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Electromagnetic potentials are found to be significant in quantum theory, even when the fluctuations 
of the vacuum are taken into account. Conditions are found under which the fluctuations will, nevertheless 
wash out an interference pattern. 

IN a paper by Aharonov and Bohm1 it is demonstrated 
that in quantum mechanics, electromagnetic poten­

tials have physical significance, contrary to the case in 
classical mechanics, where they are merely mathe­
matical fictions which facilitate the computation of 
fields. 

In doing this, Aharonov and Bohm assumed that 
quantum-mechanical electrons interact with classical 
electromagnetic fields. The question naturally arises, to 
what extent this effect—the measurability of the elec­
tromagnetic potentials—is washed out by the zero-point 
fluctuations of the fields. That is, we would like to take 
into account the dynamical character of the vacuum by 
quantizing the electromagnetic field. 

Aharonov and Bohm show that the additional phase 
difference in the wave functions between two electron 
beams which have been subjected to two different 
potentials is just 

A<p=(e/^) <b AHxp, 

electromagnetic field: 

i.e., just the change of phase of one electron resulting 
from traveling around a closed path which follows one 
beam from source to screen, and the other beam back 
to the source. This difference then determines the shift 
in the observed interference pattern between the two 
beams. (This shift is independent of position, i.e., the 
whole pattern will shift.) 

Now consider their first experiment: I t is a two-slit 
diffraction experiment, where the packets pass through 
two long metal pipes before they have a chance to 
interfere with each other—this they do only upon 
emergence from these Faraday cages. The top packet 
(or beam, if we ignore fringing fields) has its phase 
changed relative to the bottom one. One need therefore 
only consider this one packet (beam), and the extent 
to which its phase difference with any reference phase 
—say, that at the origin of its path—becomes blurred. 
Classically, the action is 

s(t)=- •J" # i n t ( 0 < 

where the interaction is between the electron and the 
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1 Y. Aharonov and D. Bohm, Phys. Rev. 115, 485 (1959). 

Hh • » - / 3Cint(%)dsx, 

and 
3eint(ff)=iM0&MM(ff), 

where the summation convention over ^ = 1 , 2, 3, 4 is 
used, and 

x±—ix§—ict. 

(Boldface quantities are three-vectors, italics are four-
vectors.) 

The current density for a smeared-out charge dis­
tribution is 

jv(x)=-ep(x)vll(x), 

where — e is the (negative) charge of the electron, p(x) 
the density, and v^ the Attn component of its four-
velocity. For a strongly localized distribution 

where 
p(a;)~S(x—x0), 

x 0 = XoOO 

is the centroid of the particle at time t. 
In making the transition to quantum mechanics, 

A^x) becomes the operator AfJi
B(xfi) in the Schrodinger 

picture (indicated by the superscript S), at time t=0. 
If we do not second-quantize the electron-positron 
field, jy, becomes 

— es^= — {eh/2mi)\J/dlj^--^dii^~]J (1) 

and £i>SM<£origmai becomes a WKB approximation to the 
solution of the Schrodinger equation 

where H includes the interaction, and ^original is the 
(exact) solution of the equation without the interaction. 
The uncertainty in the action then is defined by the 
second moment: 

where the brackets indicate taking the expectation 
value in a state of the system which will be defined by 
Eq. (2). _ 

Assuming the vacuum is unique, this expression is 
gauge invariant. From this follows the first result: 

The potential has no significance as far as the fluctu­
ations are concerned, and the Aharonov-Bohm effects 
is not "washed out." That is, in the experiments they 
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propose, the potential will be manifest by a shift in the 
interference fringes from the no-potential case, and 
this effect will be masked by the vacuum fluctuations 
only to the same extent as the ordinary (no-potential) 
interference pattern is thus masked. I t is still interesting 
to see what effect is predicted, if any. 

If jRTint were zero, then the state vector for the system 
electron+electromagnetic fields could be written, in 
the Schrodinger picture, as 

where A is a function satisfying 

• 2 A(>) = 0. 

Let us work in the gauge where there are no longi­
tudinal (and therefore scalar) photons at all, i.e., A = 0 . 
This is a total (photon) vacuum, i.e., #0= |0), and 

<0|i4M|0>=0 => (S)=0. (4) 

$ ( r , 0 = ^ s ( r , 0 * s , (2) 

where <£s is the state vector of the electromagnetic field. 
In the case where there are no fields, $ = $ 0 , corre­
sponding to a transverse vacuum—i.e., the state of no 
real transverse photons. In case fi'mt^O, Eq. (2) is a 
first-order approximation to the true state vector. We 
shall use this approximation. 

Since the electromagnetic four-potential A^ can be 
written in covariant form in the interaction picture, we 
shall work in the latter: The Hamiltonian of the system 
is 

H=H0-{-Hint=Hof-\-Hor-\-Hint1 

where HJ is the Hamiltonian for the free electron, Hor 

that for the radiation field. Then in the vacuum, 

^^^( r ,0=tA(r ,0 )$o , (3) 

Similarly, 

S*(t) = f HUOdt'C Hint(t")dt" 

= e2 f df f df fsli(x/)A^(xfi)dsx 

xfsv(yZ')Avs(yfi)d*y 

=>(<f>\S2\$) 

= e2/o e x p ( W 0 f dt'--dsyexp(-iH0
rt) \o\ 

= e2f df f df'/o\ f A^xfis^x/^x 

Now 
where the omission of superscripts indicates that the 
quantities are in the interaction picture. The equation 
conjugate to (3) is 

<01 Ar(x,t)A>(j,t) 10)=i8,vD+(x-y) 

r)t 

(We use the natural units fi=c~l wherever no confu­
sion can arise.) Collecting all terms, we find that 

( # | 5 ( 0 | # > = e / # o f^(rfi)eiH^f df l \ s ( x / ) 

X i M
s ( x , 0 ) f e - ^ ^ ( r , 0 ) A $ o \ . 

Now Hof(r) commutes with any operator function of x, 
so that 

eiH^%s(x/)A^(x,0)e~iH^===sfi
s(x,f)AlJL(x)} 

and we can integrate over r immediately, the integral 
just giving us unity, so that 

(S) = ef df fsM
 s (x/)($o1 AM (x) \ $0)d

dx. 

In the transverse-photon vacuum, which we have here, 
the Gupta-Bleuler formalism2 shows us that 

<4M(*)>=d,A(aO, 
2 K. Bleuler, Helv. Phys. Acta 23, 567 (1950), S. N. Gupta, 

Proc. Phys. Soc. (London) A63, 681 (1950). 

dzk 

2(2TT) 

_g£k . (x—y) 

and summing over v, we find 

<s2>=— f df f dt" f f f j„(x /k(y/0 
d*k 

In the presence of an electromagnetic field consisting of 
just n transverse photons, Eq. (4) still holds, since A^ 
is linear in creation and annihilation operators. Simi­
larly, Eq. (5) still holds, too, except for a factor (n+1) 
on the right-hand side. In order to obtain an explicit 
result, we must calculate the electronic current. Thus, 
consider the electron's wave packet: 

lKr ,0= (2TT)-* Cg(k)eik'teria*t<Pk, 

where fia)k—Ek=zfi>2k2/2tn, nonrelativistically.3 If the 
packet, with momentum hko, has its centroid moving 
in the z direction, and is centered at the origin when 
/ = 0 , we can take the momentum-space packet to be 

g(k) = A T e x p { - | [ ^ V i C
2 + ^ V + f e - ^ o ) W ] } , 

with N= (crx^yo-z/ir^, where ax, cryy az are the half-widths 

3 In using the nonrelativistic expression for the energy, Eq. 
(1) will give us an SA which will no longer keep s^ invariant. 
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of the packet. Then with r^fit/2m, 

lKr,/) = -

f x2 f ( s~2^or) 2 l 
N exp izko—irko2 

L 2(ax
2+2ir) 2(<T2+2ir) 2(a2+2ir)\ 

(*x
2+2iT)$(<ry

2+2iT)K<r2+2iT)t 

I t follows that the density is 

N2 [ %2<Tx y^o'y2 

p(r,t) = - —-exp 

I ty(x/yk-x<Pa;~FM I p(x/)eik'xd3x~V^vt\ 

(XxXyXz)
2 "^ I S,4 ' V and similarly 

(z-2hr)W} ^ fsM')e-*''d*y~Vte-*'-<", 

s== 

2 4 

where * so that 
e2F F rl rl r d3k 

S , ^ c r / + 4 r 2 . ( 5 ^ _ J ^ ^ ^ / ^k .T( i ' -« - )_ . 
Since 1 6 ^ J0 J0 J k 

2r—fit/m<(;h/mv)L=L/k^ 
In integrating over k, we must use a high-momentum 

where L is the distance from source to screen, the second cutoff, km. Then calling vtkm= £, we find 
term will be much smaller than the first whenever z v V 

W>£A* ^2>-rr ~[Ci | - in 7m si|+cos?-1], 
Z7T IT 

Thusfor£=10-cmand50 :evelectronMo~4X10«cm-i , w h e r e ig ^ E u l e r . M a s c h e r o n i c o n s t a n t . I f ^ _ ^ oo 
and the condition is easily satisfied for <r£10-» cm. t h g b r a c k e t c h e s < / 2 a n d w r i t i vt=L t h e 

This corresponds to no appreciable spreading of the d i g t a n c e t r a v d e d t Q ^ s c r e e n ( s i n c e i(. i g a t t h a t i n t 

packet i.e. the geometrical optics limit. ^ w g a r e ^ i n t e r e s t e d i n t h e h a s e u n c e r t a i n t y ) , 
We then find, for the flux, 

e2 V V 

- *>2W v s/ /J Finally> 
As above, however, we find that St~crt-, and the term V(iVfJi==v2+(il3v/2)2==v2[l-l(322^v2, 

in parentheses is very much smaller than the first term. w i t h t h e a p p r o x i m a t i o n s m a d e above, so that the phase 

H-mce> uncertainty is 
st~Vip(t,t). (7) 

8<p = (S2Wfi ~ iaKLkJ*)*. (10) 
Within exactly the same kind of approximation, we 
find that ^ n t^ ie o t n e r n a n d , if km —» 0, the bracket approaches 

j4~(*^/2c)p(r,0, (8) *^2' a n d 

and thus calling e2 V^V^ e2 Lkm 

iv2/2c^V4, v^Vi, (8a) ( 5 2 ) ^ {Lkm)2~—(Lkm)2 => 8 ^ ~ i « * .(11) 
we have 47r2 ^ 4? r 

sM— /̂*P- (8b) km must be the inverse of a length appearing in the 
T, , -j .i . - i • problem, probably the width of the wave packet. To 
For heuristic purposes, consider the particle approxi- r , . ' r

 r . / , , ,̂ IT . , r ^ r ^ see this explicitly, we must do the problem with a 
mation . , ^ , / ' r 

p( r f l~ f i ( r -vO (9) P a r t l c u l a r P a c k e t 

' ' Thus, instead of using the particle approximation 
to (8); then the space integrals in Eq. (5) can be done (9), we go back to the packet (6). Then in (5), we have 
immediately: the integrals 

r dtr r^(x,o^k-x^~ r ^ j v ^ x , ^ - ^ B>yEq.(7)i 
/•' f irfc22,4 W *.%4-n 

- FM I dt'e2ih»r'k* exp — h + 
Jo 1 4L a2 *y

2 a2 J J 

- V, j dU^f exp{ - i [ > * W + . . . ]} exp j - ( — ) [ — + • • • J 
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Now, from the middle exponential term, the "ranges" 
in k space are 2/ax, 2/<ry, 2/<rz. At these "maximum" 
values, the exponent in the last term takes the value 

-r2 [4A,4+4/V+4A/]. 

Recalling that o-;2^>rmax, the exponent is close to zero, 
and the integral becomes 

eivtkzl2 ,vfcz 

^ e x p { - i [ f c W + . . - ] } ^ 
(vk./2) 

( vtkz\ 
— ) 

2 / 

The integral over Sn(y/f) is exactly the same, except 
that —k appears in place of k. Thus we come to 

e2 47M7M C 

(S2)~ e x p { - * [ * > , ' + • . . ] } 
16TT3 V2 J 

sin2(vtkz/2) dzk 
X-

Here we consider two cases: 

Case I. The packet represents a short pulse, i.e. 
<TS<£L. Now, again because of the exponential, the 
range in kz is o^af1. The argument of the trigonometric 
term, at that range, is (at the screen) 

vtk,/2~L/2<r9y>l. 

Hence we may use the approximation 

sin(JL&2) 
^w8(kz). 

Thus integrating, we have 

e2 V V r 
(S2)~ — 4 T T I e x p [ - \ (kxW) + V ^ 8 ) ] 

167T3 V2 J 

sin(|L&z) dW 
X e x p ( - | ^ V 2

2 ) 5(kz)— 

e2 V^l 

4TT2 

L I exp[m—%(kx
2<rx

2+ky2<Ty
2)'] 

v2 2 J 
Xdkydkx/(kx

2+ky
2)K 

The calculation becomes much simpler if we assume 

(rx=cry—<r, 

for then we can use cylindrical coordinates, and find 

1 e2 /VpV^L 1 a L 
(5^)2 = _ ( 5 2 ) c ^ — ( ) ~ . 

n c \ v2 / <r 4(2TT)* 10 a n2 

This says that the concept of phase, for this situation, 
is meaningless for L/a > 5X104, as the phase uncertainty 
then becomes 2ir. 

Case I I . The packet represents a beam, i.e., a^>L. 

This time therefore, we can use4 

exp(-^zV,2 /2)^C(27r)V(rj5(^,), (12) 

and once again using cylindrical coordinates, we find 

(S2)~-
e2VuVu 

-f: 
e2(vl)2 

Swaaz %ir<jcrz 

and at the screen, this is (e2/8w)(L/a)(L/az), i.e., 

Hi)\~m 
Thus, as long as the beam is steady, then aside from 

some transient end effects, az is effectively infinite, and 
the dynamical vacuum does not wash out the inter­
ference effect at all. 

We note the following points: 

(1) For short pulses, the length of the pulse does not 
appear, in first approximation. 

(2) km is indeed a-~\ the transverse width of the 
packet. 

(3) The smallness of the effect is greatly enhanced 
by the smallness of e, which is quite reasonable. 

(4) The effect, in case I, is proportional to the root 
of the distance traveled, as in Eq. (10), whereas in case 
II , the effect is linear in that distance, as in Eq. (11). 
This indicates that the use of a single cutoff, km, is 
misleading, as there are two lengths involved, a and az. 
One might think that this effect is due to the spreading 
of the wave-packet giving rise to an uncertainty in its 
phase. That this is not the case is seen through the 
dependence on \/a, which makes this a dynamical, 
rather than a kinematical, effect. Moreover, remember 
that in the approximation used here, the packet only 
spreads very little. I t may be understood as follows: 
In the case of the packet, what we do is follow the 
centroid. The spreading of the packet merely makes its 
position more uncertain. Its centroid, by Ehrenfest's 
theorem, travels on undisturbed. When the interaction 
with the electromagnetic field is turned on, however, 
the fluctuations of the latter tend to "shake" the 

4 We can do better: Since the approximation (12) improves as 
o'z increases, it is natural to try to improve it by adding a power 
series in a2~

l. This is naturally done by integrating 

5(<r)a r f(x) exp(-a2x2/2)dx 
U — oo 

by parts, successively. Since the odd part of f(x) must integrate 
to zero, we need consider only even functions / , in the interval 
(0,oo). So long as/(#) does not increase as fast as exp(A2 /2), 
and has derivatives of all orders at the origin (and at infinity), 
this will yield a series which is at least asymptotically convergent: 

(2*r)» oo /<*»>(0) 
5(o-)= S . 

We may write this symbolically as 

(2TT)* oo 8^(x) 

exp(-oV/2)s 2 — — , 
a- n-°nl(2<r2)n 

when it occurs in such integrals. 
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electron, and do so the more violently the smaller the 
packet is. When the packet turns into a beam, it 
becomes increasingly improbable to find a fluctuation 
large enough to move the whole beam. 

One can understand the dependence on the various 
factors as follows: The vacuum fluctuations can be 
thought of as resulting in the uncertainty in the meas­
urement of the fields. This uncertainty will depend (as 
is well known from Bohr and Rosenfeld's work5) on the 
details of the measurement process: inversely on the 
size of the space-time region in which the field is 
measured. We can think of the electron as being the 
testing body, and its size will then be roughly the width 
of its packet. Thus the phase should be inversely 
dependent on cr (or some power thereof). Moreover, 
remembering that the fluctuations are random, we 
would have to sum the squares of the microscopic fluc­
tuations, and hence have a dependence on LK Finally, 

5 N . Bohr and L. Rosenfeld, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 12, No. 8 (1933). 

M I T L E R 

the argument above indicates that we should expect an 
inverse dependence on the length of the packet. 

An interesting question which was not looked into 
is the comparison of the size of this effect to the kine-
matical effect. That is, for a short pulse, there will be 
an appreciable frequency distribution, and the purely 
classical diffraction minima will occur at different 
places on the screen, leading to a blurring of the inter­
ference pattern. This effect, however, can be made as 
small as we like by making k0(T2 large enough, while still 
keeping crz<^L.6 
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