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Wave functions to order k2 are presented for electrons in metallic sodium. The calculation is an application 
of the cellular method. The empirical potential of Prokof jew was employed. 

THIS paper reports a continuation of previous 
calculations of wave functions of electrons in the 

alkali metals. In preceding papers of this series, results 
have been reported for potassium,1 rubidium,2 and 
cesium.3 The cellular method in the spherical approxi­
mation has been used throughout. 

The wave function and energy of an electron of wave 
vector k are expanded in powers of k according to the 

method of Silverman.4 We have 

\(/k=eik'Tuk; 

uk=Uo+ik cos^1+^2[^2^2(cos^)+0o], 

E(k) = E0+E2k
2+Eik\ 

(1) 

(2) 

in which P2 is the second Legendre polynomial. 
The equations which determine the functions UQ, UI, 

TABLE I. The solid-state functions Ro, Ri, i?2, and Q2 are given as functions of r for £0=—0.6113 ry. The normalization 
of these functions is given in Eq. (5) of the text. for*Ro2= 1.0000; f0^R1

2dr=0.2093; Ji>r»RoQ2dr= 1.562^-, limr_0(i?oA) = 3.219; 
limr^o (Q2A) =3.014. 
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e tc , and the energy parameters E0} E2, and E± are 
summarized in reference 3. 

The functions which are tabulated in Table I are 

Ro=ru0; Ri=rui; R2=ru2; Q2=r^o. (3) 

The normalization integral5 for ^k is (to order k2): 

f\fk\*dT= r|^k|2^r = 47r[l+F(yi+2/2)], (4) 

in which 

/ i = I RHn J2= I RdQdr. (5) 
•A) Jo 

In two of the previous calculations of this series,1'2 

potentials derived from self-consistent field calculations 
for the appropriate free atoms (supplemented by 
approximate exchange potentials) have been employed. 
In the present case, the semiempirical potential derived 
by Prokofjew was used.6 This potential yields energy 
levels for the free atom in reasonable agreement with 
spectroscopic data, and has been frequently used in 
band calculations. Insofar as exchange and correlation 
effects can be included in a single potential, the calcu­
lations based on this potential are probably more 
accurate than those based on a self-consistent fields. 

All calculations were made for a sphere radius 
rs = 3.94 (Bohr units), which is appropriate for 0°K.7 

The band parameters computed in this way are 
5 The normalization of these functions agrees with that of 

reference 3 
6 W. K. Prokofjew, Z. Physik 58, 255 (1929). This potential is 

also given by E. Wigner and F. Seitz, Phys. Rev. 43, 804 (1933). 
7 G. B. Benedek and T. Kushida, J. Phys. Chem. Solids 5, 241 

(1958). Details of crystal structure are not important in the 
spherical approximation used in this calculation. 

£ 0 = -0.6113 ry; E 2 = 1.0659; E 4 = - 0 . 1 5 3 . The values 
of EQ and E2 are in good agreement with results previ­
ously obtained by Bardeen.8 E\ is somewhat larger 
than had previously been expected,9 and suggests that 
the effective mass on the Fermi surface may be greater 
than unity. The agreement with results of "quantum 
defect" calculations is also quite good, except for E4.10 

The cohesive energy, computed in the standard way 
from these parameters,9 is 27.7 kcal/mole. The experi­
mental value is 26.0 kcal/mole. 

A quantity of interest in the theory of the Knight 
shift11 is 

f=IM0)|a/|iM0)|*, 
where ^ ( 0 ) is the average over the Fermi surface of 
the wave function at a nucleus, and ^ M ( 0 ) is similarly 
the value of the wave function of an electron in the 
free atom at the nucleus. We find from the expansion, 
|^F(0)[2=0.566. Using |^A(0) |2=0.685, as computed 
by Kjeldaas and Kohn,12 we find £ = 0.826; in good 
agreement with the non-perturbation calculation of 
those authors (£=0.81) and with the earlier pertur­
bation calculation of Townes et al.13 
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