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In an intense field plasma particles are much more strongly coupled to the field to each other, the motion 
of each particle depending on the strength and direction of the field rather than on its individual interactions 
with other particles. Pair and higher correlations become unimportant, and singlet superposition for the 
w-particle distribution function provides an excellent approximation. The singlet distribution function is 
then given by a Vlasov-type transport equation. This conjecture is proven correct on expanding the reduced 
Liouville equation in powers of a dimensionless field parameter, \ = e/Ea2 (with a interpreted as an average 
approach distance), which expresses the ratio of the intensity of interparticle interactions to that of particle-
field interactions; singlet superposition is then exact through terms linear in X. A general closed hierarchy 
valid through any given power of X is derived: solution exact through Xw retains correlations through order 
m. Thus we see that, as the field becomes weaker, successively higher order correlations become important. 
Examples of the range of validity of the new treatment are given, and the lack of justification for the use 
of Boltzmann or Fokker-Planck type equations for microwave plasma diagnostics is briefly discussed, 
considering the low intensity of microwave beams, and thus the probable importance of pair and higher 
correlations. 

TRANSPORT equations for plasmas are usually of 
the Boltzmann, Fokker-Planck, or Vlasov type. 

None of these equations has clearly denned limits'of 
validity in terms of simple physical magnitudes; in 
particular, none of them is considered valid in the 
presence of strong fields which cause severe nonlinear 
effects. Such effects, however, are important in many 
physical situations such as the propagation of high-
intensity microwaves in plasmas, microwave plasma 
diagnostics, etc. In this note we wish to outline the 
derivation of a hierarchy of closed transport equations 
in which each successive set yields an approximation 
valid through successively higher powers of a dimen­
sionless parameter which expresses the strength of 
interparticle forces relative to the external field force, 
thus providing a description of precisely those situations 
in which the existing transport equations are inappli­
cable. 

In very strong external electric fields we would expect 
the motion of each charged particle to be relatively 
independent of the individual motions of other particles, 
because each particle is much more strongly coupled to 
the field than to the remaining particles. In terms of 
statistical distributions this means that pair and higher 
correlations become unimportant, and singlet super­
position of many-particle distribution functions should 
provide a good approximation. Therefore, the resulting 
equation would be expected to be of the nonlinear 
Vlasov type.1 As we shall see, even higher approxi­
mations are readily obtained. 

We consider a system of N particles of s kinds, N% 
particles of kind i, in a volume V, each carrying a 
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1A. A. Vlasov, J. Phys. (U.S.S.R.) 9, 25 (1945). The term 
"nonlinear" here means nonlinearized with respect to departures 
from equilibrium. 
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charge Zie. The external field force on particle i at r»-
is given by Eezit(ti), E being the field intensity and 
c(r»-) the dimensionless field vector of order of magnitude 
unity. All forces are expressed in units of Ee; the 
Coulombic force between particle 1 and any of the 
remaining N— 1 particles is then written as 

z&%# tu zie tup? 
— =»iA,-F(rw); x f = — , F(rw) = , (1) 
Ee (ru)* Ea2 (rlf)« 

where a is a length parameter to be discussed later. 
As long as particles 1 and i do not come closer than a, 
we have J F ( r n ) | < l , and the dimensionless field 
parameter X» expresses correctly the ratio of the force 
exerted on particle 1 by i to the force exerted on 1 by 
the external field. This latter in units of Ee is written 
*ie(r i) . 

The reduced distribution function of the set n oin 
particles is denoted by 

0(1,2,- • .w)=0(*>(r,v • -rn,pi,- • -p„,O=0(n); 

all distribution functions are normalized to unity. With 
these definitions the exact reduced Liouville equation 
(the first equation of the BBGKY hierarchy2) for the 
distribution function 0(1) is 

d Pi 
—0(1)H Vri0(l) + Si£(r!)-VPl0(l) 
dt mi 

N r* 

+ 2 i l A* I F(rH)- V P I 0 ( 1 * ' ) < M P * = O . 
i=2 J 

(2) 

In Eq. (2) we assign a different field parameter to each 
particle in order to facilitate further analysis. Ulti-

2 N. N. Bogolubov, J. Phys. (U.S.S.R.) 10, 256, 265 (1946); 
M. Born and H. S. Green, Proc. Roy. Soc. (London) A118, 10 
(1946); J. G. Kirkwood, J. Chem. Phys. 14, 180 (1946); J. Yvon, 
Actualities Scientifiques et Industrielles (Hermann & Cie, Paris, 
1935). We refer to the transport equations in the theory developed 
by these authors as the "BBGKY hierarchy." 
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mately, the development will be in powers of the single 
parameter \ — e/Ec?. Such a development necessitates 
a consistent ordering of the field parameters since the 
force between particles i and j could be written as 
Zi\jF(rij) or as Zj\iF(tij). Our principle of ordering 
stems from the fact that we need only the singlet and 
pair distribution functions in order to evaluate transport 
properties. In the evaluation of 0(1), particle 1 is 
regarded as moving in the field of 2, 3, • • •, N, and thus 
only the N—l parameters X2, • • •, XN are used. These 
are the field parameters of the particles whose coordi­
nates and momenta are integrated out in Eq. (2). An 
extension of this principle leads to writing the general 
equation2 for 0(n), ^ 2 , as follows: 

d 

dt 

n [Vi 
0(n) + E —Vri0(n)+s*e(rO-Vp<0(n) 

*=l L Mi 

+*i E Xy I $(rij)-Vv*l>(nj)dtjdvs\ 
?=w+l J J 

+UiEx»" 
L **=2 

F(rw)-(vpi-Vp<) 

+z2 E X;F(r2;) * (VP2-Vm)+ • 

d n [Vi 
—0i(n)+Z —Vrt-0i(n)+^£(r^)-Vp^i(n 
dt *-i Lnti 

+ 

Reverting to the usual normalization, 

/(n)=IIC^!/(^-%)!>(n), 

and taking the customary limits N —> oo} V —» oo, iV*/F 
constant, we obtain, as our first approximation to /(n), 

Mn) =/,(!)• fl(2)---f1(n), 

•/ i( l)+—•V r l / i( l)+*je(r1) 
a* OTl 

+X £ *» f F(ru)/(A)dp**r*l- V P I / ( 1 ) = 0, 

(6) 

1 pai 
+2n^iX»F(rw-if„) • (VPn-i-VPn) 0(n) = O. (3) ^ 

The ordering principle is apparent here: particle 1 
moves in the field of 2, • • -Ny particle 2 in the field of 
3, • • -N, and so on. If the field is sufficiently strong it 
will be sufficient to evaluate 0(1) through first order in 
X2, • • -Xtf. Then, from Eq. (2), it follows that 0(12), 
0(13)- • • should be of zeroth order in X2, X3, • • •; this, 
in turn, means that the triplet and higher distribution 
functions, 0(n), Eq. (3), should be evaluated to zeroth 
order in the field parameters of the sets n. The resulting 
equation for the first approximation 0i(n) is 

\ = e/Ea\ 

Equation (6) is just the nonlinear Vlasov equation.1 It 
will provide a good approximation to / ( l ) and to /(n) 
(as product of singlet distributions) when the field is 
sufficiently strong (X small). Thus we see that our 
initial conjecture concerning the decoupling of corre­
lations in strong fields is indeed correct. 

From our derivation it is apparent that the solution 
of Eq. (5) are multilinear in X/s, containing terms of 
the type X2, X2X3, X^Xr- - , but excluding terms X22, 
X2X32, X32X4, etc. Thus, when we convert to the single 
parameter X in Eq. (6), we will also have some, but not 

, terms of order higher than first in X. Thus, to make 
the solution consistent and exact through O(X), it 
should be carefully linearized. 

Entirely analogous reasoning leads to a general 
solution of the problem of evaluating / ( l ) exactly 
through any given power of X. Denoting a solution 
through 0(X") by /„(n), we obtain the following result. 
The distribution functions /„(n) of less than v particles 
are given by appropriate equations of the BBGKY 
hierarchy [Eq. (3) with zjk instead of X; and /(n), 
normalized to N\/(N—n)\, instead of 0(n) normalized 
to 1], while the distribution function of v particles is 
given by the approximate equation 

T T / ' W + E I — - V r ^ W + ^ e C r O + X E «iF(r«) 
dt *~i \mi jr^i 

i E X;J F(r,y)-Vp«*i(nj)<*P«*y =0. (4) • r ] 
y-ti+i J J +X E 2* I F(rik)f(k)d^kdtk 

jfc-i J J 
-Vvifp(y) = 0. (7) 

A self-consistent solution of Eq. (4) is given by 

01(n) = 01(l)01(2).-.01W, 

a pi r 
—0i(l)+ Vn0i(l)+3i e(ri) 
dt mi 

For example, in order to obtain /2(1) (singlet distri­
bution exact through X2), we have two coupled equations 

/2(1)+— •Vri/2(l)+Je(r i).Vpi/»(l) 
dt mi 

+ E Xy fvbitoiOWvjdijj• VPI0I(1) = 0. (5) +X E ** I F(rufe)- VPif2(U)dpkdtk = 0, 



310 E M M A N U E L M E E R O N 

with /2(12) given by 

d 2 [pi r 
-/2(12)+E — Vri+«JeW 
cM ^=1 [mi I 

+X £ «* ff(Tik)f2(k)dVkdTX VP<| /2(12) 

+21s2X[F(r12)-VPi+F(r21)-Vp2]-/2(12) = 0. 

In general, for / ( l ) exact through 0(\v), we must solve 
*> coupled equations.3 The physical interpretation is 
apparent. Terms of 0(X2) become important when the 
field is somewhat weaker. Then, however, pair corre­
lations are still important, and just these correlations 
are retained in the approximation of Eqs. (8) and (9), 
where /(12) is not (and cannot be) factorized. For 
successively weaker fields correspondingly higher order 
correlations are retained in the general approximation 
scheme, Eq. (7). 

We conclude this note with a discussion of the 
probable range of validity of our approximation. While 
no exact value for the parameter a can be given, its 
interpretation as the average approach distance (i.e., 
two particles only very rarely come closer than a) leads 
us to identify it with the Debye length. This rough 
evaluation should be quite reasonable for plasmas of 
not too high density. Then, for example, for a two-
component plasma with N/V=1012, at r=104°K, we 
have X=0.6/E, with E in volts per centimeter. Under 
these conditions X will be very small for microwave 
intensity of 100 v/cm or more, and will be still smaller 
for higher temperatures and/or lower densities, when 
the Debye length is larger. Thus the nonlinear Vlasov 
Eq. (6) should provide an excellent approximation in 
these cases, in particular in problems of power transfer. 

3 Again, the solutions will contain some, but not all, terms of 
higher order, and these should be rejected from the final result. 

Of course, modifications to include electron radiation 
and magnetic fields are necessary; these, however, are 
not difficult to develop. 

Equations of the Boltzmann type, linearized with 
respect to departures from equilibrium, are commonly 
employed in conjunction with microwave diagnostics 
of hot plasmas.4 In addition to the objections raised 
at the beginning of this note, it is doubtful that very 
hot plasmas are ever close to equilibrium (even in 
relatively weak fields). These objections carry even 
more weight in connection with plasma diagnostics 
where a reasonably firm theoretical basis is of para­
mount importance. It appears that the present develop­
ment provides just such a basis for the proper choice 
of an approximate transport equation. For example, 
for a plasma at 107°K, density A7T=1013, in a micro­
wave beam of intensity 0.1 v/cm the field parameter X 
is about 0.15. Thus it appears that our first approxi­
mation, the nonlinear Vlasov Eq. (6), may not be good 
enough in this case; however, our second approximation 
[Eqs. (8) and (9)] would be expected to be sufficiently 
accurate. On the other hand, our conclusion concerning 
the insufficiency of the first approximation, Eq. (6), 
casts some doubt on the validity of the use of any 
Boltzmann- or Fokker-Planck-type equation for plasma 
diagnostics since the latter involve approximations of 
the same type as the nonlinear Vlasov equation. 
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