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A proof is given which shows that surface roughness which is less than the phonon mean free path can only
increase the Kapitza resistance between liquid helium and a solid ; and that this change in resistance is small.

EVERAL people!? have conjectured about the

possible role surface roughness would have upon
the Kapitza resistance between liquid helium and a
solid. (The Kapitza resistance is the thermal resistance
which gives rise to the discontinuous jump in tempera-
ture observed® at the solid-liquid interface when a
solid is heated while immersed in liquid helium.) It
has generally been believed that the heat flow would
be enhanced by this roughness although this has not
been proved. In an earlier paper? the present author
showed that an increased heat flow and a variation of
its temperature dependence would occur if the ampli-
tude of the “roughness” was comparable to the phonon
mean free path. We call this macroscopic roughness.
The more tricky problem of microscopic roughness was
not attempted, i.e., when the roughness is comparable
to the phonon wavelength.

In this note we present a proof which shows that
such microscopic roughness can only reduce the net
heat flow across an interface. The proof is based upon
the following argument. The rough surface is treated
as a grating. The incoming phonons are diffracted in
to various orders of the grating and only those which
fall within the critical cone are not totally reflected.
Phonons, which for a smooth surface would be totally
reflected can now be diffracted in to the solid if the
surface is rough, but, there is an equal chance of a
phonon which was incident within the critical cone
-being diffracted out and thus being totally reflected.
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These effects do not cancel, however, because the
phonons which are scattered into the cone have their
polarization vectors less favorably oriented than those
which are refracted out. Consequently, the net heat
flow is reduced.

IRONING TRANSFORMATION

Let us consider a rough surface depicted in Fig. 1.
Let the deviation of the surface from the plane z=0 be
given by some function a(x,y). Let the incoming phonon
q be incident with respect to the plane at an angle 6.
We note first that the velocity of sound of practically
any solid (medium 2) is very much greater than that
of the fluid (liquid helium). Consequently, the effect
of a bump on the surface at a point P(x,y) is to make
it appear to a point on the plane 2=0 as if the phase of
the incoming phonon wave was advanced locally by
an amount approximately ga(x,y) cosf. In view of this,
we can obtain an equivalent physical situation by
satisfying the boundary conditions on a ‘‘model”
surface which is perfectly flat at z=0 but using, instead
of the original phonon wave function, a new phonon
function within the solid which contains the above
phase modulation. That is, we have transformed the
roughness away from the surface and incorporated it

F16. 1. Schematic representation of rough solid surface.
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Fi1c. 2. The scatter of an incident phonon, q to q’ by the
Fourier component k of the rough surface.

in the phonon wave function. Of course, this analysis
is not quite exact because we have ignored the fact
that all parts of the real rough surface were not neces-
sarily parallel to the plane z=0. This does affect the
boundary conditions. However, the error introduced
by this omission is small because at least on the average
the real surface must be parallel to z=0.

We proceed then as follows. Let the displacement
vector in the liquid be s, where

(1.1)
(1.2)

s=grad¢o,
and
b0=2_q bq expi(q-r—wyt)+c.c.,
so that at 2=0
do=2_q bg expi(g.x+qy—wyt)+c.c. (1.3)

We now replace the surface of the solid with the
“model” flat surface and transform Eq. (1.3) at the
surface =0 to

bn=2_q bq expi(gz2+q,y+a(x,y)q cosd—w,t)

+cc. (14)
=2 q bq expi(g.2+g,y—w ) expiga(w,y) cosd
+c.c. (1.5)

We expand the exponent containing the roughness
as a Fourier series:

expiqa(x,y) cosf=2_x vx expi(k.x+k,y). (1.6)

We note first an important sum rule by taking the
complex conjugate of (1.6) and integrating over the
surface. We find then that

2 vlr=1.
We rewrite (1.4) as
bm=2_q 2.k bavx €xpi (g2 +q,"y—w ) +c.c.,

where

1.7

(1.8)

Qz' = q:c+kz,

qy =QW+ky- (1.9)
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We can use Eq. (1.7) to compute the heat flow in
the same way as has been done previously utilizing
the true unmodified phonon expression.

HEAT FLOW

The heat flow per unit area across a flat, smooth
interface can be shown to be given by

Q.= I(;’; ; [ [ [ortvaao-viaay

X f2(8) cosbd?q.

(2.1)

V, p1, and ¢, are the volume, density, and acoustic
velocity of the fluid. f(8) is the transmission coefficient
of phonons incident at an angle 6.

b,(T)=phonon amplitude=[%#9,(T)/w.g*0:V ]}, (2.2)
and in equilibrium
N (T)=[1/ethealtD — 1], (2.3)

Equation (2.1) is derived by evaluating the normal
displacements at the interface, s, and the normal
stresses 0., which are given by

$:=2_41q:0q expil g+ qy—wgdl+cc., (2.4)
and

0::=M Dq ¢%bg expil gux+ g y—w it ]+c.c.  (2.5)

From the similarity of Eqgs. (1.8) and (1.3) it is clear
that (2.5) may be generalized for the rough surface by
replacing b, by by, and replacing q by q+k in the
exponent.

The heat flow for the rough surface now becomes

[ [ [ £vegoivsoai-sea

X f*(8') cosbd®,

Ve
(2m)?

R

(2.6)

where 6 is the angle of incidence of the phonon q and
¢’ is the angle of incidence of ¢/, i.e., the resultant of
q and k.

Rewriting this, we obtain

f f f 3 1o [9g(T1) ~ Mo (T5)]

X f2(6") cosfdq.

Gy @7

We note first that f(¢") differs from zero only within
the critical cone defined by sind’=c¢;/cs, where ¢, is
the transverse acoustic velocity of the solid. This
angle is extremely small, =~6° for most solids.

Referring to Fig. 2, one can see that the integrand
is only non-zero when q lies within a cone such that
q’=q+k lies within the critical cone.

The integral over q can then be done by integrating
over the different orientations of ¢’ defined by 6’ and
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¢'. Also, because the cone is narrow, |¢'| ~q.,

X 2
X f2(6') cosf sing’d6’d¢’dgq., (2.8)
. c1
W= (21r)3 f g 7k2hwq[mq(T1)"mq(T2)] coquzquz

X f 7@) sind'de’ f ', (2.9)

g:= (¢ — k) =q[1— (k/q)*]}
=g cosf, (2.10)

C1

(@2ny

X[l—(§)2]gq2dqff2(0’) sin0’d0’fd¢’. (2.11)

If the surface were smooth, all vx’s would be zero
except for yo. The difference between the rough and
the smooth surface lies only in the factor

v1— %/,

Qr

f % 1o 90, (T) =972

1911

which is necessarily less than v, for any finite value of
k. Consequently,
21— (k/9* 1< e v < 1. (2.12)

The equality sign occurs for a truly smooth surface.
Hence
QR <Qs-

Thus we have shown that the heat flow across the solid-
helium interface is necessarily smaller for a rough
surface than for a smooth surface. This result is not
to be confused with the increased heat flow which
occurs when a surface is roughened due to the increase
of the macroscopic area of the surface. The distinction
between macroscopic roughening and microscopic
roughening being given by the mean free path of the
phonon. This effect has been discussed previously.?
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Particle interactions in a Fermi gas may be such as to attract
pairs near the Fermi surface more strongly in /=1, 2, 3 or higher
states than in the simple spherically symmetrical s state. In that
case the Bardeen-Cooper-Schrieffer condensed state must be
generalized, and the resulting state is an anisotropic superfluid.
We have studied the properties of this type of state in consider-
able detail, especially for /=1 and 2. We have derived expressions
for the energy, the moment of inertia, the magnetic susceptibility
and the specific heat. We also derive the density correlation func-
tion and the density-current density correlation; in some cases

I. INTRODUCTION

INCE the publication of the Bardeen, Cooper, and
Schrieffer (BCS) theory of superconductivity,! at-
tempts have been made to extend their method to
describe possible condensations of other interacting

! J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev.
108, 1175 (1957).

the latter implies that the liquid has net surface currents and a
net orbital angular momentum. The ground state for I=2 is
different from those previously considered, and has cubic sym-
metry and no net angular momentum. A general method for
replacing the possibly rather complicated potential by a simple
scattering matrix is given. A brief discussion of possible collective
effects is included. We apply our results to liquid He?; after cor-
rection for scattering by a method due to Suhl, it is found that
the predicted transition should take place below 0.02°K. Other
possible applications are suggested.

fermion systems, particularly liquid helium-3. It has
been recently observed by several authors®™ that the
problem of determining the ground state of a fermion
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