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In the previous articles of this series, dealing with the inter-
action between a number of molecules and the electromagnetic
field in a resonant cavity, both the molecules and the field were
treated by perturbation theory. The perturbation restriction on
the field is removed in the present article, allowing large changes
in the field, but the molecules are still assumed to undergo a small
change during the time under consideration. The justification for
this type of analysis, involving the generalization of the conven-
tional concepts of induced and spontaneous emission, the applica-
bility to a molecular amplifier during the buildup period, and the
re-examination of a calculation by Serber and Townes concerning
the fundamental limits of molecular amplification, is discussed.

Two different molecular distributions are considered. In one
(the resonant case) all molecules have the same frequency as the
cavity, and in the other (the nonresonant case) there is a uniform
frequency distribution. The molecules are assumed to be initially
in an emissive state. Several types of driving fields are considered.
Expressions are obtained for the field operators by the solution of
a Volterra integral equation, and expectation values are obtained
for the field strength and field energy.

INTRODUCTION

N the first three articles of the present series,! the
interaction between a number of two-level atomic
systems, referred to as molecules, and the electromag-
netic field in a resonant cavity was analyzed by means
of perturbation theory. The results were therefore
correct only as long as both the molecules and the field
underwent small changes in the course of time. In the
present article we remove the perturbation-theory re-
striction on the field; that is, we analyze the problem
in such a manner that the results are valid for large
changes in the field. The perturbation restriction on the
molecules is retained, however; they are assumed to
undergo only slight changes during the time under
consideration.

There is justification for undertaking an analysis of
this type. From a practical viewpoint, the experimental
situation in a molecular amplifier can be such that the

LT R. Senitzky, Phys. Rev. 111, 3 (1958); 115, 227 (1959);

119, 1807 (1960), hereafter referred to as I, II, and III,
respectively.

In the resonant case, both the coherent and incoherent fields
increase exponentially after a sufficiently long time, no matter
how small the initial gain is. Their ratio becomes constant and is
equal to the number of photons in the driving field only in the
absence of dissipation. An interesting related result is the fact
that the signal-to-noise ratio for constant signal input power in-
creases as the cavity dissipation increases. An estimate of the
total time for which the theory is valid is obtained from a con-
sideration of the energy emitted by the molecules. Contact is
made with perturbation theory for sufficiently small gain and
short time.

In the nonresonant case the effect of the molecules is shown to
be that of a negative dissipation. In contrast to the resonant
case, the gain becomes exponential only if the negative dissipation
exceeds, in absolute value, the true dissipation. The ratio of in-
duced to spontaneous emission is, in this case also, equal to the
number of photons in the driving field only in the absence of dis-
sipation. However, the signal-to-noise ratio for constant input
power drops with increasing cavity dissipation.

molecules undergo only a small perturbation while the
field is amplified manyfold; this is so when the initial
signal is very weak, and the number of molecules is
sufficiently large so that adequate output may be ob-
tained with little emission per molecule. Also, there
may be either a replacement of molecules before their
characteristics are changed significantly or a restoration
of the molecules to their initial state by some other
method. It should be made clear, however, that the
present article is not a complete analysis of a molecular
amplifier. Thus, the amplifier achieves a steady-state
condition after a buildup period; our theory does not
apply to the steady-state conditions (which will be
discussed in later work), but does apply to the buildup
period when the only interaction taking place is that
between a given group of molecules and the field.2 From
a theoretical viewpoint, it is interesting to note that the
situation considered is the most general one in which a
clear-cut differentiation may be made between induced

2 Restoration of the molecules to their initial states is not part
of this interaction.
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and spontaneous emission. As soon as higher order
perturbation effects significantly alter the state of the
molecules, it is no longer possible to separate induced
and spontaneous emission, since one affects the other
through the reaction on the molecules.> The conven-
tional textbook definition of induced and spontaneous
emission refers to the lowest order effects with respect
to both the molecules and the field. In the case, how-
ever, where the space into which the molecules radiate
is enclosed by conducting walls and the field can build
up, it is useful to introduce a more general definition,
which will present itself in the course of the analysis.
There is a further reason that makes the present dis-
cussion interesting from a theoretical viewpoint. The
situation being considered (small molecular change but
possibly large field change) is the same as that con-
sidered by Serber and Townes? in a treatment of funda-
mental limits of molecular amplifiers, except for the
fact that they do not consider cavity losses. It turns
out that when losses are taken into account, the results
obtained are different from theirs.

The notation and some of the preliminary aspects of
the present article are the same as those of the earlier
articles, but will be summarized briefly for the sake of
completeness and intelligibility. There will be, however,
a treatment of cavity dissipation which is formally
different from that of the preceding two articles of the
present series. In these, a special model was used for
the loss mechanism. Since they were written, a method
for treating dissipation more generally has been de-
veloped®; although the results obtained with both
methods are identical, the general method has more
appeal and will be used in the present analysis.

In the previous articles of the series, the cases con-
sidered were those in which all the molecules were in
perfect resonance with the cavity (I and II) and also
those in which there was a prescribed finite spread in
the molecular frequencies (IIT).! In the present article
we will consider two extreme cases: one in which all the
molecules have the same frequency as the cavity, and
another in which the frequency distribution is flat in
the neighborhood of the cavity frequency. In other
words, we will consider the perfectly resonant and com-
pletely nonresonant cases. As may be anticipated, the
former will turn out to be the more interesting one.
Part I consists of the preliminary development of the
problem up to the point where a frequency distribution
for the molecules is selected. Part II considers the
resonant case, and Part III is devoted to the nonreso-
nant case.

PART I

The electromagnetic field in the cavity of the single
mode under consideration,® with angular frequency w,

31, R. Senitzky, Phys. Rev. 121, 171 (1961).

4 R. Serber and C. H. Townes, in Quantum Electronics, edited
by C. H. Townes (Columbia University Press, New York, 1960).

51. R. Senitzky, Phys. Rev. 119, 670 (1960).

6 Since cavity losses are taken into account, a question might
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is described in the usual manner by
E=—dmcu(n)P(1), H=vXu(@®QO®), (1)

where u(r) is a normalized function describing the
spatial dependence of the field in the cavity, and Q(%)
and P(f) are the quantum-mechanical field operators
satisfying the commutator relationship [Q(¢),P (t) ]=1k.
Each molecule is considered to be a two-energy-level
quantum-mechanical system coupled to the field
through an electric dipole moment y. The energy dif-
ference between the two levels of the mth molecule is
fiwm. The representation to be used is one in which the
energy of the free molecules is diagonal, and the analysis
will be performed in the Heisenberg picture.

The equations of motion may be derived from the
Hamiltonian

H=H;+H+Hp+3 nHy
+4wcP (Cm wym+unD), (2)

where H; is the Hamiltonian of the electromagnetic
field, H; is the Hamiltonian of the loss mechanism, Hy;
is the coupling term of field to loss mechanism, H,, is
the Hamiltonian of the mth molecule, and the last term
describes the coupling between molecules and field and
between driving mechanism and field. The driving
mechanism is represented by the classically prescribed
dipole moment,

D(t)=d(?) sin(wi+8), 3)

where d(f) varies much more slowly than sin(wi--6),
but is left arbitrary at present for reasons which will be
apparent later. The component of vy, along u,, is de-
noted by 7m. Only the field Hamiltonian need be
specified explicitly :

H =22 P+ (?/8¢%) Q% @)

It is shown in reference 5 that the equation of motion
for P is

P4-BP+w?P=F () — (*/¢) (T thmym+unD), (5)

be raised concerning the validity of a single-mode treatment. The
justification for such a treatment depends, of course, on the
magnitude of the losses that are being considered. The losses are
greatest when the cavity walls absorb without reflection power
radiated inside the cavity. Under those circumstances the cavity
appears no different from free space to a molecule inside the
cavity, if thermal radiation from the walls is ignored. The spon-
taneous transition probability in free space is 4w?y?/3kc3, where
¥ [defined by Eq. (12a)] is the absolute value of the molecular
electric dipole moment. The expression for the spontaneous
transition probability inside a cavity in which only a single
mode is in resonance with—and coupled to—the molecule is
[see Eq. (IT 87)] 87(Q73%/%V, where Q and V are, respectively, the
quality factor and volume of the cavity. The ratio of cavity to
free-space spontaneous emission is therefore 3A3Q/472V. If we
consider the situation in which V~\3, we see that free-space
effects become comparable to single-mode cavity effects for Q~10.
For significantly larger values of Q, the single-mode treatment is
justified. These larger values of Q are required by the restrictions
explicitly imposed in the development of the theory in the present
and preceding articles.
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where 3 is the cavity loss constant, related to the cavity
quality factor Q. by the relationship

B;—‘w/Qc;

and where F(f) is an operator expressing both the
thermal and quantum-mechanical fluctuation prop-
erties of the loss mechanism. This operator is defined by

(E())=0, (6)

(5a)

®
+7r5(t1—t2)f(T)], )

2— 1

#1%8,
(E()F ()= [z
472c2

where @ indicates principle value, and
f(D)=1+2(e"*—1)7, ®

T being the temperature of the cavity. If P is known, Q
may be obtained from Eqgs. (2) and (4):

0=~ (4nc*/®)P. 9)

The differential Eq. (5) may be recast into an in-
tegral equation more suitable for our purposes. Assum-
ing B/w<K1, and ignoring the frequency shift of the
cavity due to the losses (which is a second-order cor-
rection in 8/w), we have

P=pp+prt+p/, (10)

where

%) 13
o= — it f dty D(t)e 1 sinw(i—1),  (10a)

4 —0

1 pt
sz_f diy F (t1)e 1010 sine (i—1y), (10b)
WY o

w 13
p=—=3 | dt1yn(t)e B sinw(t—t). (10c)
c m Jy

In transforming the differential equation to an integral
equation, we have assumed that the loss and driving
mechanisms have been coupled to the field from the
time ¢=— o and that the molecules have appeared in
the cavity at time ¢=0. It is worth noting that one
could begin the analysis with Eq. (10), in which case
no specific mechanism need be assumed but rather a
prescribed driving field, given by $p.

We have two more integral equations of motion that
are essentially equivalent to the two differential equa-
tions of motion for v, and H, obtainable from the
Hamiltonian of Eq. (2):

2w ctt
(i) = H, O+ f iy
a J,

X{[Hm (1) ¥m (tl)]:P (tl)}y (11)

IN COHERENT FIELD 1527

4’7I'CMm, t t1
() =y () f iy f iy
hZ 0 0

X Un(t=1)Lym (81),Lvm (12), Hon (82) 1P (12) ]

XUm—l(t—tl): (12)

where
Un(r)=exp[ (¢/m)H, 7],

¥m is the dipole moment of the free molecule given by

o] ; O e—immt
Ym (t)~v(eiwmt 0 ),

H,," is the Hamiltonian of the free molecule, and the
notation {4,B}=A B+ B4 is used. Equations (9)-(12)
describe completely the behavior of the system of mole-
cules and field and may be taken as the starting point
of our calculation.

We come now to the essential approximations that
permit the solution of our problem. In view of our
assumption that the molecules are affected only slightly
by the interaction with the field, we replace the mo-
lecular variables v, and H, by v,[ and H,DI, re-
spectively, in the interaction term of Eq. (12). This is
the first essential approximation. The second essential
approximation consists of two steps: We ignore the
commutator of P(f;) with both v,,[%1(#;) and H,,101 (t—¢,),
and bring it out either to the right or left of the mo-
lecular variables; then we replace the factor containing
the molecular variables by its expectation value. The
physical significance of the second approximation may
be explained [after one notes that v,,(¢) will be substi-
tuted into Eq. (10) and that our final results will be
expectation values] by the statement that we are
ignoring quantum-mechanical effects—or correlations
of quantum-mechanical fluctuations—of higher order
than the second. It should be pointed out that the
compounding of second-order quantum-mechanical
effects is not excluded by our approximation. These
approximations are identical to the ones used in
reference 5 in analyzing the interaction between a
conservative system and a dissipation mechanism of
large heat capacity in order to obtain a quantum-
mechanical description of dissipation.

Carrying out the above approximations, we obtain
in place of Eq. (12),

YD) = (B)

(12a)

8wc ¢
+-—h—"um’y~2<lm>f dil P(h) sinwm(t—tl), (13)
0

-1 0
n=(", )
0 1/,

the index indicating that this operator operates only on

where

(13a)
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the state vector of the mth molecule, and is the unit
operator for the others. Substituting from Eq. (13)
into Eq. (10), we have

P=pp+prtpy+p, (14)

where

y=-— Z umf dby Ym0 (1) e3¢0 sinw (b —11), (14a)

and
1w ¢ t
pm P Y L) f ity f ity
# m 0 0

X P(t2)e 0= gin(t—t,) sinw, (f1—t2). (14b)

Equation (14) is an integral equation for only one un-
known P. We cannot go further with it, however, until
we choose a frequency distribution for the molecules.

PART II

We treat first the case in which there are N mole-
cules all having the same frequency w. The analysis of
this case may be conveniently divided into three sec-
tions. In Sec. A we derive the operator expression for
P, in Sec. B we study the expectation value of the field
strength, and in Sec. C we analyze the expectation
value of the energy.

Section A

Setting w,=w in Eq. (14b) and carrying out the #
integration first, we have

8w LN ‘d
p=—uy f 2]
%8 0

X[1—e ¥ P(4y) cosw(i—1s), (15)

where we have dropped an oscillatory term in the inte-
grand (of the #; integral), and set

> wn2{I)=NuXI). (16)

We can now write Eq. (14) in the standard form of a
Volterra integral equation:

PO=O+ [ daKG=0)P@, A7)
where ’
Y(O)=pptprtpy; (17a)
and
K ()= (2r*/B) (1—e™4ht) coswi, (17b)
with
k= (An/B)wuy2N{I). (17¢)

We proceed to solve this integral equation. A well-
known method of solution when the kernel is a function
of t—1, consists of the utilization of the Laplace trans-
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formation. Applying the Laplace transformation to both
sides of Eq. (17), we have

P(s)=9(s)+K(5)P(s), (18)

where

R(s)=e(K()}= f “d e K (), (19)

and similarly for the other functions. From Eq. (18)

we obtain B B
P(s)=¢(s)/[1—=K(s)],

so that the solution of our integral equation is given by
the inverse Laplace transformation of the right side of
Eq. (20):

(20)

P()y=&P(s)/[1-K ()T}
RN
1—R(s)’

21

2w

i

where e is a suitably chosen real positive number. (It
should be pointed out that this method gives a solution
for 120 only.) Equations (17b) and (19) yield
1=K (5)= e (){ (24 (s+3872+2 ], (22)
where
o(s)= (") (s+36)*+*]
—R[(s2—w?)+38s].

It is important, for further calculations, to find the
roots of ¢(s). We can do this easily if we consider only
those situations in which

k/wK1.

(22a)

(23)

Condition (23) is similar to the condition 8/w<1 which
we have already assumed, the former applying to the
gain and the latter applying to the loss. We do not
want to make any comparison between & and 3 at this
time; we will therefore treat both k/w and 8/w as small
quantities of the first order. It will be a simple matter
to consider those cases where one is much smaller than
the other in the final results. We therefore set a root
of ¢(s), denoted by s, equal to the sum of a zeroth-
and first-order quantity (we have already ignored
second-order quantities by neglecting the frequency
shift due to the loss)

§'=sO4 5O (24)
and obtain immediately
©0) = 45,
s 1, 25)
s = —18-+ (B2} 8k,
This gives us the four roots of ¢(s):
s1=¢:w—|-ao, So= —z:w-i-ao, (26)
33=1w+a1, Sa= —iw-{—al,
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where
=1 1321 8F2)3

(671} 4ﬂ+‘i(ﬂ + k )l’ (263,)

a1=—16—1(E 8k
The relationships

aotar=—138
and (26hb)
o= —3k*

will prove useful.
From Egs. (21) and (17a) we see that P consists of
a sum of three parts:

Pt)=Pp@®)+Pr@)+P,(),

Ps(t)=2Mpa(s)/[1-K(G) T}, (27a)

with 4 standing for either D, F, or yv. We derive the
three parts separately. For the sake of simplicity, we
consider first the case in which the driving field has a
constant amplitude,

0’ (8)=ppo cos(wi+0). (28)

In terms of the driving mechanism, constant amplitude
is achieved when the driving dipole moment is given by

(27)

where

Bpoo | .
D)= sin(wt+60)=D, sin (wt+6). (29)
[63773))
From Eq. (28) we obtain
s cosf—w sinf
Po'(s)=ppo (30)

s2aw?
Substituting into (27a), we have

Pol® =if e+iwds e*(s cosf—w sine)[(s+%ﬁ)2+w2].
10)

27” €—10

(31)

The value of Pp(Z) is equal to the sum of the residues
of the integrand at the four roots of ¢(s), which are
given by Eq. (26). Neglecting quantities in the residues
of higher order than the first we obtain, after some rou-
tine calculation

Pp'(t)=pp' () (wee!—a1e®?) [ (@g—a).  (32)

The physical significance of this result will be discussed
later.

We consider now the situation in which the driving
mechanism has been acting from {=— to {=0, and
is then shut off suddenly when the molecules appear.
We have, then,

po" ()=po' (e (33)

Using the same method as that with which Eq. (32) was
derived, we have

Pp" ()= pp (1) (woe** —eret?)/ (@o—a),

=pp" () (@oe %t — a1~ / (@p—ay).

(34a)
(34b)
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Finally, for future use, we will need the value of Pp()
when the driving field has an arbitrary attenuation

po"" ()= pp’ (e i, (35)

but still with ¢<<w. For this case we obtain, with the
above method

3”1)5

2o =1 O] )

MY = b (1

? PD Q) al+%a aH—%a
a(B—a)e ot

— . (36
4(a0+%a)(a1—|—%a)] (36

It is easily seen that Egs. (32) and (34) are special
cases of Eq. (36).

We evaluate now the other two parts of P(¢) in
Eq. (27), namely, P, (¢) and Pr(#). Using Eq. (12a) for
v0I(#) and substituting in (14a) we obtain, with previ-
ously used approximations,

Wy 0 —igiomt
piO=" (=) S ). @
8 m 1giomt 0 m
Since we are considering now the case in which w,=w,
the Laplace transform of this expression is given by

0 —iA (w) )m, 38)

5 (5)="7
Pr=y S,

2c m
where

A (w)=[(s+1iw) (s+38+iw) I
Substituting in Eq. (27a) we obtain, by previous

methods,
w,y" et — pait 0 — et
P.,=————Zum( 0 ) . (39

2¢ ar—ay 1eivt

For Py we write simply

Pr(l)= f ds f i f S ) F (), (40)

—00

where

exp[s(t—t)—38(Li—12)]

F(2,5,t1,00) = k6] sine (t1—12). (40a)

We cannot (and have no need to) evaluate this expres-
sion any further, since we have no explicit expression
for F(2).

Section B

Now that we have the operator expression for P, we
can calculate its expectation value. The expectation
value of Pp is, of course, the same as Pp itself (since it
is already a ¢ number), and is given by either Eq. (32),
(34), or (36), depending on the kind of driving field
we are considering. In order to obtain the expectation
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value of P,, we must describe the initial state of all the
molecules. Setting the wave function for this state
equal to a product of one-molecular wave functions,
each being given by

Y= 1 Om1t G2 Pma (41)

in obvious notation, we obtain

w exot— a1t

(Py)=——f—

c Qo—oy

; Ym| @1z | 81N (0EH6,),  (42)

where 6,, is the phase difference between ame and @i,
and has its physical significance illustrated by the
fact that

Y ()Y =2| Am1@ms | 7 O (wi+0n). (43)

The expectation value of Py is obtained immediately
from Eqgs. (40) and (6):

(Pp)=0. (44)

The final result for the expectation value of P is there-
fore given by
(Py=Pp+{Py),

Pp standing for either Pp’, Pp"’, or Pp

We now consider the physical significance of our re-
sults for the expectation value of P. It is clear that Pp
is produced by the driving field, and (P,) is independent
of the driving field. Pp is therefore (when multiplied
by —4uc) the superposition of driving field strength and
induced field strength, or the amplified driving field.
Let us discuss it in greater detail.

Consider first the case of the constant driving field
pp’ (), given by Eq. (28). Then the amplified field is
Pp/(8), given by Eq. (32). The amplifying factor is

(45)

rnr

(ape*rt—are?) / (@o—ay), (46)
which, for sufficiently large time, becomes
—(21((!0'—0[1)_1(3“0‘, (47)

since ay is positive and «; is negative. We see that the
gain is eventually exponential in time. (We must re-
member, of course, our original restriction on the time,
which requires that it be less than that during which
the molecules undergo substantial change.) If £2=0,
(i.e., no molecules in the cavity), then ay=0, a;= —18,
and the complete amplification factor is identically
unity, as it should be.

It is interesting to see under what conditions the
amplification factor (46) reduces to a perturbation
theory expression. For perturbation theory to be valid,
the amplification factor must be only slightly larger
than unity. This condition is satisfied when ¢ is suffi-
ciently small. However, if we want the time during
which perturbation theory is valid to be longer than
the cavity relaxation time 8, expression (47) must be
only slightly larger than unity. Perturbation theory is
therefore applicable (when the time under considera-
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tion extends to values larger than the cavity relaxation
time) if ey and (<Kagt. The former inequality im-
plies that

kLB, (48)
so that

aozk%?, Q= —%ﬁ[l—}—Z(kz/ﬁz)].

The amplification factor (46) then becomes, up to the
first power in both 2/ and ayf,

14-2(7/87) 38t — (1—e741) ], (50)

Comparison with II! [Eq. (55)] shows complete agree-
ment with the perturbation theory derivation used
there.

We consider now the case in which the driving field
is given by Eq. (33), i.e., it decays with the factor e~¥6¢,
This is the situation in which the driving mechanism
is shut off at £=0. From Eq. (34a) the field becomes, for
¢ sufficiently large,”

P’ (8) (@oe®t) / (@og—ar).

This result seems puzzling at first, for it indicates that
no matter how small the number of molecules (which
makes k2 small), the gain due to the molecules seems to
outweight the decay due to the cavity losses, for suffi-
ciently large . The explanation lies in the very last
phrase. Our analysis assumes that the molecules are
affected only to lowest order by the field. The lowest-
order induced emission of molecules that are all in
resonance with the field increases with time. (The situa-
tion is different for a significant frequency spread, as
shown in IIT.)* Therefore, in our analysis the amplify-
ing property of the molecules increases indefinitely and
eventually compensates for the cavity losses completely.
The fewer the molecules, the longer it takes for this to
happen. If £2 is very small, the coefficient of the decay-
ing exponential e*!* is much larger than the coefficient
of the increasing exponential e®* in expression (34a).
One can see readily that this expression decreases at
first. (Note that this is not so for expression (39) which
refers to a constant driving field and is a monotonically
increasing function of #.) It begins to increase after a
time, the length of which depends on %% and becomes
large as k? becomes small. This time may be larger than
the time during which our calculation is valid. An esti-
mate of the time during which the analysis is valid will
be given later in the discussion of energy. Beyond the
time of wvalidity, higher-order effects reduce the in-
duced emission of the molecules, bringing about satura-
tion of the amplification properties.

We consider finally, as far as the field is concerned,
(P,) given by Eq. (42). It is the part of the field that is
generated by the initial oscillation of the dipole moment

(49)

(1)

7 Note that the sufficiently large # in this case is larger than in
the case of the constant driving field. Here ¢ must satisfy the
relationship «e®t> |a1| e, while for the case of the constant
driving field we must have |ay|e®t>agent, Since [ai]>aq, the
second inequality holds for smaller 7.
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of the molecules. If the molecules have all been pre-
arranged to oscillate in phase, the (P,) may be large.
If, however, the molecular phases are random, then
{P,) vanishes.

Section C

We come now to a discussion of the expectation value
of the energy in the field. We divide this section into
three subsections. In subsection 1 we derive and discuss
the expectation value of the energy; in subsection 2 we
obtain an estimate of the length of time for which the
present theory is valid; in subsection 3 we compare the
coherent to the incoherent field.

Subsection 1
The expectation value of the field energy is given by
(H)=2mc*(P*)+ (*/8mc"){0%). (52)

It is easy to show that, when averaged over a cycle,

the magnetic energy (the Q? term) is approximately

equal to the electric energy (the P? term). We therefore

need to calculate only (P?), average over a cycle, and

multiply by 4¢? in order to obtain the total energy.
For the square of the field, we have

(P2)=(Pp*)+(Py)+{Pr), (53)

the cross terms vanishing in the expectation value.
The first term on the right side of Eq. (53) is obtained
immediately from Pp, since the latter is a ¢ number
given by Eq. (32), (34), or (36), depending on the type
of driving field being considered. It is clear that 4mc?
X{Pp%)sv is the sum of the driving field energy and in-
duced emission energy. (Note that the induced emission
energy as now defined is not merely the lowest-order
perturbation term.) For the three types of driving field
we have the following relationships:

4 cX(Pp’ 2)av=Ep'[ (a0t —a1)/ (to—ar)  (54)

for the case in which the driving field is of constant
amplitude, where Ep’ is the energy of the driving field
(i.e., the field in the absence of the molecules);

47 c®{Pp" 2)ey= Ep'[ (awe™'—aie?)/ (ao—ai) B (55)

for the case in which the driving mechanism is turned
off at ¢=0, and therefore the driving-field energy is
given by

EDI/___EDIe—,St; (56)

and lastly

a0y I‘ ealt eaot

ag—allal—f—%a aﬁ—%a]
a(B—a)etat

- 57
4(&0—‘"%(1) ((!1‘!"%0,) ] ( )

47"C2<PD'"2>av = ED,{

for the general case (which will be needed in later dis-
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cussion) in which the driving field energy is given by
Ep'"=Ep’eet. (58)

The second term on the right side of Eq. (53),
{P.?), is obtained easily from Eq. (39):

(Py)=(u?7?/4)N[ (er'—e1')/ (wo—ar) P.  (59)
For sufficiently large ¢ this becomes
(Py)= (7 /4)N (@29 / (@o—ar)’.  (60)

The only term in Eq. (53) which has yet to be evalu-
ated is (Pp?). From Eq. (40) we have

© t1 ®© t1’
(Pp?)= f ds f dt f dis f ds’ f dt! f dty’
0 —00 0

xg(try)tl)t?)g(tys,7tl,1t2l)%<{F(t2):F<t2/)}>'
The symmetrized product in the integrand of Eq. (61)

is obviously twice the symmetric part of the right side
of Eq. (7). We have, therefore,

(61)

F{F (1) F(t)})=

#0?B
8(t— 1) f(T), (62)
4rc?

Uy

which we can also write as

1 ’ _ hwsﬁ N v (ta—t2’
U@, PEN = [ drereo. (6

Substituting in Eq. (61), we obtain

7168 w
PrO)= o [ dr 207, (60

0 t1
Z(V) = def dllf dis ei"”g(l)s,tl,tg).
0

—00

where

(64a)

The evaluation of Z(»)Z(—v), carried out in the
Appendix, yields

#iwB *®
(PrO) = (D) f as

eaot

Q01 1 g1t
Qo— 01 Zx—!—zﬂ ao—l—'Lx a1+zx
2

. (65)

xe—ixt
+
2 (a0+ix) (a1+zx)

Although the integration in Eq. (65) may be carried out
explicitly, it is not worth the effort because our interest
is mainly in those values of ¢ for which the integrand
can be considerably simplified. We note that for ¢
sufficiently large, only the e%* term in the integrand
contributes significantly to the integral. In that event
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we have

<PF2(t)>~:;:i2f(T)( ey

Qo— Q1

(66)

°° dx
X e2aotf _—
o 1) (e
The integralin the above expressionis 27 Bag (cto+38) 1%
Making use of Eq. (26b), we have

Tiw k?
(Pr(0)y=—— ————f(T )t

16mc? (ao—a)?

(67)

for sufficiently large .

It will also be interesting to know the value of
(Pr*(0)). The expression within the absolute value
signs in Eq. (65) becomes, for =0,

x2+%—i/3x—aoa1

2(aotix) (artix) (x+%iB)

— (ap+1ix) (1 +ix)
- ., (68)
2(ag+1%) (0 +i%x) (x+318)
so that
@)=y [
PO owe @ o (2218
(69)
R
~87rc2f( )-

We have now all the terms in Eq. (53). We saw that
4wcXPp?)av is the energy of the amplified driving field,
or the signal energy. The sum of the remaining two
terms obviously represents spontaneous and thermally
induced emission energy. It is incoherent (see I for a
discussion of coherence)'! and may be regarded as
noise. We have, for £>|a|,

k2

dr(P 2P e
PP 4(ao—ar)XI)

LD F(T) Je=,  (70)

where use has been made of Eq. (17¢). This expression
has the factor [14-{(I)f(T)], which is characteristic of
spontaneous and thermally induced emission.? In order
to separate the two, we may set 7=0 [yielding
f(T)=1], thus obtaining an expression for spontaneous
emission only. Subtracting the latter from the right
side of Eq. (70) leaves thermally-induced emission only.

It is interesting to note the value which our formalism
gives for the expectation value of the incoherent field
at time =0 (before the molecules begin to amplify).
The same result is, of course, also obtained in the
absence of molecules for arbitrary ¢ From Egs. (59)

SENITZKY

and (69) we have

dmcX P2(0)+ P #2(0))=4dncX P *(0))
=3hf(T)
=1+ (ehelkT — 1)1,

which is just the sum of the zero-point energy and the
thermal energy of the field, the latter being in accord-
ance with Planck’s radiation law.

Subsection 2

Let us consider spontaneous emission for the case
(I'=1 (which means that the molecules are all in the
upper state) in somewhat greater detail. It is given
(for ¢ sufficiently large) by

<Hf>sp0ntz [h“’/z (ao_a1)2:|k262aot_ (71)

From Eq. (71) we can easily obtain the power radiated
by the molecules spontaneously. Using the fact that
the energy in the cavity comes mainly from the mole-
cules, since the amplification is large, we have

d d
—— 2 (Huw)=B(H)+—(H;), (72)
dt m dt

which states that the rate of increase in the field
energy plus the power dissipated is equal to the power
radiated by the molecules. This relationship may be
applied separately to the induced- and spontaneous-
emission fields (see II).! The spontaneous emission
power radiated by the molecules is therefore given by

[—ak?/ (aog—ar)*]e?", (73)

where use has been made of Eq. (26b). The total spon-
taneous-emission energy radiated by the molecules
E(t) is thus obtained, with some obvious approxima-
tions, as

E(t)= [/ (ao—a1)? e, (74)

Equation (74) is an expression for the minimum
energy which may be radiated by the molecules up to
time ¢, namely, that which is radiated in the absence of
a driving field. If we consider a situation where the
signal energy is comparable to the spontaneous emis-
sion energy,® so that the total energy radiated by the
molecules is, e.g., 2E(?), then Eq. (74) gives us a method
of determining the time during which the present
analysis is valid. It was pointed out previously that this
time must be less than that which produces a sub-
stantial change in the molecular properties. If the
molecules are all initially in the upper state, for example,
they will stop amplifying by the time they have lost
half their energy, and some time before this the theory
will have become invalid. If we require that

2E(t) < eN, (75)

8 This is often considered a limiting situation in amplifiers.
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then e might range, for instance, from ¥ to + depending
on whether we want a quantitative or merely qualitative
description of the situation. Of course, if the expecta-
tion value of the initial energy of the molecules were
only slightly above $N%w, ¢ would have to be much
smaller. Substituting from Eq. (74) into the inequality
(75), and noting that the factor a:?/(ao—ai)? is of the
order of unity (it varies from 1 in the limit of small 42/
to % in the limit of large k2/8?%), we have approximately

2a¢t <In(eN). (76)

Thus, we obtain the upper limit on the time during
which the theory is valid for the conditions considered.

Some of the expressions derived so far have assumed
simpler form when we considered ¢ “sufficiently large.”
It follows that this “sufficiently large” value’” must be
much smaller than the upper limit indicated by the
inequality (76); otherwise, the complete unsimplified
expression must be used.

Subsection 3

A quantity which is always of interest is the ratio of
induced- to spontaneous-emission energy in the cavity
(which we will denote by R). We consider the situation
for ¢ sufficiently large, so that only the term containing
the exponent with the positive exponential is significant.
From Egs. (54) and (71) we obtain, for the case of a
constant driving field,

R'=Ep'20:*/hiwk?. X))

We note first that this ratio is a constant, independent
of the time, in contrast to the value obtained in IT for a
perturbation situation and exact molecular resonance.’
The factor Ep’/%wis obviously #, the number of photons
in the driving field energy. We see (as has already been
shown in IT and IIT) that the ratio of induced to spon-
taneous emission is #ot, in general, equal to the number
of photons in the driving-field energy. It is interesting
to study the factor 2a;%/k? more closely. We have

200/ B =1+38"/B+iB/k(B*/R*+8)L.  (78)

It is seen that only in the limit of vanishing 8/% or in
the absence of cavity loss does the ratio of induced to
spontaneous emission become equal to #. For the situa-
tion in which B/k is large compared to unity—which
is the more usual case experimentally—the ratio of
induced to spontaneous emission energy in the cavity
is 2(8¥/k)n (for ¢ sufficiently large). For the case in
which the driving mechanism is shut off at =0 and the
driving field decays as Ep’e®, we have from Egs.
(55) and (70)
R'=Ep'2ad/hwk? (79)
9 Under perturbation conditions, which were discussed earlier,
the spontaneous emission energy in the cavity approaches a
steady-state value, while the induced emission energy does not.
The latter}is obtained immediately from the square of the ex-

pression in Eq. (45), and the former may be calculated from Egs.
(59) and (65).
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for ¢ sufficiently large,” where Ep’ is not the energy of
the driving field but rather the energy which existed
in the cavity when the driving mechanism was shut off.
If the cavity loss is zero, R”"=R’'=mn, as would be ex-
pected. However, in the oppositelimit, in which £2/8%<1,
we have

R =~ Ep'2k/fief?, (80)
a quantity which is obviously much less than Ep’/%w.

It is convenient at this point to refer to the work of
Serber and Townes* concerning fundamental limits of
molecular amplification. Their argument rests on the
supposition that the ratio of induced to spontaneous
emission energy is #, which they derive without con-
sideration of cavity losses. (If we let 8 approach zero,
our results for induced and spontaneous emission be-
come equivalent to theirs.) It can be seen, however,
that this is not so in a realistic situation.

Thus far we have considered two types of driving
field : one which is maintained constant by the driving
mechanism, and one which decays freely with the
driving mechanism shut off. A third type of driving
field of interest is one for which the driving mechanism
sends a constant amount of power into the cavity. In
the absence of amplification the latter is equivalent to
the constant driving field, but when the driving mecha-
nism must interact with the amplified field, the two
types of field are different.

The power transmitted to the field by the driving
mechanism is given by

S=4xcupD({)P(1). (81)

We consider a driving dipole moment described by

D(t) = Doe*** sin (wi+-6), (82)
where a<Kw. Then the driving field is
po(0)=[Dwwup cos(wi+6)/c(B—a)](etet—ei6r).  (83)
We assume that ¢<<g, so that for £>8 we have
P ()= ppo cos(wi+0)etet=pp’" (1), (84)

namely, the driving field given in Eq. (35). Pp(?) is
therefore the field of Eq. (36) and the power delivered
by the driving mechanism for # sufficiently large is ob-
tained from expression (81) as

S=2m¢*ppo’B[ (—aoar)/ (ee—ar)]
X [el@~19t/ (qo+1a)7].

This will be a constant if

(85)

a=ayn. (86)
We have thus the case of constant driving power by
choosing a to satisfy Eq. (86). Since we have assumed
that a8, Eq. (86) implies that «¢<<8, which in turn
holds only if

B/, (87)
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Equation (85) becomes
S= 211'62?1)02E(—a1)/2 (Cio-‘al)]z’ll'CZ?Do%B-

The energy in the cavity is obtained from Eq. (57),
for sufficiently large ¢, as

4w cXPp"" %)= Ep'[ 01/ (a0—a1) Fie**
z% Epetet
~5(S/B)err.
The ratio of induced to spontaneous emission energy is

R =BS/4k . (90)

(88)

(89)

At this point the following question arises: What power
need be sent into the cavity to produce a signal equal
to the spontaneous emission? Setting R”'=1, we have

S=4(k/B)hw. (91)

Equations (90) and (91) reveal an interesting fact. The
amplification sensitivity (as measured either by .S or
by R’”’) increases as the cavity losses increase, although
the amplification itself, of course, decreases. The obvious
explanation for this fact is that an increase in cavity
losses decreases the incoherent energy in the cavity
more than it does the signal energy, as can be seen by
comparing Eq. (70) with Eq. (89).

PART III

The consideration of a uniform molecular frequency
spread is now in order. We are interested here in the
same question as those considered in the case of exact
molecular resonance. Since the ideas involved in the
two analyses are similar, the treatment of the non-
resonant case will be more concise than that of the
resonant case.

A mathematically idealized situation is one in which
the molecular density in frequency space, p(wn), is
constant for all frequencies. It will be apparent from
the calculations, however, that approximately the same
results as those in the idealized situation are obtained
for the case in which p(w,) is constant only in the
neighborhood of the resonant frequency of the cavity
w, the neighborhood being somewhat larger than the
inverse cavity relaxation time 8 (or cavity frequency
width).

Our starting point is Eq. (14), where the summations
of Egs. (14a) and (14b) must now be carried out dif-
ferently from the previous manner. Since the main
contributions to the integrals in Egs. (14a) and (14b)
come from w,~w we can, firstly, drop terms in the
integrand which oscillate with frequency w,-+w when
they are compared with those which oscillate with
frequency w,—w. We therefore have

%) 5> ( 0 Tm*)
=——y Um )
2 - . o).

c

(92)

R. SENITZKY

where
(eiwmt__ e—%ﬁt+iwt)

Tp=———————, (92a)
[2(0—wm)+i8]

Also, t
p=— (Sr/B)eo S L) f ity
m 0

XP(lo) L(wm—0w, I—1ts), (93)
where
L(wr)=— @+
X[ (38 coswr+x sinwr) (cosxr— e~37)
+ (x coswr—1B sinwr) sinzr].  (93a)

We carry out the summation over # in Eq. (93) by
converting it into an integration over x. The first factor
in Eq. (93a) shows that most of the contribution to the
x integration comes from a neighborhood about x=0
which is of the order of 3. We see, therefore, that this
is the neighborhood in which p(w,) should be constant.
We assume that #,,X7,,) varies slowly in this neighbor-
hood and replace it by its average #XI). We then
approximate the x integration by taking the limits to
be — 0 and 4 ». The odd terms in the integrand drop
out and we have

t
p=b f dts P(L)e 1) cosw(t—1),  (94)
0

where
b= (4x*/1)wr*7XI)p (w). (%4a)

Thus, there results another integral equation for P

PO)=v()+ f it K (1= 1) P (1) (95)

of the same form as Eq. (17), but with the kernel now
given by

K (t)=be~¥* coswi, (95a)
and with

Y()=pr+pp+py, (95b)

where pr and pp are still specified as previously [Egs.
(10a) and (10b)] but p, is now given by Eq. (92).
The integral equation (95) may be converted into a
differential equation from which some results can be
read off immediately. However, we will maintain a
uniform procedure and obtain the solution directly
from the integral equation by means of the Laplace
transformation. This procedure involves no greater
effort than that of obtaining all the necessary informa-
tion from the differential equations and initial condi-
tions. Since the method was explained in detail previ-
ously, only the results will be presented here. As in the
case of the resonant molecules, the solution consists of
three parts coming from the three terms in Eq. (95b)

P({)=Pp+P,+Pp. (96)
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Pp is the induced field and depends on the type of
driving field being considered. If we take as our driving
field

p0""({)=ppo cos(wit0)e tt=pp' ()e~3,  (97)
where
0L ek, (97a)
then
be% &—8) t—’— (a——ﬁ)e"‘%at
Pp""(()=p0'() (98)

(6—B+a)

From this general case of arbitrary ¢ we obtain immedi-
ately two interesting special cases. Setting a=0, we
have the case of a constant driving field pp'(Z), re-
sulting in
ber B t—g
Pp'(®) =1’D'(¢)—b——;

(99)

setting ¢=pB, we have the case of a freely decaying
driving field pp’(£)e~* (the driving mechanism having
been shut off at t=0), resulting in

Pp"(5)=pp’ (£)et @B, (100)
The other two parts of the field are given by
= ——'7 um
! c m Vm O ,,,,
where
e} (b—B)t— piwm—w) t)
V=3¢t - ; (101a)
[(wn—w)+3i(6—B)]
and
Pr=£pr(s)/[1-K ()]}, (102)

which reduces to Eq. (40) but with K(s) being the
Laplace transform of the present kernel [Eq. (95a)].
The expectation value of Py is zero for the same reasons
as in the previous case, and the expectation value of
P.—if there is no correlation between the phases of the
molecules—is also zero. The expectation value of P,
in the presence of molecular phase correlation may be
derived easily but is of no present interest to us.

Equation (100) shows immediately that these mole-
cules behave like a loss mechanism described by a loss
constant —b just as the true loss mechanism is de-
scribed by the loss constant 8. [This fact would have
been evident immediately had we converted the integral
Eq. (95) into a differential equation.] There is in this
instance, however, the possibility of obtaining negative
“loss” or gain, since & is positive when (I) is positive
and (I) is positive when the molecules are mostly in the
upper state. The fact that a nonresonant distribution
of molecules acts like a linear loss mechanism is hardly
surprising, since such a distribution was used as a
specific model for a loss mechanism in II. At present,
however, we are interested in the amplifying properties
of the molecules and consider, therefore, only the case
in which (I) and b are positive.
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It is interesting to consider the situation of a constant
driving field, described in Eq. (99), in some detail. For
b=0 the field is, of course, equal to the driving field.
For 0<b<p the field approaches a steady-state value
after a transient period which is of the order of (5—3).
The steady-state value is larger than the driving field;
the gain produced by the molecules reduces the loss,
but not entirely. [ For 58 the situation is one to which
perturbation theory may be applied, and it can be
shown, with little difficulty, that the expression in
Eq. (99) reduces to a special case of the perturbation
theory expression in IIL.1] For b=p the losses of the
cavity are overcome completely, and an expansion of
the exponential term shows that the field increases
linearly with time, as though the cavity were lossless.
Only for 6>8 do we have an exponential amplification.
This behavior is to be contrasted with that in the case
of the resonant molecules, where there is eventual ex-
ponential amplification (subject to the restrictions in-
herent in our approximation method) no matter how
small the gain.

The final subject under consideration is the energy.
The signal energy is obtained immediately from the
square of P (which should be averaged over a period
and multiplied by 4w¢?, as previously) P being
given by Egs. (98), (99), or (100), depending on the
type of driving field we are considering. For a constant
driving field and sufficiently large ¢ [£>(6—8)~1], the
energy in the cavity is

Ep'[b/ (b—B)Fe®> P, (103)

where Ep’ is the energy of the driving field, and in the
case in which the driving mechanism is shut off at =0,
the energy in the cavity is

Epe®ot, (104)

As previously, we are also interested in the situation
in which the signal power sent into the cavity is con-
stant. By the same arguments which were used in the
corresponding case for the resonant molecules, we find
that this situation results, again for sufficiently large ¢, if

a=b—p (105)
and provided that
b—pB<KB. (106)

The amplified signal energy in terms of the power S fed
into the cavity is

(S/28)[6/ (6—RB) Je®. (107)

As far as the incoherent energy in the cavity is con-
cerned, we have from Eq. (101), with a little calculation

1 /0uy\? T
i3 >=5(—) e Lei1], - 108)

c

10 The theory in III was developed for the distribution p(wm)
=Nar? exp[ —a?(wm—w)?]. In order to convert the expressions
in III into those for a uniform distribution p, one must substitute
for N the quantity #¥/a and then let @ go to zero.
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and from Eq. (102), by methods similar to those used
previously in deriving Eq. (65),

#iwB ®
oo )

| (x4-3iB)ei=t+3ibe =Pt |2
(e +16) [ +1 0B8]

It is easy to verify that for (=0 or =0, (P#?) satisfies
the same relationship [Eq. (69)] as that in the case of
resonant molecules. For £>(b—8)~! we have for the
incoherent (spontaneously emitted plus thermally in-
duced) energy in the cavity,

dxcX P+ P2
=370 b/ (b—B) KD [1-HI)f (T) Je® Pt (110)

If we set T=0 and {I)=1, we have the simple express-
ion for the spontaneous emission energy

710 (b/b—B)e P, (111)

We consider now the ratio R of signal energy to
spontaneous-emission energy. For the case of constant
driving field, Egs. (103) and (111) yield

R'=Ep'b/hw(b—B).

(Pst)=

(109)

(112)

As shown previously in the case of the resonant mole-
cules, this ratio equals the number of photons in the
driving field only if the cavity is lossless. In the case of
constant driving power, we have

R"=1S/Bhw. (113)

If we ask what the driving power must be in order that
this ratio be unity, we obtain

S=28%w.

Contrary to the situation in the case of the resonant
molecules, we see that in this case the sensitivity de-
creases as the cavity losses increase, a result which
causes no surprise.
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APPENDIX

We derive here Eq. (65) from Eq. (64). From Egs.
(402) and (64a) we have

1 €410 ] {1
Z(v)=—'f dsf dt1f dts
w i 0 —

Xexp[s(t—tl)—%ﬂ(tl—tg)] sine (i,— 1)
1—K(s)

» (A

where the denominator of the integrand is given by
Eq. (22). The ¢, and ¢4 integrations may be carried out
successively in a routine manner bearing in mind that
the real part of s is positive. The result is

Z(v)=(1/w)B(») f ds{[1-K(©)]—w)}y?, (A2)

where

B(r)=[2(r—w)—iB1'—[2(v+w)—iT. (A3)
The integrand in Eq. (A.2) may be written as
() (s+H38) et
) (A4)

Lo(s)(s—iv)]

where ¢(s) has the four roots given in Egs. (26) and
(26a). The integral in Eq. (A.2) is therefore given by

5 R,0),

=1

(A.5)

where R;(v), 7=1, 2, 3, 4, is the residue of (A.4) at the
jth root of ¢(s), and Rj is the residue at s=4». These
are given by

Ae(iw+cxo)t
Ri(v)= , (A.6)
z(v—w)—ao
Ae(—iw+ao)t
Ro(y)=———— A7
) 1(v+w)—ao (A7)
_Ae(iw+a1)t
Ri(v)= , (A.8)
i(rv—w)—ay
— Aeiwtan)t
Ry(»)= , A9
) i(v+w)—ar (&.9)
(w2—12) (w2— p2+1vB)e™t
Ry(v)= (A.10)

[i(v—w) —ao [ (v+w) —ao [ (v—w) —ar [i(rFw) —ar ]
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where
A=ap/ (@o—a).

One can see by inspection that

B(—v)=B*(»), XiRi(—»)=X;R*(»). (A1)
We therefore have

fde(v)Z(—u)=f WZO).  (A12)

It is easily seen that the main contribution to the in-
tegral (A.12) comes from the neighborhoods of v=-4w,
and the contributions from both neighborhoods are
equal. Setting ¥=v—w we have, in the neighborhood
of =0,
x(2x—iB)eiwta)t
Rym—m—— (A.13)
2 (ix—ao) (ix-a1)
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Also, in the same neighborhood, R, and R, are negligible
compared with R; and R; and the second term in
B(») is negligible compared to the first. We can thus

write
eiwt A eaot ea1t
Z(V)y~w’~‘5—~[ ( )
w L2x—iB\Nix—ay 1x—a;
xeixz
- 2(ix—ag) (ix—az) )’
=Z(x), (A.14)
and

fde(v)Z(—v)=2f 5| 2|2 (A15)

—00

Substituting into Eq. (64), we obtain Eq. (65), with
Z replaced by —Z*.
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Space-Charge Limited Current Relation in High-Pressure Gas Diodes
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A theory for space-charge conditions in high-pressure diodes has been developed which shows that the
current obeys a V3 power relation rather than the usual assumed V2 relation. In addition, the theory predicts
that the current in high-pressure diodes, at a constant anode voltage, varies as p~*. Experimental data,
taken in diodes filled with the inert gases, argon, neon, and helium, are presented to illustrate the validity

of the theory.

HE Child-Langmuir' expression for space-charge
conditions in a vacuum diode, showing that the cur-
rent varies as the three-halves power of the voltage, has
been verified by experiments over a wide range of condi-
tions and been found to be true for any electrode that
permits the escape of electrons or ions in a vacuum.
Although it is generally assumed that space-charge
conditions apply to high-pressure gas diodes, there have
been no widespread attempts to verify a relationship of
this nature. The usual theoretical expression? which is
considered applicable shows that the diode current
follows a voltage-squared dependence given by

J=9.95X10"1£V?2/x* (amp/cm?) (1)
in the planar case and by
J=0.56X10"2£V?/r?(amp/cm) 2)

in cylindrical geometry. J is the current expressed in

the units shown, % the mobility in cm?/v sec, and x and

r are anode distances in centimeters.

( 1 Ii)Langmuir and K. T. Compton, Revs. Modern Phys. 3, 191
1931).

2J. D. Cobine, Gaseous Conductors (Dover Publications, Inc.,
New York, 1958), p. 129.

When space charge limited current measurements in
high-pressure (1-300 mm) rare-gas diodes are made,
they yield results which are at variance with the V2
dependence of Eqgs. (1) and (2). Figure 1 shows the

10
16°- i
F16. 1. Anode cur- 1 i ?
rent-voltage charac- & H
teristics of a cylin- & H s
drical diode with a X .4 P
0.009-in.  diameter & 107 \
thoriated tungsten i H -
filament and a 1.0- &
cm diameter anode. O
The diode has an ,16%-
atmosphere of argon §
at 265 mm and the % TUBE 10-C
filament temperature PRESSURE = 265 MM ARGON
is the other param- 1651 ° 1916°K
eter. o 2030°K
a 2268°K
<7 | 1
0.5—% 0 26 30

ANODE VOLTAGE (VOLTS)



