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planes: 

{&*: Qt=Qu+Q» {0>t:Qt=l, 
{(P3:QU=QS+Qt, [<Pt:Qv=l. 

(A5) 

Furthermore, define J£ to be the set where Qs, Qt, and 
Qu satisfy the three triangular inequalities. If ^ and the 
planes are projected along the line Qs = Qt = Qu, the 
resulting situation is shown in Fig. 4. If (A2) is satisfied 
and d<l is the boundary of ^ , then the intersections 
Pn^DdQ and ( P n ^ e f V ^ each consist of the two 
points (0,0,0) and (1,1,1) only. With this knowledge, it 
is straightforward to compute the four vertices of (Pp| & 

1. (Pf|(PintfV Q. = Qt=Qu=0, 

2. (pn^ntfv <?.=&=e«=i, 
3. <?n<5>iri<?4i Q.=i,Qt=-t'/(u"-n, (A6) 

andQ t t =w7(«"- / " ) , 

& = - * " / ( „ " - , " ) , Gi=i, 
tmdQu=u"/(u"-s"), 

at vertex 1, 
| at vertex 2, 
i ( « V / - / V / ) / ( / , , - « ' / ) at vertex 3, (A7) 

i H t t V ' - / * " ) / ( * " - * " ) at vertex 4. 

4. (Pfl^fl^: 

ro 

(0,1,1) 
(-1,0,0) 

(1,0,1) 
(0,-1,0) 

(s",tV) 

This immediately gives (2.25). 

\{0 , l , - | ) 
\ \ \ \ 

FIG. 4. Geometry for 3)4'. 

The important point here is that, contrary to the 
case of D4, the vertices 3 and 4 are in general not on 
the boundary of 4>', where i£' is the set of {Q8,Qt,Qu} 
that can be realized with non-negative at- satisfying 
X ) i « i = l . Therefore, the requirement that the four 
values in (A7) are each less than 1 is sufficient but not 
necessary for 5D4, i.e., ©4—3V is not empty. 
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Properties of Normal Thresholds in Perturbation Theory 
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Making use of the relation between a Feynman diagram and the corresponding electric circuit, several 
properties of the normal thresholds are established. 

IN the proof of the Mandelstam representation for 
scattering amplitude in perturbation theory by 

either Eden1 or Landshoff, Polkinghorne, and Taylor,2 

the following statements are needed: (1) In the physical 
region on the boundary of the first sheet, the only 
singularities of the scattering amplitude are the normal 
thresholds. (2) A normal threshold and another Landau 
curve cannot have any finite "effective intersection." I t 
is the purpose of this note to give, for these statements, an 
alternative proof which is entirely algebraic. Only the 
case of equal masses and no internal degree of freedom 
is considered. 

* Alfred P. Sloan Foundation Fellow. On leave from Harvard 
University, Cambridge, Massachusetts. 
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The notations of reference 3 are to be used. The scat­
tering amplitude F for a given proper Feynman diagram 
Go with four external lines is expressed as a function of 
the Mandelstam variables s, t, and u: 

F(s,t,u)= I dav \ dar«( l -E.-o<)Cd(a*)]^ 
Jo Jo 

XCe(^^;aO-E,-^]-2Ar+^ (l) 
where 

Q (s,t,u; ai) = KsPs (at) + tPt (ad+uPu (a%) ] . (2) 

The symbol G^~Go shall be used to denote that G is a 
reduced graph of Go, i.e., there exist a set 0(G) of 
indices i, j , • • • such that G = (Go) a • • •. In the follow­
ing, G is to be studied in detail: for simplicity of nota-

3 T . T. Wu, preceding paper [Phys. Rev. 123, 678 (1961)]. 
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FIG. 1. An example of a Feynman diagram G with nonempty 9l«(G). 

tion, the conventions are used that if i£tf(G) then 
ai=0, and that the indices i,j, • • • (Ji#(G) unless other­
wise noted. With this convention, the values of P8, Ph 

PU} and Q are the same for G and Go. Strictly speaking, 
the numbering of nodes are different for G and for G0; 
in the following the numbering always refers to G. 
Given G, let 91, (G) be the set of all {s,t,u} for which 
there exist positive en such that ]£» a*= 1 and for each i 

(d/dai)Q(s}i,u; a*) = 1 (3) 

for all i and w that satisfy 

s+i+u=s+t+u = 4:. (4) 

The normal thresholds in the s variable are then the 
connected components of 

91.= U 9l.(G). (5) 

Similarly, 91* (G), 91*(G), 91*, and 9lw may be defined; 
a n d 9 l = 9 l s U % U 9 * u . 

Since the physical regions are on the boundary of 
where the right-hand side of (1) is defined, it is sufficient 
to consider only non-negative values of «»-. Given G, let 
£(G) be the set of all {s,tyu} for which there exist 
positive cti such that ]£» a»= 1 and for each i 

(d/dai)Q(s,t,u;ai) = l. (6) 

The real Landau signularities4 £ are then defined as 

£ = U £(G). 0) 
G*-GQ 

By definition 

9lsC<£ and 9l.(G)C«£(G). (8) 

Note that £ and 91 are both closed sets. Define £' to be 
the closure of £—91. 

Consider an infinitesimal increment ds, dt, du, dai so 
that {s,t,u}€z£ with a» and {s, +ds, t+dt, u+du}££ 
with ai+doti, then it follows from 

Q(s,t,u,ai) = l (9) 
on £ that 

ds Ps(a%)-Pu(a%) 
- = . (10) 

Thus the slope is determined unless 

Ps(ai) = Pi(ai) = Pu(ai) = l. (11) 
4 L. D. Landau, Nuclear Phys. 13, 181 (1959). 

But (11) is not possible. Thus every point on £ satisfies 
a polynomial equation R(s,t) = 0, where R is not identi­
cally zero. 

The following convention is also convenient. Given 
G, label the nodes in a definite way. If i <—> (a,b,(a) with 
#<£ , then defined Ii to be the 706M. Let this convention 
be applied to Iia^ defined as Ii,A(a),A@), then relabeling 
the nodes can change the sign of Iia^ but not that of 
Iiapliys. In the following, In2, for example, always 
means Iia$ with a= 1 and /3=2. Let Ii8 be the value of 
Ii when / « = 1 for a = 1, 2 and = — 1 for a = 3, 4. Then, 
with the above convention 

•J*a = Iiwhli2i = liw\-Ii2d' (12) 

Similarly, 

I it~ I H2~\-1 %ZA~ I iU~~ I ilZy (13) 

a n d 

I %u=I %u-~ I %M = I %w-~ I %2i* (14) 
Note that 

Iiap——Ii(3a, (15) 

and 

Iiafi-\-Iifiy ~ liay. (16) 

Theorem 1. If {$,*,«}£ 91. (G), then for G 4(1) 
= 4 (2) = a, 4 (3) = 4 (4) = i, and the internal lines con­
sist of ra& distinct but possibly intersecting continuous 
curves each joining A (1) and A (3). Furthermore, 

s=rab\ (17) 

Proof. An example of G is given in Fig. 1. If {s,t,u} 
£9l . (G) , then 

sP.M+iPtM+aPuicti)^ (18) 
for all i and u satisfying (4). Thus, 

P.(a,) = 4A, andP f(a<) = P t t(a<) = 0, (19) 

which implies that A (1) = 4 (2) and A (3) = A (4). Equa­
tion (3) then gives that for each i 

/.-.2=4A, (20) 

and it follows from (19) and (12) that 

/ « = 2/18 . (21) 

If i<-» (a,6,co), label each internal line with an arrow 
from a to b if / * s >0 and from b to a if Iis<0. Starting 
from 4(1) , trace a line along the direction of the arrows 
until the arrival at A (3). Repeating this process without 
tracing any internal line twice exhausts all the internal 
lines. This proves the first part of the theorem, and (17) 
follows directly from the conservation of I at A (1). 

Cor. Given G, if 9ls(G) is not empty, then 91*(G) and 
91* (G) are empty and £(G) = 9ls(G). 

Theorem 2. If s > 4 , K 0 , « < 0 , and {s,t,u}G£, then 
{•M,«}E9l«. 
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Proof. Since {s,/,^}£<£, there exist G<-~G0 such that 
{s,t,u}£z£(G). It is a consequence of (6) that for each i 

slif+tiif+uliu*^. (22) 

By using (12)-(14), (22) can be rewritten as 

tliuli23+ulmli24 = lis
2— 1. (23) 

Note that 
| / « * | < 1 . (24) 

If \Iu\>l, then it follows from (12) and (24) that 
/«i4/t23>0 and i"*i3jTi24>0. Since t<0 and u<0, this 
violates (23). Therefore for each i 

| / « | < 1 . (25) 

With the help of (16), rewrite (23) in the form 

= (j-4) (l-li*)+tulm*. (26) 

The right-hand side is non-negative. Therefore tlm 
+ulnz and ^ 2 3 + ^ 2 4 must have the same sign or one 
of them is zero. Let 4 (1) = 1 and Ct be the set of i with 
the property that i*-± (a,b}co) with a = l . Then, if 
4(1)5*4(2) , 

L / « 8 < 0 , E A"24<0, 
tGCt *GG (27) 

and 
£ /<i8>o, £ /»i4>o. 

»ect i e a (28) 
Thus, 

«m+w/«8<0, (29) 
and hence 

/ / • •28+« / *24<0 , (30) 

for i£f t . A comparison of (27) and (30) yields that 
for i £ Ct 

/i28 = / « 4 = 0. (31) 

Since this is not possible, the conclusion is reached that 
4 (1 ) = 4 (2). Similarly, A (3) = 4 (4 ) . Therefore Pt(a%) 
= PM(a») = 0, Iit = Iiu:=0, and (6) implies (3). This 
proves theorem 2. 

Theorem 3. If {$,/,«} £ 9 1 with the set of numbers {«»•}, 
and {.y,/,^}£<£' with {a /} , then for at least one i,ai?^a/. 

FIG. 2. An example of a Feynman diagram G that 
appears in connection with theorem 3. 

Proof. Assume the contrary, i.e., « » = « / for each i. 
Without loss of generality, let G' <— G0 such that {s,t,u} 
£ 9 1 , (C) with .{«»•}. Since every point of <£ satisfies a 
polynomial equation, <£' consists of a finite number of 
branches of algebraic curves. There is a Feynman 
diagram G" <— Go such that G" gives a branch which 
contains the point {s,t,u} with {on}. Then Gf <—G". If 
4 " ( l ) = 4 / , (2) and 4 " ( 3 ) = 4 " ( 4 ) for G", then Pt=Pu 

= Iu = Iiu=0, and thus £(G") = 9l.(G"). Thus for G", 
either 4" (1)5*4"(2) or 4" (3 )5*4" (4 ) . Assume that 
A"(I)?*A"(2). Then there exists G such that 4 (1 ) 
5*4(2), G < - G " , and G'=Gj with .;<-> (4(1), 4 (2 ) ) . 
An example of G is shown in Fig. 2. If 4 (1 ) = 1 and 
4 (2) = 2, then 

Ii9 = 2/s*, / « = /<u=0 (32) 

for either i<-» (l,6,w) or i<-> (2,b,a>) with &>2. Since 
Go is proper, the conservation of / gives 

| / y s | < l , and Ijt = IjU=l. '(33) 

But {$,£,#}£<£'; therefore it follows from (6) that 

slj*+tls?+uliu* = 4. (34) 

Since (33) and (34) are not consistent, this proves the 
theorem. 
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