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The virial theorem is derived for a system of N relativistic electrons interacting with each other via
electrostatic forces and subject to arbitrary external electromagnetic fields. The results are presented in a
form that is useful in perturbation calculations and investigations of nonisotropic systems. The equation
of state for a system of IV electrons confined to a box is discussed on the basis of the virial theorem.

I. INTRODUCTION

HE standard quantum mechanical versions of the
virial theorem refer to a single nonrelativistic or
relativistic particle or to a system of N nonrelativistic
particles.»? In this note, we show that the single-
particle Dirac virial theorem can be generalized to the
N-particle case in a manner analogous to the nonrela-
tivistic generalization; the results apply to a system of
N relativistic electrons interacting via electrostatic
forces and subject to arbitrary external electromagnetic
fields. The complete identity, of which the virial
theorem is a special case, applies to off-diagonal matrix
elements and is a tensor, not a scalar, relation. This
general form of the virial theorem can be applied in
perturbation calculations and in investigations of non-
isotropic systems?®; the relations may be useful in dis-
cussing high-temperature plasmas. We employ the
virial theorem to describe the equation of state for a
system of IV relativistic electrons confined to a box, and
obtain results analogous to those found in the nonrela-
tivistic case.

II. VIRIAL THEOREM

We consider a system of N electrons whose behavior
is governed by the following Hamiltonian*:

H—Z{a(i) = () +B()+V @O} +2 1(,7),

i<jJ

(1

where

=(1)=p())+eA (D).

The quantities V (z) and A(z) are the external scalar and
vector potentials evaluated at the position of the sth
particle, and 7(7,7) represents the interaction between
the electrons. For many cases of interest,

V()= —2Zé/rs,

1(i,)=¢"/r:;,
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! The virial theorem in quantum mechanics has been reviewed
by R. M. Schectman and R. H. Good, Am. J. Phys. 25, 219 (1957).
A complete list of references is contained in this article.

2 The single-particle Dirac virial theorem is discussed in detail
in M. E. Rose, Relativistic Electron Theory (John Wiley & Sons,
Inc., New York, 1961), p. 132.

3 For a discussion of the applications of the classical tensor form
of the virial theorem to nonisotropic systems, see E. N. Parker,
Phys. Rev. 96, 1686 (1954).

“We use units in which A=m=c=1.
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but the particular form of ¥ and 7 will not be important
in what follows; we shall only make use of the fact
that they depend solely on the coordinates of the par-
ticles. The largest interelectron interaction that is
omitted in the Hamiltonian of Eq. (1) corresponds to
the exchange of a single virtual photon; this omitted
term is of order 2?/c? times the electrostatic interaction
and hence of order o’Z times the leading terms of (1)
for bound atomic electrons.’® In general, the rela-
tivistic effects included in Eq. (1) are of order
(v!/cY)mc* and the omitted one-photon exchange is of
order (v*/c?){€*/712). The omitted term is small for low-
density plasmas. We neglect effects associated with the
creation of real photons or electrons; these effects are
most important at high densities.

The generalized virial theorem is obtained by con-
sidering”

(a] (d/d) M |b), )

where
AY

Myp=2 2y (j)ws (),

=1

)

and NV is the number of electrons in the system. We
write,!?

(af (d/d) M 45| b)=1i(a|[H,M5]|b)

=i(La—Ep)(a| Myg|b)+Sys, (6)

where S, is a boundary term that arises because H is
not Hermitian, in the usual sense, for continuum states.
Evaluating the commutator and performing the appro-
priate partial integration in (6), we find

2ol T 8)= = @] 0 (D) B+, ()

5 J. N. Bahcall and D. Layzer, Ann. Phys. (to be published).
For bound atomic electrons, the relativistic effects retained in
Eq. (1) are of order «'Z%; the omitted one-photon exchange
interaction (the Breit mteractlon) is of order o#Z% The neglect
of the o*Z® term seriously limits the usefulness of the wvirial
theorem for relativistic atomic systems, but appears unavoidable
since the Breit interaction, which arises in perturbation theory,
cannot be used in Eq. (6).

6 The omitted interaction for free electrons is the well-known
Mgller correction to Coulomb scattering.

7 Myp is the generalized time derivative of the moment of
inertia.
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where

Twﬂ=§1 ay (Pms(4), (8)

Fp(5)=—=Va(NLV (r)+ 2k I (13) ]

—e[a(f) XH(7)Js—i(Ea— Ep)ms(5), (9)
and

Sw=i % | dr pG)- (WalelDr (s}, (10)

where

N
dr=]] dr..

=1

The sum of the diagonal components of 7' is the
generalized kinetic energy; F is the Lorentz force; and
S is the surface term. Since Eq. (7) has been derived
for arbitrary matrix elements, it can be used in per-
turbation calculations in which off-diagonal matrix
elements must be considered. The tensor form of (7)
enables one to apply the results to nonisotropic systems.

The meaning of the surface term .S can be found by
a procedure due to Cottrell and Paterson.® We consider
a system composed of IV electrons confined to a volume
V=L and assume that ¢, and ¢, are zero whenever
any of the electrons is on the bounding surface. One
can show that

9 dE,
Z 377=L(Ea_Eb)[de ‘PaTﬁ‘//b ]'—L&-&l,b. (11)

Thus, for diagonal matrix elements

2y Syy=—L0QE/L)
=3PV, (12)
where P is the pressure exerted by the electrons on the

8T, L. Cottrell and S. Paterson, Phil. Mag. 42, 391 (1951).
9 We neglect radiation pressure.
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walls of the container.® Hence, Eq. (7) can be specialized
to

PV=%a| Xy Tyy|a)+5a|Zix(7)-F(7[0). (13)

Equations of this form have been used in discussing
equations of state!® and the equivalence of kinetic and
thermodynamic pressure.!*

Formulas (11) and (13) have been derived by re-
quiring that ¢ be zero whenever any of the electron
coordinates is on the surface. However, for free Dirac
particles, one cannot form a linear superposition of the
four periodic positive-energy solutions, two each corre-
sponding to plus and minus p, that vanishes on the
surface of quantization.”? Thus, it is of interest to
evaluate .S directly with periodic momentum eigen-
functions. Ignoring all interactions, we find

by (k) ps (%)
Syg= Zk‘, _E(*k)— (14)

If there is no macroscopic motion of the gas, Eq. (14)

yields
2y Sy=22p(k)-v()
=3PV, (15)

which is identical with the previously obtained result,

(12).
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