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The theory of both nuclear resonance energy absorption and the relaxation of a coherent magnetization 
transverse to an applied external magnetic field is developed for nuclei in a mechanically rotating solid. The 
consequences of the formalism in the simple case of a solid composed of effectively isolated nuclear pairs is 
presented. For the more general nuclear lattice, a procedure for isolating and experimentally measuring 
the "exchange" interaction between the nuclei in the solid is proposed. Finally, the moments of the energy 
absorption line shape for the rotating solid are investigated and the second and fourth moments are explicitly 
calculated. 

A SYSTEM of nuclear spins regularly disposed at 
lattice sites sitting in an external magnetic field 

and interacting among themselves via spin dependent 
forces constitutes a many-body system which can be 
explored both experimentally and theoretically by rela­
tively simple techniques. The theoretical study of the 
resonance absorption of energy in a static lattice was 
initiated by Van Vleck1 just after the introduction of 
magnetic resonance techniques2,3 for exploring the 
structure of solids. A procedure alternative to resonance 
absorption measurements is available-—the study of the 
time dependence of the coherently induced magnetiza­
tion transverse to the applied magnetic field. This latter 
method gives essentially the same information as 
resonance absorption studies for the case of the static 
lattice.4'5 

In this paper we set ourselves the task of determining 
both the nuclear spin absorption spectrum and the 
behavior of the transverse magnetization of a mechani­
cally rotating lattice. Preliminary work on the trans­
verse magnetization in a rotating solid has already been 
carried out by Lowe.6 In addition, some of the results 
which are obtained in Sec. II below have been given 
independently by Andrew and Newing7 in their study 
of internal pair rotation in a solid. However, our pro­
cedure is based on rigorous quantum mechanical prin­
ciples and so differs from the previously given local 
magnetic field calculation. 

The conditions under which the calculation will be 
carried out are: 

(a) Rigid lattice. The absolute value of the separation 
of any pair of nuclei is invariant. The rigid lattice is 
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to be contrasted with the static lattice wherein the 
vector separation of any two nuclei is an invariant. An 
ionic crystal such as CaF2 will provide a sufficiently 
rigid lattice structure. 

(b) Large external magnetic field. The nuclear spins 
are bathed in an external magnetic field which is large 
compared to the magnetic field seen by one nucleus 
due to all the other nuclei. As a consequence of this 
condition, the energy levels determined by the Zeeman 
energy of the spins in an external magnetic field, i.e., 
the Zeeman levels of the solid as a whole, are well 
defined. The internuclear interaction then splits the 
Zeeman levels of the solid into many sublevels but 
does not to any detectable extent mix Zeeman levels. 
With magnetic fields of a few thousand gauss, this con­
dition prevails for all the solids on which nuclear para­
magnetic resonance can be performed. 

(c) Neglect of spin-lattice interaction. The spin-
lattice interaction is assumed weak compared to the 
spin-spin interactions and, a fortiori, to the spin inter­
action with the external field.8 

In the language of magnetic resonance phenomena, 
we demand that T2<^Ti, where T\ and T2 are the phe-
nomenological relaxation times introduced by Bloch9 

to describe the spin-spin and spin-lattice interactions, 
respectively. For CaF2, for example, T2=40 ^sec and 
Ti=20 sec (room temperature). 

(d) "High" magnetic temperature. The Zeeman 
levels of the solid in an external magnetic field of 104 

gauss are almost equally populated for temperatures 
above 10~3 °K. The assumption of a high lattice tem­
perature will simply mean that the difference in Boltz-
mann populations of the magnetic levels is very small. 

(e) Neglect of nuclear electric quadrupole and mag­
netic octupole moments. The intrinsic electric and 
magnetic properties of the nuclei, other than electric 

8 Of course, we do include the modification of the dipole inter­
action of the nuclear spins by the mechanical rotation of the 
lattice which can be looked upon as a type of lattice-spin inter­
action. 

9 F. Bloch, Phys. Rev. 70, 460 (1946). 
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charge and magnetic moment, are assumed to have no 
effect on the resonance process. 

To motivate the study of resonance absorption in a 
rotating lattice, it need only be observed that the part 
of the magnetic dipole interaction Hamiltonian which 
operates within a Zeeman level between two nuclei in 
an external magnetic field is anisotropic, and varies 
both in sign and magnitude when the internuclear 
vector is reorientated with respect to the magnetic field. 
Hence, the possibility arises of controlling the magnetic 
dipole interaction strength by partial or complete rota­
tional averaging. By using the mechanical rotation as a 
switch for regulating the strength of the dipole inter­
action, other isotropic internuclear interactions in the 
solid can be relatively enhanced and so more easily 
studied. The order of magnitude of spinning frequencies 
(£2) required is readily surmised: £2=1/r2 . For CaF2, 
12^2.4Xl04rad/sec. 

In Sec. I, we develop the general formalism for com­
puting the nuclear resonance absorption line shape and 
apply the results in Sec. I I to the simple example of a 
nuclear pair imbedded rigidly in a rotating lattice. The 
problem of the relaxation of transverse magnetization 
in a rotating solid is treated in Sec. I I I . In the limit of 
ultra-high frequency (uhf) rotation (0^>l / r 2 ) , the con­
sequences of rotation are especially simple and form the 
subject matter of Sec. IV, where a method for measuring 
the isotropic "exchange-type" internuclear interaction 
is proposed. Finally, the conventional procedure of cal­
culating the absorption line moments is pursued in 
Sec. V, for the nonstatic lattice. 

In a future paper, a comparison between theory and 
experiment will be given as well as the detailed numerical 
evaluation of the theoretical expressions for the specific 
solids of interest. 

I. GENERAL FORMALISM. THE RESONANCE 
ABSORPTION LINE 

The atomic nuclei which reside at the lattice sites of 
a rotating solid can be considered as essentially struc­
tureless entities except for an intrinsic charge and an 
intrinsic magnetic moment. An intrinsic electric quad-
rupole moment or magnetic octupole moment is 
excluded by assumption. Our interest is in the energy 
levels of the aggregate of nuclei in the solid, more 
specifically, those energy levels which depend on the 
orientation of the individual nuclear spins. 

Consonant with the restrictions which are assumed 
to prevail and which were outlined in the Introduction, 
the only interactions to which the nuclear spins will be 
subjected are: 

(a) The interaction with an external field H which 
is describable by the Hamiltonian associated with the 
Zeeman energy10: 

3C.= - 7 £ l r H , (LI) 
10 Units with ^ = 1 are employed. 

where y = magnetogyric ratio of nucleus. In the follow­
ing we have tacitly assumed that all the nuclear y are 
equal but this restriction is easily lifted. 

(b) The internuclear interaction (3C»), which we 
need not specify here except to note that 3Ci(t) will be 
explicitly time dependent if the lattice is mechanically 
rotating. Since the Zeeman levels are assumed to 
determine the gross structure of the energy levels of 
the solid as a whole, 3C4- is a small perturbation on 3C2 

and consequently its effect is to split the highly de­
generate Zeeman levels into a fine structure and to mix 
but negligibly the distinct Zeeman levels. 3C*(/) can 
then be truncated so as to commute with 3C2: 

[3C*,3et-(*)] = 0 [truncation of 3C<(*)]. (1.2) 

We also note that, in general, 

[5C,(/i),5C,(/2)]^0 iih^h. (1.3) 

(c) The rf magnetic field interaction which is of the 
form: 

3Crf(0= - 7 E l-HP f (0 , H r f (0 = Hrf cosco/. (1.4) 

#rfE= |Hrf j = amplitude of exciting rf magnetic field. 

The rf field is taken to be so weak that the first-order 
perturbation effect of 5Crf (/) alone is important, i.e., the 
saturation of the resonance is precluded. 

Let \p(t) denote the probability amplitude describing 
the state of the nuclear spins. Then the Schrodinger 
equation of motion is 

ify(t)/dt= [ 0 e , + 3C<(0+ 3Crf ( 0 X 0 - (I.S) 

To solve (1.5), we make the following sequence of 
canonical transformations: 

(i) *(0 = exp(-*3e.0*'(fl, 
(ii) M) = W(W(t), 

where idW(t)/dt= Wi(t)W(t); W(0)=1, 

(iii) r{t)^U{tW"{t\ 

where 

idU(t)/dt=3Cr/(i)U(t); U(0) = 1, 

OCrf'(t) = W^(t) exp(i3Ca*)3Crf(0 exp(-iWzt)W(t), (1-6) 

so that 
t(t) = exp(-i3Cj)W(t)Um(0), 

W(t) = l - i ( 3Ci(t')W(t')dtf, 
Jo (1.7) 

U(t) = l-if Wti'(t')U(t'W. 

In view of the postulated weakness of the rf excitation 
U{t) can well be approximated by the first iterate of 
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the integral equation which it obeys: 

U(l)->l-if 3C r f '(/ ')*'. (1.8) 

3Crf(/) induces transitions between the Zeeman levels 
when OJ is in the neighborhood of the Larmor frequency. 
If the original state of the solid at time / = 0 is specified 
by the total quantum number m and the sublevel index 
a, then the probability of having made the transition 
to the level with quantum number w! and a at time T is 

mct-*m' a 

= \(mW\ exp(-iWzT)W(T)U(T)\<ma)\c< 

==\(mW\W(T)U(T)\ma)\2. (L9) 

The final state can either have higher or lower energy 
than the initial depending on whether the rf field 
induced emission or absorption. (Spontaneous emission 
is always negligible.) 

For a solid in thermal equilibrium the net prob­
ability of the solid having absorbed energy at time T 
is the probability of a Boltzmann populated level 
jumping to a higher level minus the probability of a 
Boltzmann populated level jumping to a lower level: 

-PEn 

P(o>,T)= £ \\(mW\W(T)U(T)\ma)\2-
Z 

p—$Em'a.' 

\{ma\W(T)U(T)\mW)\2-

Z=X)er-^»»«, f3=(kT)~\ 

(L10) 

The dependence of Ema on a and Em*a* on a can be 
neglected at any realizable temperature in the cases 
which we shall consider. Now W(t) can be removed 
from the expression (1.10) by noting that 

£ « ' W*(T)\m'a'Xm'a'\W(T) 

= E«'|wV)(wV|, (i.ll) 

which is a simple consequent of the unitarity of W{t) 
in the subspace defined by m! since [W(t), y Yl li*2 = 0. 

In the limit of sufficiently high temperature (room 
temperature in most experimental situations) the 
Boltzmann factor can be expanded and only the first 
nonvanishing term retained: 

P(«>,T) = K E \(m'a'\U(T)\ma)\2 

ma, m'a' 
m T^m' 

= * T r [ f dtf dtf 3Q,ri'(t)W,ri'(t')\ (L12) 

where P(Em>a>—Ema)^fiuL\ (ma\ 3CTi(t)\mP) = 0, G>L 
— Larmor frequency=y | H |, and K = (fia>i)/ (2Z). In 
the future, all constants, unimportant for our pur­
poses, will be designated by K. 

The following identities are useful: 

(i) W (/') Wt (/) = W (/') W-1 (/) = W (/',/), 

where 

W{t',t) = \-i f 3Ci(t")W(t",t)dt", 
J t 

in) e x p p 3 C , ( / ' - 0 ] 7 E UxHvi e x p [ - i 5 C , ( / / - / ) ] 

= HTi{yT,hx coslyH(t'-tn 

+ Y Z ^ s i n [ 7 W - 0 ] } , 

(iii) UTi=Hrix; E=Hz; 

Ti{i:yli*coslyH(t'--t)]WW,t) 

X Z 7 ^ s m [ 7 W - 0 ] W , 0 } = = 0 . (1.13) 

The last expression in (1.13) is valid only if W (t',t) is 
invariant under a unitary transformation which rotates 
all the spins about the x axis through IT radians. For all 
the explicit forms of 3C*(0- which generate W(f) this 
will be true. With the use of (1.13), P(ca,T) simplifies to 

r
T rT I cos[co(/ /- / )]+cos[co(^+0] ] 

P(O>,T) = K\ dt\ dt'l 
Jo Jo \ 2 

XcosyH(t'-t) T r { 7 Z li*W1(t,t)y 

. X E W ( ' V ) } . (1.14) 

Introducing the new variables r^t'—t: 

P(coyT) = KJ dtf dr{cos[cor]+cos[w(r+2/)]} 

X c o s [ 7 ^ r ] T r [ L ^ t ( / + r , t)LxW(t+r, / )] 

+KI dt'l rfr{cos[a>T]+cos[w(-r+20]} 

Xcos[7i?r] Tr[Z,JFt(/ ' , f-r)LxW(t\ * ' - T ) ] , 

£ * = £ * . - ' , (1.15) 

and the transition probability per unit time T (co) in the 
limit as T1 —̂  oo finally assumes the form11: 

dP(a>,T) /•+" 
r(w) = lim =K I cos[cor] cosVyHT~] 

T^ dT J-oo 

X H m T r [ L J ^ t ( r , T-r) 

XLXW(T, T-T)~\dT, 

lim W(T, T-T) = \ira W(T+T,T). 
T—>oo T—>oo 

(1.16) 

11 The limiting procedure which has been employed in deriving 
Eq. (1.16) can be justified physically by noting that the observed 
T (co) should not depend on the orientation of the spinning crystal 
about the rotation axis at / = 0. In later sections, we shall exhibit 
that the limit prescription is actually equivalent to averaging 
over the azimuthal angle of the spinning crystal at any instance, 
in particular, at / = 0 and that after such an averaging, the trace 
of Eq. (1.16) no longer depends on T. Of course, a powdered 
(microcrystalline) sample automatically incorporates an azi-
muthally averaged ensemble. 



838 J . D R E I T L E I N A N D H . K E S S E M E I E R 

I t should be noted that we can drop the term in the 
integrand containing cos[(co+7Z7)r[]- since only the 
resonance line about co=yH is of interest and indeed the 
experimental observable phenomenon. Also the term 
containing cos2o>r and sin2cor oscillates to zero in the 
limit T—» co for zo^yH simply because the trace can 
give rise to no term coherent with such a fast oscillation. 
Thus the resonance energy absorbed at frequency oo is 
proportional to 

r(co) = K I C O S [ ( C O - 7 # ) T ] £ ( T ) , 

£ ( r ) = lim TxlLxWKk,h)L,W{h,h)-], 
T—>oo 

t2=T; h=T—T, 

SCi(t)W(t,h)dt. 

(1.17) 

If the Fourier transform of (1.17) is taken, we find: 

R(T)+R(-T) 1 /-+°° 

2 2TK J-a 

iiv-yH^Y^dco, (1.18) 

ic can now be specified by requiring JL00
+coT(o))do)=l: 

K=127TR(0)J-\ £(0) = T r [ ( E ^ ) 2 ] . (1.19) 

From (1.18) the moments of the normalized resonance 
absorption curve about the Larmor frequency o)L=yH 
follows: 

(-yi* dnR(r)\ 

R(0) drn 
{n even), 

Mn=0 

M. 

{n odd), 

n = f (u-yH)nT(a))dw. 
J — on 

(1.20) 

,+<*> 

In particular, MQ=1 by (1.19). 
Formulas (1.17) and (1.20) are the required generali­

zation of the Van Vleck procedure for the case of a 
rotating lattice. 

II. APPLICATION OF THE GENERAL FORMALISM. 
THE ROTATING NUCLEAR PAIR 

As a specific example of the foregoing formalism, we 
treat the problem of a rotating solid containing nuclear 
pairs which to a first approximation can be considered 
as isolated. The background magnetic field associated 
with nuclei more distant than the nuclear pair partner 
will give rise to secondary effects on the line structure. 
In the static lattice the theoretical and experimental 
line shape of such nuclear pairs has been successfully 
treated by Pake.12 The following discussion will be 
limited to a pair of identical spin-J nuclei. 

12 G. Pake, J. Chem. Phys. 16, 327 (1948). 

The Hamiltonian for the spin pair in an external 
magnetic field is 

3 C 2 = - 7 ( l i + l 2 ) - H , (II . l) 

where y = magnetogyric ratio and H = external magnetic 
field, while the internuclear Hamiltonian is taken in the 
most general form13: 

Wi(t) = c1lvh+C2lvt(t)l2-t(t) -* CJLVU 

+c2[lvHl2'Hcos2d(t) 

+Ulvl2-lvHl2-H)sitfdm 
= l r l 2 [ ^ + i ^ s i n 2 i 9 ( 0 ] 

- ^ 2 l r i ? l 2 - i ? [ l - - 3 cos20(O], (H.2) 

where i ?=un i t vector in the direction of H and cos#(/) 
— f{t)'H. In effect, the Zeeman levels are so far sepa­
rated that any part of 3C*(2) which would mix Zeeman 
levels is negligible so that 3Qi(t) has been truncated in 
the above manner. A more detailed presentation of the 
truncation process is given in Appendix A. The explicit 
time dependence associated with a rotating lattice has 
also been indicated in (II. 2). 

For a pure dipole interaction ci= — \c2=yl/r% and 
(II.2) takes the form: 

_ 7 2 
3C<= [ l r l 2 - 3 l i - i ? l 2 - i ? ] [ l - 3 cos20(/)] (II.3) 

2rz 

(pure dipole interaction). 
The truncated Hamiltonian (II.2) is diagonal in the 

representation of the four-dimensional spin space 
characterized by the total spin L and the projection of 
the total spin along H, i.e., L-H: 

3 e , - | £ = l , A r = ± l > 
= Ll(ci+ic2 s i n 2 0 ) - ! c 2 ( l - 3 cos20)] 

X | L = l , M = d = l ) , 
X<|L==1,M=0> 

= l\{ci+hc2 sin20) + i c 2 ( l - 3 cos20)] (II.4) 

X | L = 1 , M = 0 > , 
3e<|Z,=0,M=0> 

= [ - i ( * + i < * s i n 2 0 ) + i c 2 ( l - 3 cos20)] 

X | £ = 0 , M = 0 > , 

Transitions out of the state | L—0, M=0) are impossible 
via an exciting rf field (since L| L = 0 , M=0) = 0) and so 
for the following calculations the state \L=0, M=0) 
lies dormant. In addition, because l r l 2 can thus 
effectively take on only its triplet state value 1, the 
subsequent calculation proves to be independent of c\. 

In view of this remark, only the explicit time de­
pendence of [1—3 cos20(/)] is needed. In terms of the 

13 That (II.2) is the most general expression for the interaction 
Hamiltonian of two spin-J particles is readily proved by observing 
that only three vectors (r, 1,12) are available with which to form a 
rotationally invariant Hamiltonian. Furthermore, the vector r 
must occur an even number of times if the particles are to be 
reflectionally equivalent. All invariant dot products thus formed 
reduce to one of the types constituting the expression (II.2). 
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(II.5) 

FIG. 1. The orientation of H and r relative to the rotation axis 
directed along the unit vector n. 

angles of the internuclear vector (d-,<p) and the mag­
netic field (©,<£) relative to the rotation axis taken as 
the polar axis (Fig. 1): 

{l-3Zf(t)-HJ}== -2P2(cosd) = a+b cos(ttt+<p) 
+c cos2 (Qt+<p), 

a=-(&r/5)F2 ,o(#, Qt+<p)Y2A&&) 
= - | ( l - 3 cos2#)(l-3 cos2©), 

&=-(&r/5)[F2ii(tf, 9=0)-F2 ,_i(tf, ^=0) ] 

XF2 i (0, $ = 0 ) = - f sin2@ sin2#, 

c=-(&r/S)[F2>2(i>, ^=0)+F2 ,_2(#, *=0)] 
XF2(2(©, $ = 0 ) = - f sin2# sin2@, 

where 12=rotation frequency. Note that in the rotating 
solid each pair rotates about an axis which can be 
taken through any member of the nuclear pair. 

The general expression for the shape of the nor­
malized absorption line is 

1 /-+00 

T(co) = I Jrcos[(a)-7i?)r] 
2TT TrL*2 J^ 

(H.8) 

Xlim Tr[TFt(fe,Oi.TF(/2,/i)iJ, 

h—T\ ti=T—r9 

i(t)W(t,h)dt. 

(H.6) 

and so the integral equation for Wfah) can be solved 
exactly: 

TF(/2,/i) = exp -i [ 3Ci(0* 

= exp —i I lvh[ci+ic2 sm26(t)~]dt 

{a+6[cos(Q*+*>)] 

+ccos[2 (fl*+$>)]}& 

= hc2{ar+{2b/Q) sin(Qr/2) 

Xcos[G(<r/2+^/G)] 

+ (c/Q) sinOr cos[212(o-/2+^/2)]}, 

From (II.8) and using li»l2=l, 

= Tr{exp[-ig(/2,/i)li.J?l2-J?]Zw 

Xexp[+ig(/2,/01i-i?l2-i?]i.} 

= 1 Tr{expPg(fe,/i)li-^l2-J?]l4. 

X e x p p g ^ / O l i - ^ h - ^ I - } 

= E <M|exp[-tg(^i) l i -^l2-d] | i l f) 
M=1,0 

X < M - 1 | e x p p g ( M i ) l r ^ l 2 - ^ ] | M - l ) 

= E exp ig(t2,h) ( ) 
M=I,O L V 4 / J 

= 2cos[g(Mi)/2]. (II.9) 

The limit T—+ oo must now be effected and to this 
end we employ the expansion14: 

exp(ia cos/3) = E ^nte) exp inl /SH— j I, (11.10) 

where /„(«) = Bessel function of the first kind of order 
n and argument a. The limiting process amounts to 
retaining only the nonoscillatory terms in 

rt2 

•Ml 

T'=(*/2+<p/Q) 

lim exp[ml2r/] = 5no, (11.11) 

For the two-particle case, 

lXi(t'),3Ci(t")l=0, (II.7) 

14 P. M. Morse and H. Feshbach, Methods of Mathematical 
Physics (McGraw-Hill Book Company, Inc., New York, 1953), 
Vol. I, Chap. 5, p. 620. 
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and so after (11.10) and (II. 11).is applied to Eq. (II.9): 

Jim e x p p g ( V i ) / 2 ] 

m=+oo rc2b I 
==expp(c2ar)/4] E ^-2m — sin (Or/2) 

m=-oo [_20 J 

XJm\ — sin (Or) exp — im~ 
140 J L 2 J 

f [c2b 1 [c2c 1 
= expp(c2ar) /4] | / 0 — sin (Or/2) J 0 — sin (fir) 

1 L20 J 140 J 

oo r c 2 6 1 
+2i E ( - ) m / 4 w - 2 — sin(0r/2) 

m=l |_20 J 

— sin (Or) 
40 J 

» r^2& i 
+ 2 E ( - ) m / 4 J —s in (0 r /2 ) 

m-l L20 J 

X/s J — sin (Or) . (11.12) 

With the use of (II.9) and (11.12), (II.6) is now 

1 /.+" 
r(co)== I J r cos[(co-7-ff)r]^(r), 

2vTi(L*)J^ 

R(r) = 2cosaT\jo\p- s i n f - r J / 0 U - s i n ( Q r ) 

* f 2 / 0 r \ " ) 
+ 2 E ( - ) V 4 m 0 - s i n ( — ) 

m=l L 0 V 2 / J 

XJi J - s i n ( O r ) 
(11.13) 

- 2 sinar 2 £ ( - )™/ 4 «- 2 j8- sinf — ) 
I «-i L o V 2 / J 

X / 2 w - i - s in(Or) L 

a = £ 2 a / 4 = - i c 2 ( l - 3 c o s 2 # ) ( l - 3 cos2©), 

j8s C 2 J /4= - f c 2 sin2# sin2@, 

5 = ^ / 4 = - | c 2 sin2# sin2©. 

I t is worth mentioning that the limiting processes 
0 —» 0 and Tf —> <x> do not commute since, if Tf —•» oc 
is performed first, an average over the azimuthal angle 
about the rotation axis is irrevocably effected. 

We shall now briefly discuss the implications of 
(11.13) under three aspects. 

A. Right-Angle Spinning 

By this, we mean that the angle between the mag­
netic field and the spinning axis is T/2. Consequently, 
0 = 0 and 7W[0(2/O) cos( |Or)] = 5w0. The integral in 
(11.13) can be carried out by using 

/

+co 

cosr(pJ0(2Z sm<p)d<p 
2TT J_, 

= E 8(r-2m)[_Jm(Z)J, (11.14) 
m=—co 

which can be proved by taking the Fourier transform 
of the addition theorem for Bessel functions.15 The final 
result for the line shape is 

1 r+°° 
r(co) = I dr C O S [ ( C O - Y # ) T ] 

Xcosar{2J0(5O-1sinOr)} 

1 n+™ 
= I dr{cos["(co—yH—a)r~] 

2TTT(L/)J^ 

+cos [ (a>-7#+a) r ]} / 0 (SO- 1 sinOr) 

I f m=-f oo 
E [5(u-yH-a-2niti) 

+ 5 ( c o - 7 i ? + a - 2 w O ) ] [ / m
2 ( 5 / 2 0 ) ] . | (11.15) 

Andrew and Newing7 have also computed the line 
shape by the semiclassical method of treating the 
local internuclear field seen by the nuclei to be fre­
quency modulated by the rotation of the pair. The above 
method leads to the same expression as obtained by 
these authors for the particular case of the spinning 
axis perpendicular to the internuclear axis. 

The line shape T(co) consists of the "Pake-split" lines 
at cc = yHzka and satellite lines around each of these 
"Pake-split" lines at regular intervals of spacing 20. 
At certain critical rotation frequencies, namely those 
frequencies which are associated with a root of a Bessel 
function, certain lines will vanish. For example, the 
lines at o)=yHdza will disappear when Jo£d/(2Q)2=0. 
The critical frequencies On are determined by 5/(20n) 

where xn is a root of Jo(x): 

0„=5/(2s») , 

%!= 2.405, x2=5.520, s 8 = 8.654, etc. (11.16) 

B. High-Frequency Spinning 

The arguments of the Bessel function in Eq. (11.13) 
all depend on the parameters /5/0 and 5/0 which 
become small compared to unity as the "energy" 0 
becomes large compared to the energies /? and 8. Con-. 

15 Reference 14, Vol. 2, Chap. 10, p. 1322. 

file:///jo/p-
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sequently, for sufficiently large rotation frequencies, 
T (co) is expressible as a rapidly converging series in Or1. 

I t will be noted that T(co) of (11.13) can always be 
written in the following form: 

1 /•" 
T(co) = I dr{cos[(w — yH—a)rl 

oo 

+cos[(co—yH+a)T~]} X) an cosntir 

+ {sin[(w—Y#—a)r]—sin[(o>—yH+a)r"]} 

00 

X E & « smntir 

1 

Tr(L,2) 
{a0[8(o)-yH-a)+8(o)-yH+a)^ 

n=-foo 
+ X) ian[5(oo—yH—a—n&) 

n=—co 

+8(a)-yH-a+nti)+8(u-yH+a-nti) 

+8(co-yH+a+nQ)~] 

—8(a)—yH—a+nti)—8(a)—yH+a—nti) 

+8(o)-yH+a+nti)~]}, 

ft r2W0 

(11.17) 

0 n = - I cos(^12r)jRi(r)Jr; 

0 ^2W0 

0o=— I RI(T)CIT; 
2TT JO 

0 /.2W0 

bn=- I sin (»8T)2? 2 (T)^T, 

*i(r) = Jo P- Sin("~) N 8~ Sin0rI 

+ 2 £ ( - ) - / 4 J ^ - s i n ( — j l / 2 » | - s i n ( 0 r ) l , 

where 

* r 2 / O r \ l 
ft(r) = 2 £ (-)™J4 w-2 ]8- sin( — ) 

m=l L 0 V 2 / J 

X / s 

For small arguments: 

4(»+l) 32(w+2)(»+l)-

w_i 5-sin (fir) . 

L a J 

•i 

so that up to but not including terms of sixth order in 
Or1, the only contributing a and b coefficients turn out 
to be 

r ,p+(fi/2)*\ 3 //34+(S/2)2x l^(8/2Yl 

L V 2S22 / 3 2 V S24 7 4 S24 J ' 

r £W2)2i 
a1=/P/(2Q«)-i84 / (804) , 

L 8Q4 J 

r 04 (5/2)2 (5/2)4 iS2(5/2)2] 

L32ft4 2122 8G4 404 J ' 

l/325l 

(11.19) 

r i^ 2 (5 /2) 2 i 

18 ft4 J 

#4 = 

r_-__i 
L is?} 

L32 S24 J L8 123J 

With the use of the an and &„ of (11.19), Eq. (11.17) 
gives the line shape for high rotation frequencies. 

C. Moments of the Line 

• I t is a simple matter to calculate the nth moment Mn 

of the line about the Larmor frequency yH: 

Mn = -
1 

Tr(L,2) 
_ ( _ ) n / 2 _ 

dnR(r) 

drn 
(11.20) 

or the even and odd moments (M7, M") about the Pake 
lines at yHdoa: 

2 d^R^r) 
Mn'= ( - ) " / 2 

Tr(L,2) 
n even 

Mn'=0, 

Mn"= — 
2 dnR2(r) 

( — )(«+!) /2 
Tr(J.2) drn 

n odd 

odd 

(11.21) 

T = 0 

tfn"=0, w even. 

Furthermore, the two sets of moments are directly 
related: 

m \mf 

( n\ n\ 

m) m\{n—m)\ 

(11.22) 

(11.18) 

Again because of the fact that Jn(z) is expansible 
according to (11.18) and the series for sin z starts with 
z, only a finite number of terms in RI(T) and i?2(r) will 
contribute to the nth moment. The first few moments 
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are: 
J f o ' = l , 

Ml= [ | / 3 4 + f 5 4 + | / 5 2 5 2 ] + C ^ + 2 ^ ] ^ , (11.23) 

Afi / /=0, 

Equation (11.23) shows that Ml diverges as 0—» oo. 
I t is thus apparent that the method of moments is 
useful only for rotation "energies" small compared to 
the interparticle interaction energy and so is a pro­
cedure complementary to that of the high-frequency 
spinning limit. 

Generalization of these results to interacting pairs 
of higher spin can be made quite straightforwardly. 
Moreover, many of the features of the spinning nuclear 
pair are still exhibited by the ^-body system formed by 
spins disposed at the lattice sites of a rotating micro­
scopic sample to which we direct our attention below. 

III. RELAXATION OF TRANSVERSE MAGNETIZATION 
IN A ROTATING SOLID 

In the exploration of nuclear and internuclear mag­
netic properties, the relaxation history of a macroscopic 
magnetization transverse to the external magnetic 
field H provides a second possible experimental 
approach. The first desideratum, of course, is to induce 
coherently a macroscopic magnetization transverse to 
H. Experimentally, this is accomplished by irradiating 
the sample (for a precisely determined time) with an rf 
pulse oscillating with the Larmor frequency a>=yH 
perpendicular to the magnetic field. We briefly sum­
marize the process of transversalization. 

Since the nuclear magnetization is in thermal equi­
librium with its ambient before the pulse is applied, the 
magnetization M(/) is 

M(t) = yTrpL=yHTrpL-H, 

P=Ylmct | ma)pma{ma | 

= exp[£7L • H ] / T r (exp[/3TL • H]) , 

/5=(*r)-1. 

( i i i . i ) 

The form of the density matrix p given in (III.I) 
originates under the assumption that the internuclear 
forces are weak compared to the forces exerted by the 
external field H and so can be neglected in determining 
the sample magnetization. 

When the rf pulse is turned on for the time interval 
from to to ti, the density matrix becomes time-de-
pendently driven by the Hamiltonian: 

(III.2) 
3Cp(0= —yHp[i cosco(t—to)—j sinco(/— k)]-L, 

where 5Cg and 3Ci(t) have the same significance as in 

Sec. I. The properties with which the magnetic pulse 
Hp{icos[o)(t— to)']"m"jsin[a)(/— /0)]} are invested are: 

(i) a>=yH; when the pulse has the Larmor 
frequency yH, the magnetic field T3.p(t) follows 
the nuclear spin and forces it to precess about 
itself. 

(ii) | Hp | /1 Hi | ^>>1; the magnetic field of the ,TTT ^ 
pulse dominates the internuclear magnetic 
field Hi. 

(iii) At=(ir/2)/(yHp); a pulse of duration 
At will turn the magnetization through T/2 
radians. 

The equation of motion of the density matrix is 

p(h)=U(t2,h)p(to)W(t2,to)', U(t2,t0)=U(t2,t1)U(thto), 

(i) U(h,to) = exp[-i3Cz(tl-to)]T(tht0), 

T(h,to) = l-i I expti3Cz(t-t0)]3Cp(t) 
J to 

(III.4) 
Xextf.-iW.(t-to)]T(tfy)dt, 

(ii) U{h,t1) = expl-iKz(h-h)ytr(h,t1) (ioih>h), 

J f%t2 

Wi(t)W(t,h)dt, 
t\ 

where to= time of application of rf pulse and h= time of 
removal of rf pulse. 

In the evolution of the dynamical system from to to 
t\ described by U(hyk) the motion induced by 3Q,i(t) 
has been treated as negligible in view of the properties 
(III.3). I t will be noted that the dismemberment of 
3C;(2) [Eq. (1.2)] has been taken for granted in (III.4). 
(The amputated terms will produce small amplitude 
terms rotating at multiples of the Larmor frequency.) 

Again because of the conditions (III.3), the integral 
equation for T(tify) leads to a simple form for T(ti,to): 

r(/i,/0) = expp( i r / 2 )L j . (III.5) 

A few elementary manipulations result in a more 
closed form for M (t2): 

M(*2)= (y/Z) TrZUfah) exp(+(3yHL-ii) 

X*7 f(Mi)L], (III.6) 

ii=j cosyH(h—to)-\-i sinyH(ti—to). 

At time /2=^i, the intuitively expected magnetization is 
realized: 

M(h) = + {isin\:yH(h-to)] 

+3 cosQyff (/i-Zo)]} | M(ft>) |, (III.7) 

while at later times: 

M(h) = (7/Z){t smlyH(h-to)3 

+ i c o s [ T H ( / 2 - i 0 ) ] } Tr[exp(+;ST#LX) 

XW*(t*to)L.W(kti)l,Qm.8) 

W(h,h)^W(t2,t0). 
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Free use of the rotational invariance of W(t2,h) against 
rotation of the spins about the z axis through any angle 
and about the x and y axis through ir radians has been 
made to create the form (III.8). Furthermore, the 
Boltzmann factor is always close to unity: 

M(*2)= (y/Z)faH{l sin[7ff(fe-*o)] 

+jcos[_yH(t2-to)1} 

XTrlLxWKh,k)LxW(t2,t0n (IH.9) 

rt2 

Comparison of (III.9) and (1.17) reveals the relation­
ship between the temporal behavior of the transverse 
magnetization and the Fourier transform of the line 
shape in a rotating lattice. 

To understand the origin and meaning of the limiting 
procedure of (1.17) and its absence in (III.9), one only 
need note that in the pulsed experiment, the results 
will depend upon the orientation of the crystal about 
the rotation axis at the instant of the application of 
the rf pulse, whereas no such selective situation occurs 
in the investigation of the absorptive line shape. Thus 
the limiting procedure is essentially an averaging over 
the azimuthal angle about the rotation axis. 

To conclude the discussion of the behavior of an 
induced transverse magnetization in a rotating solid, 
again the specific example of the rotating spin-J 
nuclear pair will be explored. Almost all of the requisite 
calculations have been presented in Sec. I I . 

The trace of (III.9) which gives the modulation 
envelope of the Larmor precessing magnetization was 
calculated in (II.9): 

Tfr[LxW*(h,h)L*W(h&)]= 2 cos[g(Mo)/2], 

g(hyto) = ic£ar+2(b/n) sin(Or/2) cosQ(a/2+<p/Q) 

+ (c/2) sin (fir) cos212(o-/2+ <?/0)], (III. 10) 

r=t2—to, a~t2-\-to=r-^-2to. 

Expression (III. 10) depends both on the time r elapsed 
since the application of the pulse and on the switch-on 
time of the pulse to in accord with our previous remarks. 
However, by taking the azimuthal average over <p, 
(III. 10) becomes independent of to: 

(TrlLxWt(t2jto)LxW(t2,to)J) 

l r
2* 

^ — I TrZLxWt(t2,to)LxW(t2,to)ld<p 
2lT J n 2ir ^ o 

= 2 cosari^i(r) —2 sinarR^r), 

a=-ic2(l-3 c o s 2 # ) ( l - 3 cos20), 

/3=-fc 2 s in2#s in2@, 

S = - f sin2#sin2©, 

RI(T) and R2(r) are denned by (11.17). 

(111.11) 

The average over <p is accomplished in exactly the 
same way in which the limit Tf —-» <x> was carried out 
(11.10), (11.12) except that instead of (11.11), we use 

-f 
2TT «^n 

e x p | > V W = = ^ o , <p'= <p+tt<r/2. (111.12) 

Experimentally for a single rotating crystal, the azi­
muthal averaging can be realized by averaging the 
experimental M(r,/0) over all data taken by applying 
many randomly timed pulses: 

(M(r )>=— I M(T,to)d<p=— I M(r,*o)Ao. 
2ir Jo 2ir Jto=o 

(111.13) 

If a powdered sample is used, not only is the azimuthal 
average automatically involved but also an averaging 
over the cos# of (III. 11). 

As an example of the magnetic behavior of the 
pulsed rotating solid, we give the modulation envelope 
(III. 11) up to and including terms of order ft-4: 

(Tr [L^t ( / 2 j / 0 )L^(^ 2 , /o ) ] ) 

00 

= Z) ^n{cos[(a+wfi)r]+cos[(a—w!2)r]} 

+ £ 6w{cos[(a+«Q)T-cos[(o£-»12)r]}, (111.14) 

with the an,bn of (11.19). Finally, if the crystal is in 
powdered form and the angle included between the 
direction of the spinning axis and the external magnetic 
field direction is @ = cos_1(|)*, the explicit form 
assumed by (III. 14) is: 

{(TrlLxW^t2,to)LxW(t2,tom 

ss£ f (TrtLxWKh,to)LxW(t2,to)J) simW* 
JQ 

4 

= 2 £ ( a n ) coswflr, 

Jo 

X 2 3 \ f i / V 3 1 5 / V 2 1 0 / \ 0 / 

(111.15) 

a o = l -
3X2*' 

1 /c2 

30 D (315/(2^(0)' 

V 3 1 5 / V 2 e / \ 0 / ' °4 _ \ 3 1 5 / \ 2 u / \ 0 / 

a%=\ — 
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Observation of the oscillatory envelope (III. 15) leads 
to the value of c2 denned by (II.2). 

IV. MAGNETIC PROPERTIES IN THE uhf 
ROTATION LIMIT 

As the foregoing belaboring of the rotating nuclear 
pair indicates, the effect of rotation is to feed out the 
strength of the center line of the rf energy absorption 
curve to satellite lines which move out of the range of 
observation in the limit of ultrahigh rotation fre­
quencies. We deal now with the properties of the 
residual center line for the general lattice of N nuclei. 
I t is, however, important that the rotation frequency 
and its first few harmonics be still much smaller than 
the Larmor frequency since spin-lattice relaxation 
effects would otherwise be expected to become non-
negligible. 

The Hamiltonian which is assumed to represent the 
internuclear interaction is 

3Ct-(0 = L < y - 4 y ( l r l y - 3 l r i ? l y i ? ) C l - 3 c o s ^ , i ( 0 ] 

Aii=Bii=0 fora lH, (IV.l) 

si ij sijij -L>ij &!%•) 

tj{t)-u(t) A 

cosfl ̂  if) = H, 

l*i(0-*(OI 
where rj(£) = radius vector to Zth nucleus. If the only 
internuclear force springs from the magnetic dipole 
interaction, then 

i4.-y=-78/4f»/, Bij=0. (IV.2) 

The form of (IV.l) explicitly representing the rotating 
lattice is 

3C»(0 = Ao+'Ai(0+A2(0> 

^o=]L aij(li'lj—3li'Hlj-H)+Bijli'lj, 

h1=Zlijcos(m+cpij-^)(lrlj--3l^Hlj'H), 

h2=T, Cij cos2(ttt+<pij-$)(lrlj-3h-Hlj'H), 

aij=Aij(l-3 cos2#;y)[(3 c o s 2 © - l ) / 2 ] , (IV.3) 

bij= — \A ^ sin2© sin2#;j, 

Cij—-—\A^ sin2#^ sin2©, 

d ij — (Ij ij 0 ij= Oj i, C ij = Cji\ 

^* i = <Pji+TT, &ij= (w—$ji). 

Figure 1 of Sec. I I indicates the significance of the 
angles in (IV.3); viz., ## , <pij are the polar angles of 
the internuclear vector ry—r4-; ©, $, the polar angles 
of the magnetic field relative to the rotation axis chosen 
as polar axis. 

Certain properties of (IV.3) are of immediate note. 
The Hamiltonian 3C*(J) does not commute with itself 
for all times: 

[3C»(fe),3C*(*i)] ^ 0 for all times h and th (IV.4) 

a fact preventing a simple formal solution of the integral 
equation for W(t2,h) of (1.17). Furthermore, 3C*(/) has 
one term ho, which is not explicitly time dependent. 

From (1.17): 

R(T)= \imTr[LxWKt2,h)LxW(t2,h)l 
T—>oo 

W(h,ti) 0+h(t)+k2(t)-]W(t,h)dt. 
(IV.5) 

Now in the limit £2—> <*>, h\(t) and h2(t) oscillate 
infinitely fast and generate the unique asymptotic 
solution: 

W (t2,h) = 6^^0(*2-<l) = e~ih0T 
(i\r (\\ 

R(r) = TrZLxe
ih^Lxe-ih^ K ' J 

because by the operator generalization of the Riemann-
Lebesgue lemma16 

[h1(t)+h2(t)y-ih^t~Vdt -» 0, (IV.7) 
h 

the validity of which rests upon the property that the 
matrix elements of e~iho(t2^h) oscillates with a frequency 
of the order of magnitude a a and so cannot be coherent 
with an arbitrarily large ti frequency. We observe that 
in the limit of ultra-high rotation frequencies the 
residual resonance energy absorption line shape is again 
simply related to the Fourier transform of the function 
prescribing the temporal relaxation of any transverse 
magnetization. A comparison of the Hamiltonian 3CS 

describing the static lattice and ho: 

3 C . = E Aij{\Aj-3\vH\j'E){\-3 cos26y 

i 2L, -bijii'ij, 

ho=ZH®)Aij(h^j-3li-3lj-H)(l-3cos2&ij) 

+T,Bijh-lj, (IV.8) 

X ( © ) E = ( 3 C O S 2 © - 1 ) / 2 ; - | < \ < 1 

reveals a strong resemblance between the two. 
Suppose that Bij is either zero or negligible in com­

parison to the dipole-dipole interaction strength A^ 
and denote the experimentally observed lattice relaxa­
tion function for the static solid by Gs(r): 

0"s \T) — -K- \ V experimental j 

GS(T) = TV[_LX &xp(iSC$T)Lx exp(-*3C,r)] . 
(IV.9) 

The exact relaxation function GT{r) for the rotating 
lattice in the ultra-high rotation frequency limit is then 

16 T. Apostol, Mathematical Analysis (Addison Wesley Publish­
ing Company, Inc., Reading, Mass., 1957), Chap. 15, p. 469. 
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predicted: 

Gr(X,r) = G . [> (e ) r ] , G.(r) = G r ( X = l , r ) J (IV.10) 

where #;.,•= 0;y. (IV. 10) follows from the observation 
that 3CS and ho always occur in the combination 5Csr 
and far in R(r). Given the experimentally observed 
function G r(r) at one angle ©, its form at all angles 
follows if the internuclear interaction is predominantly 
of the dipole type. I t is important to note that exactly 
the same statements (IV. 10) can be made for a 
powdered sample. 

As the angle between the axis of rotation and the 
magnetic field is gradually increased from zero, the 
function G8(r) is dilated by change of scale along the 
time axis. In addition, the moments of the rf absorption 
line T(co) as a function of © change in a predictable 
manner: 

M„(©)=j i f n |> (e ) ]» , 
Af„=Af»(0 = 6) (static lattice moments). (IV.l l) 

(pure dipole interaction). 

A method for determining the strength of the 
"exchange interaction" coefficient Bij will now be 
outlined. The variation of the angle 0 is an experi­
mental method for weakening the effective strength of 
the dipole interaction coefficient, or view another way, 
of strengthening the effective "exchange interaction'' 
coefficient, Bi3\ In fact, the dipole interaction is effec­
tively zero for 0=cos~ 1 ( | )* . Supposing now that for 
X(0) = 1 the dipole interaction completely dominates 
the line shape, we can increase 0 until Gr(r) is no 
longer given by (IV. 10). At this point the exchange 
interaction will dominate (since the dipole interaction 
strength has been decreased in magnitude by as much 
as was necessary). Now a knowledge of the second and 
fourth moment of the residual resonance absorption line 
enables the calculation of the relative magnitude of B^ 
to Aij, a possibility first indicated by Van Vleck and 
Gorter17 in their treatment of nuclei interacting with 
strong exchange interactions. We defer until the next 
section the calculation of the moments of the line for 
rotating lattice. 

At the angle 0 = cos -^Q)*] : 

Gr(r) = Tr{Lx expp £ Bij\i-\jT~\Lx 

X e x p [ - f £ S < yl r l i r ]} = TrL,2 , (IV. 12) 

and so T2 becomes "infinite" ( = 7 \ ) , a phenomenon 
which can be experimentally investigated. Finally, 
attention should be directed to another criterion for 
Bij=0, the independence of G>(A,T) on the sign of X: 

Gr(\,r) = Tv{Lx expft £ \A , 7 ( l r lj-3l<-#ly # ) ] £ . 

e x p [ - E XAijih'ljSh'Hlj-ii)]} (IV.13) 
= Gr(—X, r) (pure dipole interaction). 

17 C. Gorter and J. Van Vleck, Phys. Rev. 72, 1128 (1947). 

In summary, the lattice at ultra-high mechanical 
rotation frequencies to/A «,v£>l; to/Bi^l provides a 
means of controlling the relative strengths of the dipole 
and "exchange" internuclear interactions and thereby 
studying the effects and magnitude of each. 

V. ROTATIONAL MODIFICATION OF THE 
ABSORPTION LINE MOMENTS 

Because the attainment of mechanical rotation 
frequencies necessary to produce the limiting situations 
discussed in Sec. IV is still, for some resonating solids, 
a refractory experimental project, the consequences of 
crystal rotations of intermediate frequencies (^10 4 cps) 
are of practical significance. 

In order to write R(r) of (1.17) in a more readily 
evaluable form, we observe that 

T r ^ L ^ L j 
1 d2 

= TrLx
2-\ Tr[ i4-VL*Mentt*«][ a = 0 , (V.l) 

2 Ida2 

where A = arbitrary operator, and so 

f 1 d2 

R(T)= lim Tr(L,*)+ T r p F t f o h ) 
r " H 2! da2 

XJT(Mi)]|«-oL 

W(t2,h) = l - i I Xi(t)W(t,h)dt, 
Jn (V.2) 

Wi'{t)W'{t,h)dt, 
tl 

Wi'(t) = eiL*a3Ci(f)eriL*«, 

*2=r+r; h=T, 

The remaining problem is the evaluation of 

TrtW*(h,h)W'(h,tdl. 

To this end, we first find 3C/(/) from 3C,-(0 of (IV. 1): 

Wi(f) = eiL»«Wi(t)eriL*a 

= 3C<(/)-3 E Ai£l-3 cos2dij(t)~] 

- 3 £ Ai£l-3 c o s 2 M 0 ] W / sin2ce, (V.3) 

^L<y(1-3 cos2^y(0) 
= aij+bij cos(tot+<pij—$) 

+dj cos2(tot+<pij—$), 

aij, bij, and a, are defined in (IV.3). Use has been made 
of 

eiLxahzljze~iLxa= (If cosa+liy sina) ( / / c o s a + / / sina) 

= lizljz+(livljy-Uzljz) sin2a 
+ (lizljy+hvljz) since cosce. (V.4) 
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I t does not appear possible to solve the integral Now (d2/da2) T r ( / r
+ / n - / ) | «=o is real because 3d and 

equation for W(t2)ti) and W'fati) in closed form. How- 5C/ can be chosen as real if the ordinary representation 
ever, as we demonstrate below, if the integral equation of the angular momentum operators is chosen, viz., If 
be solved by iteration, only the first n iterates con- and If has real, If pure imaginary matrix elements. The 
tribute to the nth moment. Hence, an iterate solution proof of the reality of the trace in such a representation 
is sufficient for the calculation of absorptive line rests upon the observation that although If is pure 
moments: imaginary, it always occurs an even number of times in 

the traces of form (V.8). [The term 

Wr(Wi) = E j(-*)n^n(/a,/i), _ 3 £ Aij(l-3 cos20* ( 0 ) W sin2« 

J
,«2 r*i rsn-i must itself occur an even number of times in any non-

dsi I ds2- • * I dsn 3C»($i) vanishing trace of the form (V.8) because its coefficient 
h J h Jtx sin2o; is an odd function of a.] Thus the odd-order terms 

in n of (V.7) vanish. 
T = = 1 XSCttoO- • •3C<U»;, F o r t h e e v e n n t e r m s o f (v.7), one can effectively 
to 

and 

Wr/(/2,/i) = E ( - 0 n ^ » , ( ^ i ) , 

write 

L(-)^Tr[/rt/n_/]-
w=0 

rH CH c»n-i 2 E ( - ) r T r [ / r t / „ _ r
/ ] 

In'(,h,h)= I dsi\ d s v \ ds»Xt'(.si) (V.6) ^ 
JH Jh Jh + ( - ) * " Tr[ /„ / 2 t /„ / 2 ' ] (V.10) 

X 3C/(s2) - • • 3C/(sn), by reasoning similar to that given above for the odd n 
•*° ~*' terms and the observation that 

The substitution of (V.5) and (V.6) into (d 2 / Jo 2 ) [Tr / n
/ ]= (d 2 / J a 2 ) [Tr / J = 0. 

Tr[W^(t2,ti)W
/(t2,h)~] A second general property of (V.7) to which allusion 

yields has already been made is 

TxW1(t2,ti)W'(t2,h) dm n 
E ( - ) r T r [ / r t ( ^ 1 ) / n _ / ( V i ) ] 1^2=^1=0 

=£(-o-{f;(-)',rr[jrtj^/]}. (v.7) dt*mr=0
 iorm< (v>11) 

That all the odd-order terms, i.e., n odd, are zero is t h e theorem being a consequence of 
now to be demonstrated. For n odd: jm 

79 In{hJ^)\t2 = ti=Q ior m<n, 
d n dt2

m 

Z(-) rTr[/ rt/w_/] |a = 0 
£2 

Ja2 r=0 ft™, 
< « / n ' ( V i ) 1̂2 = ^ = 0 f o r m < ^ , (V.12) 
1 a z » (It m 

= - — E ( - ) ' T r [ / r t J n _ / - 7 _ t / / ] | a = 0
 2 

2 da2 r=o dm m /m\dla dm~lb dm m /m\dla dm~lb 
—ob=T\ ) • 
d p i=o\ I / dtl dtm~l 1<P . 

= Z ( - ) r { [ T r ( / , t / „ _ / ) ] 
2 rfa2 r=o If the following definition is adopted : 

- | > ( I , t / M 0 ] * } | . - o 

^ . T V [ ^ t ( / s , ^ ) P F ' ( V i ) ] ^ l : 5. n? 

= »— E ( - ) r I m T r [ 7 r t 7 n _ / ] | a = 0 , (V.8) 
^a 2 r=0 n 

^"{(-O-EC-J-TrC/rtJ^r']} 
where we have used r=o 

— TilIn-M
iL^Irr-iL^\a-o = { 2 E ( - ) ' T r [ 7 r t / n _ / ] 

= — T r [ 7 _ t e - ^ 7 ^ ] U „ . (v.9) + ( - ) " ' 2 T r [ / n / 2 t 7 „ / 2 ' ] } ( - ) « / 2
J W even 

da* Sn=0, n odd, 

(V.13) 
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then d2S0/da2 \a==0=0 and the first nonvanishing S is S2: We now have R(r) approximated for small times r by : 

e — L T r r tr n R(T) = TIL,*-2 £ 3 2 [ / ( /+ l ) /3 ] 2 (2H- l )* 
6 2 - + irUxU 1 J, X [ f l ^ + 2 ( * < / / « 2 ) sin2(iOr) 

CH rt2 + | ( ^ / / ^ ) s i n 2 O r ] , 

where iV^ number of nuclear spins, 

X ( l - 3 c o s 2 M * ) ) + E 5 y l r W & , (V.14) a , y = ^ y ( l - 3 cos2#*y)(3 cos 2 @-l) /2 , 

~*2 ,̂̂ 2 bij=— §A-i sin2#»y sin2®, (V.18) 
/ / = I 3e/(*)<fc-» I { - 3 £ ^ £ l - 3 c o s 2 ^ - ( s ) ] ^ - f ^ s i n 2 ^ y s i n 2 0 . 

Although only a power series development of R(r) up 
X (Jiyljv—lizljz) sm2a)ds. ^0 T2 j s neecle<i to find the second moment of the absorp­

tion line, the terms oscillatory in 12 have purposely been 
Here 3C/($) has been replaced by its only member k e p t i n (yAsy T h e expected invariance of the azi-
which does not vanish upon operating with d2/da2 and m u t h a l l y averaged second moment against motional 
evaluating the result at a = 0 . The traces in S2 are narrowing is a consequence of the expansion: 
evaluated without difficulty: 

T r [ l r l y ( W n ^ W ^ ) ] = 0, {-) sin2(|Qr) = T 2 - - ( ^ r 4 + * ••, 

Tr[knf(lmylny-lrr?lnZ)~]i &.m *n g (V.19) 

= - (2/+l)^[i(/+l)(2Z+l)X«^yn+8<«8y»]. ( I V sin
2flr==T2--OV+... 

(V.15) W 3! 

Appendixes C and D contain several remarks on the b e c a u s e the coefficient of r2 is independent of p. By 
evaluation of traces which are encountered in (V.15) P u t t o S m , &* f o r m (V '18)> t h e u h f r o t a t l o n l i m l t l s 

and in ^4 . again exhibited: 
Both It and IJ contain the integral: lim R{r) = T r ^ 2 ] - 2 £ 32[Z(Z+l)/3]2 

x X(2Z+1)^M ( v>20) 
i 4 , - y [ l - 3 c O S 2 ^ y ( 0 ^ 

sin2(|Gr) 
lim = 0 , 

in agreement with the more general results of Sec. IV 
+CijCos2(Qt+<pij—$)2dt [in particular with ( IV . l l ) ] . Note that in the uhf 

rotation limit the second moment of the observable 
= aij{t2-ti) + (2bij/U) sm\jtt{t2—h)j . residual line is decreased by the motion while the sum 

v * n o f / 4 - M 4 - —TTI • °^ t n e s e c o n d moment of the unobservable distant 
XsmL 2 ^2-Hi ; - r - <Pij <PJ satellite lines and that of the residual line add up to the 
+ (c"/2) smTQft — t)l azimuthally averaged static lattice value. 

As in the case of magnetic resonance in a static 
Xsm{2[^Q(t2+h) + <pi3— <£]}. (V.16) lattice, the evaluation of 5 4 involves a large number of 

essentially trivial manipulations. From (V.13), we find: 

With t2= T+r, h=T: 5 4 = - 2 T r a a t / i O + T r C W / / ) , 

rH rt2 rSl 

limAij I [ 1 - 3 co&BijWyt / 2 t = I dsi I ds2 WiisdWliisi), 
T->oo Jti tl tl 

syA f'Vi * M ny\* h'= f ds1f
1ds2K/(s1)3C/(s2), XAmn I [ l -3cos 20w n(O]^ Jti Ja (V.21) 

J ti 
(V.17) f** r*i /•« 

^aijamnr
2+2(bijbmn/il

2) cosivij- <pmn) s i n ^ O r ) W = I <fci I & 2 I <fcg a C ^ a e ^ ^ i ) , 
•^1 • 'a u t\ 

+i(ci3cmn/Q
2) cos[2(<pij— <pwn)] sin

212r, ~t% 
/ / = I &! 5C/(^i). 

T=t2—tl. Jti 
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We delimit considerations of SA to the specific case: plicatively increased in length. Besides, the choice of 
© = 7r/2 implies bij=0 and hence as far as the formal 

<£>ij=v, \_see &q. (LV.1)J calculation is concerned the rotation frequency is 
© = 7r/2, [see Eq. (IV.3)]. ' effectively doubled since now 0 always enters with a 

coefficient of 2. 
The more general case results in expressions which are With the restrictions (V.22) in mind, we introduce 
almost identically algebraically constructed but multi- the following symbols : 

fij(T,T) = I Aij[_l —3 co$2dij(si)^dsh 

fij,ki(T,T)=AijAki I dsi I ds2[l — 3 cos20^O2)][l—3 cos20*z(>i)], 

pt2 *si „S3 

fij,ki,mn(T,T) = AijAkiAmn I dsi I ds2 I ds£l—3 cos20^(s3)][l —3 cos?dki(s2)l[_l — 3 cos20mn(>i)], 
J ti J t\ J ti 

Ai3{\ — 3 cos20u(t)~]=dij+bij cos(ttt+ <pij—$)+ajcos2(^+<^y—$), 

with dij, hij, and Cij defined in (IV.3). The forms of the fs are simple, but tedious to calculate. In terms of these / ? s , 
S± can be rewritten as 

- 2 D fiw.mnfr,Tr[(lm• 1„-3lm 'ln ')(!*• h~%*W(lr 1,— 3liHj
z)eiL*"(\r'ls-3lr

zl/)e~iL^ (V.24) 

and further: 

(V.23) 

1 d2 

lim S4 
r-»°° 2! da2 

— ]T} l im(y i j , k l fmn , r s )T^ ij,kl,mn,rs~ ij,kl,mn (V.25) 

where T<-l)ij,M,mn,rS and 3 , B J , - , H , . , , B are tensors formed from the traces over the angular momentum operators: 

- 3 TrC(U-I | -% ' / i* ) ( l 4 - l i -3 /<^) ( I» - I . -3 /» ' / , . ' ) ( l i - l . -3 / r l J .« ) ] , (V.26) 

r o > « . « > » » 1 „ = - § T r [ ( L - l » - 3 / » ' / ) , , ) ( U - I i - 3 / t ' / i O ( l r I j - 3 / r f j ' ) ( l , - l . - 3 / r V ) ] . 

The somewhat lengthy result of evaluating T(1) and T<2\-

j,kl,mn,rs IS relegated to Appendix D. If only the 
terms which contribute to the fourth moment be kept, the limits contained in (V.25) are 

lim fij^fmn^s^aijakiarnnarsir^/ty+aijakiCrnnCrsi cos[2(p,-y— ^z)]r2(sin212r)/402 

r—J-OO 

+Cijakicmnars cos[2(<pfcj— <pmri)](r/2ft)2 sm2ttr+Cijakiamncrsi cos[2(^^— <prs)](r/2Q)2 sin2Or 

+aijckicmnarSh co&[2(<pki— ^ r s)](r/2fi)2 sin2ftr 

+CijCkiCmnCrsi cos[2(<pki+<Pij— <fmn— ^rS)](sin20r/4Qr)2, (V.26a) 
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H m fij,kltmnfrs—(lijO'klO'mnO'r8 \~CijCklQ<mnQ>rs COS[2((pij — (pkl)j 
r r r sm20r~| 

0L20 402 J 

+Cijakicmnars cos[2(<pw 

r r sin20r 

20L 402 20j 

T V r sin212r"| 
+aijCkicmn(irs cos[2(<pm r i— <pki)~]— 

20L40 802 J 
sinOrrr cosOr 1 

402 L 212 202 

sin0rr2 

8 0 H 0 

sinOrf 4T 

2 
+CijakiamnCrs cos[2((pij— <pr8)~] _ 1 — — sinOr+— sinOr | 

-\-CLijCkldmnCrs COs[2(<£>fcz — <?rs) J ^ ^ \ ~ s i n O r — 2T C O S O T 

smlZrl" m 4r 4 ^ "I 
+aijakiCmnCrs cos[2(<^mn— <prs)] 4r2 sinOH cosOr sinOr 

3202L 0 122 J 

sinOr [ 

8ft2 I 
[CijCklCmnCr 

+co$[2(<pmn+<pkr 

co$[_2((pij+(pkr ' <Pmn~ <Prs) j l ' 

rcosOr 1 1 I 
sinOr sinOr cos20r 

40 802 802 J 

L40 
cosOr cosOr sin20r 

802 J 

L 20 

sinOrl | 
+cos[2(^TOW+^»y— <pki— <Prs)1\ — zz C 0 S ^ H I• (V.26b) 

Equations (V.26a) and (V.26b) again demonstrate 
how the asymptotic limit is recovered for large 0. In 
addition, it will be observed that the final expression for 

lim 
y->oo 

z 1 d \ 
( — s * ) 
\2l da2 / 

is independent of <£, the arbitrary phase angle of crystal 
orientation. That such should be the case is a con­
sequence of the equivalence of averaging over <1> and 
of taking the limit T—•> oo. Putting together (V.25), 
(V.26), the expressions of Appendix E, and the previous 
result (V.18) yields R(T) correct up to terms in r4: 

i?(r) = T r L a ?
2 ~ 2 i ; 3 2 

X 

( 
z(/+i)y 

r h? 
a « V + 2 — sin2(|Or) + 

L o 2 

(2/+1)' 

1 C{j 

2 O2 
i n 2 0 / 

1 d? I 
+ lim S4 . 

T-*™2\do? \a=0 

(V.27) 

Note that the fourth moment which is calculated by the 
prescription of (1.20) receives contributions also from 
(V.18). 

The method of calculation of the moments presented 

in this section will, in a subsequent paper, be used to 
evaluate the moments for specific crystal structures in 
order to compare the results with the data to be 
presented. 

CONCLUSION 

By high-speed mechanical rotation of a resonated 
solid, new possibilities for the measurement of the mag­
netic properties of matter arise. For example, the 
"exchange type" interactions between nuclei in solids 
can be measured by the method proposed in Sec. IV. 
The prediction of the effect of spinning on the resonant 
absorption line (Sec. V) also invites detailed experi­
mental verification. Perhaps the experiment most 
simply suited to an exhaustive comparison with theory 
is a resonance experiment on a quasi-isolated nuclear 
pair rigidly bound in a solid lattice. 

Further research along the line of resonance in rotat­
ing solids is indicated. Among the problems remaining 
are the generalization of the formalism to the case of 
nuclei possessed of a quadrupole moment and the effect 
of rotation upon T\ especially in solids in a low external 
magnetic field. 
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APPENDIX A. TRUNCATION OF THE DIPOLE 
INTERACTION HAMILTONIAN AND 

THE uhf ROTATION LIMIT 

An operator expression of the type UfUf can be 
mutated into a form where its properties under rotation 
are more transparent: 

(A.l) 

where cyim(A) = spherical harmonic polynomial in the 
components of A= (Ax,Ay,Az) taken in the coordinate 
system with the z axis along the applied external mag­
netic field. By introducing the definitions, 

ZLM(\i,\*)= E CmmfM
11LVim(li)Vim<h), 

mm' 

(A.2) 
ZLM(x)= E Cmm>M

nLcyim(r)ylm(r), 

where Cmm'M11L=Clebsch-Gordan coefficient, we find 

( l i - 0 ( W ) = ( V 3 ) 2 E ZLM*(t)ZLM(liU). (A.3) 
LM 

Now Z&jif (IJ2) when operating on a state with magnetic 
quantum number M' generates a state with magnetic 
quantum number Mf+M (Wigner-Eckart theorem18). 
Hence truncation of the operator U-f l2-r occurring 
in the dipole interaction amounts to retaining only 
M=0 terms in (A.3): 

l r f \r r -> (4TT/3)2 E L ZLo(r)ZLo(}ih) 

= | l r l 2 r 2 + | ( l r l 2 - 3 / 1 ^ > 2 ( l - 3 cos20), 

ZLOKr) = ZLo(r), 

Zoo(r)Zoo(lil2) = i(3/47r)2 l rV2 , 

Zio(r)Zio(lil2) = 0, 

Z20(r)Z2o(lil2) = K 3 / 4 7 r ) V 2 ( l - 3 c o s ^ ) ( l r l 2 - 3 l 1 ^ ) . 

The reason why rotation of the lattice can control 
the truncated dipole interaction strength rests upon 
the decomposition of the form — [(1 — 3 cos20)/2] 
= P2(cos0): 

P2(cos0) = (47r/5)E™ F2»(tf,*)F2w*(©,*), (A.5) 

18 M. Rose, Quantum Theory of Angular Momentum (John Wiley 
& Sons, Inc., New York, 1957), Chap. 5, p. 85. 

where the angles have been defined in (II.5) and Fig. 1. 
Rotation of the lattice causes <p to oscillate very rapidly 
and so 

P2(cos0)-> (47r/5)F2o(^)F2o(0,$) 

= P2(cos#)P2(cosO), (A.6) 

since only the w = 0 terms of (A.5) are independent of 
<p. P2(cos@) is essentially the factor which controls the 
strength of the effective dipole interaction. 

APPENDIX B. ALGEBRA OF DIRECT PRODUCTS 

The spin degrees of freedom of N spin-/ nuclei lead 
to the consideration of a (2 /+1 ̂ -dimensional space 
representing the possible total spin states of the N 
nuclei. Of the many possible bases spanning this space, 
the one which is useful for our purposes is the base of 
of ket vectors | m\m% • • • MN) formed from the direct 
product of the base vectors of the individual (2/+1)-
dimensional spin spaces characterized by a magnetic 
quantum number m: 

\mmr • -MN)^ \mi)® \tn2)® • * - 0 \ITIN), m 

(B.l) 
Mi=ly / — 1 , • • ' , — / + 1 , —/. 

The direct product Ai®B3- of two operators Ai 
operating in the /^-dimensional spin space of particle 1 
and Bj operating in the y-dimensional spin space of 
particle j is defined by 

(m/m/\Ai®Bj\mtmj) = {ml\Ai\Mi){m/\B3-\ntj), (B.2) 

often written simply as A iB3. Some useful properties of 
the direct product of two operators are: 

(i) TrA&B^TrAi TrPy, 

(ii) T>etAiA,-= (DetA^CDetBj)^, 

(iii) lAi®Bjlr1=Ac1®Br1, 

(iv) lAi®BjjCi®Di2=(AtCi)®(BjDs)9 

(v) iS&TJiA&BjjSc^Tr1! 
^(SiAiSi-^iTjBjTr1). 

Both traces and determinants are to be taken in 
whatever space the operator following the symbols Tr 
and Det are defined. If. the operator A i is to be evaluated 
in the direct product space of the operators Ai and Bjy 

its unambiguous form is -4»®ly, where ly is the unit 
operator in the j space. But for N spin-/ particles 
Tr[(7^)2] usually means: 

T r [ ( / r t 2 ] = T r [ l ! ® 12® • • • <g> (Iff® • • • ® 1 J 
= t r [ ( / - ) 2 ] [ t r l ]^-S (B.4) 

where tr signifies a trace taken in the (21+ ^-dimen­
sional spin space. 

Property (B.3.v) is of special significance—the direct 
product of unitary transformations is a unitary trans­
formation. Thus: 

U=U®12® • • -®17y® • • -®ltf, (B.5) 
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where Uj=unitary transformation in the space of the 
jth particle, is a unitary transformation. Because the 
trace is invariant under a unitary transformation (in 
particular, the rotation operator about any axis is a 
unitary transformation) and because of (B.5), we can 
rotate a single nuclear spin or any number of nuclear 
spins about any axis with impunity, i.e., without chang­
ing the value of the trace. Just this property has been 
used extensively in evaluating the traces of Sec. V. 

APPENDIX C. TRACE EVALUATION 

To illustrate the techniques which proved useful in 
the evaluation of the traces, a few specific examples 
will prove sufficient. 

First, the equality: 

T r l r \j lmHny=Trlr 1; lmzhz ( C I ) 

follows by subjecting the first trace to a unitary trans­
formation rotating all the nuclear spins about the x axis 
through 7r/2 radians and observing that l r ly is rota-
tionally invariant. Also iii^j^m^n: 

TriWi 'Wn^Pt inSyn+MymDEtr^) 2 ] 2 (C.2) 

for, if i does not equal m or n, a unitary transformation 
of the ith particle about the z axis converts the trace 
to its negative. Hence i must be equal to m or n. 
Similarly, j must be equal to the remaining unpaired 
index. (C.l) and (C.2) provide the necessary traces 
for the second moment calculation. 

As an example of the more extensive calculations 
required to evaluate the fourth moment, consider 

7 \ = E AijBkiCmnDr. T r [ / / / / / ^ V / m ^ W r 2 / / ] , 

J±ii== ±>kk==z^/mm, D rr " , 

By an argument similar to that following (B.2): 

Ti= 2 E AijBklCmnDmn TiUHflhnflm
yhvlm

zhz (C.4) 

for, if r were not equal to either m or n, a unitary 
transformation of the rth particle about the x axis by 
7r radians would change the trace to its negative regard­
less of whether i=r, j=r, k = r, or l=r or not. Now, 
because of the symmetry of the indices of Aij, Bki, 

2 > Z +2 Z + L 
kl fc=ra,J=m k=m,l9^m k^m,l9^rn 

= 2 Z + E , (C5) 
k—m,l^m k9^m,l9^m 

and 

T i = 4 £ AijBklCknDkn ^lHflkXlflkylnHkZlnZ 

\£ 2m^ **• ij-^kl^mn^mn 
kl?±m 

y^xliHfik%Xlm
VlnVlmZlnZ. ( C . 6 ) 

Continuing in this manner, we soon arrive at the result: 

ZV= - 4 ( 2 Z + 1 ) ' E AtjBikCjkDjk 
%ik 

X [ ( £ m*)/(2l+\)J. (C.7) 

One more observation proved to be labor-saver: 

1 2 = 2 L A ijJJkl^mn-L^rs J-Mi lj Ik H I'm vnC*rXl'sX 

d \ / d 
•—(T. Bk^—) (z cmn ) 
3!\*J dAu/ \mn dAmJ 

(C8) 

X(T,DTS—W 
Vrs dArJ 

•L 2 = 2-* A ij/LklAmnA.rs LYli lj Ik l\ lm "n lT l& , 

The form T2 is much simpler to evaluate than T2 

because of its complete symmetry in the indices (ij), 
(kl), (mn), and (rs). When T2' is evaluated, the 
polarization operator 

- ( E Bki-— ) ( E cmn—-) ( E Drs—) 
3!V dAki/\ dAmn/\ dArJ 

generates the expression T2. 
Finally, we append a table of "little" traces: 

m=+l 

(i) tr(J*)»= L m 2 = / ( / + l ) ( 2 / + l ) / 3 , 
m——l 

m=+l 

(ii) tr(2*)4= E w4 

m=— I 

(C,9) 
= [ / ( / + l ) ( 2 / + l ) ( 3 / 2 + 3 / + l ) ] / 1 5 , 

(iii) t r [ ( / - ) 2 (^ ) 2 ]= [ t r ( l 2 ) 2 -3 tr(Z*)4]/6, 

(iv) t r | > M 2 ] = \trlxM*+trMxl*+i tr(Z*)2]/2 

= [(trlxMe)-(tiMxl8)* 

+itr(lz)2l/2 = ±itr(lxy, 

(v) trlxlyMy=trlxlxMy+i trlxM*. 

APPENDIX D. THE TRACES T^ijM,mnrs 

AND TWihklmn>rs 

As already indicated in Sec. V, the evaluation of the 
fourth moment of the nuclear absorption line shape 
requires a knowledge of the following: 

<?<«)..,, = T T T ( 1 - . 1 V *J A 
^ ij,kl,mn,rs— 1 J - L \ l 4 l3 *-"'* ^3 ) 

X (1* • h- 3lkHf) {lmnn°lTHf\, 

5«« > H, , , . 1 „=Tr[ ( l r ly -3 / , -» / / ) (U- l , -3 / t* / r t 

(D.l) 
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in terms of which r(1) and T(2) are immediately SB==Y1 AijBkiCmnDrsS^ij,ki,mn,rs 
obtained : 

T ( l ) . . , , = ^ 6 ^ ( ^ 7 7 •• - K ^ M •• 

*r-(2) — 3. ?(&) 
* ij,kl,mn%rs 2^ mn-,kl,%g,rs-<) 

(D.2) 

•5(a!) and .S^ in turn can be expressed in terms of seven 
fundamental traces S(i) which we give below: 

»J ij,kl,mn,rs ^^J ij,kl,mn,rs\Kj %j,kl,mn,rs 

,kl,mn,rs >3 kl,ij,mn,rs 

ij,kl,mn,rsj 

(D.3) 
M ij,kl,mn,rs:== l o | o ij,kl,mn,rs i ^ kl,mn,rs,ij 

~i~^ i i . ^ .wiw. r s i "^ ij,kl,mn,rsf • 

The S<*> are found to be 

i J l— 2L* -^ ij-Dkl^mn-LSrs^ ij,kl,mn,rs 

== 2^ •"• ij^kl^mn-L^rs *-'£]_]'% "j ^k H I'm "n "r "S J 

l a 
— 2-rf ^ « f ^ 1 ? 

2!«» a^M„ 

• V = 4 E Ai?CipiKtr{l*y{pyjtr{l*)^{2l+ir--z 

+4Z AifCikDititriWy-] 
i^k 

X[tr(^)2]2(2/+l) iV-s 

+&ZA tlA ikCijDi£tr(l*y(l>>y] 
i^k 

X[tr(^)2]2(2/+l)JV-s 

i^k 

+2 £ ^</Ct JD«[tr( /*) 2] 4(a+l)^, 
di)^(ki) 

^ 2 = E AijBklCrnnDrs Tx[li
zlflkZlflm

XlnVlrXlsy~] 

== 2—t •**• ij-Dkl^mn-Lsrs^ ij,kl,mn,rs 

1 d 
= E ^w *-> 2 , 

2 ! «» d A u v 

= 2ZA ijBuiCmnDrs TT[liHfhnlnm
xljlr%v} 

= 4 E ^ ijBiiCifii^xxn^Pi 

+ 4 £ 4«BaC<U>«[tiWrZ''] 

X[ t r ( / - ) 2 ] (2 /+ l )^ 

+ 4 I i ijBt&iD fl£tx (Z*)2] 

X[tri*M»Z»](2+l)*-» 
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