)=0.11x1+0.91y s, (296)
I(p) =0.9IN’1+0.1IN,2. (297)

By comparing with (277) and (278), it is seen that the
spectrum of the antiprotons from the reaction 7+p —
p+p+nt is identical with the proton spectrum from
the reaction p-+n— p+p-+7—. This result is, of
course, a direct consequence of charge conjugation
invariance.

The Q-value distributions for (fp+) are given by

P[O(Pxt)]=0.1P140.9P,, (298)
P[O(p,m1)]=0.9P+0.1P;,. (299)

For the double-pion production in 71— p interactions,
we obtain the following branching ratios [See Egs.
(288)-(291)7:

P(pp+0)=P(an+0)=13/45, (300)
P(np+—)=1/5, (301)
P(7ip00) =8/45, (302)
P(pn++)=2/45. (303)

Recently, measurements on pion production in p—p
collisions have been carried out at the Berkeley Bevatron,
with antiprotons of momentum 1.61 Bev/c (energy
=925 Mev), using the 72-in. hydrogen bubble chamber.?
This experiment gave the following results for two of
the four possible single-pion production reactions:

c(p+p— p+p+7°=154+£04 mb;
a(p+p— pFn+at)=1.120.3 mb.

The ratio of these two cross sections is 1.4-0.5, which
is somewhat smaller than the value of 2 predicted by
the present model [Eq. (250)7]. However, there is

2 F. Solmitz, Proceedings of the 1960 Annual International Con-
Sference on High-Linergy Phvsics at Rochester (Interscience Pub-
lishers, New York, 1960), p. 164.
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probably no real disagreement with the theory, in
view of the experimental uncertainties due to the
limited statistics [22 cases of (50), 17 cases of (Pu+)].

From the above results for the two partial cross
sections, Solmitz* has deduced a value of 5.121 mb
for the total cross section for single-pion production
(for all four reactions) by 925-Mev antiprotons.
(Double-pion production is negligible at this energy.)
In view of the discussion following Eq. (249), we thus
obtain: o1 (N*+N)=5+1 mb at T¥,in=925 Mev.

By a more indirect method, Chamberlain® has
deduced that the total pion production cross section for
Ai—p collisions (without annihilation) is 2049 mb at
Tz,ine=900 Mev. According to the discussion following
Eq. (275), this cross section should equal 2¢1(N,*+N),
from which one would obtain: o1 (N *+V)=10+£4.5mb
at T'x,ine=900 Mev. In view of the large experimental
uncertainties, this result is probably not inconsistent
with the value 541 mb deduced from the direct
measurements on p— p interactions. It should be noted
that the value of 204=9 mb for 7—p interactions was
obtained® by a subtraction of the annihilation cross
section of 444-6 mb from the complete inelastic cross
section of 6446 mb. The fact that o (7i+p — N-+N+x)
is considerably larger than o(p+p— N-+N-+7) seems
to confirm the basic assumptions of the present isobar
model, according to which single-pion production does
not take place in the isotopic spin 7’=0 part of the
P+p system, since the final state Ni*+N or Ni*+N
cannot have T'=0.

X. DETERMINATION OF THE BASIC CROSS SEC-
TIONS o:r,, AND THE PHASE ANGLES ¢,
FOR PION PRODUCTION IN =*—p
INTERACTIONS

In connection with the general equations for pion
production in pion-nucleon collisions, which have been
given in Sec. IT, we will describe a possible procedure
for obtaining the basic cross sections oar,., the phase
angles ¢, (@=1 or 2), and the probabilities P, and Py
pertaining to the decay of the V,* isobar, The principal
idea which underlies this procedure is to obtain the
aforementioned quantities from the measured cross
sections for various single- and double-pion production
reactions. After the basic parameters have thus been
determined, they can be inserted into the expressions
for the energy distributions of the final-state pions and
nucleon, and for the Q-value distributions of pion-
nucleon and pion-pion pairs. The resulting calculated
energy spectra and Q-value distributions can then be
compared with the corresponding experimental results,
so as to obtain a direct test of the validity of the present
extended isobar model.

A comparison of this type has been carried out in
Sec. IV for the momentum distributions of the pions
from single-pion production at 7', in.=1.0 Bev, which

30 Q. Chamberlain, reference 29, p. 653.
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were compared with the combined results from three
experiments on 7~ —p interactions in this energy region.
However, it should be noted that we had to make a
simplifying assumption in order to obtain the oor . and
©a, since there was not enough information available
on the cross sections for the various possible reactions.
In particular, no detailed measurements have as yet
been carried out for the pion production reactions
arising from 7+ —p collisions [reactions (IV), (V), and
(E)-(G)]. For this reason, we have made the assump-
tion that: 0’12/(0‘n+012>:(731/(0‘31+0'32)=0‘3, in ob-
taining the fit to the data (Figs. 10-13).

We will now outline the type of procedure which can
be used when the cross sections for the pion production
reactions from 7~ p collisions will have been measured.
If the cross sections ¢@V) and ¢ for the two single-
pion production reactions from #+t—p collisions are
known experimentally, then Eqs. (51) and (52) for
@) and ¢ can be solved for o3 and 030, If, in
addition, the cross sections ¢™ ¢ and @ per-
taining to the three-pion final states from #+—p inter-
actions are known, one of these cross sections can be
used to determine o4 from (53) or (54). Then the
other two relations of Egs. (53) and (54), including the
equality ¢ ™ =¢@ can be used to test the validity of
the present model. Since ¢ ® pertains to 4-prong events
(#t+p — p+at+at+7), whereas ¢ and o©@
correspond to 2-prong events (with 2 neutral particles),
it is likely that ¢™® can be measured more accurately
than ¢® and ¢(®. Thus it would seem advantageous
to determine 32,4 from ¢, by means of Eq. (53), and
then to calculate ¢® and ¢@® from Eq. (54), and
compare the resulting values with the experimental
cross sections for the reactions (F) and (G).

With the values of 31, 0325, and o324 thus deter-
mined, one can calculate the pion spectra of Egs.
(55)-(63), and the nucleon spectra of Egs. (106)-(108),
using the basic spectra J,; and Iy ™ of Figs. 24
and 7-9. If experimental data for these spectra are
available for the various reactions, the calculated
spectra can be compared with them, thus providing an
important test of the present isobar model.

Concerning the #——p interactions [see Egs. (28)-
(34) ], we must determine four parameters: o1, 019, @1,
and ¢;. We consider first the single-pion production
reactions. We will assume that ¢® and ¢ (pertaining
to m~+at+n and 7 +7°4p) can be measured accur-
ately, but that ¢®D (pertaining to the reaction
7+ p — n+7"+7%) cannot be obtained reliably with
the present experimental techniques, since there are no
outgoing prongs, and it seems impossible in general to
distinguish this final state from n42° (charge exchange)
or n+3x° For the same reason, we assume that o®@
(pertaining to #4p— n+43x") cannot be reliably
obtained with the present techniques.

We assume that the cross sections o™, ¢®) and
o(© for double-pion production can be measured with
reasonable accuracy. These cross sections are given by
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Egs. (31)-(33). For the purpose of the present dis-
cussion, we rewrite Egs. (32) and (33) for ¢® and
a(© as follows:

e ® = (4/27)o12,4+ (2/27)032,4, (304)
o @=(2/27)012,a(5—34)+ (5/27)032,4, (305)

where we have made use of the relations
pe=032,4/ (2012,4), (306)

and B=1+4p,—

Since o32,4 has been obtained from the #t— p inelastic
cross sections, we have only two unknown quantities
in Eqgs. (31), (304) and (305), namely 012, and 4. Two
of these equations can therefore be used to determine
o12,¢ and A4, while the third equation can serve as a
check on the validity of the present model.

It may be noted that an accurate measurement of
o should be relatively easy, since the final state
(p+nt+27") gives rise to four prongs. The experi-
mental values of ¢® and ¢(® will probably have some-
what larger uncertainties, since the corresponding final
states give rise to two prongs, with two neutral particles
emerging from the reactions. In some cases, it may be
possible to eliminate some of the uncertainties connected
with reactions (B) and (C) by combining the events
from both reactions, so as to obtain the value of
[e®B)4-g(@7]. The equations for ¢ and [o® +¢(®]
[as derived from (304) and (305)7] can then be solved
fOI’ g12,d and A.

Upon inserting the resulting value of 15,4 into (306),
one obtains ps. The cross section oys,; is then given by

T19,s= 32,5/ (2ps), (307)
where o¢32,; has been obtained previously from the
wt—p inelastic cross sections.

We can now use the experimental values of the cross
sections ¢ and ¢@ pertaining to the single-pion
production reactions (I) and (IT), in order to determine
the two remaining quantities, o1y and a. For this
purpose, we rewrite Eqs. (28) and (29) as follows:

2 57 26

0<I)=Aan( +- )+—m+ —Ao12,5, (308)
3 9 9 135
2 2 5 17 2

U(H)Z*Uu(“—* ) —0’31"“012 s(2+2P2 /1), (309)
3 9 9 135

where we have used the definition of p1 [=031/(2011)].
We note that the parameters o2, 031, 4, and p2 have
been previously determined, so that Egs. (308) and
(309) can be solved for oy; and @. In view of Eq. (34a),
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cose; is given by
cosr=(5/2)}(o11/31)%a.

Finally, ¢» can be obtained using the values of 4 and ps.
From Egs. (16) and (18), one finds

cospe= (3/2V2)ps#(A—F— 3p2).

(310)

(311)

In order to summarize the preceding discussion, we
note that there are seven independent parameters
which characterize the pion production in #—XN inter-
actions: 011, 012y 031, 032, @i, @9 and Psza'lz,s/(fm
=039,,/032. Ps is the probability that the isobar No*
decays into N+, giving rise to single-pion production.
In order to determine these seven constants, the cross
sections for three inelastic #+—p reactions and four
7 — p reactions were used. The three =+—p reactions,
namely (IV), (V), and one of the double-pion production
reactions (E), (F), and (G), enable us to obtain the
values of a31, 039 (:0'32,3‘1—0'32',1), and Ps:tfgg,s a32. The
four #——¢ reactions, namely (I), (II), and two of the
reactions (A), (B), and (C), lead to the determination
of g11y 012, L1, and Q2.

Upon using the values of o1y, 0194, p1, @, 4, and B,
one can calculate the pion and nucleon spectra for
single-pion production from Egs. (35)-(39) and (103)-
(105). The calculated spectra can be compared with
experiment in the same manner as was done in Sec. IV.

For the double-pion production reactions, we need
only the values of oys,4, 4, and B, in order to obtain
the pion and nucleon spectra from Eqs. (41)-(48) and
Eq. (108). A comparison with experiment is again
possible for the reactions (A)-(C), if the appropriate
pion and nucleon momentum distributions have been
measured with adequate statistics.

The constants Py, P2, @, A, and B can also be used to
calculate the various coefﬁcxents of Table I for the
(Q-value distributions of pion-nucleon pairs from #——p
interactions. For the case of single-pion production,
these coefficients have been denoted by c¢i4, €15, €24, and
c2p in the discussion of Sec. V, and their values can be
used to obtain the Q(w,V) distribution by means of
Eq. (156). The basic Q-value distributions Pay,.®
and P,y .® which enter into Eq. (156) are given in
Figs. 14 and 16 for T ;n,=1.0 Bev. We note that Eq.
(156) also involves the cross sections o1 and o for the
particular reaction considered to proceed via N *+=
and Ny*-, respectively. These partial cross sections
are given by the appropriate parts of the right-hand
sides of Egs. (28)-(30); e.g., for reaction (II), we have:
g2= (2/9)012,3(A+2B)

XI. DETERMINATION OF THE BASIC CROSS
SECTIONS ¢-0s AND THE PARAMETERS
k; AND ¢, FOR PION PRODUCTION
IN p—p AND n—p INTERACTIONS

In the same manner as for #*—p interactions (Sec.
X), we can also use experimental values of the cross
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sections for pion production reactions in p—p and n—p
collisions in order to determine the corresponding basic
cross sections & of Tables ITI and IV, which have been
denoted by a1, o3, -+ -0 in Eqgs. (177)-(182). In fact,
these six cross sections can be obtained from the cross
sections for inelastic p—p interactions alone, without
having recourse to z—p interactions. On the other
hand, the parameters ko, k1, k2, and ¢o which pertain
to the nucleon-nucleon system in the 7'=0 state can
be obtained from four suitably chosen single- or double-
pion production cross sections for z—p collisions.

We will first discuss the determination of the six
independent cross sections gy—os from the inelastic
p—p cross sections. Referring to the two single-pion
production reactions (pl) and (p2), corresponding to
the final states (pn+) and (pp0), we note that Egs.
(201) and (202) for ¢*V and ¢ can be solved directly
fOl' g1 [201(N1*+N):| and o3 [= 01,8(N2*+]\7)].

The four double-pion production reactions (p3)—(p6)
can be similarly used to determine the values of the
four basic cross sections ¢y, 04, 035, and o by means of
Eqgs. (203)-(206). However, we note that for incident
proton energies below ~3.6 Bev, the cross section o
which pertains to N-+N — 2Ng* [reaction (e)] is
expected to be very small compared to the other cross
sections Involved (including o5 which pertains to
N+N — N#+N,*). This result follows from the fact
that the effective threshold for reaction (e) is Ty ine~3.6
Bev. If we set g4=0, then only three out of the four
possible double-pion reactions have to be used to
determine the basic cross sections involved (o, o4, and
os). In this connection, we note that ¢ can probably
be measured more accurately than ¢ ¥, g9 or g8,
since reaction (p3) leads to the formation of 4 prongs,
whereas (p4), (p5), and (p6) give rise to 2 prongs, with
2 neutral particles emerging from the reactions.

If the relevant experimental data on the total cross
sections are available, then o1—a5 can be determined
by the procedure given above. Upon inserting these
values of o1—o5 into Eqs. (183)-(199), one then obtains
the theoretical energy spectra of the pions and nucleons
from the various reactions for p—gp collisions, which
can be compared with experiment. The basic nucleon
and pion spectra (e.g., Tx,:4 and I,,;4) which also enter
into Eqgs. (183)-(199) are given in Figs. 17-20 for
incident proton energies 7', ime=2.3 and 3.0 Bev.

As was mentioned above, the parameters ko, k1, ks,
and ¢ can be determined from the pion production
reaction cross sections for #—p collisions. There are
three single-pion production reactions, (n1)-(n3), whose
total cross sections are given by Eqs. (229)-(231). We
assume that o1 and o3 are known from the p— p inelastic
cross sections. Then we can use the cross sections for
any two of the three single-pion reactions to determine
the two constants, k; and ¢y We note that ¢, enters
into Egs. (229) and (231) through the parameters C,
and C_ [see Eq. (164)]. It may be remarked that o™,
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which pertains to the 3-prong final state (pp—), can
probably be measured more accurately than ¢ and
o™ which pertain to the 1-prong final states (pn0)
and (un+). However, the sum [¢»+4¢@®] can
probably be determined with greater accuracy than
either ¢ or o™ separately, because of possible
ambiguities for events which can be classified as either
(pn0) or (nn+). 1t may therefore be advantageous to
use the equation for the sum:

e g8 = (5/12)0,+3(1+E1HC)os, (312)

along with Eq. (229) for ¢, in order to determine k;
and ©0.

We have four double-pion production reactions,
(nd)— (n7), two of which lead to three prongs with
only one neutral particle [(n4)=(pp0—) and (n5)
= (pn+—)]. The other two reactions [ (n6)= ($n00)
and (n7)= (wn+0)] lead to only one prong (and three
neutral particles), and are therefore very difficult to
identify reliably, especially since they may be confused
with the one-prong single-pion production reactions,
(n2) and (n3). The remaining constants, which have
not yet been determined, are %o and %». Upon choosing
Eqgs. (232) and (233) for the 3-prong cross sections per-
taining to (pp0—) and (pn-+—), we have two equations
which can be solved for the two parameters k¢ and k..
If we assume that g6=0 (as was discussed above for the
case of p—p collisions), then one of the two equations
can be used as a check, to give an independent deter-
mination of ko, k1, or ¢o. Of course, if either or both of
the one-prong reactions (n6) and (n7) should be
measurable, then Eqgs. (234) and (235) could serve as
an additional test of the validity of the present model.

With the constants ko, k1, and ¢q thus determined,
and with ¢,—0g as obtained from the p—p reactions,
one can now calculate the various pion and nucleon
spectra from n— p interactions, using Eqs. (207)-(227).
The resulting theoretical energy distributions can be
compared with experiment, if these distributions have
been measured with adequate statistics.

XII. SUMMARY AND CONCLUSIONS

In this paper, we have presented an extension of the
isobaric nucleon model of pion production!? and we
have given the results of calculations on pion production
in #NV, NN, and NN interactions. In contrast to our
previous publications,!? the present calculations include
the effect of the two-higher resonances of the pion-
nucleon system in the isotopic spin T'=} state, in
addition to the well-known low-energy T=J=3%
resonance, which has been considered in our previous
work. The higher 7'=% resonances occur at incident
pion energies 7,=600 and 880 Mev, corresponding to
isobar masses m;=1.51 and 1.68 Bev, respectively, as
compared to m;=1.23 Bev (7,=180 Mev) for the
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T'=J =% resonance. We note that our previous work!?
on the isobar model quite generally stated the possible
existence of several isobaric nucleon levels or inter-
mediate states in pion production.

By including the 7'=% isobaric states, which are
denoted by No* and Ny*, we are able to give a theory
of the production of two additional pions in pion-
nucleon collisions, corresponding to a total of three
pions in the final state.®® For each type of possible reac-
tion, i.e., #+N — NF+7 and 7+N — No*+x (where
N¢* denotes the T=4% isobar), we have taken into
account the interference between the matrix elements
for production in the states of isotopic spin 7’=% and

=% of the plon-nucleon system. By adjusting the
phase angles ¢; and ¢, between the corresponding T'=1%
and 7'=% matrix elements for the two types of processes
(involving Ni*+7 and N,*4), we have obtained
agreement with the branching ratios for the different
possible final states for ¥—— p interactions. In particular,
o1 is determined primarily by the ratio

R=oc(mx+p— a+n"4p)/c(r+p— v +xt+n),

while s can be obtained from the experimental value
of the ratio:

ol +p—pF+rtt+r+r)/o(m+ pontat+a'47).

We have thus obtained ¢;==88° and ¢;=129° for an
incident pion energy 7'r,ino=1.0 Bev. The experimental
branching ratios at this energy were derived from the
results of three experiments®2 which have been
recently carried out at 7's,in.=0.96 and 1.0 Bev.® For
the single-pion production reactions, the pion mo-
mentum spectra calculated from the isobar model are
in reasonable agreement with the combined pion
momentum distributions from the three experiments
(see Figs. 10-13). It should be noted that for these
single-pion production reactions, i.e., 7 +p — 747t
+un, and 7 +p— 7~ +2"+p, the predominant con-
tribution comes from the process 7 +p— Ni¥+n
which has been considered in II, so that these reactions
constitute primarily a test of our previous work on the
isobar model, in which only the lowest isobaric state N *
(with T=J=%) was included. On the other hand, if
the model is applied to the double-pion production
reactions for wN collisions, this process necessarily
involves the production of the higher isobars Nj.* or
N 21,*.

Concerning the present calculations for pion-nucleon

3L As was discussed in Sec. II, we can now treat up to four-pion
final states in = — X interactions. However, in the present treat-
ment, the small contribution of the transition Ng*—Na*+w
has been neglected, so that only two- and three-pion final states
are considered.

32 See also E. Pickup, D. K. Robinson, and E. O. Salant,
reference 29, p. 72; J. G. Rushbrooke and D. Radojicic, Phys.
Rev. Letters S’? 567 (1960).
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interactions, we have given expressions for the center-
of-mass energy spectra of the final-state pions and
nucleons, for both #~—p and #*— p collisions, in terms
of certain basic spectra denoted by Ji 1, Jx2 - Jx6
for the pions and by Iy,1(™, Ix 2™, and Iy 3 for the
nucleons. These spectra J.,; and Iy, ;™ have been
calculated for incident pion energies 7' im.=1.0, 1.4,
and 2.0 Bev (see Figs. 2-9). .

In connection with the single-pion production in
pion-nucleon collisions, we have obtained the Q-value
distributions for pion-nucleon and pion-pion pairs for
incident energy T'r,inc=1.0 Bev, for both the reactions
7+N — N¥+7and 7+ N — No*+7 (see Figs. 14-16).
Expressions have also been obtained for the Q-value
distribution functions P(Q) for all pion-nucleon pairs
arising in the various possible single- and double-pion
production reactions in #~—p and =t — p collisions. The
functions P(Q) are expressed in terms of certain basic
Q-value distribution functions, such as P,y ® and
Pov.o® (see Tables I and II).

In the calculations for nucleon-nucleon interactions,
we have considered the production of the isobar Ns*
by means of the reactions: N4+N — N*+N and
N+4N — N*+Nj*. In the former reaction, either one
or two pions are produced, while the latter reaction
corresponds to the production of two or three pions in
the final state. For both the cases of p—p and n—p
collisions, we have obtained the branching ratios for the
various possible pion production reactions correspond-
ing to production of one, two, three, or four pions (see
Tables IIT and IV). In obtaining these branching
ratios, we have also included the reactions N+N —
N#+4N and N4+N — 2N *, which have been previously
considered, as well as N+N — 2N,*, which can lead
to the production of two, three, or four pions.® For
n— p collisions, the pion production will in some cases
proceed in both the isotopic spin 7=0 and T=1 states
of the nucleon-nucleon system. In particular, for the
reaction n+p — No*+ N, there are interference terms
between the contributions of the 7=0 and 7=1 states,
which involve the phase angle ¢, between the matrix
elements pertaining to 7=0 and T=1. Thus, from the
measured branching ratios, one can derive the value
of ¢o. @o can be deduced, in principle, from a measure-
ment of the cross sections o(ntp— p+p+n),
c(n+p— pt+n+r®), and o(ntp— ntntat), pro-
vided that the part of these cross sections which arises
from the reaction: n4+p— N*+N (in the 7=1 state)
has been determined from a separate measurement of
the single-pion production cross sections for p—p
collisions, ie., o(p+p— p+nt+at) and o(p+p—
p+p+7%). Such a measurement of the p—p Iinter-
actions will also give information on the cross section
for the reaction #-+p— N*+N to occur in the T'=1

3 As previously mentioned, up to eight-pion final states in
N —N interactions could be treated by the present extension of
the isobar model.
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state of the NN system, which enters into the deter-
mination of ¢o.

In analogy with the basic spectra J.; and Ix, ™
for pion-nucleon interactions, we have also defined and
calculated the basic spectra for pion production in
nucleon-nucleon interactions, which are denoted by
Tosy In i) I /B for the final-state pions, and Iy 1,
Iy, Iy, and Iy, % for the final-state nucleons.
Here the superscripts (4) and (B) indicate that the
spectra pertain to the reactions (A): N+N — No*+N,
and (B): N+N — N *+4-N,y* respectively. The nucleon
spectra Iy 1 and [n ¢ pertain to the reaction N-+N —
N#+N, and have been previously introduced in I.
The corresponding pion spectrum (which pertains to
single-pion production) is denoted by I, In the
present work, calculations have been carried out for
incident nucleon energies Ty ine=2.3 and 3.0 Bev. The
resulting basic pion and nucleon spectra are shown in
Figs. 17-20. For all of the reactions which lead to single-
and double-pion production, both in p—p and n—p
collisions, expressions have been obtained for the
center-of-mass energy spectra of the final-state nucleons
and pions, in terms of the basic energy spectra dis-
cussed above. For the case of p—p and n—p inter-
actions, no new comparisons with experiments have
been carried out in the present paper. However, we may
note that extensive comparisons which we have pre-
viously made in reference 1, for the experiments carried
out before 1956, showed that essential agreement was
obtained with the previous work on the isobar model,
which involves only the reactions N+ — N1*4- N and
N+N — 2N *. The more recent experiments of Batson
et al.’ and Chadwick et al® also provide good con-
firmation of most of the essential features of our
previous calculations which involve only the isobaric
state N1* corresponding to the T=J =% resonance. In
order to detect the formation of the 7'=1% isobaric states
No* and Ny*, additional experiments in the range of
TN, ime from ~2 to ~3 Bev will probably be required.
One possibility seems to be the measurement of the
branching ratios for the production of two and three
pions in p— p collisions. As can be seen from Table ITI,
the ratio

o(p+p— ptntrt+at)/o(ptp— p+ptatta)

should equal 26/9=2.89 if the reactions proceed ex-
clusively via p=+p — 2N *, while it should be 2/5=0.40
for the process p+p— No*+N. If the double-pion
production involves a mixture of the two basic reactions
p+p—2N* and p4p— N*+N, one expects, of
course, that the ratio of the cross sections discussed
above will have a wvalue intermediate between the
extreme values of 0.40 and 2.89. Similarly, for the
production of three pions at 7', ine~3 Bev, the most
likely possibility according to the present isobar model
is the reaction p4p— N *+N* in which case, for
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example, the ratio

o(ptp— ptntrttatta)/
o(ptp— ptptrrtata)

should have the value 25/14=1.79.

Concerning the measurement of the energy spectrum
of the final-state protons from proton interactions in a
liquid hydrogen target!® (irrespective of the number or
type of pions produced), we can draw the following
conclusions from Eq. (199) and Figs. 17 and 18. The
coefficient (o3404) of the recoil spectrum x4 per-
taining to the formation of the Ns* isobar is likely to
be smaller than the coefficient }o1 of the recoil spectrum
Iy, pertaining to N¢*, unless the incident nucleon
encrgy is sufficiently high (possibly 7w ime=3 Bev).
Here o, is the cross section for the reaction N4+N —
N*+N in the T'=1 state of the NN system, while
o510, represents the corresponding cross section for
N+N— N#4+N in the T=1 state [see Egs. (177),
(179), and (180)]. Moreover, as is shown by Figs. 17
and 18, the maxima of Iy 34 which arise from the
presence of the isobars Ng* and Ng* are considerably
less prominent than the maximum of 7y due to the
N* isobar. This difference is mainly a consequence of
the fact that the maxima of oy at 7, =600 and 880 Mev
have an amplitude of only ~20 mb, superposed on a
rather large and approximately constant background
of ~40 mb, as compared to the considerably larger
maximum of the 7'=3% resonance (ogmax=200 mb),
which involves essentially no nonresonant background.
(The T'=% cross section ¢3 is ~4 mb at very low
energies, 7,520 Mev, and above the 180-Mev reso-
nance, it decreases to a minimum of 16 mb at 7', =650
Mev.) Thus it is expected that the maxima of the
combined proton spectrum (do/dTx) @ (p) [Eq. (199)]
due to the recoil from the No,* and Nap* isobars will be
much less prominent than the maximum which arises
from the presence of ¥*.

Taft and co-workers* have studied single-pion pro-
duction in p—p collisions at an incident proton energy
of 2.85 Bev. Their results for the momentum spectra
of the outgoing pions and nucleons, and for the pion-
nucleon Q values, agree quite well with the predictions
of the isobar model. The important feature of these
results is the observation that in single-pion production
the nucleons are strongly peaked forward and backward
in the center-of-mass system. Previous evidence! has
indicated that for double-pion production, this may not
be the case. This difference in the angular distribution
of the isobar for the single- and double-pion production
may bec responsible for some of the discrepancies
between the predictions of the isobar model and the
experimental results of reference 10.

3 H. Taft, Bull. Am. Phys. Soc. 6, 17 (1961).
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Detailed predictions for the angular distribution of
the isobar production and of the decay products in the
isobar rest system have not been made in the present
phenomenological treatment, but we have previously
considered* two likely cases, which, especially in com-
bination, seemed reasonable to assume: (a) isotropic
isobar production; (b) forward and backward peaked
isobar production, followed by isotropic decay (i.e.,
isotropic distribution of the decay products in the
isobar rest system) [see Fig. 5 of I]. The present evidence
on angular distributions in p—# pion production inter-
actions in the incident energy region of 2 to 3 Bevappears
to be consistent with the assumption of sharply forward
and backward isobar production in single-pion pro-
duction, and more or less isotropic isobar production
in double-pion production.

Calculations on single-pion production in #—XN and
N-—N interactions at lower energies using the isobar
model have been carried out by Bergia, Bonsignori, and
Selleri®* and by Mandelstam.35 Selove® has considered
possible effects on the angular distribution of single-
pion production in nucleon-nucleon collisions. Ito,
Minami, and Tanaka® have also done related work on
pion production.

In Sec. IX, we have given a discussion of single- and
double-pion production in antinucleon-nucleon inter-
actions which do not lead to annihilation. The pion
production is assumed to involve the production of
anti-isobars Ni* and Ny*, which are defined to be the
antiparticles of N* and Ny* respectively. Specific
predictions have been obtained for the branching ratios
and the energy spectra of nucleons, antinucleons, and
pions for single- and double-pion production in p-p,
p—mn, and fi—p interactions. These predictions have
been compared with preliminary results of experiments
with 925-Mev antiprotons, using the 72-in. hydrogen
bubble chamber at the Berkeley Bevatron.?® As an
example of the theoretical results, we note that for
the four possible single-pion final states which arise
from p—p interactions, namely: p-+p-+n°, A+n+=",
A+ p+n~, and p-+n-47", the energy spectrum for any
of the final-state nucleons or antinucleons is predicted
to be t(In 1+1xy,2), while the Q-value distribution
function for any of the =N or «N pairs is given by
1(P,+P,), where P; and P, are basic Q-value dis-
tribution functions which have been introduced in I.
The functions (v 1+Ix,2) and L (Pi+ P,) for incident
energy Ty ime=10 Bev are shown in Figs. 21
and 22.

The pion production in #+—p, p—p, and n—p inter-
actions involves certain basic cross sections oor,« and o;
according to the present isobar model. In Secs. X and

3 S, Mandelstam, Proc. Roy. Soc. (London) A244, 491 (1938).

36 W, Selove, Phys. Rev. Letters 5, 163 (1960).

9], Tto, S. Minami, and K. Tanaka, Nuovo cimento 8, 135
(1958); ibid. 9, 208 (1958).
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XI, we have given a possible procedure for determining
these cross sections, together with the phase angles ¢,
from experimental data on the total cross sections for
various pion production reactions. After the basic cross
sections and the phase angles have thus been deter-
mined, the theoretical energy spectra of the pions and
nucleons from the various possible reactions can be
calculated and compared with experiment, in order to
obtain a test of the validity of the isobar model.

It may be noted that the process of isobar formation
is also expected to occur in the production of pion pairs
by incident v rays. As an example, the double-pion
photoproduction could proceed as follows:

v+p— N* — Ni*+r — N+r+t,

where one of the final-state pions is the recoil pion,
while the other pion arises from the decay of the isobar
Ny*. Several investigations of pion photoproduction
have been carried out using the present concept of
isobar formation.®® The resulting basic spectra of the
final-state pions and nucleon are similar to the spectra
Ty S and Iy 1™ pertaining to pion production in
wV collisions (for the same total energy F in the center-
of-mass system).

Finally, we note that the recent discovery of the ¥*
isobar and the K’ particle®® seems to indicate that the
process of isobar formation is not restricted to nucleons,
but that on the contrary, for the three cases of the
nucleon, the A particle, and the K meson, if an addi-
tional pion is produced in the original reaction, it will
have a strong tendency to resonate with the nucleon,
A, or K, so as to produce an isobar, which can be con-
sidered as a real particle existing in intermediate states.
In all three cases, one can make the assumption that
the isobar (V*, ¥* or K') lives long enough (v >10~%
sec), and its mass distribution is sufficiently narrow, so
that the other particle produced in the original reaction
(w or V) will have a characteristic recoil spectrum, with
a narrow peak which corresponds to the formation of
the isobar with the most probable mass value.

In a sense, one can now formulate a generalization
of the isobaric levels, which can also be described as
intermediate-state particle levels. In addition to the
pion-nucleon and pion-pion particle levels, there exist
also levels with strangeness S= —1 (e.g., Y*)and S= 41
(K’ particle). The levels with S#0 are obviously im-
portant in considering the production of strange par-
ticles accompanied by pions in 7— N, N—N, and N—N
interactions. If one knows the characteristics of these

33H., H. Bingham and A. B. Clegg, Phys. Rev. 112, 2053
(1958); M. Bloch and M. Sands, ibid. 113, 305 (1939); R. F.
Peierls, ibid. 118, 325 (1960).

3% M. Alston, .. W. Alvarez, P. Ebcrhard, M. L. Good, W.
Graziano, H. K. Ticho, and S. G. Wojcicki, Phys. Rev. Letters 5,
520 (1960); and M. L. Good (private communication).
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S=-+1 and S= —1 isobaric states, a phenomenological
treatment similar to the present work can be developed
for them.

Finally, we should note that we are well aware that
a number of simplifying assumptions have been made
in our work, notably the assumption that the isobar
lifetime can be considered long enough so that inter-
ference effects due to its decay are negligible. Never-
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theless, in view of the agreement which has been obtained
so far with experiments on inelastic ¥-~N and #—N
interactions, one can hope that most of the important
features of the future related experiments will be
described within the framework of the present model
or, at the very least, that the discrepancies which will
certainly appear will perhaps be somewhat better
understood.



