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The renormalization of time-ordered Green’s functions is carried out without reference to Feynman
diagrams. The arguments are entirely based on the generalized unitarity condition and the parametric
dispersion relations. The renormalization of the meson-nucleon interaction is studied, and then a close
examination is given of the renormalization of quantum electrodynamics in a special gauge. Finally the
connection between the subtraction constants in dispersion relations and renormalization constants is

clarified in a simple model.

I INTRODUCTION

N a series of papers'™ the formulation of field
theories based on the generalized unitarity condition
and the parametric dispersion relations has been
developed. In particular in reference 2 the connection
between the renormalizable Lagrangian theory and the
present approach was established in the perturbation
theory. One of the main results obtained in that paper
was that there is a one-to-one correspondence between
an interaction term in the Lagrangian and a subtraction
in the parametric dispersion relation for the corre-
sponding Green’s function. Roughly speaking the
coupling constants of elementary interactions were
introduced into our framework theory as the sub-
traction constants in the parametric dispersion relations.
The subtractions in the dispersion relations serve to
introduce interactions into the theory in the lowest
order perturbation theory. As the order of approxi-
mation proceeds, the subtractions in turn serve to
eliminate divergences from the dispersion integrals. If
the number of subtractions assumed in the beginning
is not sufficient to eliminate divergences from the
dispersion integrals in the higher orders, this is an
indication that the theory does not possess any con-
vergent solution in the perturbation theory, and the
theory is called unrenormalizable.

It is important and interesting to clarify the criterion
for the renormalizability of a theory in our scheme.
Our result naturally agrees with that of the conventional
Feynman-Dyson theory, but it is perhaps worthwhile
to mention that the renormalizability condition can be
derived without reference to Feynman diagrams.

In Sec. IT the generalized unitarity condition and the
parametric dispersion relations are briefly recapitulated.
Then the renormalization of the meson-nucleon inter-
action is discussed in Sec. ITI. The renormalization of
quantum electrodynamics will be carried out in a
special gauge. This problem is not so simple as one
anticipates, and it will be discussed in Sec. IV putting
a special emphasis on the characteristic features of
quantum electrodynamics.
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Our formulation is in some sense rather abstract, and
for this reason the physical meaning of subtractions in
the parametric dispersion relations is investigated in
Sec. V. It will be shown that the subtractions in the
dispersion relations really replace the renormalization
procedures.

II. GENERALIZED UNITARY CONDITION AND
PARAMETRIC DISPERSION RELATIONS

Our arguments on renormalization are based on the
generalized unitarity condition and parametric disper-
sion relations. Although these subjects have been
repeatedly discussed in references 1-3, we shall briefly
recapitulate them for the sake of completeness.

Take for simplicity the neutral scalar field ¢(x), and
define the 7 functions by

T(.?Cl' . ‘xn)
= (—i)"Ka:r : ‘Kwn<0| T[‘P(xl)' v ‘P(xn):HO)’

where K, denotes the Klein-Gordon operator and |0)
the vacuum state. Then the generalized unitarity
condition is given by a set of coupled equations of the
form

(2.1)

T(®1 e Xn) 75 (@1 - - %0)

’ a il 7 !
3y E!—f(du)(dv)r(xl e )

comb =0
XAD (13— 2) - - - AP (u;— ;)
(2.2)

XT*(xk+1’ e xn'vl e ’Ul) = 0,
where (du)=d'u;- - -d*u;, (dv)=d%,---d*;, and 7* is
the complex conjugate of 7. 3./ means to take the sum
over all possible combinations which divide xy, - - -, ®»
into two groups, one entering into 7 and the other into
7*, excluding £=0 and k=#. The contraction function
A is defined by

1AD (u—v) =3 (0] o(u) | p)(p] ¢ (v) | 0)

1 4 ip(u—v) 2 2
= o [ #r e, 2

(2.3)

where the summation is taken over all single-particle
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F16. 1. Path of integration in the complex £ plane used in the
derivation of Eq. (2.8) from Cauchy’s formula. The analytic
continuation of G(£) from the upper half-plane to the lower
half-plane is made through an infinitesimal gap between the cuts
along the positive and negative real axes.

states with energy-momentum p, and 6(po) is the
ordinary step function defined by 6(po)=1 for $o>0,
and =0 for p0<0.

The Feynman diagrams contributing to a 7 function
are in general disconnected, and we shall call the sum
of contributions from connected Feynman diagrams
the p function. The relationship between 7 and p
functions is given by a recursion formula

T(xxl. . -xn)=p(x1- . .xn)

+ 2 plaxy - a7 (g - - 20),

comb

(2.5)

where the summation is extended over all possible ways
to divide #;- - -x, into two groups, one entering into p
and the other into 7, excluding k= 1.

The Fourier transform of p is introduced by

Py - o) =

fd4p1. d4pn

( 27!')4( n—1)

X5(P1+ e _I_pn)ei(mxﬁ-~-+mxn)9(p1. . pn) (2.6)

G is a function of scalar products of p’s and will be
denoted by G(paps) hereafter. Then G satisfies, irre-
spective of the number of variables, the dispersion
relation

Reg(pap,s@:;[fow_f :];i

ImG(paps-£), (2.7)

where £ is a common scaling parameter to be multiplied
into all the scalar products. When a subtraction is
needed we differentiate both sides of Eq. (2.7) with
respect to £ In Eq. (2.7) all the scalar products paps
are assumed to be real, but then G(p.ps-£) can be
defined for complex values of & with the help of the
dispersion relation (2.7), i.e.,

© U
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It is clear from Eq. (2.8) that G(paps- £) is the boundary
value of an analytic function of ¢ with cuts along the
positive and negative real axes:

§@=lmgetig for £0,

= lirrgg (¢—1€) for £<0,

and

ImG(0)=0. (2.10)

Equation (2.8) is nothing but Cauchy’s formula when
the path of integration is taken as in Fig. 1.

III. RENORMALIZATION OF MESON-NUCLEON
INTERACTION

In reference 2 the power counting theorem in the
simplest scalar theory was proved, and in this paper
this theorem will be generalized so as to cover more
interesting cases.

First the essential ideas involved in the previous
paper will be recapitulated. The most important point
in the discussion of renormalization of Green’s functions
is the recognition that divergences occur only in the
dispersive parts but never in the absorptive parts.
This fact facilitates the separation of divergences. In
the perturbation theory we can proceed to higher
orders step by step by combining the generalized
unitarity condition and the parametric dispersion
relations. The former is used to calculate the absorptive
part of a Green’s function from the lower order Green’s
functions, and the latter enables us to calculate the
dispersive part of that Green’s function from its
absorptive part. Clearly the application of the unitarity
condition in the calculation of the absorptive part of a
higher order Green’s function does not cause any
divergences, but the dispersion integral used to calculate
the dispersive part from the absorptive part does not
necessarily converge. Thus we have to introduce
subtracted dispersion relations in some cases. We have
already learned in reference 2 that subtractions in the
parametric dispersion relations for Green’s functions
introduce interactions into the perturbation theory. If
more and more subtractions are needed to eliminate
divergences from the dispersion integrals as the order
of approximation proceeds, i.e., if an unlimited number
of subtractions are needed in higher orders, the theory
is not renormalizable. Therefore, when we introduce
subtractions, and consequently interactions, there must
be a guarantee that the originally assumed subtractions
are sufficient to make all the dispersion integrals
converge in all orders of perturbation theory. This
guarantee, called the renormalizability condition, is
the subject of this section.

In order to solve the renormalization problem we
have to postulate certain high-energy behavior of the
G functions. In connection with the parametric dis-
persion relations we have to know the behavior of
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G(paps: £) for large values of £ and we introduce the
following postulate:

Postulate I. For large values of £ the asymptotic
behavior of G(paps-£) is governed by a power law:

G(papp-E)~ 7, CRY)

provided that all the scalar products are real. More
precisely this equation must be understood as that the
proportionality factor may depend on p’s but the
power «/2 should be independent of #’s in almost all
configurations of p’s.

This postulate is satisfied in the conventional
perturbation theory.* Furthermore it should be men-
tioned that functions like In¢ are counted as £°, or more
precisely Eq. (3.1) states that for an arbitrary given
positive e the following equations hold:

. G(paps) G(paps )
fip— 0, Jim e

-0

e (3.1a)

£
The power a/2 of course depends on the number of
variables and species of fields entering into the defi-
nition of the G function under consideration.

In what follows we shall write the power law in a
more intuitive but not rigorous manner, i.e.,

G(papp)~p=

In this formula we do not distinguish between different
#’s since the purpose of the power law consists in the
discussion of the subtractions in the parametric dis-
persion relations.

For simplicity we shall start from the discussion of
the neutral scalar theory. The power o« then depends
on the number of variables # and will be denoted by
c(n).

We now study the necessary condition for the
renormalizability of the theory, and for this purpose we
start from the generalized unitarity condition (2.2)
since the ordinary unitarity condition, which does not
allow the scale transformation used in the parametric
dispersion relation (2.7), does not meet our present
need. Let us retain in (2.2) only those terms that
correspond to connected Feynman diagrams; then as
has been mentioned already in reference 2, the con-
nected part of 7-+7* is p+p* and its Fourier transform
is the absorptive part of ImgG.

The connected part of the last term in (2.2) is
obtained by expanding 7’s into p’s and picking up only
connected terms in the sense of reference 1. In this
way we find the generalized unitarity condition for the
connected p functions. This new form of the generalized

(3.2)

¢ The validity of the power law seems to be wider than that of
the perturbation theory. For instance, this law is obeyed by
certain Green’s functions calculated in the ladder approximation.
See in this connection the following articles: S. F. Edward,
Phys. Rev. 90, 284 (1953); P. Federbush, M. L. Goldberger, and
S. B. Treiman, ibid. 112, 642 (1958).
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unitarity condition reads:

p(re -2 Fp* (e - w)E X 3 % f (du) (dw)

comb I=1 Z
Xp(xll. . .xk'ul. . .ul)A(‘H (ul_vl) .o .A(‘H (ul—vl)
Xp*(xps1+ + «xn'v1+  +v;)+ (trilinear and further

multilinear forms in p and p*)=0. (3.3)
Now let us examine the high-energy behavior of the
Fourier transform of Eq. (3.3). The power of Img®
which is the Fourier transform of Rep(x;- - -%,) cannot
exceed ¢(n), the power of G. Next we have to examine
the power of the nonlinear part of Eq. (3.3) and
compare with ¢(z). This is, however, not an easy task
unless we introduce another postulate which is less
valid than the power law.

Postulate I1. The power of the nonlinear part in the
unitarity equation (3.3) is given by the highest one of
the powers of all the terms in the nonlinear part.

This postulate is certainly restrictive and probably
valid only in the perturbation theory as illustrated by
the counter example

1+4a Inp+ (a2/2!) (Inp)*+- - - =exp(a Inp) = p°.

The power of this series is given by a, whereas the
power of each term in this series is zero. Once this
postulate is taken for granted the derivation of the
renormalizability condition is straightforward. First it
can be concluded that the highest power in the bilinear
part of Eq. (3.3) should not exceed c¢(#), and this
condition can be written down explicitly.

c(n)+4(n—1)>max[c(k+1)+c(n—k+1)
+-4(nt-20—2)]—6.

The term 4(z—1) on the left-hand side as well as
4(n+2i—2) on the right-hand side stem from the
definition of G™ from p(%:---%,), Eq. (2.6). “max”
means to pick up the highest power from the sum over
various values of the %&’s and /’s in the bilinear part of
Eq. (3.3). 61 on the right-hand side comes from (du),
(dv), and AP (u—v).

There is one important observation concerning the
structure of Eq. (3.3), namely the two-point p function
never appears in the nonlinear part of Eq. (3.3).
Therefore we study the inequality (3.4) subject to the
conditions k-+I>2, n—k-1>2. The special case n=2
will be discussed after all others are settled since the
two-point p function is completely decoupled from all
others. This situation is characteristic of the present
approach and has already been mentioned in reference 2.

Another important observation is that if we take
trilinear or further multilinear terms we get another
inequality involving three or more ¢’s on the right-hand
side but this new inequality is always satisfied provided
that (3.4) is satisfied. In other words, the inequality

(3.4)
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(3.4) already represents the necessary condition for the
renormalizability.

Having established the mathematical method of
discussing this problem we shall now switch from the
simple scalar theory to the more interesting problem
of the meson-nucleon interaction. We assume that the
meson is a spinless particle and the nucleon a Dirac
particle. Then the most general 7 function in this case
is defined by

(—’L')ale' - KaoDyy- - 'Dbe~z1' -+ Dz
XO|TLe(x1) - - (@) (1) - ¥ ()
X (z1)- ¥ (2)]]0), (3.5)

where D,=v3,+M, D,=~Td,—M,and M is the nucleon
mass. From the conservation of nucleon number, this
7 function must involve the same number of ¥’s and ¢’s.
Furthermore the contraction functions for the
nucleon field are given by
20 () [ pXp ¥ ()| 0)=—iSP (x—2)
= —i(ﬁ/ax—M)AH') (x_yy M)7

for one-nucleon intermediate states;

2014 ()| pXpl¥(9)[0)=—iSP (x—y)
=—(y"9,4+M)AP (x—y, M), (3.6)
for one-antinucleon intermediate states.
Let us denote the G function corresponding to the r
function (3.5) by §™™ where n=a and m=2b. We
write the power law for G(»™ ag

Ger I~ pecnm), (3.7)

then the inequality (3.4) for the scalar theory is
generalized to®

c(nm)+4(n+m—1)>max[ c(k+1, K'+1')
A e(n— kL, m— B 4) 4 (n-mE 20420 —2)
—6(+1)+1],

as p— o

(3.8)
subject to the restrictions

BHIAEH>2, n—ktltm—E40>2. (3.9)

The last term !’ on the right-hand side of (3.8) results
from the substitution of S™ or S® for A®. The
restrictions (3.9) are due to the absence of the two-
point G functions in the unitarity condition. Put now

d(nym)=c(nm)+n+3m—4; (3.10)
then Eq. (3.8) is simplified and is given by
d(nym)>max[d(k+1, F'41')

Fd(n—k+1, m—E'+10)].  (3.11)

5 The power of each term in the bilinear part of the unitarity
condition is not necessarily given by the right-hand side of (3.8).
This is not a contradiction to postulate II, but due to the over-
estimation of the power of some terms in the bilinear part. For
instance, for # odd and m=0 the Green’s function G(°d4.9 must
have an even power of p, and an odd power of p cannot appear
because of the Lorentz invariance. Therefore if we write the
right-hand side of (3.8) simply max4, then for #» odd and m=0
the right-hand side must be replaced by max2[4/2], where
[A4/2]=A4/2 for even A, =(4—1)/2 for odd 4.
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If we further define
d(n)=maxd(k, n—k),
then this d(n) satisfies
d(n)>max[d(k+)+d(n—k+1)7], (3.11a)

again subject to k4/>2, and n—%--1>2. From (3.11a)
we can conclude for #>2 that all d(#)’s are nonpositive,

d(n) <0, (3.12)
or, in terms of ¢(n,m),
(3.13)

So far the arguments are based solely on the generalized
unitarity condition, and (3.13) is a necessary condition
for the satisfaction of the unitarity.® The power equation
(or inequality) (3.11) possesses generally many solu-
tions if no other condition is posed.

In order to narrow the solutions of the power equation
we have to introduce the parametric dispersion rela-
tions. We shall first list those combinations of # and m
for which the upper limit of ¢(n,m) can be nonnegative
and consequently G™ might imply subtractions.

1) n=3, m=0:
(i) n=4, m=0:
(i) n=1,
The above list shows that the generalized unitarity
condition implies that the G functions other than those
listed above should satisfy unsubtracted parametric
dispersion relations and that for the G functions listed
above one subtraction suffices to make the dispersion
integral converge. In what follows, the significance of
this result will be studied in the language of the La-
grangian theory.

First one subtraction for G&:9 or g9 introduces in
the corresponding Lagrangian theory the interaction
¢? or ¢ but the subtraction for G&? requires a detailed
elucidation as to the nature of the interaction. For the
sake of definiteness let us assume that the meson is
pseudoscalar; then G4 will be decomposed, as dis-
cussed in Sec. IV of reference 2, into a sum of invariants:

g (%P:p/) = i’Yﬁ[gP (q:P:P,) +’LQ’Y *Ga (q:P:P,)

c(nm)<d—n—3m.

upper limit for ¢(n,m)=1;
upper limit for ¢(n,m)=0;

m=2: upper limit for ¢(n,m)=0.

+0FVPﬂpVIST ((]:Pylj’):]: (314)
where G(g,p,p") is the Fourier transform (2.6) of
p(eyz)= (=) K.DuDA0| TLo(x)y (0¥ (2)]]0).  (3.15)

We already know in reference 2 that one subtraction
for Gp introduces the pseudoscalar coupling and that
for G4, the axial vector coupling. On the other hand,
we also know from the above discussion that the power
of G for large values of ¢, p, and p’ is at highest zero.
This means that we can introduce a subtracted dis-

6 This condition corresponds to Dyson’s Eq. (55) of his paper
on renormalization; F. J. Dyson, Phys. Rev. 75, 1736 (1949).
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persion relation only for Gp and that G4 and Gr should
satisfy unsubtracted dispersion relations. Hence the
unitarity condition allows us to introduce only the
pseudoscalar coupling in the perturbation theory.

Once we introduce one subtraction for a certain G
function, then in the lowest order perturbation theory
its power is zero, and this gives a restriction or a kind
of boundary condition to solve the power Eq. (3.11).
If this restriction can be incorporated into the power
equation, then the theory may be called renormalizable
provided that the two postulates are satisfied. In what
follows, we shall study various combinations of sub-
tractions (or interactions) case by case.

Pseudoscalar Meson Theory

In the pseudoscalar meson theory G@9 is absent
because of parity conservation and we shall assume
subtracted dispersion relations for G®»—or more
precisely for Gp in (3.14)—and for G*9. This implies
that in the lowest order G&? and G“*9 are constants
and hence

¢(4,0)20, ¢(1,2)20,
or (3.16)
d(4,0)20, d(1,2)>0.

Then the power equation for d(1,2) and d(4,0) is given
by
d(nym)>max[d(k+1, k'+1)

+d(n—k+1, m—E+10"),0]. (3.17)

All other &’s satisfy Eq. (3.11). In these equations we
naturally retain d’s only for those values of # and m
for which gm0,

Equation (3.17) already involves a kind of boundary
condition (3.16) and determines the solution of the
coupled power Egs. (3.11) and (3.17) uniquely, i.e.,
the only solution is given by

(3.18)

It is clear that even in higher orders the originally
assumed subtractions are sufficient to make all the
dispersion integrals converge. Thus this theory may be
called renormalizable. One has to notice, however,
that the above arguments do not guarantee the exist-
ence of the solution in the perturbation theory since
the whole arguments are based on the assumed existence
of the solution satisfying the two postulates.

The solution (3.18) also determines the powers of the
absorptive parts of two-point Green’s functions. They
are given, respectively, by

¢(2,0)=2, ¢(0,2)=1. (3.19)

These powers are consistent with the Kallén-Lehmann
representation”® as has been discussed in reference 2.
This problem will be discussed in further detail in
Sec. V.

7 G. Killén, Helv. Phys. Acta. 25, 417 (1952); 26, 755 (1953).
8 H. Lehmann, Nuovo cimento 11, 342 (1954).

d(mm)=0, or c(nm)=4—n—3im.
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Pure Meson Theory

For simplicity we shall discuss here a neutral scalar
theory interacting with itself. Then the power equation
is given by Eq. (3.4) or in terms of d(n) = c(n)+n—4 by

d(n)>max[d(k+1)+d(n—k+1)]. (3.20)

(a) One subtraction for n=23.

If we assume one subtraction for G¢® and no
subtraction for all others, the power equations are
given by

d(n)>max[d(k+1)+d(n—k+1), —1] (3.21)

for n=3 since ¢(3)=0 implies d(3)=—1, and by Eq.
(3.20) for all #>3. Then the only solution is given by

dn)=2—n, or c¢(n)=6—2n. (3.22)

This is renormalizable in our terminology.

(b) One subtraction for n=4.

In this case all §’s with # odd vanish, and as one
can easily check the only solution is given by

d(n)=0, or c(n)=4—n. (3.23)
(c) One subtraction for =3 and n=4.
The only solution in this case is given by
d(n)=0 for even »
=—1 for odd . (3.24)

Scalar Meson Theory

Finally we shall discuss the scalar meson field
interacting with the nucleon field. As the most general
case we assume subtractions for &2 g&.0 and g0
corresponding to the interactions Y¥¢, ¢3, and ¢* in
the Lagrangian theory. The power equations are given
in this case by

d(n,m)>max[d(k+1, ¥'+1)

Fd(n—k+1, m—E+1U), do(nm)], (3.25)
where
do(nm)= 0 for n=1,m=2
= 0 forn=4,m=0, (3.26)
=—1 forn=3, m=0
=—o0 for all others,

expressing the boundary conditions built in by means
of the subtractions.

If one tries to solve the above power equation one
finds that Eq. (3.25) possesses no solution at all, but
this is not a serious difficulty because Eq. (3.25) is not
the correct power equation. The correct equation can
be given if one remembers the remark in reference 5,
ie., for n=odd, m=0 the right-hand side is over-
estimated and one has to modify the right-hand side
following the prescription in reference 5. Then we find
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that the solution is given by
d(nm)=—1,
= 0

for # odd, m=0

otherwise. (3.27)

In all cases we have discussed, the solutions of the
power equations suggest that the inequality signs in
power equations can be replaced by equality signs.
This means that in all examples that we discussed the
absorptive part of a G function must have the same
power as that of the whole G function if there could
exist solutions at all satisfying the both postulates.®

When a theory is not renormalizable in the sense of
this paper it does not necessarily mean the absence of
the solution. For instance, take the vector coupling of
a neutral scalar field to the nucleon field

iy 8¢/ 0% ;

then this theory is unrenormalizable in our terminology,
but on the other hand the exact solution of this theory
can be found by means of a canonical transformation.?
The exact solution indicates that the power law is not
obeyed in this example, nor is it obeyed the Kéllén-
Lehmann representation for the two-point nucleon
propagation function. In quantum electrodynamics a
similar situation seems to be present as we shall see in
the next section.

(3.28)

IV. RENORMALIZATION OF QUANTUM
ELECTRODYNAMICS

In discussing the renormalization of quantum electro-
dynamics, the problem of gauge is a very serious object
insofar as one tries to accommodate the power law
that was fully utilized in Sec. ITI.

In previous papers'® quantum electrodynamics was
discussed in a special gauge which we shall refer to as
Killén gauge.”'* This gauge was so chosen as to make
the equal-time commutators between potentials vanish,

ie.,
[4u(@),4,(y)]=0 for xo=2yo.

In this gauge a set of equations called W-T equations
has been derived to characterize the gauge-invariant
interactions:

(1)

i}
O
Zu

T[AL(x)A, (&) - - @al®a) en(ap) - -+ ]

a )
= [Z e (x—x,)Fi— ]
a 9x, 64 ,(x)

XT[A,,(QC') et Qoa(xa) <pb(xb) o ']'

It is perhaps worth mentioning that Eq. (4.2) is valid
only in the Killén gauge. As a special case of (4.2)

(4.2)

& See note added in proof.

9 S. Okubo, Progr. Theoret. Phys. (Kyoto) 11, 80 (1954).

0 G. Killén, Handbuch der Physik (Verlag Julius Springer,
Berlin, 1958), Vol. 5.
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we shall write down an equation which is important in
the discussion of the renormalization of quantum
electrodynamics, i.e.,

—Prwo (0yz0) =0,
ax)\

(4.3)

where pawe is the generalization of the p function
defined in Sec. II for the scalar case, i.e., it is given by

pawe(Byzw) = (—1)*0,040.0,
XO|TLAN @) 44 ()41 (2) 40 (@) ][ 0)eonn.  (4.4)

Another important characteristic of this gauge is
that the contraction function is given by

(8uvt+2M 82/ 9,9%,) DD (x—y), 4.5)

where D™ is the A® function for zero mass, and M is
a certain finite constant expressible in terms of the
polarization operator.® It is just this contraction
function that prevents us from applying the power law
in the discussion of the renormalization of quantum
electrodynamics. If we set up a set of power equations
in this gauge, no solution can be found. This does not
mean the absence of the solution in this gauge, but it
just indicates the failure of the power law in this gauge.
This is a situation similar to the one discussed at the
end of the previous section.

In order to discuss the renormalization problem
along the line presented in Sec. ITI, it is necessary to
find the right gauge in which the power law is obeyed.
The gauge transformation properties of Green’s func-
tions have been discussed by several authors,"™8 and
under gauge transformations Green’s functions are
multiplied by exponential functions of some singular

- gauge functions. This clearly suggests that if the power

law is obeyed in a special gauge, this property will be
lost after a gauge transformation. So what one has to
try is to look for a suitable gauge transformation which
carries the Killén gauge into the special gauge in
which the power law is obeyed.

The appropriate gauge transformation which meets
our requirement was given by Rollnik ef al.** If we
denote the renormalized field operators in the Killén
gauge by 4 and ¢, and the operators in the special
gauge by 4 and ¢, they are connected by the gauge
transformation

A, =A,+M>A,/dx,0x,,
J=exp(ieMdA,/dx,).

We shall call this special gauge the Dyson gauge.!’ In
this gauge the equal-time commutators between po-

(4.6)

11§, Okubo, Nuovo cimento 15, 949 (1960).

2 B, Zumino, J. Math. Phys. 1, 1 (1960).

18 T, Bialynicki-Birula, Nuovo cimento 17, 951 (1960).

4 H, Rollnik, B. Stech, and E. Nunnemann, Z. Physik 159,
482 (1960).

15 This is exactly the gauge used by Dyson in his proof of the
renormalizability of quantum electrodynamics, reference 6.
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tentials do not vanish, but this is not important in the
present discussion. Furthermore, the form of Eq. (4.2)
is modified in general. Nevertheless one can show that
the Eq. (4.3) is still valid in the Dyson gauge.!® But
among other things it is most important that the
contraction function is given by

8, D (x—7). “.7)

The absence of the derivative term in the contraction
function enables us to use the power law again.

If we define 7 function by (3.5) with ¢(x) and K,
replaced by A4,(x) and [, we can assume the power
law for the G function which is the Fourier transform
of the connected part of the r function (i.e., the p
function) :

g(n,m),\,PC(n.M), (48)

where # is the number of potentials entering into 7
and m the number of spinor operators. First from the
charge conjugation invariance it follows that

Glnm =0, (4.9)

From the construction of the power equations it is
clear that the structure of the power equations and
consequently the solution thereof for quantum electro-
dynamics are identical with those for the pseudoscalar
meson theory.” Thus quantum electrodynamics is
renormalizable.

Having established the renormalizability of quantum
electrodynamics, we shall examine which G functions
need subtractions. From the solution of the pseudo-
scalar meson theory we can pick up § functions which
might need subtractions; namely, the nonnegative ¢’s
are given by

for n odd, m=0.

¢(1,2)=c(4,0)=0. (4.10)

We first study the G function corresponding to the case
n=1, m=2, i.e., the Fourier transform of the expression

Su(wyz)= (=) 0.DuD 0| TLA, (@) () (2)]]0). (4.11)
This G function which is denoted by G.(k,p,p") is
decomposed into a sum of invariants,

gn(k,P;P’) = —i7MgD (k;P7?/)+0uvkﬂ9P (kJP7P/)’ (412)
with k+p+p'=0. Equation (4.10) tells us that the
asymptotic behavior of G, is given by

Gu~ 1
and consequently
Go~p° Ge~ph

Therefore only Gp needs a subtraction. As discussed in
references 1 and 3, a subtraction for Gp introduces the

(4.13)

16 M. Muraskin (unpublished). This can be shown by using
the technique developed in reference 13.

17 In this connection it is important to notice the absence of
G®O for parity conservation in the pseudoscalar meson theory
and for charge conjugation invariance in electrodynamics.
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Dirac interaction —iedy -4, and that for Gp the
Pauli interaction iAo ¢ - F,y, and the renormalizability
condition excludes the latter.

Next we examine the case #=4, m=0. The Fourier
transform of the p function (4.4) will be denoted by

gkuw(k,k,,k”,k”,)- (4.14)

(1) The asymptotic behavior for large values of %’s is
supposed to be expressed by

G~ RO (4.15)
(2) This G is completely symmetric in the variables
(FA), (B'w), (B"'v), and (F"'o). This symmetry property
poses the so-called crossing relations.

(3) Equations (4.3), which is valid in both Killén and
Dyson gauges, implies

k)g);zz:a(k,k’,k”,k”l)=O. (4:.16)

In order to study this problem further, one has to
decompose this G function into a sum of invariants:

Sx"w=Zs a)\uva(s)9‘3’7 (4'17)

where @ denotes an invariant, and the coefficient Gy is
a function of the scalar products of &’s alone. Typical
examples of a’s are given by

6)\;461/47, 6)\ukvka, k)\k#kykv, etc. (4:18)

Since we can substitute either one of &, &/, £”/, and &'’
for the %’s in (4.18), there are indeed many independent
invariants, and we shall not try to exhaust them. Let
us denote the coefficients of the invariants (4.18)
respectively by §©, g® and G®, or more precisely
there are many coefficients that are indiscriminately
denoted by the same notations G©®, G® and G®.
Then it is clear that the asymptotic behaviors of these
coefficients are given by

(4.19)

and only the first one, §©®, needs to be studied. Now if
we use Eq. (4.16), one easily finds that G© can be
expressed in terms of G®, and, very roughly speaking,
G® ig obtained from §® by multiplying scalar products
of £’s by g®. This shows that g®=0 if all the scalar
products of %’s are equal to zero, or'®

GO (kokg-£)=0 if ¢=0. (4.20)

Thus, integrating the subtracted dispersion relation,

g(o),\, R, 9(2)~ F2, g(4)~ B

d
— ReGO (kakg- £)
i3

P w 0 dt
_— — ImG® (koks- &),
W[j; j;w](éj’—éﬁ mG® (kokg- &)

18 Tn what follows, k.ks denotes a scalar product of any two
of k, &', &, and &'"".

(4.21)
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with the boundary condition (4.20), we get
ReG® (koks- £)

g 01 %
I I TGO (hoks- £
7r|:j; f.m]g(g )mg( &)

This shows that although one needs a subtraction for
G©’s one cannot introduce any arbitrary constant, and
that the quadrilinear interaction 4,%-4,? is not present
in the corresponding Lagrangian theory.!

(4.22)

V. SUBTRACTIONS AND RENORMALIZATION

In the foregoing sections it was shown that both
spinless meson theory and quantum electrodynamics
are renormalizable, but in order to understand the
connection between the present dispersion approach
and the conventional renormalization procedure it is
necessary to investigate the relation between the
subtraction constants in the dispersion theory and the
renormalization constants in the conventional theory.
For this purpose we shall take a simple model defined
by the Lagrangian

9d* 9P
L=—(— ~—~+M02c1>*<1>)
6xx 6xx

1700 do
- —{— ———f—mo2<p2)—g0<1>*<b<p. (5.1)
2 ax)\ ax)\

Then the unrenormalized field equations are given by
(O-MAP=gPp, (O—MHP*=gd*o,

and (5.2)

(O—me) p=go: D*P:.
The field operator and mass renormalizations are given

by

q’ren= Z2_%q>unren, (5-3)

1
©Pren™ 23 Z@unren,
and

M2=M¢+5Me,

From now on we use only renormalized field operators.
The two-point G functions are defined by

(=9)’KME,MO| T2 (x)2* ()11 0)

m?=m*+ om?.

d4p eir(z—y) o (P2 5.4
(Wf p P0G (57, (5.4)

(=i)?’KKy™0| TLo (%) (»)]]0)

d4p eir(@—y) 2
(27r)4f pe Gs(9?).

Then the §’s are given in terms of the Lehmann weight

19 This statement can be verified by using the argument pre-
sented in Sec. 4 of reference 2 and Eq. (4.22); i.e., the vanishing
of Im G© implies the vanishing of Re G©.

K. NISHIJIMA

function® ¢ by
a2 (k) di? ]
P KP—1e ’

o3(k?)dx? ]

p2+ K2

()= P+ (e [

§1(¢)==| P+ (o [

—1e

These two functions satisfy dispersion relations with
two subtractions, and in order to calculate the sub-
traction constants we shall first refer to Lehmann’s
relations®:

—1—1+faz(K2)dK, 7 1—1+f<13(r<2)dx (5.6)
and
M= — 7, f (@ M3 (2)di2 <0,
5.7)
omi=—Z, f (= m2)ery () AR <0,

The absorptive part of the G, function is given by

ImGy(p?) = —m(p*+M*V’os(— 1), (5.8)

where
0’2<—]72) = 0 lf

Let us first apply the unsubtracted dispersion relation
to ImG,; then with the help of Eq. (5.9) one finds

‘zRe92(P2)"=%[ Lw—ii ];ﬁl

0 __M2 2
- f G MY s
x+p?

— p2<0. (5.9)

(#*¢)

(5.10)

On the other hand, the subtracted dispersion relation
or Eq. (5.5) gives

i az(x)dx
Regu(p)=—| s+t (0

o PHx

]. (5.11)

If we take the difference between (5.10) and (5.11)
we can learn what is subtracted in the dispersion
approach.

“ReGa(p)” —ReG:(?)
= (?2+M2)[1+ faz(x)dx]—{- f (M2—x)a5(x)dx

= (pH+MH)ZsH-0M2 Z5 L (5.12)
Hence it can be concluded that the two subtractions
for the two-point G functions are nothing but the mass
and Z renormalizations. Since Zs! never vanishes,
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we always need two subtractions in the parametric
dispersion relation.

Next we study the three-point G function. From the
result of the previous section we take it for granted
that G obeys the power law

G(paps)~1°.

From the unrenormalized field Eq. (5.2), the equation
for the unrenormalized vertex function is given by

(Oa—m*+0m*)(0| TLo (%) (y)®*(2)]]0)
=go(0[ T[®(y)®* (%) ]| 0)X0| T[2(x)®*(2) ][ 0)
+80(0[ T[:®* ()@ () : @ (¥),2*(2) ]| 0)conn.

In the momentum representation this equation can be
written in terms of the renormalized G functions as

(1 om? ) Epp)
Ptmi—ie G(k,0,p

=goZsLs~ (H— (p2+M2)f

(5.13)

(5.14)

oa(x)dx

p2+x——ze)

igoZoZst
(2m)*

(1+< +ar) [ 7 )

X 72 2 —{—

? PHx—1e
g(% k——% b, P’)

. (515
Xf q[92+M2—ie][(k—q)2+M2—ie] 519

Now put p*=—M2, p"=—M?*%, k*=—m?¢ and take
the limit £ — . Since the renormalization constants
are treated as if they were finite, it may be reasonable
to assume

om?
=0.

lim (5.16)

fFo0 m2£+m2

The last term on the right-hand side of Eq. (5.15) is
convergent except for the multiplicative constant
factor, and with reference to the result of the last
section this term is supposed to decrease as £ for
large values of £. Now define G(£) by

§(&)=G(k*=—m?¢, p*= —M°¢, p"=— M%), (5.17)
and take the limit £ — oo ; then we get
G()=goZZs 2572 (5.18)

The last factor Zs72 results from the limiting value

oo(x)dx
hm <1+(p2+M2) f )=Zz‘1 (5.19)
+x—1ie
Hence our result is given by
G(w)=gZs'Z574> go. (5.20)

We can also express this result in terms of the renormal-
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ized coupling constant g, i.e.,

S()=g=goZ1ZsZ3}, (5.21)

and one gets

G(o)=gZ:Z5 257", (5.22)

Z, is the renormalization constant for the amputated
vertex® and may be defined by

G(»)/g(V)=2.Z572Z5". (5.23)
The subtracted dispersion relation yields*
=1 p* ImG(&)d¢
Reg(§)=g+— [ . (5.2
m Jo (F—=H(E-1)
and in particular for £&= o we get
* Img(¢")d¢’
G()=g+ ) (5.25)
T Yy 1—¢
. mg(¢)
ReG(§)=G()+- f CH 620

and the subtraction constant G(w) is given by (5.22).
Generalizing Eq. (5.26) we find

= ImG(¢))d¢’
ReG(pups)=G(o0)+— f —
0

P 0 0 df'
=) ) oo S @apsE). (527
+1r|:j; [w ]gl(él_l) mg(? P8 E) ( )

This shows that also in the case of three-point G
functions the subtraction constant is a kind of renormal-
ization constant. In the present model the subtraction
constant gZ1Zs2Z5' is finite in all orders of the
perturbation theory.

Note added in proof. In order to show that the per-
turbation theory really reproduces the right powers of
the Green’s functions deduced in Sec. IIT one has to
prove that the absorptive part of a G function has the
same power as that of the whole G function. For this
purpose it is useful to use the dispersion relation

rRegtrrrd—| [~ [ Ldf

where # is a certain positive integer. This equation is
true in all orders of perturbation theory, provided that
the dispersion integral converges for the given positive
integer #. If one takes this modified dispersion relation
for granted, one can regard the subtraction condition
discussed in the text as the necessary and sufficient
condition for the renormalizability of a theory.

55’" ImG(paps- &),

2 If T'(£) denotes the amputated vertex defined similarly to
(5.17), Z, is given by I‘(oo)/I‘(l) Z;. Notice here that both
G(£) and T'(¢) are real for £=1 and {= .

21 Notice that Im G(£)=0, for £<0.



