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We use a method due to Tsekhmistrenko to eliminate from the Frohlich Hamiltonian the electron-phonon
interaction term. We then evaluate the thermodynamic properties of a superconductor described by this
Hamiltonian, using a formalism developed by Zubarev and Tserkovnikov which is based on a paper by
Bloch and De Dominicis. We introduce an extra term in the Hamiltonian to take the impurity scattering
into account and study the effect of this extra term on the transition temperature. For the product of the
mean free path and the relative change in the transition temperature we find values of 7X107%, 91075,

and 8X 1078 cm for Sn, In, and Al

1. INTRODUCTION

ECENTLY Lynton and co-workers!? have shown

that the effect of impurities on the transition
temperature of superconductors is to a first approxi-
mation to lower it by an amount which is inversely
proportional to the mean free path. This lowering can
be readily understood qualitatively as it has been
shown by Pippard?® that the electron-phonon interaction
—which is responsible for the superconductivity transi-
tion—is reduced if the electrons are scattered by im-
purities. This effect has been studied by Nakamura!
using the Bardeen-Cooper-Schrieffer theory® of the
thermodynamic properties of a superconductor, and he
found a rough agreement between his calculated value
and the experimental value for tin. One can raise
several objections to the way the thermodynamic
properties of a pure superconductor are derived in
BCS, and we have therefore applied a more rigorous
method to derive the thermodynamic properties of a
superconductor. The method is due to Bloch and
De Dominicis® and was applied by Zubarev and
Tserkovnikov? to the Frghlich Hamiltonian, that is,
the Hamiltonian which contains an electron-phonon
interaction term. For many calculations it is more
convenient to work with a BCS-type Hamiltonian where
the electron-phonon interaction term is replaced by an
effective electron-electron interaction term. Tsekhmi-
strenko® has recently shown how one can use Feynman-
diagram techniques to change from the Frohlich
Hamiltonian to the BCS Hamiltonian. Unfortunately
there seem to be a few small errors in his paper and we

* Present address: Department of Mathematics, McMaster
University, Hamilton, Ontario, Canada.

1E. A. Lynton, B. Serin, and M. Zucker, J. Phys. Chem.
Solids 3, 165 (1957).
(125(}9.) Chanin, E. A. Lynton, and B. Serin, Phys. Rev. 114, 719

3 A. B. Pippard, J. Phys. Chem. Solids 3, 175 (1957).

¢ K. Nakamura, Progr. Theoret. Phys. Kyoto 21, 435 (1959).

5 J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev.
108, 1175 (1957) ; we refer to this paper as BCS.

6 C. Bloch and C. De Dominicis, Nuclear Phys. 7, 459 (1958).

"D. N. Zubarev and Yu. A. Tserkovnikov, Doklady Akad.
Nauk. S.S.S.R. 122, 999 (1958) [translation: Soviet Phys.—
Doklady 3, 986 (1958)7].

8 Yu. V. Tsekhmistrenko, J. Exptl. Theoret. Phys. U.S.S.R.
??, 1)5:]16 (1959) ([translation: Soviet Phys.—JETP 9, 1097

959) 7.

have therefore repeated his calculations to arrive at
essentially the same result. As our derivation goes a
little farther than Tsekhmistrenko’s, we give the main
arguments in the next section. Having thus obtained a
BCS-type Hamiltonian, we apply in Sec. 3 the Bloch-
De Dominicis-Zubarev-Tserkovnikov method for ob-
taining the thermodynamic properties of a pure super-
conductor, after having made the essential BCS
assumption about the electron-electron interaction
matrix elements. In Sec. 4 we evaluate the influence of
impurities on the transition temperature applying the
method developed in Sec. 3 and using Nakamura’s
expression for the electron-impurity interaction term.

2. ELIMINATION OF THE ELECTRON-PHONON
INTERACTION TERM

In this section we use Tsekhmistrenko’s method? to
eliminate from the total Hamiltonian H,

H=H+Hy,+V ins, 1
Ho= Zk,yEk(lk,quk,a, (2)
Hon=23"q 7(@)bq"bq, (3)

Vinc=kz g(@[70(q)/207T
1 Q0
X [ak,v.rak—t—q,abqf+ak+q,0.rak ,qujl (4)

the term Ving. In Eq. (1) we have neglected the Coulomb
interaction term; this is justified as long as the average
phonon energy is small compared with the average
energy of an electron transition, as we shall assume to
be the case. In Egs. (2), (3), and (4), ax ' and ax, are
the creation and annihilation operators for electrons
with momentum k and spin o, b,' and b, are the creation
and annihilation operators for phonons of momentum gq,
Ey is the kinetic energy of an electron of momentum k,
taken relative to the Fermi surface energy, %w(q) is the
energy of a phonon of momentum g, g(q) is the electron-
phonon coupling constant, and @ is the volume of the
system. The Hamiltonian of Eq. (1) was introduced by
Frohlich? in 1952,

We eliminate Vi by considering Heg~+Hoyn=H, to
be the unperturbed Hamiltonian and by changing over

9 H. Frohlich, Proc. Roy. Soc. (London) A215, 291 (1952).
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to the interaction representation, retaining only those
terms which are of the lowest order in w (as was done
by Tsekhmistrenko). The new interaction term H iy is
given by the symbolical equation

Hmt=T[Vm(O) exp(—i/) f Vi,,t(t")dt"], 5)

where T indicates time-ordering and where
Vint () =exp(GH ot/ %)V ins exp(—2H ot/ ). (6)

It is convenient to introduce a canonical trans-
formation from the electron ¢f and @ to those for
electrons and holes. This means that the vacuum state
will correspond to a Fermi sphere which is just filled
and that H, is given by the equation

Ho=3" 1(q)b'bg+3 e(k)ax o ax,q, (7
q k,o
where
e(k)=Ey, if |k|>kr; e(k)=—Ey, if |k|<kr, (8)

with kp the radius of the Fermi sphere, and where the
a' (a) create (annihilate) an electron, if |k|>%r and
a hole, if | k| <kp.

If we evaluate Vini(£) by the usual diagram technique,
it turns out that main contribution is given by the ring
diagrams of Fig. 1. It was shown by Tsekhmistrenko
that other diagrams give contributions of a higher order
in w. The diagram of Fig. 1(z) gives a contribution

i = — (i/29) f i Y @)

k,k’,q,q9",0,0’

XA[w(q)w(q') Par,e' (0)axiq,0(0)

X Bq(0)aw o' (D) axrqr o () By (1), (9)
where

Bq(t)“bqf(t)‘l‘bﬂ(t): (10)

where the dots indicate as usual the contraction of a
pair of operators and where the sum is only over such
momenta that |k'—q| <kr and |K'|>kr. In integrat-
ing over ¢ we introduce an adiabatic factor eM(A\>0)
into the integral and take the limit A — 0. Using the
relations w(q)=w(—q) and g(q)=g(—q) and the
relation

Bq (l)Bq, = [()(t__ ) eihe (@) (=)
0t — 1)t @D DN o 0,

0(H)=1, if >0,

(11)
0(1)=0,

yo Yo poo(

(&) (i) [@D] (n)

if 1<0;

}- OO0

Fic. 1. The ring diagrams which contribute to Vi (f). Solid lines
are electron and hole lines and dashed lines are phonon lines.
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we get from Eq. (9),

fio(q)g(q) W]
{z(K',q)+7w(q)}
X ak,aT (O)ak+q,0 (O)ak’ ,cr"L (0>dk’vq o’ (O)r

Vin®= (01 % [
k,k’,q,0,0’

(12)

(13)

where
z(k’,q) =FEy —Ekr_q.

Equation (12) differs from the one derived by
Tsekhmistrenko by a factor #w/[w—z(k’,q)]. This is
a minor correction which occurs as an additional factor
in all terms in Vint(£) and thus also in the final Eq. (23).

To evaluate the higher-order contributions we need
the factor C(#',t) given by Tsekhmistrenko’s Eq. (11).
{Note that Tsekhmistrenko uses units in which =1,
so that his w corresponds to our #w.| This factor cor-
responds to the diagram of Fig. 2. It is equal to

C(t,;t) =2 Zq Zk(q) Ck,q(t,yt>B—q(t): (14)

where
Cr,o(t' 1)=[26(—1)/i(V2—#2u?)]

X[ Veiho (=) — e (=1)]
—[eiotti¥t /i (oY) ]
+[2600—1)/i(V2—72w?)]

X[ Vetho (=D — fiei¥ (=07,
V=Y (k,q)=e(k+q)+e(k),

(15)
(16)
and where > 3@ indicates a summation for which

|k+q|>kp and |k|<kp. As V>>%w, we can in the
approximation in which we work put

Cr,q (U1~ (— 2/ V)[0( — f)eito =t

+0(i—1")ere =07 (17)

The nth order diagram of Fig. 1(n) gives a con-
tribution which after contraction and after using Eq.
(17) is equal to

> [g(@)h(q)/20]

k,k’,q,0,0/
X[ k@(4/T) 1" (z,0) a0 (0)
X iy q,0(0)aw o (0)axr—q,0(0),

Vint(n)z -

(18)

where
0
In(z,w)zi"f- . ~fdt1~ - -dt, exp(izt,)

Xexp (thotr) exp[ —ihw|tn—tn1]| ] - -

Xexp[—ihwitz—h]]. (19)

€ t ¢
~---- Fic. 2. The diagram corre-

sponding to C(#,2).



THERMODYNAMICS OF DIRTY SUPERCONDUCTORS

This multiple integral is evaluated in the Appendix and
the result is

I, (zw)= EK,}J (n—x,\), (20)
=0
where
n+r—2 n+A—2
K,}=( A )—( n ),
J(B,y)= (z+hw)#(2hw)~r. (21)

In our present approximation we retain only the term
with the largest value of w™ and we have thus

I(z0)= K, J(1, n—1)
={2(2n—3)!/[n!(n—2)1]}
X (z+hw) 1 (2hw)~ ", (22)
so that we get for Hin¢

Y [(a)w(q)/{z(K,q)+hw(q)}]

k,k’,q,0,07

XE(A)ax,o'(0)aktq,0(0) @ o' (0)aw—q,0(0), (23)

Hip=—(2Q)71

with
E(A) =143 [220—1)1(n—1) (1) 1]A"
- —[1— (1—44)1]/24,
A=[g(q)/2] s VLe(k)+e(k—q) ]

Apart from the factor #iw/[iw—z] mentioned before,
Eq. (23) differs from the one derived by Tsekhmistrenko
in the expression for E(4) for which he finds (1—4)/
(1—24). This means that we do not agree with a result
of Wentzel,' who estimated a radius of convergence of
A =1—as was found by Tsekhmistrenko. Our series has
a radius of convergence equal to %.

By the Tsekhmistrenko method we have succeeded
in replacing Vs by H ine which is of the form

Hin= Z

k.k’,q,0,0/

(24)
(25)

I(kyklyq)ak,ﬂTak-Fq,Oak'.V'Tak'—‘L”’) (26)

which is a BCS type electron-electron interaction term.
In the following we shall use the actual BCS Hamil-
tonian, where I(kk’,q) is zero, except when k’=—Kk,
o= —d’, which reduces Eq. (26) to

(27)

Hin= 3 J (kK)o Ttk T 0w 1010 -,
k,k’

and where, moreover, J(kk’) is assumed to be a
constant, negative, isotropic interaction if both £y and
Ey are within an interval to width 27w centered around
the Fermi energy, and is assumed to vanish otherwise.

10 G. Wentzel, Phys. Rev. 83, 168 (1951).
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3. THERMODYNAMIC PROPERTIES OF A
PURE SUPERCONDUCTOR

It is well known!! that the thermodynamic properties
of a quantum-mechanical system can be obtained from
the grand canonical density matrix or, alternatively,
from the grand partition function

Z(8)="Tre#H, (28)
where H is the Hamiltonian
H=Hg+Hin; (29)

we can from now on neglect the phonon part of the
Hamiltonian, as it is independent of the electron part.
In Eq. (28), 8=1/kgT (kg is Boltzmann’s constant; T
is the absolute temperature).

It is convenient to introduce new fermion operators,
which conserve both momentum and spin, but not the
number of electrons or holes, by the canonical trans-
formation

= t—gi
Erut co§aka+k,+ sTnaka_k,_, (30)
£, =coSaxd_x, T4sinaya i, 4,

where the ax(=oa_x) are arbitrary parameters to be
determined presently. The transformation (30) is such
that the £ operators satisfy the same commutation
relations as the a operators.

From Egs. (30) it follows that

Qi+ = COSQE L 4T F-sinogf i,

1)

A_x, = COSOLkzg'_—k,_Jr — sinak£+k,+,

and in terms of the ¢ operators the Hamiltonian is
equal to

H=HyH', H'=H+HA+HA+HA+H;, (32)
where
Ho=3% x e £167+HEE V]2 3k By sinay, (33)
Hi=3% «(Eyx cos2ax—ex) (5.5, T+86. 1), (34)

H2=%‘Zk,k' J(k,kl) sin2ak sinZakz (1—* £+£+T— E_E_T)
X(A—g g 1= 78 ), (35)

Hy=3% xw J (kK )[cosPart & —sintayt T¢,1]
X [cos?aw & "1y —sin®a £, /£ "]
=13 J (kK[ (sinay sin?ay +cos?ey, costay)
X(EeEEMETHEE TE TET)
— (sin®ay cos®ay+sinay: cos?ax)

X(EE & E e TETE TE)T,
H=3« Ey sin2ep (5 T+HEE),

(36)
(37

1 For instance, D. ter Haar, Elements of Statistical Mechanics
(Rinehart and Company, New York, 1954), Chap. VII.
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Hy=3% Y J(kK)[sin2on(1— £ T—£,£,7)
X (costaw &"T&,/T—sin%aw £,/ )
sinZa (1= £ /51— /5,7
X (costaxéy b —sinfagt T£,T)
=15 J(kK) cos2ay sin2ay (§,.5 4 £ T£,1)
X(1—£/E =8, (38)

where we have used the fact that J (k,k’)=J(k’,k) and
where

&/ =Ewy, (39)

‘S—: E-—k.—’ E_,= g_k' —

Let |0) denote the state in which no electrons are
present, and ®o the vacuum state for the £ operators.
Writing for ® the product expression

=kt

q:'o:—‘ Hk ¢0k7 ¢0k= (cosak—l- sinaka+k,+fa_k,_’f) IO) (40)

we see that
£+T¢0k=07 £—1¢0k=07 (41>
so that ® is a reasonable assumption for the vacuum

state.
As

Expox=0a41,4|0), Edox=a_x,T|0),
£k dox= (cOsau@ix,+ @ kT —sinay) |0),

(42)

we can construct any wave function ¥ which is a com-
bination of |0), @ x.+'|0), ¢—x,T|0), and a4+ a—x,—T|0)
as a combination of ¢ok, &1dok, E-pox, and & £ o, oOr

V=TTl putré+sit (54 E)+ (1= 25— pr) [P0 (43)

The expectation value I of the energy corresponding
to the state ¥ follows from Eqs. (32) to (38) and (43)
and turns out to be equal to

E=Y"y 2Ex{cos2ax(sx+ px)+sinay
+Sin20lk[17k(1_ZSk_Pk)]}}‘i‘Zk,k' ](k,kl)
X {cos2ax[ pr(1— 25— pi) I}
+1 sin2a (1—2sx—2px)}
X {cos2ax[ prr (1— 25— pir) J?

%— sinZak'(l—Zsk/—Zpkf)}. (44)

To find the ground state of the system, we minimize
E with respect to the ay, sx, and px, and find the fol-
lowing equations (for the sake of simplicity we have
everywhere dropped the indices k):

OE/ da=2E{sin2a(1—2p—2s)

+2 cos2a[ p(1—25s—p) 1}
—27{cos2a(1—2p—2s)

—2sin2e[p(1—2s—p) 1}, (45)
dE/ds=2E{cos2a—sin2a[ p/ (1—2s—p) ]*}
+2J {sin2a+cos2a[ p/ (1—2s—p) 1}, (46)
AE/dp=E{2 cos2a+sin2a[ (1—25—2p)%/
p(1—25—p)J}}+J{2 sin2a—cos2a
XL(A—=2s—2p)"/p(1=2s—p)}}, (47)

KENWORTHY AND D.
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where

J=J=3 1 J (kK ){cos2aw [ pr (1— 251 — pi) T
+1 sin2ax (1— 25— 2p1) ).

Equations (45) to (47) can be simplified by intro-
ducing quantities A and vy as follows:

Acos2y=1—25s—2p, Asin2y=2[p(1—2s—p) ]}, (49)

or,

(48)

A=1-2s, tan’y=(1-—25s—p)/p. (50)

We then get, instead of Eqs. (45)-(47),
E sin2(a+v)=J cos2(2a+7y), (51)
2 secy[E cos(2a+v)+J sin(2a+7v)]=0, (52)
(2/N)[E sin2(a+v)—J cos2(a+v) ] cscy=0. (53)

If we use the BCS potential,
J(kK)=—V, if |[Ex—Er|<fwand |Ey—Ep| <tw;

=0, otherwise, (54)
we find that
Jx=0, if | Ex—Ex| >, (55)
and ’
Je=% > J(k& Kk )\ sin2(ay+7vi) = constant
=¢, otherwise. (56)
Equations (51) and (53) are satisfied if
Ey tan2(ax+vx) = €, (87)

and one finds that Eq. (52) can only be satisfied, if

cosyx=0. (58)
In deriving Eq. (58) one uses Eq. (57).
Using Eq. (58), we get for E the expression
E=3%"y Ex[ cos2ax(1—Nx cos2yy)+2 sinZay |
—e?/V. (59)

We see that we can now determine A by requiring
that Ak cos2yx be a maximum, or, that 1—2s,—2py be
a maximum, which means that &, corresponds, indeed,
to the ground state, provided the ay satisfy Eq. (57).

We shall now evaluate the grand partition function
and hence the Gibbs free energy G which is related to
Z(B) by the equation

BG=—InZ. (60)

We evaluate Z by considering H' of Eq. (32) to be a
perturbation to the H¢ which corresponds to noninter-
acting excitations. The terms H; to Hs have the follow-
ing physical meaning: H, is the self-energy of the single
“particles,” H, is the self-energy of the particles in
pairs, due to the interaction between them, and Hj,
H,, and Hj correspond to the simultaneous creation or
annihilation of one or two pairs of particles. Feynman-
diagram perturbation theory is used. In our diagrams a
solid line going up marked by k represents the presence
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of a pair of quasi-particles +k,+ and —k,— ; if a solid
line goes down it represents a pair of holes; a dashed
line, which only occurs through H; vertices, represents
a single quasi-particle.

For the Gibbs free energy we find

G=G+G, (61)

where Gy is the Gibbs free energy corresponding to the
noninteracting quasiparticles,

G(): —ZkBT Zk Ek sinzak
—2kpT > i In[14-exp(—PBex) ],

where e is the (as yet unknown) energy of the quasi-
particles which will be determined from the requirement
that the system is in equilibrium; G’ is given by the
sum over connected diagrams (indicated by the
subscript ¢)

(62)

o 8 8
6= =k XL/ 0] [ [ di-aty
XT[H (t)-+-H'(¢5)]e, (63)
with

H'(t)=exp(Ho)H’ exp(—Ht). (64)

In Fig. 3 we have given a number of diagrams corre-
sponding to vertices at which a pair of quasi-particles
with momentum k is created; the vertices (a) arise
through H,, and the vertices (b) and (c) through Hs.
These vertices will give large contributions to G’ and
we shall choose the ax such that the total contribution
from all vertices of this kind will vanish. This means
that the ay must satisfy the relations

Ey sin2ax+3% cos2ay X w J(k,K)

Xsin2oy (1—2nk:)=0, (65)
where
ne= £k’ (66)
If we use for J(k, k') Eq. (54), we get
Ey tan2oy = % Zk' V sin2ay (1*—27Lkr) = €. (67)

where ¢ is defined by Eq. (67).

If we consider the general expansion (63) and bear
in mind that V is a small parameter (this can be verified
to be the case for actual superconductors; see Table I
for values of N(0)V, where N(0) is the number of
states per unit energy at the Fermi surface which is a
large number) we see that the only terms which are
left over, if we choose the ay according to Egs. (65) or
(67), and which are not of a higher order in V, are
the ones coming from H; and H, which give for G’

G/= —kBT[Zk nk(Ek COSZak—ek)

——% Zk,k' V sin2ak sin2ak/ (1—2nk) (1"2%1{1):] (68)
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Fi1c. 3. Vertices at which a pair of quasi-particles is created.

The equilibrium condition is dG’/dnx=0, and we get
from this condition and Egs. (68) and (67)

I:Ek cosZak— ek]+sin2akEk tan2ak= 0,
or,

By = e, cos2ay;

(69)

and from Egs. (67) and (69) we get finally for the
energy of the quasi-particles the equation '

e’ = e’ Ey2. (70)

Equations (67) and (70) are the BCS equations which
we now have derived by the Zubarev-Tserkovnikov
method.

Thouless'? has drawn attention to a possible diver-
gence arising from the contributions to dG’/dny of the
“ladder-diagrams” that are made up entirely of vertices
in which a pair of quasi-particles is annihilated and
another pair of different energy is created to take its
place. It is possible to show!? that, if we renormalize the
energies using H; and H,, this contribution is smaller
by at least one order in V than the terms considered
and thus can safely be neglected.

4. THERMODYNAMIC PROPERTIES OF
IMPURE SUPERCONDUCTORS

In considering impure superconductors, we shall
follow Nakamura? and add an extra perturbing term Heg
to the Hamiltonian of Eq. (32) which describes the
scattering without spin-flip of the electrons by an
impurity. We write

HG: Z 7)k,k’ak,a"-ak',47; (71)
k,k’,0
and assume
Uk, &/ = Ui/ —k- (72)

In fact, we shall replace vy,v by an average value vp
which is an average taken over the Fermi surface (see
Nakamura?).

Using Eq. (72) and Egs. (31), we can write Hg in the

2D. J. Thouless, Ann. Phys. (N.Y.) 10, 553 (1960).
122 This proof will be published elsewhere.
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Fi1c. 4. Second-order diagrams contributing to G’ in impure
superconductors.
form

[Iﬁ=2k,k’ vp[Z sinQakék,kr—I-cos(ak—{—ak:)
X (&84 £"E 1) +sin(ax+aw)
X (6T, 1+£,6 D] (73)
As we are considering scattering processes the term
involving &k, may be dropped.

In lowest order the only terms contributing to G’
will be those corresponding to the second-order dia-
grams of Fig. 4. These diagrams give a term B in —3G’
which is equal to

B=3 1w |vr|cos?(axtax)[n(1—n")—n (1—n)]
X (€ — €)1 4sin? (ax+axr)
XLA=n)A—=n")—nn'J(€+e)7}, (74)
where
e=ex, €=e¢p. (75)
From Eq. (69) it follows that
sin(aytaw) =3+ (e?— EE')/2¢€ (76)

cos?(axtap)=5— (e— EE')/2¢€.

The sums in Eq. (74) are taken on both sides of the
Fermi surface and as E is an odd function and € an
even function with respect to that surface, we can drop
the terms involving EE’. We thus get for B the equation

B=Yxw|vr|{[('—n)/(e—€)]
HLA—n—n")/(et€) ]— (e’/ e€’)
XL —n)/ (e—€) ]+ (en’/ e€))
X[(A=n—n")/(e+€)], (77)
and we get a contribution C to —BdG’/dny from this
term which is equal to

C=3w|vr|[2e—2(e®/e)](?— ). (78)

All sums are over the region —#%w<e, € <w. As we
are considering low-impurity concentrations, we can
put €—¢? in zeroth approximation equal to E*—E’2.
Changing from a sum to an integral, we get

C=2N(0)|vr|? f wZEZdE’/[e(E’Z—E’)] (79)

~—2yF?/ e~ —2ve, (80)

where
v=2N(0)|vr|*/tiw. (81)

In deriving Eq. (80) from Eq. (79) we have used the
fact that over the range of values in which we are
interested, the logarithm resulting from the integration

AND D. Tter HAAR
can be expanded in a power series, and only the first
term retained (compare Nakamura?).

We can now again use Eq. (67) and the condition
8G'/0m=0 to determine the thermodynamic properties
of the superconductor. The equilibrium condition which
led in the previous section to Eq. (69) now includes the
term C/(—p), and instead of Eq. (70) we get, using
Eq. (67),

(14+v)ex= (e®+ Eid)% (82)

To the approximation in which we are working the
influence of the impurities is thus a change in the
ex scale, and thus a change in the temperature scale, as
the energy spectrum directly determines the thermo-
dynamic behavior in the BCS theory. We get thus,
instead of a transition temperature 7', for a pure
superconductor, a transition T imp for the impure
superconductor which is related to 7', by the equation

(A42)T¢ smp=Tep. (83)

In order to estimate the shift in the transition tem-
perature, we must find ». Using Nakamura’s result* for
[vr|? we get from Eq. (81)

v= 9%4/E4 (1'300)3m2k1;®EFlT], (84)

where a¢ is the Bohr radius, r; the mean distance
between the electrons in units of @y, ® the Debye tem-
perature, Er the Fermi energy, and [, the mean free
path corresponding to the residual resistance. Values of
Er can be obtained from electronic specific heat data
and those for 7, and © are given by Pines.® In Table I
we have collected for Sn, In, and Al the values of 7,
®, Er, and N(0)V (which enters into Nakamura’s ex-
pression for the change AT, in the critical temperature),
as well as the experimental and theoretical values of
LAT./T.. For comparison we have included the values
following from Nakamura’s Eq. (21).

We see that our results are rather larger than the
experimental data, while Nakamura’s values are by
about the same factor smaller than the experimental
ones.

TasrE I. Experimental and theoretical data for the
superconductors Sn, In, and Al

Sn In Al

s 2.21 2.40 2.06
® (in °K) 195 109 375
Ep (in 107 erg) 1.131 1.194 0.583
NO)V 0.296 0.345 0.193
LAT./T, Experimental  2.740.3 2.6+0.7 2.740.3

in 1078 cm | Nakamura 0.73 0.82 1.39

From Egs.
(83) and (84) 6.9 9.0 8.6

3 D. Pines, Phys. Rev. 109, 280 (1958).

14 Abrikosov and Gor’kov [J. Exptl. Theoret. Phys. (U.S.S.R).
39, 1781 (1960) ] have recently studied the influence of impurities
on the superconducting transition temperature. Their conclusion
that the term Hg of Eq. (61) cannot lead to an appreciable lowering
of the transition temperature seems not to be corroborated by
either Nakamura’s or our analysis.
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APPENDIX

In this Appendix we prove Eq. (20) of Sec. 2. We
note first of all that

0

f di’ giet! g—ihw|t—t'|

-—00

= i (s )+ (et — e ()], (A1)
so that it follows from Eq. (19) that
In(Z,O)> =In~1(2,(.0)/ (Z+hw)
L n1(ww) = Ina(z,0) )/ (z—Hw).  (A2)
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Consider I5(z,w):

0
Iy(z,w)= —f fdtdt’ gizt gihvtg—iw|i—t'|
—0

0
=,Lf dl{eZihwt(Z_hw)—l
+ei ) [ (34F100) " — (5— o)L}

=J(2,0)+J(1,1), (A3)
where J(B,y) is given by Eq. (21).
From Egs. (A1) and (A3), it follows that
n—1
Ta(zw)=> KM (n—\, ), (A4)
A=0
and from Eq. (A1) that
s
Kr=3 Ko (A5)
u=0

The K,* can be evaluated by induction and Eq. (21)
follows.
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