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The equations which determine the one-particle energy and effective two-body interaction in an interact­
ing Fermi gas are constructed within the approximation which sums up all pair creation-annihilation 
processes. The equation corresponds to the familiar equation for the K matrix which represents the inter­
action between particles (or holes) and sums up the particle-particle (or hole-hole) scattering processes. 
The method of the equation of motion is used in this paper. Our result for the one-particle energy is shown 
to lead to the result previously obtained by Quinn and Ferrell, and by Rockmore for the case of the electron 
gas with Coulomb interactions, when we replace screened potentials by bare potential in the self-consistent 
energy equation. For nuclear matter, it is shown that the presence of an attractive interaction in the equa­
tion of motion for number density causes an "enhancement" of exchange forces, whereas in the electron gas 
repulsive Coulomb interactions lead to "screening" of the exchange force. The strength of the isospin density 
interaction pseudopotential is enhanced by a factor of two when one solves the self-consistent equation; and 
a simple estimate shows that the Goldhaber-Teller mode lies about 15% higher than the value pFq/m previ­
ously estimated by Glassgold et at. (q: momentum of the oscillation, pF\ Fermi momentum). 

I. INTRODUCTION 

TH E static behavior of nuclear matter has been well 
described by Brueckner et al.,1 using the general­

ized Hartree-Fock scheme. This becomes possible be­
cause of the rather weak character of the smeared-out 
interaction (K matrix) and the low density of nuclear 
matter. The K matrix was obtained by summing up the 
scattering processes between two particles (or two 
holes). The existence of collective excitations of various 
kinds in nuclear matter was first shown by Glassgold, 
Heckrotte, and Watson,2 who used a feasible model for 
the iT-matrix interaction to create particle-hole pairs. 

To solve the collective excitation problem from first 
principles is of course a matter of interest, but here we 
will first try to improve the result obtained by G-H-W. 
In a previous paper,3 we have applied the so-called 
"equation of motion'' method to construct the K 
matrix from a potential by first constructing an ap­
proximate scattering eigenmode. We will use the same 
method here to obtain the self-consistent equations of 
motion of a particle-hole pair taking into account 
possible higher order effects in the propagator and 
vertex parts of interaction between pairs. 

In Sec. I I , we will describe in detail the method used 
in this paper, and in Sec. I l l we will apply the self-
consistent equation for the one-particle energy to the 
electron gas and show that the result of Quinn and 
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1 K. A. Brueckner and J. L. Gammel, Phys. Rev. 109, 1023 
(1958); H. A. Bethe, ibid. 103, 1353 (1958); J. Goldstone, Proc. 
Roy. Soc. (London) A293, 1267 (1957). 

2 A. E. Glassgold, W. Heckrotte, and K. M. Watson, Ann. Phys. 
6, 1 (1959). We refer to this as G-H-W. The Goldhaber-Teller 
modes have an energy ~pFq/ni (q: momentum of oscillation) in 
the model used by these authors, simply because the (repulsive) 
pair-interaction is weak. 

3 K. Sawada, Phys. Rev. 119, 2090 (I960). We stated our in­
tention to construct a pair eigenmode in Sec. I, Eq. (30) of this 
reference. 

Ferrell, and Rockmore4 is obtained when we replace the 
screened interaction by the bare interaction in the 
lowest order. In Sec. IV, we will apply the self-consistent 
equation for the strength of the pseudopotential in 
nuclear matter; and estimate the effects of higher order 
pair interactions on the ground-state energy, the Gold­
haber-Teller mode and the symmetry energy. 

II. FORMULATION 

As an interaction Hamiltonian, we will take the most 
general form of the two-body interaction: 

# i n t = L p E p ' E q EyCp+q*(Cp'*pyCp'+q)PiCp|^(q), W 

where the c's are matrices given by 

pj— 1 for the electron gas, Co = 

Cn = 

ipv^ J 
| £ p ; P , t 

I £p;P,i I 
£p;iV,t 

and the c's are annihilation operators of particles. As 

pj=l, <rj, TJ, or (crr)y for nuclear matter, 

P+Q 
P+Q 

J01 

V2u!(a-p) 

a+Q 
particle 

a+Q 

(a) (b) 

FIG. 1(a). An ordinary pair scattering in the second order of 
the perturbation expansion, (b) An exchange pair scattering in 
the second order of the perturbation expansion. 

4 J. J. Quinn and R. A. Ferrell, Phys. Rev. 112, 812 (1958); 
R. M. Rockmore, ibid. 114, 941 (1959). 
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FIG. 2. A scattering dia­
gram of a pair in the fourth 
order of the perturbation 
expansion which cannot be 
represented by an iteration 
of Fig. 1(a) and Fig. 1(b). 

a+Q 

usual, we separate c into 

Cp Qp~\~0p j (2) 

where ap is the annihilation operator for a particle of 
momentum p (above the Fermi surface) and bp* is the 
creation operator for a hole of momentum p (below the 
Fermi surface). The total Hamiltonian is 

HT = H0+Hint; #o=EpCP*c p (p 2 /2m). (3) 

For nuclear matter, we assume that the bare interaction 
has already been replaced by K, as was done in G-H-W,2 

and we regard v [in (1)] as a pseudopotential. Conse­
quently in this work we will consider only the effects 
of the interaction between particle-hole pairs which are 
not represented in the K matrix. 

~"L 
l l 

etc. 

FIG. 3. Higher order pair scatterings in the 
perturbation expansion. 

We would like to give a somewhat qualitative pic­
torial argument at this point. The lowest order processes 
which represent the scattering of a pair (hole and par­
ticle) are given by Fig. 1, where (a) represents the so-
called "ordinary" scattering and (b) represents the 
"exchange" scattering of a pair. The next order diagram 
which cannot be represented as an iteration of Figs, (la) 
and (b) is represented in Fig. 2 (which will be followed 
in higher order by Fig. 3, etc.). 
Figure 2 represents the correction to Fig. 1 (b) and the 
matrix element for Fig. 2 is 

1 
2 X L # P < M « - P ) Tr (p<p y )M«-p)p / D P ' • ; r 

\r>'£<PF\^A ~ A ~ - ( e P ' + P - « - V ) Ip'+p-al >pF 

= HJ pyM«-p)p;M«-p) ZP' • 
A—(v+P-«~ CP') 

The factor 2 comes from taking account of the upside-down diagram, and A is a certain "excitation" energy which 
arises from the excitation of other particle-hole interactions along with Fig. 2. We should notice here, that if we 
assume the sign of potentials for nuclear matter to be 

z)x<0; va, vT, vTa>0, 

as is usually supposed, the "exchange" scattering strength for py=l is enhanced, and the other strengths for 
py=cr, r, err are reduced by this correction, because 

M « - P ) E P 
"A— (V+P-«—€ p / ) l < 0 ; Pj=(T,T, 

> 0 ; P y = l 

One can expect the correction to be largest when the "momentum transfer" Q between, a pair is small, because in 
such a case all excitations are confined to the vicinity of the Fermi surface, and A takes its smallest value[~A^0(Q)]. 
However, because no singularity appears in the potential at small Q (because of the finite range of nuclear forces) 
and because the matrix element for Fig. 2 is large only in a small volume of phase space, we only obtain a small 
correction to the ground-state energy from Fig. 2 and from its higher order terms. 

Now in the following sections we shall use Figs. 1 (a, b) and sums of diagrams of Fig. 2, and its higher order 
diagrams, and show the procedures which give "self-consistent" equations for determining both the scattering 
strength of a pair and the one-particle energy. 

The self-consistent method we will use to find the "pair" interaction can be described as follows. We first con­
struct the equation of motion of a "pair," taking the uniform Fermi-sphere as a starting point: 

[c«+Q*a-ca,.Sy]= -{(ea+q+'nv^O) £ p »p—Xw' ^(<lV«+Q+q)- (ta+nv^O) E P ttp—Sqy ^(qVa+q)}ca+Q*o-c« 
- ( » « - » « + Q ) { E / ^ '(0) Tr(pyo-) £ P : Cp+Q*pycp: _ £ \ q ^ ( q ) : ca+Q_q*p/0-p,ca__q:} 

- I q ; i ; p { : (Ca+Q*o-pyCa+q) (cp+q*pyCp):- :(c„+/pycp) (c«+Q_q*pycrca): M q ) , (4) 
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where a represents 1, <r, r, or ar; 
nv—\ for p<pF 

= 0 for V>PF; 

: : means that the operators #*, Z>*, a, and 6 appear ordered; n is the number of internal degrees of freedom (2 for 
the electron gas, 4 for nuclear matter). 

Let us rewrite (4) in the following form: 

[ca+Q*o-ca,iV]== - (coa+Q-<oa)ca+Q*o-ca- (na-na+Q) E ; v3'(Q) Tr (pja) E ^ cp+Q*pyCp: +Aa;Q, (5) 
where 

A«;Q= {[Wa+Q-Oa+Q+^CO) E p » p - E q / ^(q)^«+Q+q)]~ 0 « ~ (e« + ^ (0) E p » p - E q j ^ V a + q ) ] } C«+Q*(7Ca 

+ ( « « - ^«+Q) Ey {[>'(Q) ~*>y(Q)] Tr(Pj<r) E P : Cp+Q*pyCp: + E P ^ ( « - p): Cp+Q*pyorpyCp:} 

+ E v ' p [ : (ca+Q*WCa+q)(Cp+q*pyCp): - : (cp+q*pyCp)(ca+Q-q*py(rCa):>^(q), 

and o) and v3'(Q) are unknown functions which will be determined later. 
In (5), we consider the term A« ;Q as the residual "interaction" and try to choose co and v*(Q) so as to make 

Aa; Q as small as possible. 
Let us construct an eigenmode which has the following property: 

Then it follows 

where SE'o is the ground-state wave function. In order to find such an operator Xn*, we multiply both sides of (5) 
with coefficients ^« ;Q

w;i: 

UEcSf'a;Qn]iCa+Q*PiCa,HT~]--

= I « Ca+Q*piCa{-(cOa+Q-COa)^a ;Q
n '*-^(Q) E « ' k - V | Q ) ^ ; Q n ; i } + Z a i ; Q " ; i A a ; Q (6) 

= ~ WQnl iHata; QWJ iC<H.Q*p<Ca+ F, 
where5 

Then we obtain an equation for \l/a;Q
n;i: 

[ > Q ^ - (a>aH-Q-W«)>«;Qw;i:=»V*(Q) E « ' (»«'-»«'+Q)^«;Qn;i. (7) 

If we choose A as small as possible, Ea#a;Qn;*ca+Q*P*c« represents the operator X*n approximately, and X*n, Xn 

represent creation and annihilation operators for excitations of energy a>n(>0). Namely, the "packet" 

^ Q * n ; i = E a ' A « ; Q , i ; ' C a + Q V C a ( ~ X * - ) ( a ) Q - ^ > 0 ) , (8 ) 

^ - Q W ; i = E a ^ a ; Q W ^ C a + Q * p ^ a ( ^ X ^ ) ( c O Q w ^ < 0 ) 

gives 

if we regard Y as a small quantity; and hence AQ*ni, A-Qni represent "creation" and "annihilation" of excitations 
of energy |a>Qn;*|. Equation (7) gives us a complete orthonormal set of functions; hence we can expand ca+Q*Pi£<x 
in A and A* by applying the inverse transformation to (8). 

To make Aa-Q in (5) as small as possible, we should remember that a*, b*, a, and b appear ordered in the 4-
operator term of the form : (c*apc) (c*pc): in A. But since small A means that ^4* and A given by (8) represent 
creation and annihilation of excitations, then a*pb* or bpa [contained in (c*pc)] no longer represent creation or 
annihilation of excitations. Namely, as mentioned above, we can expand c*pc(a*p6*,&P#, etc.) in a linear combina­
tion of A and A*. Then : (c*o-pc)(c*pc): must be re-ordered about A, A* in order to minimize its effect. The re­
ordering gives us the form: 

: (c*<rpc)(c*pc): =^4*: (c*o-pc): + : (c*crpc):^.+Aco:cVc:+A^:c*po-pc:, 

where Aw, Av terms arise because of noncommutativity of A and A* with a*, &*, a, and b. The terms Aco and Av 
can be combined with terms which appeared originally in A of (5) and the sums of coefficients should be taken as 

5 Equation (6) corresponds to [X*,i7r]= — wX*+F of reference 3. 
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zero to make the effect of A small. In this way, we can get the equation which determines the one-particle energy co 
and the self-consistent potential v3\Q). Then the equation for the A's takes the form 

ZA*,HTl-=-<aA*+(A*:c*?pc: + :c*(rpc:A) 
= -a>A*+Y 

[from (6)] ; A is now of the form A*:c*:pc: + :c*apc:A and the residual "interaction" Y becomes a nonlinear 
coupling between A's. We can expand : cVpc: again into A's, but no further re-ordering is necessary because A* 
and A already stand to the extreme left and right in F . 

The above procedure provides us with an approximate pair eigenmode A* self-consistently. Of course, to obtain 
"exact" self-consistent equations for v3 and to (one-particle energy), we should assume 

fl'(Q)-**'(Q;«,p), 

but, for simplicity, we assume the simplest possible dependence on momentum for the vJ' [in some sense of "aver­
age," we expect to be able to include in the simple form v3(Q) the effect of the "exchange" term (the fourth term 
in (5)) and the generally momentum-dependent Av which arises from re-ordering of 4-operator term in A« ; QJ. 

To solve the equation for \f/, Eq. (7), we take3 

^a;Qn]i = 

$a;Qn'>i\*+Q\>pF;a<pF^ 
®a;Qn;i\*+Q\<pF',«>pF\ 
Xa;Q

n'>i\*+Q\>pF;a>pF\ 
[E«;Qn;*|a+Qi <pF] U<pF) 

(9) 

Then Eq. (7) becomes (writing UP]Q=G)P+Q-— O>P) 

(o}n—O)P;Q) ®P ;Qn ; i 

M>;Q 
= » » * ( Q ) E P ' (*p';Qns '-©p'!Q

n;i) (10) 

namely, $ and © are coupled to produce eigenvalue equations: 

(con~uII;Qaz)<tP;Qn'i=nvi(Q)(crz-ia¥) X > *P ' ;Q n ; i , 

(11) 

(note that | p + Q | >pF, | p | <PF), and X and S can be solved immediately as functions of <£ and ®. 
The orthonormality relation for (11) is 

Z p ^P ;Q*m ;V 2^p;Qw^=5w ; nCO n / |cO n | , ^ p - Q ^ ^ C T * ^ ) ^ ' * * (12) 

(The db sign represents the sign con; the T represents its transposed matrix.) And the completeness relation is 

VzlLn®. p,Q .^•V.Q °P;P ' (13) 

(this applies only for | p + Q j >pF, | p | <pi). 
The explicit solution of (10) is given (co«>0) by 

^p;Qn;'l r ^ ; P + Q l P ( | p + Q | > M \V\<PF) 

0 ® P ; Q W 

Hp;Qn ; 

0 

0 

a>nd-ie—COP;Q 
~NQ

n>\ 
(14) 

NQnM=flv
i{Q) £ p , (*P ' ;Qn ; i-@P-Q

w :0, 

where the first term in (14) represents the incident wave for a "pair-scattering" state (o)Qn;i is in the continuum). 

iVg»J*=»S*(e)/Cl+/Q*(«on;<)], 

2 W P ; Q ^ P ( 1 - ^ P + Q ) (15) 
M * ) = ^ ( 0 E P -

up;Q
2—(zdzie)2 
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with 

( I P O + Q | > ^ P ; |po| <PF and wp0;Q is the energy of the incident wave.) For possible "bound" states (plasma 
states), where the first term on the right-hand side of (14) is zero, we have from the orthonormality relation (12) 
(«<j*'>0): 

IAVM|2=I / W ( — V I - « P + Q K ] 

= »5y(Q)/[-M«)l , (16) 

Equation (16) determines both the energy of bound states and the normalization constant N. 
In the approximation which neglects the dependence of O)P;Q and v}'(Q) on the coupling parameter X (we suppose 

v3' proportional to X), we have 
d 

|iV*|2=x—coQ*;w(<2), (17) 
ax 

just as in the case of the electron gas treated before6; however, we will not need to use this kind of approximation 
to obtain Eq. (25) which appears in Sec. III. 

The "creation" and "annihilation" operators (8) now become, by using (9) and X, E given by (10): 

/ ^ Q * n ; * \ f 
2lQ*n; i= I 1 = £ J (ap+Q*pibp*,b_pp,-ap-.Q)0p;Qw^ 

XA-Q*''*/ I 
1 ) /o>Q

n;i>0\ 
+ ^ ^ K ^ p + Q ^ a p i + ibp+Qp.bp*:) , ( ) . (18) 

We can see by using the relation (12) between «t>±in that A-q71'^ is (.4_Q*n;*)t (the dagger indicates Hermitian 
conjugate). By using the completeness relation (13), we get the inverse transform of (18): 

a p + Q * P i b p * = £ n 2 r Q * ^ - ^ p ; Q * ^ - Z (ap.+Q*P*aI><+: bp,+QPibp<*:) £ : NQ*tp-4>r.Q**<, 

Oin 

b_pPia_p_Q= - L &,*»••*-—-®_p 

«« 
+ E (aP<+Q*P;V+: bp,+QPibP<*0 £ : #«**—e_*-QiQ*":«. (19) 

Hence for : X)2>CP+Q*/>*CP • ? which we will write as tii(Q) by using the definition of NQH; i in (14), we have an expansion: 

Wi(0=:ZpC,H-Q*P»Cp: 

^*n;i 

(<on>o) \ nn (Q) nvi (Q) / 

X l - L h I2—TV • (20) 

I («n>0) \WQn;*±ie — C0p;Q C0Qn;i:=Fi€+C0p;Q/ 7W»((?) i 

(We have used the relation |i\7Qn;*|2= \N-Q
n;i\2.) 

At this point, one should note that \\AQnii,AQ*nii2 = n (n is the number of the internal degrees of freedom) and 
so the A's are not normalized operators, but normalization is not essential to the following arguments. 

Now, we want to make the "interaction" A« ;Q in (5) as small as possible. By using expansion (20) for rij(q) 

6 K. Sawada, K. A. Brueckner, N. Fukada, and R. Brout, Phys. Rev. 108, 507 (1957). 
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= E P : Cp+q*pycp: which appears in the 4-operator term in Art;Q, we get 

Eg;p{: (c a + QViC«+ q ) (cp+q*pycp): - : (Cp+q*pycp) (c^<^q*pycrcft): }v>(q) 
= E « »;'(?) [{ a^Q^pyb^wy(q)+aa+Q*o-py»y(?) aa+q+ftj(q) ba+Qapjaa+q - (b«+q)T* (py)r (a) TUj(q) (b a + Q)T} 

- { a - ^ a - q j o - p - ^ p a - } ] 

(where 7* is the transposed matrix), and by shifting the operators A* and A to the left and the right, respectively, 
we reach the following expression for Aa; Q : 

Aa,Q = AatQv+Aa;Q™+AaiQw, 

A « ; Q
( 1 ) = wa+Q-- ea+Q-\-nvl{0) E P «P—Ei« v3'(q)na+Q+q 

+Ey* .*(</) En ( — — 7 - r — - — -
(ww>o) Vco^^Tie—coa+Q;_ff a)q

n''3'zLie—a)a+Q-q',q' nvi(q) 

[a}a— (a-\-Q—* a and complex conjugate in the above)] C«+Q*<7C« , ( 2 1 a ) 

Aa;Q(2) = E ; E J ( ^ ( e ) - » y « ? ) ) ( » « - « ^ o ) Tr(pyo-):cp+Q*pyC: 

(" / na l — na \ 
- ^ ( p - a ) U a — E n ( ;—; — ;—; I 

1-? 
+vi(p-a)\na- E n ( — — ) — (21b) 

(a>re>0) \oOp-a
n;3ZFl€ — a)p;a-p 0)p^a

n'Jzhte — Cx)a. p-a' flVj (p—OL) 

/ na+Q l-na+Q \ \Np-a
n''>'\*l 

-na+Q+ E n I ;—; ;—; — 1 - 7 7 " 7 : CP+Q*/WVCP : 

(«n>0) \C0p_an ; ?db^€ —COp+Qja-p 00p-a
n; %ZJrlZ — C0a+Q; p-a / flVj(p~a) J 

A«; Q (3) = E « ^ ' ( ? ) [ : (Ca+Q*0"PyC«+q) (Cp+q*PyCp) : ~ (« ~ * « ~ 5 J ^P " ^ P<0]re-ordered. ( 2 1 c ) 

A(1) and A(2) include Aa> and Av, which arose from re-ordering of the 4-operator term in A« ;Q. 
In the next two chapters we shall discuss the conditions which minimize (21). 

III. ONE-PARTICLE ENERGY: ELECTRON GAS 

We can minimize A« ; Q
( 1 ) as given by (21a) by taking coa as the one-particle energy determined by the condition: 

Real(A«;Q<1>) = 0: 

coa=Real part ea+nv1(0) E P nv~~Ey<? ^'(?)^«+q 

l-na-q \\Nq
n'>i\* / na-q ±-na-q \\Jyq
nm'>\2l 

+Zj«Hq)Zn( — I 1 - 1 - 1 - . (22) 
(^>o)\co5

n^=t:ie~-coa;_g (joq
n;}:=Fie—coa-q]q/ nv3(q) J 

This is the self-consistent equation for the one-particle and for Nq
n we use (14) with v(q) for v(q) and ea for 

energy. Because of the appearance of the zero-energy o)a(ea is kinetic energy). The sum E n (wn>0) can be 
denominator in (22), A« ;Q

( 1 ) contains an imaginary transformed into a contour integral by using (15) and 
part. This corresponds to the possibility of decay of a (16). 
single-particle excitation into one particle and one If we use, as in the above, v=v then (22) gives a self-
particle-hole pair. consistent equation for one-particle energy which con-

In the case of an electron gas with Coulomb inter- tains all pair-pair scattering effects within the random-
action, we reach the same energy expression as previ- phase approximation. If we choose v so that Aa;Q

(2) 

ously derived by Quinn and Ferrell, and by Rockmore,4 vanishes, then (22) will provide us with an equation 
if we use "bare" quantities on the right-hand side of containing all pair-pair scattering effects. In the case of 
(22). To show this, we omit v(0) from (22) (because we very-long-range forces, the dependence of v3'(p—<x) on 
assume a background of positive charges which neu- the direction between p and a is too strong to make 
tralize the system). Also we set "average" to get A « ; Q ( 2 ) ^ 0 with our simple choice of 

momentum dependence for vK But for short range forces 
p y = l ; n=2, v(q) = 4Tr/2q2, (23) this angle dependence is rather small and we expect 
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some "average" can be taken to make AayQ (2)~0; this where the fs are defined in (15). Hence for sufficiently 
is fully discussed in the next chapter for the case of small Q: 
nuclear matter. 

Thus in the case of an electron gas we cannot con­
struct a self-consistent equation for the effective pair-pair 
interaction with our simple assumption of momentum 
dependence of v3'. But we can see explicitly in (21b) 
that the "exchange" pair interaction (c*pjapjC term) is 
"screened." For example, w a = l , ^ a + Q = 0 ( | a + Q | >pF, 
I«I <PF), t n e coefficient 1 [multiplied by : cp+Q*py(rpyCp: 
v3(p—a) in (5)] is replaced in A« ; Q

( 2 ) by 

1 ->1 — 
f\q-a\3'(\<aa — <aP\) 

l+/ |q—«iy( |w« —C0„|) 
-0(0, 

I" En (~ 
(co»X)) \0) p—a ' ~r~l€ (tip^a—p 

1 

o)p-a
n'3'zLie~ coa+< p—a* 2tV'(p—a) 

(24) 

Using (15), (16), and (17), and the same contour tech­
nique as in reference 6, we have 

2^n 
1 \Nq*i\* / . ' (A) 

(cow>o) ctiq
n;3'±:ie— A ^ ' ( < z ) 

- r 
1 + M A ) 

0 /«'(**) 

-(A>0) 

27T«/_oo 1+A' («0 ^ + A2 
- A (25) 

and in the case of Coulomb interaction/) p_« i?', (| w«—wp | ) , 
oc l / | p—a | 2 ; hence, for small | p—oe| the interaction 
is screened. 

IV. EFFECTIVE PAIR INTERACTION: 
NUCLEAR MATTER 

As we have mentioned briefly in the previous chapter, 
our simple assumption for momentum dependence of 
v3' restricts us to constructing v3' only for short-range 
forces. To see the effect of pair-pair scattering on v3', 
we treat the case of nuclear matter in this section 
regarding the v appearing in our original interaction (1) 
as a pseudopotential (or K matrix) which includes the 
effect of the particle-particle and hole-hole scattering. 
I t was already shown by G-H-W2 that Goldhaber-
Teller modes exist very close to the energy qpF/m 
(q: momentum of oscillation) if one uses feasible pa­
rameters for the pseudopotential and solves an eigen­
value equation corresponding to (16). We would like to 
examine how this conclusion can be changed if we in­
clude all pair-pair interactions self-consistently.7 

Let us write down Aa;Q
(2) explicitly by using (25): 

(<tip—o)a> 0, etc. means the term vanishes for up—coa < 0), 

Aa;Q
(2) = L J (v3(Q)-v3(Q)) (na-na+Q) Tr(Pja): cp+Q*pycp: +v>'(p-a) na-

1 

l+fp-J(\(tia — (tip\) 

((tip — Wo) 1 P* 
— —(cop—co«>0)H I 
a
3 ((tip — COa) 27rJ_oc 

fp-a
3'((tip — (tia) fp-J(iv) 

l+fp-.a
3'(iv) v2+(ctia—(tip)

2 
-dv 

fp-a
3((tip+Q — (tia+Q 

- na+Q 
l+ /p -a 5 ( | cO a + Q — UP+Q\) l+fp-a

3((tip+Q — (tia+Q) 

1 r00 fP-JH 

((tip+Q — (tia+Q>0) 

2TT-L 1 

(tia+Q — (tip+Q 

+fp-J(iv) V2+((tia+Q-Ctip+Q}2 
dv '. Cp+Q*pyO-pyCp =1 (26) 

Let us further confine ourselves to the case of small momentum transfer Q. Then, since the essential part of the 
eigenvalue equations comes from <£ and © [see (9), (10), and (11)], we may consider | p + Q | > ^ F , jp | <PF or 
\j)+Q\<pF, \l?\>pF in (26), and correspondingly | « + Q | > ^ F , I a | < ^ F or \a+Q\<pF, \&\>pF in (21b). 
For small Q, then [ a \ ~pF, [ p | ~pF, \ a + Q | ~pF and | p + Q I ~pF follows, and we may take o)a—o)p^O(Q) and the 
terms of (26) in curly brackets which are not multiplied by na or na+Q can be taken as 0(Q); then 

Aa;Q{2)=(na-na+Q) E phv3(Q)-v3(Q)):cp+Q%c,: Tr(aPj)+v3(p-ix) 
1 

where from (15) 
1 + / P - « > ( 0 ) 

: Cp+Q*pyO-pyCp : \+0(Q), } 
77(0) 

v'(q) 
\X\(q), 

fx 1 \ /2+x\ 
Hq) = h-( ) l n ( ) , (x=\q\/pr). 

\ 8 2x/ \2-x/ 
7 K. A. Brueckner and C. A. Levinson, Phys. Rev. 97, 1344 (1955). The pair interaction is small for the ground-state energy, 
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FIG. 4. A graph of the function 
\(q)=i-(x/S-l/2x) l n [ ( 2 + * ) / ( 2 - * ) ] 

against the momentum transfer x—q/pp. 

| p | ^ | a | ^ ^ F but |p—a| goes from 0-*2pF. Inside this range A(p—a) changes rather slowly from 1 to \ 
(Fig. 4). Further, we utilize here the short-range character of the pseudopotential and take v and v independent of 
momentum : 

vf(Q) = v>', ^ ( 0 = »y; (27a) 

we neglect the change of X(p—a), and assume 

/ P - ^ * ( 0 ) - > A ^ ( 0 ) . (27b) 

The assumption of zero range for the pseudopotential and small Q leads to a simple equation for A« ; Q
( 2 ) . But for 

ranges of v (or v) >\Qi/iic) (/x: meson mass), Eq. (27b) becomes incorrect, because the angle dependence of 
v(p— a) (\v\^\oi\^pF) becomes large (|p— a\ ranges from 0 to 2pF) since 2pFc~54:0 Mev and ^ 2 ~ 1 4 0 Mev. 

Under these reservations, we get as part of the pair-pair interaction the term Aa;Q
(2) which should be equated 

to zero: 

A « ; Q ( 2 ) - 0 - (na~na+Q) £ J (yi-vi) Tr(pia-):cp+Q*pyCp:+^ : Cp+Q*py<rpyCp: 

L 1+YW(0) J 
(28) 

By the self-consistent equations (22) and (28), we have left only Aa;Q
(3) which contains A, A*, already ordered. 

Hence the equation of motion for A only contains nonlinear interactions as was explained in Sec. I I . Assuming two-
body nuclear interactions in momentum space, we have 

^ ( ^ ) = ^ + ^ ( c r - ( T ) + ^ T ( r - r ) + ^ T a ( r - r ) ( ( 7 - ( r ) . 

W e ge t from (28) ; ( tak ing cr= 1, <n, r», o-»ryy respect ively) 

Vi 3 ^ 3vT 9v 

(29) 

48*=4s1-
• ( l + / r 1+/" 1+/T 1+ / " 

3D 

) • 

( v1 v" 3vT 6V" \ 
+— 1, 

1+/1 l+f l+f i+ /" / 

( vl 3V v" 3vT° \ 

1+/"1 1+f 1+f* 1+f"/' 
4vT=ivT 

(30) 

45' 

.1+f 1+f 1+f 1+f 

where, from (27b) and (25), 

— — _ _ _ ! _ \ 
1+f 1+f 1+f- 1+f/ 

/,=/?-»o''(0) = 4«;i £ „ (l-tip+JnJ 
U->o 

!+/'=!+ 
3 VjA 

(31) 

2l(Pf?/2m) 
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Actually, we should use fn* (effective mass) instead of m in (31) because of the change of the one-particle energy 
(22), but for clarity we use m in the following. 

As an actual potential for nuclear matter, we assume the form: 

V(x) = [ 7 i + (*<r) Va+ (TT)VT+ (rr) {era) VTff}g{x)y (32) 

where g(x) is a function of the space coordinate. The values Vh etc., are, according to the shell model analysis 
by Thieberger,8 

Vt= - 4 0 . 3 Mev, F i = - 3 9 . 3 Mev, 

V„= 8.7 Mev, - 7 , = 4.1 Mev, (33a) 

VT= V„= 12.6 Mev, 7 r , = 7 r = 9.4 Mev. 

(with core included) (without core) 

Transforming (33a) into momentum space [y(q)= (l/Q)Jei(i'xV(x)dx*2, we have 

v>'A=(V'(Q)A)=vA f v(x)d*x /-^y0
z ) 

\J / 3 / (33b) 

= V>'Xa, 

where yoA* is the nuclear radius and (33b) defines a. The coefficient a can be determined by taking the Hartree-
Fock ground-state energy of the system to be A times the mean binding energy per nucleon (—15 Mev). 

A[§(j>F?/2m)+Uv1A-v*A-vTA-3v"A)Ji=z--lS Mev A, (34) 
and we get 

a =1.04, a=1.33 , 

(with core) (without core) 

(pF
2/2?n~4:0 Mev). For the evaluation of v by (30), we take two sets of values which satisfy Eq. (34) : 

v*A = - 4 6 Mev, vlA = - 20 .5 Mev, 
and 

v*A = vrA = vTffA = U.6Mev, vaA = vTA = vT(rA = 16.7 Mev. (35) 

One has a large attractive central force and the other has large a, r, and ar dependence. (33a) lies approximately 
in the range of (35). 

The solution of (30) becomes: 

*M = - 1 3 . 4 Mev ( - 7 8 Mev), vlA = - 8.23 Mev ( - 7 8 Mev), 

and 

v°A 
v T A > 

vT(TA 
= +60 Mev (+26 Mev), 

v*A 
vTA 

vT<TA 
= + 5 0 Mev (+26 Mev). (36) 

[The quantities in the parentheses are obtained by taking all jPs=0 in (30), that is the lowest order pair inter­
action corresponding to the one used by G-H-W.2] The remarkable point in (36) is that, since ^ < 0 , the term 
— ^ / ( l + Z 1 ) in (30) is large and this has the effect of reducing vxA and increasing vTA, v^A, vaTA compared with 
the results obtained with / = 0 , though vrA} v°A, vT(XA are only about two times "enhanced" compared with / = 0 
value for the two different values (35) for v. 

G-H-W2 have shown that because of the negative sign for vlA (and vxA with / = 0), there could exist solutions 
(o)Qn;1)2<0 for the density fluctuation which leads to instability of the system, and in fact, if we take vxA = —78 
Mev [obtained by taking / = 0 in (30)] we get such a solution. For p3-= 1, Eq. (16) gives an eigenvalue equation: 

2COP;Q 
1+4&A E ( 1 - % Q ) » , = 0 = 1 + A V ) , (37) 

8 We are thankful to Dr. R. Thieberger for giving us his potential in a simple form for convenient use. 
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and 

I+/(,
1(*A)> i+A1(o)> i+/a-,o

1(o)= i+- - ^ 7 — 
2 (pF

2/2m) 

= 1-Qi , 

where Qi== —^A/ (pF
2/2m) using the notation of G-H-W. With vtA = — 78 Mev, we get 1 — (?i<0; hence there 

can exist co1 = dbiA which satisfies the eigenvalue equation. But for v1A = — 13.4 or —8.23 Mev as we obtained in 
(36), 1 —<3i>0 and no such solution exists; that is, the self-consistent solution satisfies the stability condition.9 

Writing the eigenvalue equation (16) in terms of G-H-W2 notation: 

1 r 3 &A T1 Aj 
= 1 In 

Qj L 2pF?/2ml 2 

1 r 3 v'A T 

1i L 2pF
2/2m\ 

i y ± l 

Aj-l 
(38) 

pFy 

we have 
1 

—(j=a, r, err) = - 0 . 4 4 and -0 .54 , (39) 
Qi 

(vTA obtained by taking / = 0 in (30): 1/QT= —1.03); hence, from the diagram given by G-H-W2 (Fig. 3 of 
reference 2) we get about 15% increase for plasma frequency compared to pFq/m (i.e., Aj= 1.15). 

I t will be interesting to see how the ground-state energy and symmetry energies are changed as we include the 
pair-pair interaction in a self-consistent way. For this purpose, we evaluate the expectation value of the total 
Hamiltonian by starting from the distorted Fermi sea, indicating by tipt, npi, nm, nN\ the occupation numbers of 
states with proton, spin up, etc. After ordering the operators ap;pt*, &p;Pt*, 0p;Pt, bplpt, etc., we get as the ex­
pectation value of total Hamiltonian 

\3pF2 pr\ /nN—nP\2 /nt — ni\2 /nNt+npi — nNi — nPi\2'1i 
(?O',HT*O') = A\—+—\(—; ) + ( ) + ( ) 

\5 2m 6ml\ A / \ A / \ A / J 

( nN—nP\2 /nt — m\2 /nN\+nPi — nNi — npt\2 

- ) +iv'Al — j +%v"Al j 

l r /nN-nP\2 

— A (z>1+3i>«r+3i>T+9z>r*)+4 (^+3vff-vr-3vrv) I J 

( nt — ni\2 

• \ +A(vl—v<r—vr+vT") 

( nNi+npi — nNi — nPt\2 \ 1 
J + (¥0 ' :ffint:*o'), (40) 

where SlV is the wave function for the ground state of the system. We evaluate (f&o': H^ti^o') by the same method 
we used to evaluate A « ; Q ( 5 ) ; namely, :Hint: is written explicitly as 

:#int: =Lfpfl ^(^)(ap + q *p^p*^(^)+ap + q*p^(^)ap+^(^)bp + q p^a p - (bp) r *(p; )^(g) (bp + q ) r , 

and we use the expansion (20) for fii(q). Shifting the operators A, A* to the right and left, respectively, we have10 

1 / 1 1 \\Nq
n^\2 

:Hint\ = - E P « ^ " ( ? ) ^[np+qpj(\-np)pi] E „ -1 1 ) 
(ccn>o) 2\o)q

n;jzt.ie—oop;q ccq
n''JZFie — (j0p]q/ nvJ(q) 

+:i^int: (re-ordered about A, A*). 
9 K. Sawada and R. M. Rockmore, Phys. Rev. 116, 1168 (1959). 
10 The method used here is slightly different from the method in K. Sawada, Phys. Rev. 106, 372 (1957), where we took :Hint' of the 

form ln(q): ln(q):—diagonal form, expanded both n(q)'s into "pair" eigenmodes, and performed an "ordering." This is done in (A-13) 
and (A-14) of reference 6 [which is n(q)&o], and (14) and (15) of K. Sawada, Phys. Rev. 106, 372 (1957), where we applied "pair" oper­
ators to the state vectors; but this is clearly equivalent to the ordering process. The technique of getting the total energy from the ex­
pectation values of the interaction energy becomes much too complicated if we determine co and 0 self-consistently. So we simply took 
the expectation value of the total Hamiltonian. 
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The expectation value of the re-ordered term is approximately 0, since ^o ' is approximately ^o, where ^ 0 satisfies 
the relation ^4M>o=0. In the above expression np is the matrix: 

np=l(nP;Pt+np]pi+np-,Nt+nP]Ni)+i(np;pt+nv;pi—np-N\ — np-N\)rz 

+ i ( % ; P t + ^ p ; ^ t ~ np;p\—np;Ni)o'd+l(nP]p\+np;Ni — %>; P I — %>; ^1)0^3, 

with nPtij the occupation number (1 or 0) of states with momentum p, charge i, and spiny. By using (25), and 
evaluating the trace, we get: 

1 f°° /fl'W Up-Up+q 
•dv 

IPI >pF 27f/_oo i + y v o ) v2+(cop-^p+qy 
|P+q| <PF 

J _ , /U(WP;q\y(q) . 3 / / ^ fqV 3fq"v"> 
"8 £^qj\ I 

X (np- p\-\-np-p± — np-N\ — np; NI) (^p+q-, pt+%>+<?, P I — np+q; jvt — np+Qf NI) 

) 

/ / «V(g) /«'»'(g) 3 / /p r ( g ) 3fq"v"(q) 
+ \ 1+tf 1 + / / + 1+ / / 1+/,™ 

X (Wp; pt + Wp; ivt — % ; PI — np; Nl) (^p+q; PI +%+<?; iVt — ̂ p+q; Pi ~ ^p+q; Nl) 

fq^(q) fq*v°(q) fq
TvT(q) Jq

r°v"(qy / JqV\q) h^W JqTvT{q) Jq
r9vT*W\ 

\l + fHq) l+fQ* 1+fS 1 + / , " / ^l+Z1^) 1+/ / 1+/ / 1+A 

X(%;Pt+%; iV | — nmp\ — %;JVt)(%+g;Pt+?Vf<zAa"~ ^p+g; Pi ~ ^p+Q;iVt) | , (41) 

where / f l ' is a shorthand notation for fq'( \ o)p; q | ) . The last three terms can also be reduced to a much simpler form. 
Let us consider the first of these terms, and suppose our distorted Fermi surface is obtained from the symmetric 
Fermi surface by changing the relative number densities of neutrons and protons (preserving total number A) by 
the amount 

/ L V r 
I I I ^12pp(^pp;Pt+^pp;P| — npF\N\ — TlpF;Nl) — np— fltf, {8flp= — 5UN) 

uniformly over all directions of momentum pp (L is the length of quantization box; D — Q). Then the energy of 
this system is, from (41) (writing p + q = p ' ) , 

AE(nP—nN) = -l — J I <Klp* I dttp(np,pi+np-pi — np;Nt — np-)Ni) 

//IP-P'IKOMP-PO 
X (np>. p\+nP'; P I — nP'; N\ — np>- NI) | 

1+/ | P_PV(0) 

3 » ' ( p - p , ) / ' | p - p ' | ( 0 ) vr(p-p')fT(V-V'\(0) 3 ^ ( p - p ' ) J W r * ( 0 ) 

) | 1 + / | P - P ' | ' ( 0 ) 1 + / I P - P ' I T ( 0 ) l+ / , p_ p M - (0 ) / | | P | = b i = P p 

In accordance with the short-range approximation in (27a) and (27b), we have 

A/fWA $f'v°A fTvTA 3fTcrvT<r\/np~nN\2 

AE(np-nN)=-( + • — ) ( ) , 
8 V 1 + / 1 1 + / " 1 + j f 1 + / - / V A / 

which represents a change in the symmetry energy. Similarly we can obtain AE(n\ — ni) and AE(npt+tiNi 
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— tin — tiNt). Thus we get, by using the relation (30) between v and v:11 

[3 pF2 /pF2 vTA\/nP—nN\2 /pF
2 v°A\ in\ — n\\* 

+(—+ )( ) +( f_+_)( ) 
S2m \ 6 m 2 / V A / \6m 2 / V A / 

+ 1 h — H — ) +§(vrA-v'A-vrA-3v"A)\ 

Ay(«0 

| p | <Pe 

The last term can be transformed by using the definition of fq'{iv) from (15): 

4 £,. , , ,- *>(?)—I — dv. (42) 

i E E 7^(j)2rJ_\l+/^(w) 
which corresponds exactly to the expression for the expectation value of the interaction energy in the ground state 
for the electron gas [reference 6, the expression above (34) of this reference]. For nuclear matter, it was already 
shown that this contribution can be neglected.7 

The symmetry energy for our model (35) is, in the case (i) where we take / = 0 in (30): vlA = — 78 Mev, vTA 
= vcA = vr<rA = + 2 6 Mev, 

pF
2/6m+13 Mev~26 Mev (c^2pF

2/6m); 

in the case (ii) where we take the self-consistent solution (36)12: 

43 Mev (~3.2pF
2/6tn), and 38 Mev (~2.8pF

2/6tn). 

The experimental value is ^2pF2/6m. These figures can be improved very much if we use the technique to get the 
ground-state energy from the expectation value of the interaction energy. Let us suppose that the potential is 
multiplied with the parameter X; then we can write (42) as follows: 

£o(X) - (*o'(X)#r(X)*</(A)) (43) 
-(^0

,(x)iyo^o/(x))+(^o ,(x)iyint(X)^o ,(x)). 
Then we can use6 

£o(l) = J <*Xf *o'(X) *o ' (X) j+£o(0) . (44) 

If we put the expression corresponding to v —»\v from (42), we have 

t vT(\)A /nP—nN\2 vff(\)A /nt — m\2 

^ \ + / \ 

vT<T(\)A /npi+nNi — npi — nNt\2 

•— ) +%\(v1A-v*A-vrA-3v"A)\ 

-4 EP.*/ ^(q)~-\ TTTT-^-rr-i1*' (45) 
| p + q | >PF 27r^_oo 1 + J V (^ J ™) V*+a)p; g2 

I PI <PF 

where vT(\), etc., are given by Eq. (30) with vl—>\v\ and fq
3'(\',iv) is given by the expression (15) with vl{Q) —> 

By using our model potential (35) as \vlA | x=i, we have as the solution of self-consistent Eq. (30) the value 
given approximately in Fig. 5. Integration over X as indicated in the equation (44) yields 

x 1 vT(\)A 
d\ —=avTA ; same for ^(X), vaT(\), (46) 

11 Cf. K. A. Brueckner and R. Thieberger, Phys. Rev. Letters 4, 466 (1960); W. Brenig, Nuclear Phys. (to be published). 
12 Only by summing up the ordinary scattering matrices self-consistency (Brueckner method), Brueckner and Gammel (reference 1) 

obtain the value 2.69 pF2/6m. This is also bigger than the usually accepted phenomenological value ~2pF2/6m. 
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with a=0.70 and 0.74, respectively. The energy (44) becomes 

Eo(l)s(¥0 ',ffr¥o') 

[ 6pr /pFz avTA\/nP~nN\2 /pF
z av*A\ /nt — ni\* 

5 2m \6m 2 ) \ A ) \6m 2 ) \ A ) 

( pF
2 avT(TA\ /tipt+nin — npi — nNt\2 1 

—H 11 \ +§(vLA-v*A-vrA-3v"A) 
1 f00 /«'(X;w) «„« 

- 4 f E *'(?)— f 

Equation (47) gives as the symmetry energy 

(hi) pF*/6m+%avTA = 34 Mev (o^2.6pF
2/6m) 

and 32 Mev (c^2ApF
2/6m), 

which is much better than (ii) and comparable to (i). 
Summarizing, we can say that the higher order pair-

pair interaction affects the ground-state energy rather 
slightly. 

We can see the relation between v'A and the sym­
metry energy, as suggested by Brenig11 in (42) and its 
modification in (47). 

V. CONCLUSION 

By requiring self-consistency in constructing the 
approximate pair eigenmode, we have derived equations 

V T ( X ) 
X 

SO MEV 

>6MEV 

A VT(\) 
X 

50 MEV 

26 MEV 

A 

~ ~ ^ ^ 

^ 

FIG. 5. Graphs for the solutions of the self-consistent equa­
tions (30) for the system with potential Xv*, where the ^ 's are 
given in Eq. (35). 

| p + q | >PF 
P <PF 

l+MX;«0»H-ftW 
•dvd\. (47) 

for the one-particle energy and pair-pair interaction 
strengths. We perform this program explicitly by using 
a simple "Ansatz" for the momentum dependence of 
the self-consistent interaction strengths, aiming only to 
see the effects of the pair (particle-hole) interaction. 
We have omitted the requirement of self-consistency 
for particle-particle and hole-hole scattering processes; 
supposing this to have been accomplished at a separate 
stage, and regarding our original interactions as a 
pseudopotential (or K matrix). But our model shows 
the importance of pair-pair interaction when the system 
has attractive forces. In particular, for Goldhaber-
Teller modes, the resonant (plasma) energy lies at 
about 1.15{pFQ/m) (Q: momentum of oscillation). It 
seems that this value will not depend critically on the 
magnitude of the original interaction though it does 
depend on the range of the force as we have mentioned 
concerning approximations (27a) and (27b). There 
exist no density plasma waves; the density wave has 
an energy corresponding to the individual particle-hole 
excitation. 

ACKNOWLEDGMENTS 

The authors would like to express their gratitude to 
Professor Keith A. Brueckner for suggesting this prob­
lem, and for his continuing help. The authors are also 
very grateful to Dr. Reuben Thieberger for giving them 
his results for shell-model potentials, and for many 
helpful discussions. 


