PHYSICAL REVIEW

VOLUME 124,

NUMBER 4 NOVEMBER 15, 1961

Ferromagnetic Relaxation. II. The Role of Four-Magnon Processes in
Relaxing the Magnetization in Ferromagnetic Insulators™

P. Pincus AND M. SPARKS
Department of Physics, University of California, Berkeley, California

AND
R. C. LECraw
Bell Telephone Laboratories, Murray Hill, New Jersey
(Received June 12, 1961)

The role of four-magnon processes in relaxing the uniform precession, in relaxing magnons of nonzero wave
vector in parallel pumping experiments, and in establishing thermal equilibrium is considered. It is shown
that the effect of the exchange-induced four-magnon process should be observable in parallel pumping
experiments, but it is found that the four-magnon processes arising from dipole, cubic anisotropy, and
exchange coupling are not very effective in relaxing the uniform precession. Both three- and four-magnon
processes are important in the later stages of the relaxation scheme by which thermal equilibrium is

established.

INTRODUCTION

N the first paper! of this series, a scheme was proposed
for the relaxation process accompanying excitation
of uniform precession magnons in a ferromagnetic
resonance experiment, with particular reference to
highly pure yttrium iron garnet (YIG). The linewidth
and relaxation time of the total z component of magneti-
zation calculated in I were in reasonable agreement with
experiment. There remain the problems of explaining
the direct relaxation of the uniform precession to modes
other than the degenerate spectrum and of considering
the later stages of relaxation scheme.

Kasuya and LeCraw? have recently estimated relaxa-
tion frequencies for a number of processes which
directly relax the uniform precession. They suggest that
the relaxation frequency calculated for the three-
magnon process and the two-magnon-one-phonon
process, both arising from the uniaxial anisotropy
Hamiltonian, could explain the experimental results.
The ferrimagnetic nature of YIG is considered in their
estimates.

In an earlier paper® Kasuya gave a qualitative treat-
ment of four-magnon dipole and pseudodipole processes.
Morkowski,* using the Dyson treatment of spin waves,
calculated the relaxation frequency for the uniform
precession for the four-magnon pseudodipole process.
He found that the relaxation frequency varies as 7%
rather than 72 as found by Kasuya. However, there is
a slight error in one of Morkowski’s final integrations
and, indeed, the correct temperature dependence of his
result is T2 Several workers® have considered the role
of four-magnon processes in establishing thermal equi-
librium in the spin system.

* Supported in part by the National Science Foundation.
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In the present paper we first report the results of
calculations of the relaxation frequency of the uniform
precession directly by four-magnon processes. It is
found that four-magnon processes are not very effective
in relaxing the uniform precession. We then consider
the relaxation of magnons of nonzero wave vector by
four-magnon exchange processes. It is shown that the
effect of the four-magnon process should be experimen-
tally observable in parallel pumping experiments.®—%
The final stages of the relaxation processes which
establish thermal equilibrium are then discussed very
briefly.

DIRECT RELAXATION OF UNIFORM PRECESSION BY
FOUR-MAGNON PROCESSES

In modulation experiments® and in parallel pumping
experiments® by LeCraw, Fletcher, and Spencer, the
direct relaxation of the uniform precession to modes
other than the degenerate spectrum was measured. In
reference 2 the following properties of this direct-
relaxation frequency 1/7 are reported: (1) The magni-
tude of 1/T, is 4X10° sec™* at room temperature and
a frequency of 9.34 kMc/sec. (2) In the range 150°K to
400°K, 1/T is proportional to 7” with 1=#=2, the
larger values of # corresponding to the higher tempera-
tures. (3) At room temperature 1/7% is proportional to
frequency for »=3 kMc/sec and is inversely propor-
tional to the saturation magnetization. (4) Finally, the
modulation experiments indicate that the z component
of the total magnetization is relaxed in the direct
processes.
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For the direct relaxation of the uniform precession,
the four-magnon processes which we treat are, first, the
three-in and one-out process which arises from the
dipole interaction; second, the two-in and two-out
dipole process; and third and fourth, the two-in and
two-out and three-in and one-out processes, respectively
arising from the cubic anisotropy Hamiltonian. The
three-in and one-out process relaxes M, the z com-
ponent of magnetization, as required to explain (4)
above. The two-in and two-out process does not relax
M, directly; however, if the output magnons from this
process relax very rapidly by a process which relaxes
M., and this is probably the case, the net effect of the
two processes is a relaxation of M, in a time determined
by the two-in and two-out process. The exchange inter-
action cannot relax the uniform precession, since the
exchange Hamiltonian commutes with the total
magnetization or with M,, and at least one of these
changes in any process which relaxes the uniform
precession.

DIPOLE RELAXATION

We consider first the three-in and one-out process.
On transforming the dipole Hamiltonian to magnon
creation and destruction operators!! af and e by the
standard method, we find for the three-in and one-out
term

3Csa= > >/ Cawearfauata, +c.c., (1)

uve A

where c.c. denotes Hermitian conjugate, the prime on
the summation signifies omit k,=0, and

Crwroe=— 2mp2/ V) (kn*/ =r)*A (ka4 k., 4k, —k,.).

The notation is the same as that used in I.

In a rather long calculation, using the standard transi-
tion probability method, we find for the contribution
1/T3_1 to 1/Tn

1/Ts = (28u%/15xhD?) (ksT)?, (2)
where u is the Bohr magneton and D defines the high-

frequency dispersion relation 7w=Dk?. Taking®
D=9X10"% erg cm? and T=300°K, we get
1/T5 1=1.0X10% sec™. (3)

Similarly, we find that the relaxation frequency for
the two-in and two-out dipole process has the same
dependence on temperature, frequency, and saturation
magnetization and is of the same order of magnitude
as (2). Thus the total contribution of the four-magnon
dipole processes to the relaxation frequency is of the
order of two times the value of 1/T5 ; given by (2).
This value is three orders of magnitude smaller than the
observed value of relaxation frequency and does not
have the observed dependence on frequency or on

1T, Holstein and H. Primakoff, Phys. Rev. 58, 1098 (1940).
2 E, H. Turner, Phys. Rev. Letters 5, 100 (1960).
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saturation magnetization. Thus, we conclude that the
four-magnon dipole processes are not effective in
relaxing the uniform precession.

ANISOTROPY RELAXATION

We now consider the contribution to four-magnon
relaxation of the uniform mode arising from the
magnetocrystalline anisotropy energy. Since the average
environment of the Fe** ions in YIG has cubic sym-
metry, there is a term in the spin Hamiltonian of the
form

Ha=K 3 0i(Syi*+Szit+Seit),

where 7, ¢, and £ are the cubic crystal axes. The anisot-
ropy constant K is determined from Rodrigue et al.?
to be about 1.8X1073 cm™ for YIG when treated as a
ferromagnet. Kasuya and LeCraw? consider the more
detailed uniaxial surroundings of the Fe*t ions by using
a two-sublattice model. Then, each sublattice has
uniaxial terms in its Hamiltonian of the form ES,?
which tend to cant the individual spins. From this
larger interaction, £~ 10" cm, arises the three-magnon
terms calculated by Kasuya and LeCraw. When de-
scribing YIG by one sublattice, these uniaxial terms
average to a constant.

In the usual way, we expand JC4 in creation and
annihilation operators. If we let a,, ar, a¢ be the direction
cosines of the magnetization with respect to the crystal
axes, the four-magnon part of 3¢4 which relaxes 5% is

KS?
3@2_2 = 55\7[45 (a“-{-a;“—}-a;“) - 27]
X ¥ alataea.0(k+k.—k,—k,).

Apyv,o

A transition-probability calculation gives for this process

1/To o=2(KS*V/2x N[ (ksT)*/4xhD?]
X[45 (aitof+at—277, 4)

where V is the volume of the sample. For YIG,
N/V=0.6X10%2/cm?, K=1.8X10"3 cm™, S=5/2,
D=9X10"% erg cm? Then at 300°K, along the easy
[1117 axis, Ts-57* is about 10° sec™, still an order of
magnitude smaller than the total experimental value.
When the sample is not magnetized along a symmetry
axis, the cubic anisotropy also gives rise to three-one
processes, which relax M directly. In a similar way this
relaxation rate 75 1! may be calculated to give

X[ (ksT)?/8xhD¥ [ 14 (e +art+ar)?
—2(ay'tartag) —120/aag]. (5)
Note that T3 ;! vanishes along the easy [111] axis.

Along other directions T'3; is of the same order of
magnitude as 7'se. Thus, we conclude that four-magnon

18 G. P. Rodrigue, H. Meyer, and R. V. Jones, Suppl. J. Appl.
Phys. 31, 376S (1960).
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anisotropy relaxation is not sufficiently rapid to make
a major contribution to the total relaxation rate.

RELAXATION OF MAGNONS WITH LARGE WAVE
VECTOR BY FOUR-MAGNON EXCHANGE
PROCESS

In I the relaxation frequency of magnons as a function
of wave-vector amplitude & was calculated for three-
magnon dipolar processes. For the confluence process,
in which two magnons are destroyed and one is created,
the relaxation frequency was found to be proportional
to & for small k£ and inversely proportional to & for large
k, with a maximum between these two regions. The
splitting process, in which the input magnon splits into
two magnons, relaxes only magnons with wave ampli-
tude greater than the threshold value k4= (2%wo/D)?.
For values of wave vector slightly greater than this
threshold, the relaxation frequency increases rapidly
from zero as X increases; for further increase in %k the
relaxation frequency goes through a maximum, and for
large k is proportional to k7 logk. The relaxation fre-
quency is linear in temperature for both the splitting
and confluence processes. Figure 1 of I represents these
results, which are valid in the high-field, high-tempera-
ture limit.

We now consider the effect of the four-magnon
exchange process on the magnon relaxation frequency,
comparing the result with the three-magnon results.
Dyson’s!* four-magnon exchange result may be written
in terms of a relaxation frequency

(1/Tw)ae=[2¢ G)D/1](u/ M .)*(ksT/4w D)%, (6)

where { (%) is the Reimann zeta function of argument $.
With D=9X10"% erg cm? and M,= 140 gauss at 300°K,
this reduces to the convenient form

(1/T 1) 0= 1.6 X 107 M ,(300)/ M ,(T)
X (/108)3(T/300)f sec.  (7)

Comparing this result with the three-magnon results
described above, it is seen that the four-magnon ex-
change relaxation frequency increases more rapidly with
increasing & than that of the three-magnon process and
also increases more rapidly with temperature than the
three-magnon process. Thus the four-magnon process
becomes important for some large value of %, this value
of % being a function of temperature and of the applied
magnetic field. Let us now examine this relative
importance of the three- and four-magnon processes by
comparing (7) with the three-magnon results (3.7) and
(C.7) of 1. First, for wo=2w,/3, where wo is the applied
magnetic field in frequency units, and w,=4mryM,, and
T=300°K, the two contributions to the relaxation
frequency are equal when 2=7X10% cm™, and the
threshold wave vector for the splitting process is also
at kw=7X10° cm™'. Thus the % dependence of the
relaxation frequency should be the following: The

" Freeman J. Dyson, Phys. Rev. 102, 1217 (1956).
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three-magnon confluence process is dominant at low
values of %, giving a linear % dependence as % increases
from zero, then for larger values of & there is a bending
down of the relaxation frequency toward the % axis.
This behavior has been verified*® in parallel pumping
experiments by one of us (R. C. L.). Before the relaxa-
tion frequency goes through the maximum, the four-
magnon contribution becomes large enough to cause a
bending up of the curve away from the % axis.

It is unlikely that the sharp rise in relaxation fre-
quency at k= kg due to the onset of the splitting process
will be observable in the presence of the four-magnon
process at room temperature. In order to observe this
sharp increase, the temperature must be lowered below
room temperature to reduce the contribution from the
four-magnon exchange process. We estimate the re-
quired temperature by calculating the temperature at
which (1/711)4. equals one-fourth the confluence value
for k=ky. In order to put the microwave pump fre-
quency within the experimentally available range, we
again take wo=2w,/3. Lower applied fields should be
avoided in this experiment, for correction associated
with the noncircular precession of the spins must then
be applied. With 2= k;q the microwave pump frequency
Wpump = 2 (DE*+%w,) is 30 kMc/sec, a reasonable value.
From (7) above and (37) of I with k= ks, we find that
(1/T1x)4. equals one-fourth the confluence value for
T=120°K; the effect of the splitting process should be
easily observable at this temperature.

ESTABLISHING A SPIN TEMPERATURE

In I a complete scheme of relaxing the magnetization
in low-temperature resonance experiments was pro-
posed. The uniform precession mixes with the de-
generate S through the dipole depolarization field of
small pits left on the surface of the sample by the
polishing process. The relaxation frequency for this
process determines the resonance linewidth. The .S
magnons are relaxed by the three-magnon dipole process
in a time which governs the rate of relaxation of M.
The output magnons of this Raman process, which we
call subthermal magnons, then relax by additional
three-magnon processes on four-magnon processes, the
relative importance of the two processes depending on
the temperature. The output magnons of these processes
relax in turn by three- and four-magnon processes, etc.,
until thermal equilibrium is established in the spin
system. The spin temperature will be somewhat higher
than the lattice temperature, the temperature difference
depending on the speed of the magnon-photon processes.

In I the relaxation frequencies of the first two proc-
esses in this sequence were calculated and found to be
in reasonable agreement with experimental linewidth
and M, time. One of us (M. S.) has considered'® the

15 See Fig. 1 of reference 2.
16 M. Sparks, Doctoral thesis, University of California, 1961
(unpublished).
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subsequent processes which are dominant in establishing
a spin temperature. It is shown that in the YIG
resonance-modulation experiments,’ the subthermal
magnons are relaxed more effectively by the four-
magnon exchange process than by the three-magnon
processes for temperatures above ~50°K. In general,
both the three-magnon dipole and the four-magnon
exchange processes are important in the subsequent
processes leading to a spin temperature. Finally, it is
shown that these three- and four-magnon processes are
more effective than the two-magnon—one-phonon proc-
esses, induced by magnetoelastic and exchange inter-
actions, in relaxing all magnons which are important in
the resonance experiments. These important magnons
include the S magnons, the subthermal magnons, and
the thermal magnons. This justifies the assumption

SPARKS,
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made®!® in magnon-phonon calculations that a spin
temperature exists. The calculations® of a magnon-
magnon relaxation frequency averaged over all magnons
to justify the assumption of a spin temperature is not
sufficient for the relaxation scheme proposed in I.
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Measurements on evaporated thin films of superconductors provide a powerful technique for studying
stress effects on the superconductivity transition. Utilization of the differential thermal expansion of film
and substrate by suitable choice of substrate and substrate temperature during evaporation provides a
convenient way for controlling the stress in the films. In this manner, uniform tensile and compressive
stresses of substantial magnitude can be obtained and are tolerable because of the great strength of thin
films. To illustrate how this technique can be used, studies are shown of similarity effects in indium films
under the influence of biaxial stress and a generalization of the usual similarity relations is suggested.

T is the purpose of this paper to suggest that studies
of evaporated thin films of superconductors provide

a powerful technique for studying stress effects on the
superconductivity transition. Utilization of the differ-
ential thermal expansion of film and substrate by
suitable choice of substrate and substrate temperature

TasLE I. Specimen characteristics.

In 57 In 58

Substrate fused quartz high-expansion glass
Thickness 1253 A 1225 A
Residual resistivity 0.492 pohm-cm  0.473 pohm-cm
Critical temperature 3.473°K 3.437°K
Critical field at 0°K 836 oersted 840 oe
Tensile stress at 4°K 2.3 10% atm 1.0X10% atm
H:(0,0)/T, 240.7 oe/°K 244.3 oe/°K
Bulk critical field* 285.7 oe 285.7 oe
Zero-stress critical

temperature® 3.408°K 3.408°K
Ratio of weak-field

penetration depth at

0°K to film thickness  0.600 0.605

a R. W. Shaw, D. E. Mapother, and D. C. Hopkins, Phys. Rev. 120, 88
(1960).

during evaporation provides a convenient way for
controlling the stress in the films. In this manner,
uniform tensile and compressive stresses of substantial
magnitude can be obtained and are tolerable because
of the great strength of thin films.!

To illustrate how this technique can be used, studies
are shown of similarity effects in indium films under
the influence of biaxial stress and a generalization of
the usual similarity relations is suggested.

Upon the application of hydrostatic pressures to bulk
superconducting samples, in general, similarity is not
obeyed. The term similarity usually implies the validity
of two independent conditions?:

H.(X,t)/H.(X,0)= f(t), 1)
H.(X,0)/T+(X)=const, )

and

where H, is the critical magnetic field, T is the critical
temperature, ¢ is the reduced temperature, /T, and
X is an independent variable such as pressure, or

! A. M. Toxen, Phys. Rev. 123, 442 (1961).
2 M. Garfinkel and D. E. Mapother, Phys. Rev. 122, 459 (1961).



