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The theory of both nuclear resonance energy absorption and the relaxation of a coherent magnetization
transverse to an applied external magnetic field is developed for nuclei in a mechanically rotating solid. The
consequences of the formalism in the simple case of a solid composed of effectively isolated nuclear pairs is
presented. For the more general nuclear lattice, a procedure for isolating and experimentally measuring
the “exchange” interaction between the nuclei in the solid is proposed. Finally, the moments of the energy
absorption line shape for the rotating solid are investigated and the second and fourth moments are explicitly

calculated.

SYSTEM of nuclear spins regularly disposed at
lattice sites sitting in an external magnetic field

and interacting among themselves via spin dependent
forces constitutes a many-body system which can be
explored both experimentally and theoretically by rela-
tively simple techniques. The theoretical study of the
resonance absorption of energy in a static lattice was
initiated by Van Vleck! just after the introduction of
magnetic resonance techniques®® for exploring the
structure of solids. A procedure alternative to resonance
absorption measurements is available—the study of the
time dependence of the coherently induced magnetiza-
tion transverse to the applied magnetic field. This latter
method gives essentially the same information as
resonance absorption studies for the case of the static
lattice.t5

In this paper we set ourselves the task of determining
both the nuclear spin absorption spectrum and the
behavior of the transverse magnetization of a mechani-
cally rotating lattice. Preliminary work on the trans-
verse magnetization in a rotating solid has already been
carried out by Lowe.® In addition, some of the results
which are obtained in Sec. IT below have been given
independently by Andrew and Newing” in their study
of internal pair rotation in a solid. However, our pro-
cedure is based on rigorous quantum mechanical prin-
ciples and so differs from the previously given local
magnetic field calculation.

The conditions under which the calculation will be
carried out are:

(a) Rigid lattice. The absolute value of the separation
of any pair of nuclei is invariant. The rigid lattice is
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to be contrasted with the static lattice wherein the
vector separation of any two nuclei is an invariant. An
ionic crystal such as CaF, will provide a sufficiently
rigid lattice structure.

(b) Large external magnetic field. The nuclear spins
are bathed in an external magnetic field which is large
compared to the magnetic field seen by one nucleus
due to all the other nuclei. As a consequence of this
condition, the energy levels determined by the Zeeman
energy of the spins in an external magnetic field, i.e.,
the Zeeman levels of the solid as a whole, are well
defined. The internuclear interaction then splits the
Zeeman levels of the solid into many sublevels but
does not to any detectable extent mix Zeeman levels.
With magnetic fields of a few thousand gauss, this con-
dition prevails for all the solids on which nuclear para-
magnetic resonance can be performed.

(c) Neglect of spin-lattice interaction. The spin-
lattice interaction is assumed weak compared to the
spin-spin interactions and, e fortiori, to the spin inter-
action with the external ﬁeld 8

In the language of magnetic resonance phenomena,
we demand that 79Ty, where 7'y and T’ are the phe-
nomenological relaxation times introduced by Bloch?
to describe the spin-spin and spin-lattice interactions,
respectively. For CalF,, for example, 79=240 usec and
712220 sec (room temperature).

(d) “High” magnetic temperature. The Zeeman
levels of the solid in an external magnetic field of 10*
gauss are almost equally populated for temperatures
above 10~3 °K. The assumption of a high lattice tem-
perature will simply mean that the difference in Boltz-
mann populations of the magnetic levels is very small.

(e) Neglect of nuclear electric quadrupole and mag-
netic octupole moments. The intrinsic electric and
magnetic properties of the nuclei, other than electric

8 Of course, we do include the modification of the dipole inter-
action of the nuclear spins by the mechanical rotation of the
lattice which can be looked upon as a type of lattice-spin inter-
action.

9 F. Bloch, Phys. Rev. 70, 460 (1946).
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charge and magnetic moment, are assumed to have no
effect on the resonance process.

To motivate the study of resonance absorption in a
rotating lattice, it need only be observed that the part
of the magnetic dipole interaction Hamiltonian which
operates within a Zeeman level between two nuclei in
an external magnetic field is anisotropic, and varies
both in sign and magnitude when the internuclear
vector is reorientated with respect to the magnetic field.
Hence, the possibility arises of controlling the magnetic
dipole interaction strength by partial or complete rota-
tional averaging. By using the mechanical rotation as a
switch- for regulating the strength of the dipole inter-
action, other isotropic internuclear interactions in the
solid can be relatively enhanced and so more easily
studied. The order of magnitude of spinning frequencies
() required is readily surmised: Q=21/T. For Cal,
0222410 rad/sec.

In Sec. I, we develop the general formalism for com-
puting the nuclear resonance absorption line shape and
apply the results in Sec. IT to the simple example of a
nuclear pair imbedded rigidly in a rotating lattice. The
problem of the relaxation of transverse magnetization
in a rotating solid is treated in Sec. ITI. In the limit of
ultra-high frequency (uhf) rotation (23>1/7"), the con-
sequences of rotation are especially simple and form the
subject matter of Sec. IV, where a method for measuring
the isotropic “exchange-type” internuclear interaction
is proposed. Finally, the conventional procedure of cal-
culating the absorption line moments is pursued in
Sec. V, for the nonstatic lattice.

In a future paper, a comparison between theory and
experiment will be given as well as the detailed numerical
evaluation of the theoretical expressions for the specific
solids of interest.

I. GENERAL FORMALISM. THE RESONANCE
ABSORPTION LINE

The atomic nuclei which reside at the lattice sites of
a rotating solid can be considered as essentially struc-
tureless entities except for an intrinsic charge and an
intrinsic magnetic moment. An intrinsic electric quad-
rupole moment or magnetic octupole moment is
excluded by assumption. Our interest is in the energy
levels of the aggregate of nuclei in the solid, more
specifically, those energy levels which depend on the
orientation of the individual nuclear spins.

Consonant with the restrictions which are assumed
to prevail and which were outlined in the Introduction,
the only interactions to which the nuclear spins will be
subjected are:

(a) The interaction with an external field H which
is describable by the Hamiltonian associated with the
Zeeman energy!:

gez: - Z ]i'Hy

10 Units with =1 are employed.

(L.1)
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where ~y=magnetogyric ratio of nucleus. In the follow-
ing we have tacitly assumed that all the nuclear v are
equal but this restriction is easily lifted.

(b) The internuclear interaction (3C;), which we
need not specify here except to note that 3¢;(2) will be
explicitly time dependent if the lattice is mechanically
rotating. Since the Zeeman levels are assumed to
determine the gross structure of the energy levels of
the solid as a whole, 3C; is a small perturbation on 3C,
and consequently its effect is to split the highly de-
generate Zeeman levels into a fine structure and to mix
but negligibly the distinct Zeeman levels. 3C;(¢) can
then be truncated so as to commute with 3C,:

[3C.,3¢;(#)]=0 [truncation of 3¢;(?)]. (L.2)
We also note that, in general,
[3C;(0),5C:(82) 1520 if {3 5#1s. (1.3)

(c) The rf magnetic field interaction which is of the
form:

3Cet()=—v 2 Li-Hu(?), H.()=H,:coswt. (1.4)
H .= |H,;| =amplitude of exciting rf magnetic field.

The rf field is taken to be so weak that the first-order
perturbation effect of 3C,¢(¢) alone is important, i.e., the
saturation of the resonance is precluded.

Let ¢(¢) denote the probability amplitude describing
the state of the nuclear spins. Then the Schrédinger
equation of motion is

oy 1)/ 0t=[ 3.+ 3()+ (O W ().  (LS)

To solve (I.5), we make the following sequence of
canonical transformations:

(i) () =exp(—igCo¥ (),

(ii) YO =W @),
where 10W (£)/dt= 3C; (YW () ; W(0)=1,

(iii) Y O=UWW" 1),

where

10U (8)/0t= 3¢ YU (t); U(0)=1,
38 () =W (1) exp(¢3C.8) 3¢, (¥) exp(—13C.HW (£), (1.6)

so that
() =exp(—=i3CHW (U ()(0),

W({)=1—i f 3e: (YW ()l @

U()=1—i f 50 (YU (V)L

In view of the postulated weakness of the rf excitation
U(t) can well be approximated by the first iterate of
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the integral equation which it obeys:

¢
U@ —1—i f Bt (). (L8)
0
3C.:(f) induces transitions between the Zeeman levels
when w is in the neighborhood of the Larmor frequency.
If the original state of the solid at time =0 is specified
by the total quantum number # and the sublevel index
a, then the probability of having made the transition
to the level with quantum number m’ and o at time 7" is

[P(T)]ma—bm’a'
= [(m'e| exp(—i3C.T)W(T)U(T)|ma)|*

= [(m'a' | W (T)U(T) | ma)|2. (1.9)

The final state can either have higher or lower energy
than the initial depending on whether the rf field
induced emission or absorption. (Spontaneous emission
is always negligible.)

For a solid in thermal equilibrium the net prob-
ability of the solid having absorbed energy at time T
is the probability of a Boltzmann populated level
jumping to a higher level minus the probability of a
Boltzmann populated level jumping to a lower level:

—BEma
Pe)= 5 | e WU D) med]
e eoEme)  (L10)

)

— [{ma| W(D)U(T) |} |

Z=Y ¢, = (RT),

The dependence of E,, on @ and E.o on o' can be
neglected at any realizable temperature in the cases
which we shall consider. Now W (#) can be removed
from the expression (I.10) by noting that

2w WHT) | m'o' Yo | W (T)
=Za, l’M’a,X’m'a' I ,

which is a simple consequent of the unitarity of W (z)
in the subspace defined by m’ since [W (¢), v 2_ 1:#]=0.

In the limit of sufficiently high temperature (room
temperature in most experimental situations) the
Boltzmann factor can be expanded and only the first
nonvanishing term retained:

(1.11)

PGD=x ¥ || U(T)|mal?
mrg’;émm(}
T T
=« T dt| dr se (O)se ()|, (112
[ f f 0 (>] (L12)

where B(Emar— Ema)=2Bwr; {(ma| 30 () |mB)=0, wr
=Larmor frequency=v|H|, and = (Bw:)/(2Z). In
the future, all constants, unimportant for our pur-
poses, will be designated by «.
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The following identities are useful :
@ wEwiQ=w@w-=w5,
“where .
W f)=1—i f 5e.(YW (2 )dt",
t
(i) expliae,(’—0) Ty X 12H s exp[—13C.(1'—1)]
=H.{y > I cos[vH({'—1)]
+y X 1@ sin[vyH (' —1) 1},
(i) Hy=Ht; H=H%;
CTr{X vl cos[yH{'—H) W )
XY Ly sin[yH{E =)W (E,H}=0. (1.13)

The last expression in (I.13) is valid only if W (1) is
invariant under a unitary transformation which rotates
all the spins about the x axis through = radians. For all
the explicit forms of 3C;(f)- which generate W (#) this
will be true. With the use of (1.13), P(w,T) simplifies to

P(w’T)=Kde¢de¢’ cos[w (t'_z)];—cos[w(t,_{_t)]
XCOS’YH(t’_If) Tr{'y Z l%xWT (t’,t)'y
X LEW (D).

Introducing the new variables r=¢'—¢:

(I.14)

T 0
Plo,T)=x f at f dr{cos[wr]-+cos[w(r+20T)
Xcos[vHr ] Te[ LWt(t+7+, ) LW (t+7, 1) ]

Fe j; v fo dr{cos[wr]+cos[w(—7+20)T)

Xcos[yHr] Tr[ LWH({l', ' —7) LW (', ' — 7)],
L= 2157, (1.15)

and the transition probability per unit time I'(w) in the
limit as T — oo finally assumes the form!:

dP(w,T)

+o
I'(w)=lim ————= Kf cos[wr ] cos[vHT]
T—0 dT —»

Xlim Tr[LWH(T, T—1)
XLzW(T, T— T)]d’l’,
lim W(T, T—)=lim W(T+r, 7).

(1.16)

T—0

11 The limiting procedure which has been employed in deriving
Eq. (1.16) can be justified physically by noting that the observed
T'(w) should not depend on the orientation of the spinning crystal
about the rotation axis at t=0. In later sections, we shall exhibit
that the limit prescription is actually equivalent to averaging
over the azimuthal angle of the spinning crystal at any instance,
in particular, at £=0 and that after such an averaging, the trace
of Eq. (I.16) no longer depends on 7. Of course, a powdered
(microcrystalline) sample automatically incorporates an azi-
muthally averaged ensemble.
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It should be noted that we can drop the term in the
integrand containing cos[ (w+vyH)7r] since only the
resonance line about w=+H is of interest and indeed the
experimental observable phenomenon. Also the term
containing cos2wI" and sin2wT" oscillates to zero in the
limit T'— o for w~+yH simply because the trace can
give rise to no term coherent with such a fast oscillation.
Thus the resonance energy absorbed at frequency w is
proportional to

+o0
P(w)=x f cos[ (w—vyH)7IR(7),

R(T)Elgm TI'I:LZWT(tg,il)LxW(tz,ll):l,
to= T,

(I.17)
t1= T— T,

t2
W ()= 1—i f 5C.(0)W (t,t2)dt.
t1

If the Fourier transform of (I.17) is taken, we find:

R(T)—I-R(—T)_ 1 o

—— [ DT () do,

(1.18)

2 2mk I
x can now be specified by requiring S~ t*T' (w)dw=1:
k=[2rR(0)], RO)=Tr[ (3 I%]. (1.19)

From (I.18) the moments of the normalized resonance
absorption curve about the Larmor frequency w;,=vH

follows: (<) )
—\n/2 an T
M,= (n even),
R(0) dr" |r=o
M,=0 (nodd), (1.20)
+0
M,= (w—vH)"T (w)dw.

-0

In particular, Mo=1 by (1.19).

Formulas (I.17) and (I.20) are the required generali-
zation of the Van Vleck procedure for the case of a
rotating lattice.

II. APPLICATION OF THE GENERAL FORMALISM.
THE ROTATING NUCLEAR PAIR

As a specific example of the foregoing formalism, we
treat the problem of a rotating solid containing nuclear
pairs which to a first approximation can be considered
as isolated. The background magnetic field associated
with nuclei more distant than the nuclear pair partner
will give rise to secondary effects on the line structure.
In the static lattice the theoretical and experimental
line shape of such nuclear pairs has been successfully
treated by Pake.? The following discussion will be
limited to a pair of identical spin-§ nuclei.

2 G, Pake, J. Chem. Phys. 16, 327 (1948).
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The Hamiltonian for the spin pair in an external
magnetic field is

3.=—v(Lt+l)-H, (IL.1)

where y=magnetogyric ratio and H=external magnetic
field, while the internuclear Hamiltonian is taken in the
most general form®:

GC@(Z) = 6111' 12+6211' f(t)lz' f(t) - Clll‘ 12
+62[11'Hl2'ﬁ cos26(t)
—I—% (11 12—‘ l1'ﬁ12 ﬁ) sin%(t)]
=1;- L[ e1+3ca sin® (1) ]
—1ck-Aly-A[1-3 cos0(1)], (IL.2)

where H; =unit vector in the direction of H and cos6(¢)
=7(¢)-H. In effect, the Zeeman levels are so far sepa-
rated that any part of 3C;(#) which would mix Zeeman
levels is negligible so that 3¢;(¢) has been truncated in
the above manner. A more detailed presentation of the
truncation process is given in Appendix A. The explicit
time dependence associated with a rotating lattice has
also been indicated in (I1.2).

For a pure dipole interaction ¢1=—%c;=+%/7* and
(IL.2) takes the form:

—_n2
5eim— [, ly— 3l AL, AT 1—3 cos8()] (IL3)

278

(pure dipole interaction).

The truncated Hamiltonian (I1.2) is diagonal in the
representation of the four-dimensional spin space
characterized by the total spin L and the projection of
the total spin along H, i.e., L-H:

50| L=1, M==1)
=[%(c1+3cs sin?0) — Fca(1—3 cos?6) ]
X|L=1, M==1),

ge;| L=1, M=0)
=[%(c1+%cq sin?0)+Fc2(1—3 cos?d) ] (11.4)
X |L=1, M=0),
50| L=0, M=0)
=[—32(c1F%c2 sin?0)+Fc2(1—3 cos?) ]
X|L=0, M=0),

Transitions out of the state | L=0, M =0) are impossible
via an exciting rf field (since L| L=0, M =0)=0) and so
for the following calculations the state |L=0, M =0)
lies dormant. In addition, because 1;-ly can thus
effectively take on only its triplet state value 1, the
subsequent calculation proves to be independent of ¢;.

In view of this remark, only the explicit time de-
pendence of [1—3 cos?d(f)] is needed. In terms of the

13 That (I1.2) is the most general expression for the interaction
Hamiltonian of two spin-§ particles is readily proved by observing
that only three vectors (r, Lly) are available with which to form a
rotationally invariant Hamiltonian. Furthermore, the vector r
must occur an even number of times if the particles are to be
reflectionally equivalent. All invariant dot products thus formed
reduce to one of the types constituting the expression (II.2).
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Fic. 1. The orientation of & and 7 relative to the rotation axis
directed along the unit vector 7.

angles of the internuclear vector (#,¢) and the mag-
netic field (©,®) relative to the rotation axis taken as
the polar axis (Fig. 1):
{(1=3[#(t)- A} = —2P3(cosh) = a-+b cos(Q+ o)
+¢ cos2(Q+ o),
a=— (81['/5)172 0('(7 Qt+ ga)Yz o(@ (I))
=—1(1-3 cos??)(1—3 cos?20),
=—(8n/5)[V21(8, p=0)—Y2, (8, ¢=0)]
XV 21(0, =0)=—3% sin20 sin24,
c=—8/5)[V2,2(8, ¢=0)+Y2 (8 ¢=0)]
X V2,2(0, d=0)= —$% sin2} sin?6,

(IL.5)

where Q=rotation frequency. Note that in the rotating
solid each pair rotates about an axis which can be
taken through any member of the nuclear pair.

The general expressmn for the shape of the nor-
malized absorption line is

+o0
I'w)= f dr cos[ (w—vH)7]

2w TrL,?
X;}m Tl‘[WT (t2,t1)LzW(lz,If1)Lz:|,

(I1.6)

)f2= T; t1= T'— T,

t2
W ()= 1—i f 50 (O)W (4 :)dL.
i1

For the two-particle case,

[3e:(r),5¢:(”)]1=0, (IL7)
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and so the integral equation for W (¢2,t;) can be solved
exactly:

W(tg,t1)=exp[—i ft :2 Jcl(t)dt]

t2
=exp[—'if Li- L[ c1+%c. sin®0(¢) Jdt
t1

+1,g (tz,h)ll ﬁl2 ﬁ],

f2 I1.8
g(tz,t1)=%czf {a+b[cos(Q+¢)] (IL8)

" ¢ cos[2(Q+ o) 1}dt
=%co{ar+(26/Q) sin(Qr/2)
Xcos[Q(a/2+ ¢/Q)]
+(¢/Q) sinQr cos[2Q(a/2+ ¢/2) ]},
o=tytt, T=tl—h.
From (IL8) and using l;-1,=1,
Tr[ Wt (ta,t2) LW (t,1) L]
=Tr{exp[ —ig(to,t)li- Hly- HL,
Xexp[+ig(to,t)li- Al AL}
=1 Tr{exp[ig(ts,t)l-Hly- HL,
Xexp[ig(ta,t)ly- Hly- H]L_}
= Zi 0(MI exp[ —ig(to,t)ls-Hly-H]| M)

XM —1| exp[ig(to,t)ly-Hly- A | M—1)

-z eXP[ig (tt1) (2_44M) ]

=2 cos[g(ts,t1)/2].

(I1.9)

The limit T'— « must now be effected and to this
end we employ the expansion'4:

N=-+400

exp(iacosf)= 3 Ja.(a) exp[i%(6+g)],

n=—o0

(I1.10)

where J,(a)=Bessel function of the first kind of order
n and argument «. The limiting process amounts to
retaining only the nonoscillatory terms in

=(0/24¢/Q)
Tllim exp[nQT" =8 ,0, (I1.11)

4P, M. Morse and H. Feshbach, Methods of Mathematical
Physics (McGraw-Hill Book Company, Inc., New York, 1953),
Vol. I, Chap. 5, p. 620.
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and so after (I1.10) and (II.11) is applied to Eq. (I1.9):
Jim expEig(ah)/2]

Mme=-+00

cob
=exp[i(coar)/4] X j_zml:'z—Q sin (QT/Z)]

XIm [—é sin (Qr)] exp[—zm?—zr]
= exp[[i(coar) /4]{ JO[% sin (97/2)]10[% sin (ﬂr)]

12y (-

m=1

)"‘Jm_z[%) sin (97/2)]
xXJ Qm—l[% sin (SZT)]
+2 mi:l (—)mfm[;—;’ sin(97/2)]

CoC
Xsz[—- sin(ﬂr)] . (I1.12)
4Q

With the use of (I1.9) and (I1.12), (I1.6) is now

()= T f dr cos[ (w—yH)7IR(7),

R(r)=2 cosoer{ Jo[ﬁg sin(gf) ]Jo[aé sin (Qr)]
g crfa?)

XJQM[% sin(ﬂf)] } (IL.13)

e i)

XJZM*I[% sin(ar)

-2 sinon-{ 2 i (—

m=1

a=ca/4=—%c2(1—3 cos??) (1—3 cos?@),
B=c:b/4=—%cs sin2¢ sin20,
d=coc/4= —3c, sin?Y sin?0O.

It is worth mentioning that the limiting processes
©2— 0 and 77— « do not commute since, if 77— o
is performed first, an average over the azimuthal angle
about the rotation axis is irrevocably effected.

We shall now briefly discuss the implications of
(I1.13) under three aspects.

DREITLEIN AND H. KESSEMEIER

A. Right-Angle Spinning

By this, we mean that the angle between the mag-
netic field and the spinning axis is w/2. Consequently,
B=0 and J.[B(2/Q) cos(3Q27) ]=040. The integral in
(IL1.13) can be carried out by using

1 pt=
— f cosroJ o(2Z sinp)d o
21 J_o

m=+w

= 2 dr=2m[Jn(2) 7,

m=—w

(I1.14)

which can be proved by taking the Fourier transform
of the addition theorem for Bessel functions.!® The final
result for the line shape is

T'(w)= T LD f dr cos[ (w—vH)7]

X cosar{2J (627! sinQr)}

1 o
=_-——-——f dr{cos (w—vH—a)7]

27 Tr(L2)
+cos[ (w—vH~+a)7 ]} Jo (6071 sinQr)
1 m=+oo

Tr @ 2)[ X [6(w—vH—a—2mQ)

—!—B(w—'yH-I—a—2m9):]|:]m2(6/29)].} (I1.15)

Andrew and Newing” have also computed the line
shape by the semiclassical method of treating the
local internuclear field seen by the nuclei to be fre-
quency modulated by the rotation of the pair. The above
method leads to the same expression as obtained by
these authors for the particular case of the spinning
axis perpendicular to the internuclear axis.

The line shape I'(w) consists of the “Pake-split” lines
at w=vyH-=4a and satellite lines around each of these
“Pake-split” lines at regular intervals of spacing 2Q.
At certain critical rotation frequencies, namely those
frequencies which are associated with a root of a Bessel
function, certain lines will vanish. For example, the
lines at w=vyH=+a will disappear when Jo[8/(22)]=0.
The critical frequencies 2, are determined by 8/ (22.,)
=ux,, where x, is a root of Jo(x):

Q.=08/(2x,),

21=2.405, ,=5520, 2;=8.654, etc. (IL.16)

B. High-Frequency Spinning

The arguments of the Bessel function in Eq. (II.13)
all depend on the parameters §/Q and §/Q which
become small compared to unity as the ‘“‘energy” Q
becomes large compared to the energies 8 and . Con-.

16 Reference 14, Vol. 2, Chap. 10, p. 1322.
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sequently, for sufficiently large rotation frequencies,
I'(w) is expressible as a rapidly converging series in Q1.

It will be noted that I'(w) of (II.13) can always be
written in the following form:

P(w)=————

2w TI‘(L 2) f dT{COS[(w 'YH—OL)T:]

+cos[ (w—vH+a)r]} Z @y Cosndr

n=0

+{sin[ (w—vH—a)r]—sin[ (w—yH~+a)7 ]}

X > by sinnQr

n=0

{ad(w—vH—a)+8(w—vH+0a)]

T Tr(L2)

n=+00
+ > ia[é(w—vH—a—nQ)

+8(w—vH—a+nQ)+6 (w—yH+a—nQ)
+6(w—vH~+a+nR2)]
+ 3 18,06 (w—yH—a—nQ)

n=1

—8(w—vH—a+n2)—8(0—vH+a—n)
(I1.17)
+é(w—vH~+a+nQ)]},

Q 2w/ Q
an=- f cos(nQr)R1(7)dr;
0

™

2/ Q

o= f Ra(r)dr;

Q 2w/ Q
n=— f sin(#Q7)Re(7)dr,
0

™
where

Ri(r) =Jo[ﬁg (“?) ]]o[% sinﬂr]
)
Ri()=2 % (=)"Tun [a— sn(Z)]

1
X]zm_l[ 5;2 sin (QT)]

f2 3 (-

m=]1

For small arguments:

; 3 P4 "[1 22 N 7t N
&= 5) 4t 320k2) (nk 1) ]
(IL.18)
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so that up to but not including terms of sixth order in
@1, the only contributing @ and & coefficients turn out
to be

B G/2N\ 3 B(/20y  182(6/2)
i (B 3 (1o
L 202 32 Qt 4 ot

- 32(5/2)2
or=] /0017600 - T )
an[ £ 0 O g7 .
[ 3204 2Q2 8Q¢ 404
r182(6/2)7 . 18%
A o
8 4 O3
-1 (3/2)" 16%
Qy=\|— ] bz=[— —]
(32 Q¢ 8 M

With the use of the @, and b, of (I1.19), Eq. (I1.17)
gives the line shape for high rotation frequencies.

C. Moments of the Line

It is a simple matter to calculate the »th moment M,
of the line about the Larmor frequency vH :

1 d"R(r)
/2

Tr(L2) drr

. (11.20)

7=0

or the even and odd moments (M’, M"’) about the Pake
lines at yH-+ta:

2 d"R1(T)
= —\nl2 , 7 even
Tr (La;2) drm 7=0
Mn,= 0)
(IL.21)
nRZ(T)
J=— —) D 12 , nodd
Tr(L?) dr™ im0

M'n,/,= 0, 7 even.

Furthermore, the two sets of moments are directly
related:

M=% (" ) (MM, Yo,
™ \m

( Z) 5;1(—1;_'—”0, (I1.22)

Again because of the fact that J.(z) is expansible
according to (II.18) and the series for sin z starts with
z, only a finite number of terms in R;(7) and Ry(7) will
contribute to the #th moment. The first few moments
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are:
Mo,= 1,
MY =3(8+5),
M/ =[§64+ 30+ $6°° T+ (36262102, (11.23)
M1H= ,
M= 3(8%/08)05.

Equation (I1.23) shows that M, diverges as @ — .
It is thus apparent that the method of moments is
useful only for rotation “energies” small compared to
the interparticle interaction energy and so is a pro-
cedure complementary to that of the high-frequency
spinning limit.

Generalization of these results to interacting pairs
of higher spin can be made quite straightforwardly.
Moreover, many of the features of the spinning nuclear
pair are still exhibited by the n#-body system formed by
spins disposed at the lattice sites of a rotating micro-
scopic sample to which we direct our attention below.

III. RELAXATION OF TRANSVERSE MAGNETIZATION
IN A ROTATING SOLID

In the exploration of nuclear and internuclear mag-
netic properties, the relaxation history of a macroscopic
magnetization transverse to the external magnetic
field H provides a second possible experimental
approach. The first desideratum, of course, is to induce
coherently a macroscopic magnetization transverse to
H. Experimentally, this is accomplished by irradiating
the sample (for a precisely determined time) with an rf
pulse oscillating with the Larmor frequency w=+vyH
perpendicular to the magnetic field. We briefly sum-
marize the process of transversalization.

Since the nuclear magnetization is in thermal equi-
librium with its ambient before the pulse is applied, the
magnetization M(¢) is

M({)=+ TrpL=~H TrpL A,
p="2ma| ma)pmalmal
=exp[ByL-H]/Tr(exp[8yL-H]J),
B=(kT)L.

(IIL.1)

The form of the density matrix p given in (IIL.1)
originates under the assumption that the internuclear
forces are weak compared to the forces exerted by the
external field H and so can be neglected in determining
the sample magnetization.

When the rf pulse is turned on for the time interval
from # to #, the density matrix becomes time-de-
pendently driven by the Hamiltonian:

3e(#) = 3.+ 3¢: ()4 3¢, (1),

303()= —H, 1 cosa(i— ) —  sina(t— 91T, T2

where 3C. and 3C;(f) have the same significance as in
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Sec. 1. The properties with which the magnetic pulse
H ,{% cos[w(t—t0) ]—7 sin[w(t—1t)]} are invested are:

(i) w=+H ; when the pulse has the Larmor
frequency vH, the magnetic field H,(¢) follows
the nuclear spin and forces it to precess about
itself.

(i) |Hp|/|H;|>>1;the magnetic field of the
pulse dominates the internuclear magnetic
field H i

(iil) At=(w/2)/(vH,); a pulse of duration
At will turn the magnetization through =/2
radians.

(II1.3)

The equation of motion of the density matrix is
p(t2) = U (ta,to)p (o) Ut(tayt0) ;- U (tayto) = U (ta,1) U (tayto),
() Ul(ts,te)=exp[—i3C.(t1—t0) T (t1,b0),

Tty fe)=1—i f " expli g6, (i— 19)752,(0)

11.4)
Xexp[—i 3¢ (t—10) 1T (t,L0)dt,

(i) U@at)=exp[—13C,(ta—1t1) W (2,t1) (for 12> 1),

ttZ
Wt ts) = 1—i j se (VW (Ln)dt,
t1

where fo=time of application of rf pulse and #;= time of
removal of rf pulse.

In the evolution of the dynamical system from f, to
t1 described by U (f1,t)) the motion induced by 3C;(?)
has been treated as negligible in view of the properties
(I1L.3). It will be noted that the dismemberment of
3¢;(¢) [Eq. (1.2)] has been taken for granted in (TI1.4).
(The amputated terms will produce small amplitude
terms rotating at multiples of the Larmor frequency.)

Again because of the conditions (II1.3), the integral
equation for T'(¢1,4) leads to a simple form for 7'(¢1,80) :

T (t1,t0)=exp[#(w/2) L, ]. (T11.5)

A few elementary manipulations result in a more
closed form for M (%) :

M(t2)= (v/Z) Tr[ U (t2,t1) exp(+ByHL-#)
X Ut (t27t1)L]7
'ﬂ=j COS’yH (l]_— to)—*-i Sil’l"YH (t1'— to).

(IIL.6)

At time =1, the intuitively expected magnetization is
realized :

M (tl) = + {i sin['yH(tl— 250)]

+J cos[vH (t:—t0) 1} | M (t0) |,
while at later times:
M) = (v/Z){i sin[vH (t2—t0)]

+J cos[vH (t2— o) 1} Tr[exp(+ByHL,)
X W (ta,t0) LW (t2,80) ], (T11.8)

W (ta,t) W (t3,0).

(I11.7)
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Free use of the rotational invariance of W (fs,t;) against
rotation of the spins about the z axis through any angle
and about the x and y axis through 7 radians has been
made to create the form (II1.8). Furthermore, the
Boltzmann factor is always close to unity:

M(ty) = (v/Z)ByH{% sin[yH (t—1o) ]

+ 7 cos[vH (t2—t0) 1}

><TI'[:LZI/VT (iz,io)LzW (tg,fo)], (IIIQ)

2]
W () =1 —i f 50 (W (tte)dL.
to

Comparison of (I11.9) and (I.17) reveals the relation-
ship between the temporal behavior of the transverse
magnetization and the Fourier transform of the line
shape in a rotating lattice.

To understand the origin and meaning of the limiting
procedure of (I.17) and its absence in (I11.9), one only
need note that in the pulsed experiment, the results

will depend upon the orientation of the crystal about .

the rotation axis at the instant of the application of
the rf pulse, whereas no such selective situation occurs
in the investigation of the absorptive line shape. Thus
the limiting procedure is essentially an averaging over
the azimuthal angle about the rotation axis.

To conclude the discussion of the behavior of an
induced transverse magnetization in a rotating solid,
again the specific example of the rotating spin-}
nuclear pair will be explored. Almost all of the requisite
calculations have been presented in Sec. II.

The trace of (II1.9) which gives the modulation
envelope of the Larmor precessing magnetization was
calculated in (IL.9):

Tr[ LW (ta,t0) LW (f2,t0) ]= 2 cos[ g{a,t0)/2],
gltato)=%col ar+2(b/Q) sin(Qr/2) cosQ(a/2+ /)
+ (¢/9) sin(Q7) c0s22(a/2+/Q)], (I11.10)
o= lty-+to= 7+ 2t.

T= tz"‘to,

Expression (I11.10) depends both on the time 7 elapsed
since the application of the pulse and on the switch-on
time of the pulse % in accord with our previous remarks.
However, by taking the azimuthal average over o,
(I11.10) becomes independent of #y:

<TI‘[Lfo (tg,to)LxW(lfz,to)]>

1 2T
— f TeL LW (laylo) LWV (1) 1o
2w Jy

=2 cosarR1(7)—2 sinarR.(7),
a=—1cs(1—3 cos?d) (1—3 cos2@),
B= —2c, sin2¢ sin20, '
d=—$ sin2¢ sin?@,

Ry(7) and Ry(7) are defined by (I1.17).

(II1.11)
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The average over ¢ is accomplished in exactly the
same way in which the limit 7/ — « was carried out
(I1.10), (I1.12) except that instead of (II.11), we use

1 2m
——f expling' Jd¢' =60, ¢'=¢o+Q/2. (111.12)
2w Vo

Experimentally for a single rotating crystal, the azi-
muthal averaging can be realized by averaging the
experimental M(7,f,) over all data taken by applying
many randomly timed pulses:

1 2w Q to=2m/Q
M)=— [ Mermio=— [ Mrudu
21 Jo 27 Y=o
(T11.13)

If a powdered sample is used, not only is the azimuthal
average automatically involved but also an averaging
over the cos? of (IIL.11).

As an example of the magnetic behavior of the
pulsed rotating solid, we give the modulation envelope
(TIII.11) up to and including terms of order Q—*:

(T LWt (ta,t0) LW (t2,0) ])

=i; an{cos (a+nQ)7]+cos[ (a—n»nQ)7]}

-l—i bafcos[ (a+nQ)r—cos[ (a—nQ)r]}, (I11.14)

n=0

with the @n,b, of (IL.19). Finally, if the crystal is in
powdered form and the angle included between the
direction of the spinning axis and the external magnetic
field direction is ®=cos™(})}, the explicit form
assumed by (II1.14) is:

(T LW (tayl0) LW (b2,%0) 1))

=1 f (TX[LWH (12 10) LW (layto)]) sindds
0

4
=23 {an) cosnQr,

n=0

A f " 4 singds,
et (3) +GR) G) G
o=u(@) - HE)
=(HEHE)EEE)
~(DGHE) ~GEDEE)

(I11.15)
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Observation of the oscillatory envelope (II1.15) leads
to the value of ¢; defined by (I1.2).

IV. MAGNETIC PROPERTIES IN THE uhf
ROTATION LIMIT

As the foregoing belaboring of the rotating nuclear
pair indicates, the effect of rotation is to feed out the
strength of the center line of the rf energy absorption
curve to satellite lines which move out of the range of
observation in the limit of ultrahigh rotation fre-
quencies. We deal now with the properties of the
residual center line for the general lattice of NV nuclei.
It is, however, important that the rotation frequency
and its first few harmonics be still much smaller than
the Larmor frequency since spin-lattice relaxation
effects would otherwise be expected to become non-
negligible.

The Hamiltonian which is assumed to represent the
internuclear interaction is

i) =345 As;(1s-1;—31;- H1;- H)[1—3 c080,;(1) ]
+26 Bisli 1y,
A;=B;;=0 for all ’i,
Aij=Aji; Bij=Bjs,
K0-)

|1 —r:(0) |

where 1;(f)=radius vector to /th nucleus. If the only
internuclear force springs from the magnetic dipole
interaction, then

Aij=—~*/4r.},

(IV.1)

cosf;; (1) =

B;;=0. (Iv.2)

The form of (IV.1) explicitly representing the rotating
lattice is

3Ci(t) = ho+h (D) +ha(2),
ho=Y ai;j(1;-1;—31;- ;- A)+Bj1;-1;,
I=3" 1:; cos(QU~+i;—®) (1;-1;—31,- A1,;- 1),
hy=3" ¢; cos2(QU+@ij—®) (1;-1;—31;-H1;- H),
aij=4;(1—3 cos?di;)[ (3 cos?@—1)/27], (Iv.3)
bij=—3A4,;sin20 sin2d,;,

cij=~—%/1ijsin20ijsin2®,
@i=aji; bi=—bji, cij=cji;
@i=@jitm, Vi=(r—3;).

Figure 1 of Sec. IT indicates the significance of the
angles in (IV.3); viz., ¢4, ¢i; are the polar angles of
the internuclear vector r,—r;; ®, ®, the polar angles
of the magnetic field relative to the rotation axis chosen
as polar axis.
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Certain properties of (IV.3) are of immediate note.
The Hamiltonian 3C;(f) does not commute with itself
for all times:

[3e;(t2),3C:(4) 150 for all times ¢y and 4, (IV.4)

a fact preventing a simple formal solution of the integral

equation for W (is,t1) of (I.17). Furthermore, 3C;(¢) has

one term /g, which is not explicitly time dependent.
From (1.17):

R (T) = 11132 TI‘[Lsz (lz,h) LxW(lz,il)],

& (IV.5)
rvawo=1~¢j'[m+wm0+hxoﬁvmnwa

Now in the limit @— o, %;(f) and %.(f) oscillate
infinitely fast and generate the unique asymptotic
solution :

w (t27t1) = ¢~ tho(ta—t) = e—ihor’

R(7)=Tr[ Lyt e~th]

because by the operator generalization of the Riemann-
Lebesgue lemma!®

(1V.6)

t2
lim f [ha() -+ ha(l) Jeho=00ds — 0, (IV.7)
—00 U

the validity of which rests upon the property that the
matrix elements of e~ ot~ ogcillates with a frequency
of the order of magnitude @;; and so cannot be coherent
with an arbitrarily large @ frequency. We observe that
in the limit of ultra-high rotation frequencies the
residual resonance energy absorption line shape is again
simply related to the Fourier transform of the function
prescribing the temporal relaxation of any transverse
magnetization. A comparison of the Hamiltonian 3¢,
describing the static lattice and %o:

3¢,=3 As;(1;-1;—31- A1, ) (1—3 cos?0;,)
+2 Bl 1y,
o=3" MN(©®)A4 ;;(1;-1,—31,;- H1;- 1) (1—3 cos?d ;)
+2 Bijlio 1y,
—1<2<1

(1V.8)
ANB®)=(3 cost®@—1)/2;

reveals a strong resemblance between the two.

Suppose that B;; is either zero or negligible in com-
parison to the dipole-dipole interaction strength 4 ,;
and denote the experimentally observed lattice relaxa-
tion function for the static solid by G(7):

G, (T) =R (t)experimental,
Gy(r)=Tr[ Ly exp(i3€,r) L, exp(—iseir)]. V)

The exact relaxation function G,(r) for the rotating
lattice in the ultra-high rotation frequency limit is then

16 T. Apostol, Mathematical Analysis (Addison Wesley Publish-
ing Company, Inc., Reading, Mass., 1957), Chap. 15, p. 469.
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predicted :

GA\7)=GA®)7r], G.(1)=G.A\=1,7), (IV.10)
where &;;=0;;. (IV.10) follows from the observation
that 3C, and %o always occur in the combination 3C,r
and ket in R(7). Given the experimentally observed
function G,(7) at one angle O, its form at all angles
follows if the internuclear interaction is predominantly
of the dipole type. It is important to note that exactly
the same statements (IV.10) can be made for a
powdered sample.

As the angle between the axis of rotation and the
magnetic field is gradually increased from zero, the
function G(7) is dilated by change of scale along the
time axis. In addition, the moments of the rf absorption
line T'(w) as a function of ® change in a predictable
manner :

M. ()= MnD\ (®)]":
" M,=M,(©=0) (static lattice moments) (IV.11)
(pure dipole interaction).

A method for determining the strength of the
‘“‘exchange interaction” coefficient B;; will now be
outlined. The variation of the angle ® is an experi-

mental method for weakening the effective strength of

the dipole interaction coefficient, or view another way,
of strengthening the effective ‘“exchange interaction”
coefficient, B;;. In fact, the dipole interaction is effec-
tively zero for ®@=cos (%)% Supposing now that for
A(®)=1 the dipole interaction completely dominates
the line shape, we can increase ©® until G.(r) is no
longer given by (IV.10). At this point the exchange
interaction will dominate (since the dipole interaction
strength has been decreased in magnitude by as much
as was necessary). Now a knowledge of the second and
fourth moment of the residual resonance absorption line
enables the calculation of the relative magnitude of B;;
to A4j, a possibility first indicated by Van Vleck and
Gorter'” in their treatment of nuclei interacting with
strong exchange interactions. We defer until the next
section the calculation of the moments of the line for
rotating lattice.
At the angle ©=cos™'[ ($)¥]:

G- (r)=Tr{L,exp[i 3 Bijli-L;7]L,
Xexp[—i 2 Byli-1;7]}=TrL2,

and so 7T'; becomes “infinite” (=T'), a phenomenon
which can be experimentally investigated. Finally,
attention should be directed to another criterion for
B;;=0, the independence of G,(\,7) on the sign of A:

Gr()\,T)ZTI'{Lx exp['i Z pVZ| w(lz l,—-311ﬁl,ﬁ)]L,
exp[— X M ;(1:-L,—=31;-A1;. )]} (IV.13)
=G,(—M\, 7) (pure dipole interaction).

(IV.12)

17 C, Gorter and J. Van Vleck, Phys. Rev. 72, 1128 (1947).
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In summary, the lattice at ultra-high mechanical
rotation frequencies @/4,7>1; Q/B;>>1 provides a
means of controlling the relative strengths of the dipole
and “exchange” internuclear interactions and thereby
studying the effects and magnitude of each.

V. ROTATIONAL MODIFICATION OF THE
ABSORPTION LINE MOMENTS

Because the attainment of mechanical rotation
frequencies necessary to produce the limiting situations
discussed in Sec. IV is still, for some resonating solids,
a refractory experimental project, the consequences of
crystal rotations of intermediate frequencies (~10* cps)
are of practical significance.

In order to write R(7) of (I.17) in a more readily
evaluable form, we observe that

T AL, AL,] .
=TrL£+; — Tr[ A teie Ao | oo, (V1)

do

where A =arbitrary operator, and so
2

1 d
R(T)= hm TI‘(L;) +—- —_— TI'I:WT (tg,tl)
T 2! da?
XW’(t2,t1):|ll!=0 )

Wt t) =1—i f ”:fc,-(t)W(z,tl)dt, W

t2
W (tat)=1—1 f 3¢ (W' (¢,t)dt,
t1

C‘Cil (t) =¢ilza JC,-(t) e iL:uu’
t2= T+T, t1= T,
The remaining problem is the evaluation of
TI[WT (lz,h)W’ (tz,ll)].
To this end, we first find 3¢;'(#) from 3C;(¢) of (IV.1):
3¢/ (1) =etl=a3C;(t)e~ L
= 3(31,(15)'—3 Z A ”[1 ) COSZGU(O]
X (4 —1:717) sin’e
-3 Z A ”[1—3 COS%@;‘(i)]lizl_f sin2a,
A ;;(1—3 cos?d;;(1))
= a;+bi; cos(QU+ i;—P)
+cij cos2(Q+ pi;—®),

a3j, bij, and ¢;; are defined in (IV.3). Use has been made
of

(v.3)

eilsa] . Lgmiloa=];.1;,

eilza] 7] ze=ilea = (]2 cosa+1.¥ sina) (;7 cosa+-1;¥ sina)
=174+ (1M 2—177) sin’a

+ (A2 +1:07) sina cosa. (V.4)
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It does not appear possible to solve the integral
equation for W (¢s,t1) and W’ (45,41) in closed form. How-
ever, as we demonstrate below, if the integral equation
be solved by iteration, only the first # iterates con-
tribute to the #th moment. Hence, an iterate solution
is sufficient for the calculation of absorptive line
moments:

W (tasn)= 5 (—i)"Ta(lasl),

n=0
Ia(tohh)= f dslf dsg- - f dsy 3Ci(s1)
(V.5)
X 3Ci(s9) -+ - 3i(Sa),
I0= 1,

and

W' (to,t1) = Z(“i)"f '(tat),

I/ ()= f ds, f ds- - f s i) (V.6

X 304 (s9) + - 3¢ (s0),
Io’=1.

The substitution of (V.5) and (V.6) into

Tr[ W (o, t) W' (t2,11) ]
yields ’
TrWi(te,t0) W (£,1)

—Z(—t)"{Z( ) Tl "1} (V.7)

n=0

That all the odd-order terms, i.e., # odd, are zero is
now to be demonstrated. For » odd:

2
dga— TZ_O( ) Tr[I A s’ | amo
=} f i( ) Tl LAy =L L] | o
2 da? r=0
1 &

=50 E( )Y {[Tr(I )]
—[Tr(I A ) 1%} | amo
&
—1——— S (=) Im Tr[ I nr']] azo,

ar—-—{]

(v.8)

where we have used

a2
. tpiloa] y—iLza
P Tr[ 1 feilea] 7] gm0
d2
=— Tr[ 1, ,fe~ el gilae]| ,_o. (V.9)
0
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Now (d?/da?) Tr(I,11,_,")| a=o is real because 3C; and
3¢,/ can be chosen as real if the ordinary representation
of the angular momentum operators is chosen, viz., [,*
and 1,7 has real, /¥ pure imaginary matrix elements. The
proof of the reality of the trace in such a representation
rests upon the observation that although ;¥ is pure
imaginary, it always occurs an even number of times in
the traces of form (V.8). [The term

-3 Z A“(I—S COS20ij(t))liyljz sin2a

must itself occur an even number of times in any non-
vanishing trace of the form (V.8) because its coefficient
sin2a is an odd function of a. | Thus the odd-order terms
in # of (V.7) vanish.

For the even # terms of (V.7), one can effectively
write

> (=) TilT, /] —

in—1

2 Z (=) TrlI, -]
+( ),n Tr[ln/21ln/2,] (V].O)

by reasoning similar to that given above for the odd #
terms and the observation that

(@/do®)[TrI,/ )= (d*/da®)[T1I,]=0.

A second general property of (V.7) to which allusion
has already been made is

dm
o Z (=) Tr[LA (o) L ns (t2y1) ][ t2=12=0
r=0
’ for m<n, (V.11)
the theorem being a consequence of
——In(lfg,lfl) l t2=t1=0 for m<n,
2m
—In’ (tz,tl) ] to=t1=— 0 fOI‘ m<n, (V12)
dt,™
ar ; f(m dlta d™%
—ab= — .
dim 1=\ ) dit dymt
If the following definition is adopted :
r-]:‘rl:I/V]L (t27ll)W,(t2:t1)]*=“Z Sn)
n=0
Sa={(—0)" ;0(_ )y Tl 11}
(V.13)

={2 53] (=) Tr[I,i,-."]

r=1
+ (=) Tr[LnpotTnpe’ 1} (=),
S'n=0, n Odd,

7 even
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then @2S/do?| o—o=0 and the first nonvanishing S is Se:

Sz= +TII:I1T11’],
2] t2
Il:f Jci(s)ds=f {Z A”(lzl]-‘sliﬁl_,ﬁ)
t t

X(1—3 COS20U(S))+Z Bijl¢~lj}ds, (V14)

t2 2
I1/=f 5(1/(s)ds——> f {——3 Z A”[1—3 COSQHij(S):I
t1 t1

X (147 —17) sin®a}ds.

Here 3C/(s) has been replaced by its only member
which does not vanish upon operating with d¢?/do? and
evaluating the result at a=0. The traces in .S, are
evaluated without difficulty:

TI‘[L’ * lj(lmylny— lmzlﬂz)]: 0’
Tr[lfljz (lm'ylny - lmzlnz) ]1 #m =n

= — (D2 F(041) 24-1) P[6imd jrt-8:nb jm |-
(V.15)

Appendixes C and D contain several remarks on the
evaluation of traces which are encountered in (V.15)
and in Ss.

Both I; and I, contain the integral:

t2
f A ;[1—3 cos®0,;() 1dt
t1

= ftZEaij+bij cos(Q+ ;;—)
) +ci; cos2(U+ i;—®) 1di
=asj(la— 1)+ (2b:5/Q) sin[3Q(ta— 1) ]
Xsin[3Q(tet+11)+ ¢i— ]
+ (cij/Q) sin[Q(ta— 1) ]

Xsin{2[3Q s+ 1)+ @ii—® . (V.16)

With to="T-+1, ty="T:
t2
lim 4. f [1—3 cos®9s;(1) s
—00 f
t2
XAmnf [1—3 cos?,,.,(¢)]d¢
121
VA

=00t 2(Bibmn/ Q) coS(@i;— @mn) sin?(3Q7)
+%(Cijcmn/92) COS[2<‘PU— Qomn)] sin®Qr,

T= 12“‘ il.
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We now have R(r) approximated for small times = by:
R(r)=TrL2—23Y 3[I(+1)/3214+1)¥
X[aifr+2(b:2/ Q) sin®(3Qr)
+%(c:2/Q?) sin?Qr ],
TrL2=NI({+1)(214-1)V/3,
where N =number of nuclear spins,
a;;=A:;(1—3 cos?¥;;) (3 cos’®@—1)/2,
bij=—%A,; sin29;; sin20),

Cij= —%A i sin"’z)‘ij Sil’12®.

(V.18)

Although only a power series development of R(7) up
to 72 is needed to find the second moment of the absorp-
tion line, the terms oscillatory in Q have purposely been
kept in (V.18). The expected invariance of the azi-
muthally averaged second moment against motional
narrowing is a consequence of the expansion:

2\2 1 /7Q\2
(—) sin2(%97)=72———(-) .,
Q 31\ 2
2 1

1
(—) sin®Qr=72——Q74 4. . .|
Q 3!

(V.19)

because the coefficient of 72 is independent of Q. By
putting in the form (V.18), the uhf rotation limit is
again exhibited :

slzim R(r)=Tr[L2]—-23 3[I(+1)/3F
X (2+1)Va, 272,
sin?($Q7)

lim ———— =0,
Q-0 Q2

(V.20)

in agreement with the more general results of Sec. IV
[in particular with (IV.11)]. Note that in the uhf
rotation limit the second moment of the observable
residual line is decreased by the motion while the sum
of the second moment of the unobservable distant
satellite lines and that of the residual line add up to the
azimuthally averaged static lattice value.

As in the case of magnetic resonance in a static
lattice, the evaluation of .S4 involves a large number of
essentially trivial manipulations. From (V.13), we find:

S4= -2 Tr(I3fI1,)+TI'(I2fI2,),

t2 S1
Iz*—“—f dslf dsy 3Ci(s2) 3C4(s1),
t i

t2 81
Iz'=f dslf dss 3¢ (s1) 3¢/ (s2),
) (V.21)

t2 81 82
I3T=f dslf dSzf dss 3(37;(53) 5C1;(Sz)5ci(81),
2% 51 t1

t2
Ill=f ds1 5(3,"(81).

i
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We delimit considerations of Sy to the specific case:

B;;=0, [see Eq. (IV.1)]

O=x/2, [see Eq. (IV.3)]. (V.22

The more general case results in expressions which are
almost identically algebraically constructed but multi-

t2
fz‘j(T,T)Ef A i[1—3 cos;;(s1) Jds1,
121

173 81
fij,kl(T,T)EAz‘jAklf dslf dss[1—3 cos?0;;(s2) J[1—3 cos®ri(s1) ],
t1 t1 .
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plicatively increased in length. Besides, the choice of
®=x/2 implies b;;=0 and hence as far as the formal
calculation is concerned the rotation frequency is
effectively doubled since now Q@ always enters with a
coefficient of 2.

With the restrictions (V.22) in mind, we introduce
the following symbols:

(v.23)

&2 81 83
fij’kl,mn(T,T)EAijAklAmnf ds,f dszf dss[1—3 cos0:;(s3) J[1—3 cos®0r1(s2) JL1— 3 cos20ma(s1) ],
t1 t1 t1

A {1—3 cos;;(t) 1= ai;4-bi; cos Qi+ oi;— D) +c45 cos2 (U+ ¢i— D),

with a;j, bij, and ¢;; defined in (IV.3). The forms of the f’s are simple, but tedious to calculate. In terms of these f’s,

S4 can be rewritten as

Ss=2 fijprfmn,rs TIL(Le- L= 316212 (Ls- ;=324 #) e o (L L= 3ln?L0) (L - L, — 31,7 %) 2]

-2 Z fz‘j,kl,mnfrs Tr[(lm ln'— 3lmzlnz) (lk ll_3lkzllz) (L l]._ 3lizljz)eiLa:a(lT. ]s_3lrzlsz)e—iL;a]’

and further:

1 &
lim — —S,
T—®0 2 ! da2 @0

=Z Hm(fij,klfmn,rs)T(l)'ij,kl,mn,rs_z Z Hm(fij,kl,mnfrs)T(z)ij,kl,mn,rs;
T—0 T—w

(V.24)

(V.25)

where T® ; 11,mn,rs A0d T® 55 11,mn,rs are tensors formed from the traces over the angular momentum operators:

TWw i lymn,rs= 30 Tr[(lk P 3lkzlzz) (lz lj— Slizljz)lmylnzlr”lsz]

-3 Tr[(]k - 3lkzlzz) (l, lj“"slizljz) (]m - 3lmzl,,z) (lz . ]3—3lrzlsz)],

(V.26)

T® if klmn,rs™= —‘g‘ Tr[(lm : ln_ 3lmzlnz) (lk . ll—slkzllz) (lz : lJ'_' 3lizl1'2) (lr : ls_ SZTZZSZ)]-

The somewhat lengthy result of evaluating 7® i; x1,mn,s A0 T® ; 51,mn, s is relegated to Appendix D. If only the
terms which contribute to the fourth moment be kept, the limits contained in (V.25) are

}im Fiikifmnire= Qii0110mntrs(TY/4) F @011 mnCrss cOS[2(@ii— or1) 72 (sin?Q7) /402
—00

4450116 mnrs COSL2(Pr1— Omn) 1(7/22)? SI*Q7 44 011G mnCrs5 COS[2(0ii— @rs) 1(1/2Q)? sin2Qr

F@iiCkiCmntrss cOS[2(@ri— @rs) 1(7/2Q)? sin?Qr

+Cij6klcmn5rs% COS[Z(@M"" Pij ™ Pmn— ‘Prs):l (sin297/49'r)2,

(V.26a)
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lim fij,kl,mnfrs: aijaklamnars—+cijcklamnars COS[Z((Pij_ ﬁokl)]_[—_
T—o0 6 Q
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sinZQr]

20 402

l T SiIIZQT T
+Cijdklcmnars COSI:Z((Pmn— (P’if)]‘[ ——]
201 492

T T
+a'ij6klcmna7's COSI:Z((pmn— Sok‘l):l—‘[—"‘—

20L4Q

2Q

sinZQr]
8Q2

sinQr[ 7 cosQr 1

+C7;j(1kl(lmncrs COS[Z(‘PH— §01‘s)]
402 L

sinQr[2

Fa:5Ck1BmnCrs COSL2(Pr1— ¢rs) ]

2

T2
——sinQ7r+— sinﬂr]
2

2Q 202

—sinQr—27 COSQT]
8Q2LQ

sinQr . 4r 4
+@4011CmnCrs COS[2( Pmn— @rs) | [47-2 sinQr—+— cosQr—— stq-]
2Q Q Q2

3

sinQr

+Cij5kl5mncrs
802

[cos[z(wﬁ— Chi— Pmn— ‘/’rﬂ)][

TcosQir 1 1
—— sinQr—— sinQr cosZQr]
40 802 802

T 1
+cos[2(pmnt ori— @ij— <p,.s)]|:— cosQr—— cosQr sinZQr]
49 802

T sinQr
+cos[2(@mnt @ii— ori— <p,s)][—— cosQr—%———*—] } (V.26b)
29 202

Equations (V.26a) and (V.26b) again demonstrate
how the asymptotic limit is recovered for large Q. In
addition, it will be observed that the final expression for

1 a2
lim { ——S, )
T2\ 21 da?

is independent of &, the arbitrary phase angle of crystal
orientation. That such should be the case is a con-
sequence of the equivalence of averaging over ® and
of taking the limit T— «. Putting together (V.25),
(V.26), the expressions of Appendix E, and the previous
result (V.18) yields R(7) correct up to terms in 74:

1(+1)
3

R(r)=TrL2—-2Y 32( )2(2l+1)N

2

1% 1 C; 2
X [a¢j272+2—1— sin?(39Q7) - = sin%]t]
Q2 2

2

1
+ lim — —S*

7= 21 do?

(v.27)

a=0

Note that the fourth moment which is calculated by the
prescription of (I.20) receives contributions also from
(V.18).

The method of calculation of the moments presented

in this section will, in a subsequent paper, be used to
evaluate the moments for specific crystal structures in
order to compare the results with the data to be
presented.

CONCLUSION

By high-speed mechanical rotation of a resonated
solid, new possibilities for the measurement of the mag-
netic properties of matter arise. For example, the
“exchange type’ interactions between nuclei in solids
can be measured by the method proposed in Sec. IV.
The prediction of the effect of spinning on the resonant
absorption line (Sec. V) also invites detailed experi-
mental verification. Perhaps the experiment most
simply suited to an exhaustive comparison with theory
is a resonance experiment on a quasi-isolated nuclear
pair rigidly bound in a solid lattice.

Further research along the line of resonance in rotat-
ing solids is indicated. Among the problems remaining
are the generalization of the formalism to the case of
nuclei possessed of a quadrupole moment and the effect
of rotation upon 7' especially in solids in a low external
magnetic field.
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APPENDIX A. TRUNCATION OF THE DIPOLE
INTERACTION HAMILTONIAN AND
THE uhf ROTATION LIMIT

An operator expression of the type l;-715-7 can be
mutated into a form where its properties under rotation
are more transparent:

11' 7 12' 7= (477'/3)2 Z ‘Hlm(ll)(ylm*(r) [ym'(lﬂ)(ylm’*(r)’
' ! (A1)

where Yin(A)=spherical harmonic polynomial in the
components of A= (4,,4,,4.) taken in the coordinate
system with the z axis along the applied external mag-
netic field. By introducing the definitions,

ZLM(llyl2)E Z, Cmm'MuL(ylm(ll)(ylm’(lf*)’
(A.2)
ZLM(I‘)E Z,Cmm’MnL(ylm(r)(ylm(r))

where Cpm a2 = Clebsch-Gordan coefficient, we find

(L-?) (1 7)= (4‘"'/3)2%{ Ziw*(0)Zou(Lil).  (A3)

Now Zzu(lily) when operating on a state with magnetic
quantum number M’ generates a state with magnetic
quantum number M'+M (Wigner-Eckart theorem!).
Hence truncation of the operator l;-# l,-# occurring
in the dipole interaction amounts to retaining only
M=0 terms in (A.3):

L7 1o ?— (4n/3)* X1 Z1o(1) Zo(Lils)
=11 12+ 2 (1 1o— 3L,7%2) 72 (1— 3 cos™),
Z 1ot (1)=Z1o(1),
Zoo(1)Zoo(lil) = §(3/4m)21;- 12,
Z10(0)Z10(11lz) =0,
Zo0(0)Z oo (1ily) = £(3/4m)22(1—3 cos?) (11 - 1,— 31:71:%).

(A4)

The reason why rotation of the lattice can control
the truncated dipole interaction strength rests upon
the decomposition of the form —[(1—3 cos?0)/2]
= Py(cosb):

P2 (COSB) = (471'/5)me Yﬁ’.m(ﬂ,‘P) Y2m* (®;¢)?

18 M., Rose, Quantum Theory of Angular Momentum (John Wiley
& Sons, Inc., New York, 1957), Chap. 5, p. 85

(A5)
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where the angles have been defined in (I1.5) and Fig. 1.
Rotation of the lattice causes ¢ to oscillate very rapidly
and so

Pz(COSB) - (47r/5)Y20(19,90) Yzo(@,q))
= Py(cos?)Pa(cos®), (A.6)

since only the m=0 terms of (A.5) are independent of
@. Py(cos®) is essentially the factor which controls the
strength of the effective dipole interaction.

APPENDIX B. ALGEBRA OF DIRECT PRODUCTS

The spin degrees of freedom of N spin-/ nuclei lead
to the consideration of a (2/41)N-dimensional space
representing the possible total spin states of the N
nuclei. Of the many possible bases spanning this space,
the one which is useful for our purposes is the base of
of ket vectors |mums:--my) formed from the direct
product of the base vectors of the individual (2/41)-
dimensional spin spaces characterized by a magnetic
quantum number » :

[myme: - -my)y=|m)Q |mo)® - - - @ |mn),

B.1
mi=l,1—1, -+, —I+1, —L. (B-1)

The direct product 4.®B; of two operators A,
operating in the #;-dimensional spin space of particle ¢
and B; operating in the j-dimensional spin space of
particle j is defined by

(mimj | A:®Bj|mmy=(mi| Aslm)mj | Bj|m;), (B.2)

often written simply as 4,B;. Some useful properties of
the direct product of two operators are:

(1) Trd 1® sz Tr4 i TI‘Bj,

(ll) Detd ¢A i= (DetA 1) nj (D etBj) "i,
(i) [4:®B;]'=47"®B;7,
(iv) [4:®B;][C:®D;]=(4.C;)® (B;D;),

v) [S:®T;[4:®B;][S'®T;™]

= (854S (T3B,T7).

Both traces and determinants are to be taken in
whatever space the operator following the symbols Tr
and Det are defined. If the operator 4, is to be evaluated
in the direct product space of the operators 4; and B;,
its unambiguous form is 4;®1;, where 1; is the unit

operator in the j space. But for N spin-l particles
Tr[ (17)?] usually means:

Tl (#)]=Ti1,®1:® - - ® (*)*® - - - ®1,.]
=t ()7 Ler1 ], (B4)

where tr signifies a trace taken in the (2/41)-dimen-
sional spin space.

Property (B.3.v) is of special significance—the direct
product of unitary transformations is a unitary trans-
formation. Thus: '

U=1:010-QU;®---Qly,

(B.3)

(B.5)
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where U;=unitary transformation in the space of the
jth particle, is a unitary transformation. Because the
trace is invariant under a unitary transformation (in
particular, the rotation operator about any axis is a
unitary transformation) and because of (B.5), we can
rotate a single nuclear spin or any number of nuclear
spins about any axis with impunity, i.e., without chang-
ing the value of the trace. Just this property has been
used extensively in evaluating the traces of Sec. V.

APPENDIX C. TRACE EVALUATION

To illustrate the techniques which proved useful in
the evaluation of the traces, a few specific examples
will prove sufficient.

First, the equality :

Trli-1; 2y ="Tel; 1 Lnlu? (C.1)

follows by subjecting the first trace to a unitary trans-
formation rotating all the nuclear spins about the x axis
through /2 radians and observing that 1;-1; is rota-
tionally invariant. Also if 25 j, m#n:

Trlizljzlmzlnz = [6im6jn+5in6jm][tr (lz)Q]Z

for, if 7 does not equal m or #, a unitary transformation
of the ith particle about the z axis converts the trace
to its negative. Hence 7 must be equal to m or =.
Similarly, 7 must be equal to the remaining unpaired
index. (C.1) and (C.2) provide the necessary traces
for the second moment calculation.

As an example of the more extensive calculations
required to evaluate the fourth moment, consider

T1=Y AiiBuiCmnDrs Trl1:# 70207l ,717 ),

(C.2)

‘/1ij=A.’fi; Bkl=Blk; Cmn=Cnm; D73=Dsr, (C.S)
Am Bkk"_Cmm—Df,-r—“o
By an argument similar to that following (B.2):

=2 Z A i,-Ble,,mD,,m Trlizlja’lkxlf”lmylﬂ”lmzlnz (C4)

for, if » were not equal to either m or #, a unitary
transformation of the rth particle about the x axis by
« radians would change the trace to its negative regard-
less of whether 7=r, j=7, k=7, or [=7 or not. Now,
because of the symmetry of the indices of A;;, B,

Cmny Drs :

Z 2 +2 X + X
k=m,l=m k=m,l#m k#m,l#m
k=m,l#m k##m,l#*m
and

T:=4 Z A ijBleknDkn Trli:cljxlkxllxlkylnylkzlnz
+2 Z 4 ijBlemann

kl#=m

XTl‘lfljxl/cxllzlmuln”lmzlnz. (C6)
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Continuing in this manner, we soon arrive at the result:

1=—4QI+1)" 37 AiBuC D

15k

m=+1
X[( él w?)/ 2+1)F. (C.7)

One more observation proved to be labor-saver:

Ty=3" AiBuiCnnDys Trl iUl 00, 76°

1 a d
= ZBkl ) Zcmn )
3\ Kl 041/ \mn 0A mn
(C.8)
4]
Z Drs )T2,,
rs aA rs

Ty = Z A ijA 11 mad s Trlixljzlkrllxlmxlnxlrxlsz_

The form Ty is much simpler to evaluate than T
because of its complete symmetry in the indices (i7),
(kl), (mmn), and (rs). When T9 is evaluated, the
polarization operator

%(Z aAk,) (Z C'""aA,,m) (Z "a4,,

generates the expression 7.
Finally, we append a table of “little” traces:

m=+1
@) w(p=E m=10+D @D/,
(i) tr ()= m{f_ : -

=[I(+1)(214-1)(324-31+1)]/15,
(i) o[ @) ]=[tr(B)2—3 tr(i=)*]/6, ©
(iv) tr[=e )= [trl=lvle+trlviels+i tr(12)2]/2
= [(trl#1¥l=) — (trlvi=ls)*
+itr(l9*])/2=4%i tr ()2,
) trl=pulely = trl=lelvly+-1 trl=vle,
APPENDIX D. THE TRACES TOy; 11 mn,rs
AND T®; i1, mn,vs

As already indicated in Sec. V, the evaluation of the
fourth moment of the nuclear absorption line shape
requires a knowledge of the following:

S(a)ij,kl.mn,rsETr[(li' lj_slizljz)
X (lk . ll_ 3lkzllz) (lmylnzlrylsz_—_l,

S® s wt,mn,rs=Tr[ (L;-1;— 3177 (1 1,— 31717)
X (L 1, — 30722 (.- 1,—3L.7,7) ],

D.1)
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in terms of which 7® and 7@ are immediately
obtained:

TD 5 k1,mn,rs= 305D 1, i, mn,rs—3S ®ka, i, mnorsy

(D.2)

7(2) —_— 3
T(z)ij-,k-l,mn,rs_ —?S(b)mn».krlv,ij-.rs)

S@ and S® in turn can be expressed in terms of seven
fundamental traces S® which we give below:

S@ 5 ktmn,re= 5SS D ij k1,mn,rs S P ij k1,mn,rs
—45® 5 1 mnirs— S D1, 7 mn,re
—S® 5 k1mn,rsy
SO 5 kt,mn,rs= 18{S® 5 k1,mn,rs S @kt mn, rs, 15
—I_S(G) ij.kl,mn,rs+S(7)U:kl:m"’m}'

(D.3)

The S are found to be
S1=2 AiiBriCnnDrsS WV ij,k1,mn,rs

=3 As;BiCmnDyrs Tr[L 07 n¥1,71,Y ]
a

Sy,

AN 0A uo
Si'=43 A:2C Dy tr (1) () Itr (%) 12+ 1)V
+4T A2CaDaltr (0]
~ X[tr(@=)2p2l+1)v-3
+8 Z_;,c A A aC D atr (=) (14)*]
J e ()2 4-1) 7
+4 EkA i?CaDa[ tr (=) Jtr () (21N

+8 > AijAjkBle,»l[tr(l’”)2]4(2l+1)N—4

ik, §71

+2 X

(i) #(kl)

A fCuDy[tr (=) (20+1)N 4,

Se=3" Ai;BuComnDrs Tr[L 7m0V ]
EZ Ai,-BlemnDrsS@)ij,kz,mn,rs

d
S,
20 wr 94y

Sy'=4" A:2C ;D [ tr(19)2(1%)*]
X[ tr(=)2 (1= (21+1) V-2
+8 3 A FfCuD [ tr (=)

%=k
X[tr ()220 183
+2 Z AijQClekl[tl'(l’P]‘l(ZZ‘}“I)N"4
(ig) #(kl)

+8 A i;AwC D[ tr ()2 [tr (1741%) ]
X [tr (=) ] (21+1)¥-3,
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S5=3 Ai;BtiCmnDrsS® 5 k1, mn,rs
=5 A 4 BuConnDre Tr[leL sl 1,51,
=4S A4Bi;CoiDa[trlvelv]
X L= (20 1)V~
4T A BuCaD el 1]
] XLt s
+4 3 AiBaCiDal tr(17)*]

i#k
X [trlalol= ] (20+ 1) V-3
+4 Z A ijBleikDﬂ[:tr(l’)ﬂ“ (21—,— 1)N_4,
1%, §#k

Ss=3" A ;BrilComnDrsS™ i 11,mn,rs
=3 A:;BuCrnnDyrs Tr[1:A 7 ml9,75Y ]
=4{—2 Ai;BaCitDir+2 AiiBiuCiD
+>° A ;B iiCinD s} [tr (%)X ][ trl=lvl]
XLt ] (204-1)8-3,
Ss=>_ Ai;BuiCmaDrsS® 5 1,mn,rs
=3 AiijBuiCumnDyrs Tt 77 0077 ]

1 0 aJ
——(x Ba ) S Cos )
31\ & (9Akl mn aA,,m

X ZDrs

3
)
aA rs
Sy'=83 A A[tr(I7) P(2+1) V-2
+48 3 A2 A 2L tr (=)L (19)4] (214-1) V-
k#j

+12 > A ARt (72 (20+1) N

(k1) #(47)

+48 Z A ijA ad le kl[tr(lz)2]4(21+1)1"_4.
171

Se=>_ AiijBrilConnDrsS® i 11.mn,rs
=3 Ai;BuiCnnDyrs Tt 7Yl Y0V ]
=83 A;By;CiiD [ txl#levly (214 1) N2
+16 3° A;;Bi;CoirD [ trlel=lvlY]

i#k
X[tr@=) 241y
+4 Z AijBi,Clekl[tr(lz)Zj"(2H—1)”‘4,
() #(kl)

S7=2" A iBrComnDreS P i k1,mn,rs
=3 AiiBuComnDye Tr[L o L1,
=8% A;By,CiiDytelelvl=lv P(21+1)V
+16 ZkA iBaiCaDaf trlel=lvy ]
’ X[tr(=) P I+1)N-3

‘1["4: E A ,;jB,'jCkszz[tl’(fx)234 (21"’1)‘]\]7’4
(7)) # k1)



