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The dynamical behavior of uniformly moving dislocations in anisotropic media is discussed for those
crystal systems for which the edge and screw components can be considered separately. Expressions are
obtained for the kinetic and potential energies of both edge and screw dislocations. It is found that screw
dislocations behave normally at all velocities up to the limiting velocity. Edge dislocations, however, display
an anomalous dynamical behavior. It appears that in general there is a range of velocities for which the shear
stress on the slip plane is negative and edge dislocations of like sign attract rather than repel one another.
In an isotropic material the upper limit of this velocity range is the velocity of shear sound; the lower limit
is the Rayleigh wave velocity which can never beless than 0.69 the velocity of shear sound. In the anisotropic
case it is possible for the limiting velocity (for a given orientation) to be less than the corresponding shear
wave velocity; also the threshold velocity for the anomalous dynamical behavior can be any velocity from
zero up to the shear wave velocity, depending on the elastic constants of the material and the orientation
considered. An example of an edge dislocation in a hexagonal material is discussed in some detail.

I. INTRODUCTION

EERTMAN! has shown that in an isotropic
elastic solid there is a range of velocities for

which two like edge dislocations on the same slip plane
will attract rather than repel. The upper limit of this
velocity range is ¢,, the velocity of transverse sound;
this velocity also represents the limiting velocity of the
dislocation since its energy tends to infinity as ¢, is
approached. The lower limit of velocity ¢ is given by
¢, the Rayleigh wave velocity. At ¢=¢, the shear
stress component of the field of the moving edge
dislocation becomes zero, i.e., the repulsive force
between two like edge dislocations vanishes. For further
increase in velocity the shear stress is negative and the
force between two like edges is then an attractive one.

A physical explanation for this anomalous behavior
has been given by Weertman.? He concludes that dis-
locations of like sign will attract (and unlike repel) if
the kinetic energy in the displacement field of an
isolated dislocation is greater than the potential energy.
Now the kinetic energy of a screw dislocation can never
be greater than its potential energy; hence screw dis-
locations always behave normally. For edge dislocations
the kinetic energy is greater than the potential energy
for velocities above the Rayleigh wave velocity.

This paper sets out to answer two questions: (i) Does
the same general result hold for an anisotropic medium;
i.e., is there a range of velocities for which two like edge
dislocations will attract? (ii) If such a range does exist,
what is the lowest velocity at which the attraction will
occur? It is hoped that for a certain crystal type and
orientation this threshold velocity will be a small
fraction of the limiting velocity for that direction; this
would then represent the optimum situation for an
experimental verification of this phenomenon.
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Mexico.
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II. UNIFORMLY MOVING DISLOCATIONS

To answer these questions we consider a uniformly
moving dislocation in an anisotropic medium. The
problem has been treated by Bullough and Bilby® and
this paper is based on their analysis. The equations of
equilibrium for an anisotropic elastic medium are

M

where u; is the displacement referred to Cartesian
coordinates x;, p is the density, F;i; the elastic constant
tensor, and all subscripts to the right of the dot repre-
sent differentiation with respect to the appropriate
space coordinate. Assume the dislocation line is parallel
to 3 and moving in the x; direction with velocity c.
Eshelby’s method* of solution is applied, i.e., the
material is imagined cut along the xyx3; plane, moving
tractions applied to the cut surfaces so that on re-
welding a moving dislocation is obtained with no
external forces or couples acting on it. The appropriate
solution of (1) will correspond to a surface disturbance
propagating in the x,=0 plane, vanishing as |x,| — oo,
and independent of x;5. Bullough and Bilby write

Fijvr. 1= piis,

3
wi(%) w2) =2 CuPjnexp{s(—Nuwatin,)}, (2)
n=1

where x1=x1—ct, the P;, are functions of the elastic
constants and dislocation velocity, and the C, are
arbitrary complex constants. Substitution of (2) into
(1) yields that A, is a root of the sextic equation

| Figroln—iNn (FitetFooir) — Fina+pc?in| =0,  (3)

where &, is the Kronecker delta. A, is in general com-
plex; however, in order that (2) represent a surface
wave we must restrict the dislocation velocity such
that the real part of A, is greater than zero.
In the general anisotropic case both a pure screw and
a pure edge dislocation involve all three components of
3 R. Bullough and B. A. Bilby, Proc. Phys. Soc. (London)

B67, 615 (1954).
4 J. D. Eshelby, Proc. Phys. Soc. (London) A62, 307 (1949).
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displacement. Rather than treat this general problem
we follow Bullough and Bilby and consider the simpler
one where all F;ji; with an odd number of subscripts
equal to 3 are zero. In the contracted notation (75 — 1,
i=7; 1§ — k+3, i 7) this reads

F14=F15=F24=F25=F46=F56=F34:F35:0- (4)

This has the effect of separating the equations deter-
mining #; and #, from that determining #;. With the
stress components given by

pii=Fijritr.q, (5)

we find that the stresses psi, P32 depend only on the
derivatives of #3; the other four components of stress
depend only on the derivatives of #; and #,. Hence the
two problems #;=u,=0, #5720 and %50, u,70, u3=0
can be considered separately. Likewise the sixth-order
equation in A, reduces to two equations: a quartic for
the edge dislocation and a quadratic for the screw
dislocation.

Starting with the #; given by (2) and employing the
method of Fourier transforms one may build up more
general displacements U;; the latter are determined by
boundary conditions along the slip plane, i.e., dis-
continuity in the appropriate displacement as well as
conditions on the stress components to insure that no
external forces or couples are acting on the dislocation.
These displacements U; (developed in reference 3) will
be used in the following discussions. The corresponding
stress components ¢;; are given by an expression
analogous to (5), i.e.,

o= FijtiUr.a. (6)

Also the strain components e; are given by the usual
expression '

€ii=3(Usi+Uj.). (M
III. SCREW DISLOCATIONS

The displacement field for a screw dislocation moving
in an anisotropic medium for which (4) holds is

bo xl'-— bxz
Us=—— t3»11:_1( ), 8)
2w axs
where .
=+ [F44F55”‘“ F452_I’144PC2:I'z ‘F45
As=ta+ib= +1 (9)
F44 F44

(the positive sign applies for x>0, the negative sign
for £, <0) and b, is the magnitude of the Burgers vector.
The nonzero stress components are

aby x1'F45_ x2F55
o13= “[—-——*—* ; (10)
2m | @?x? 4 (01" — bwo)?
abo[ %1 Fa—xoF a5
023=—[-—————]. (11)
2 La2x+ () — bao)?
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E,, the potential energy per unit length of the moving
screw dislocation, is obtained by integrating over the
crystal the strain energy stored in the stress field of the
dislocation. If 4 represents some cross section normal
to x3, then

1
Epz_fo'ijfijdA
2J4

a’be® 2T f’” (Fss sin?0— F 45 sin20-+ F 44 cos?)
8z Jy  Jr, [(a*+8?) sin®0—b sin20+cos?d 2
drdf
X—, (12)
r

where we have put

rP=ux1"+tux? tanf=uxy/x, . (13)

The limits on 7 are those usually employed, i.e., R»
represents a dimension of the crystal, R; a radius of
order bo.

Besides the potential energy there is also a kinetic
energy E; associated with the moving screw dislocation
since there is motion of the medium about it.

1 .
Ek=— f p(U3)2dA
2J4

p6260202 f21r fR2 Sin20
&2 Jy r: [ (a*4-0?) sin?0—b sin20+cos? |2
drdf
X—. (14)
r

(12) and (14) can be evaluated to give expressions of
the form

(1—c¥/2c.)Eo c E,
—_— Ep———
(1—=c/c)} 2¢c? (1—c/c.)t

The total energy E,=E,+E; is given by the rela-
tivistic formula

(15)

»

E;=E,/(1—c%/c,2)% (16)

These are the same formulas that are obtained in the
isotropic case with the appropriate definition of E,, the
rest energy, and ¢, the limiting velocity :

Isotropic Anisotropic
b> R,
Eo/ (— In— 7 [FauF 55— Fys? ]t
4r Ry 17y
Pl M (F44F55—F452)/F44

where u is the (isotropic) shear modulus.
The condition that R(\)>0 demands ¢<cy,; ¢o is
truly a limiting velocity for the screw dislocation since
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E;— ® as ¢— c,. Also we see that (as in the isotropic
case) the kinetic energy never exceeds the potential
energy ; they become equal (and infinite) at ¢=c..

Note that the stress field given by (10) and (11) is
well-behaved. Since a approaches zero as the velocity
is increased towards ¢, the stresses are contracted in
the direction of motion. The stress components do not
change sign with increasing velocity but tend to zero
as the limiting velocity is approached.

In short there is no unusual dynamical behavior
exhibited by a screw dislocation moving along those
directions in an anisotropic medium for which (4)
applies.

IV. EDGE DISLOCATIONS

A. General Formulas

Here the behavior is more complex and corre-
spondingly the analysis, though straightforward, be-
comes cumbersome. In all that follows, the subscript =
will take on the values 1 and 2; all indicated summations
over n will likewise be for n=1, 2. Let us start with the
attenuation parameter A, which is a solution of a
quartic equation derived from (3). If we put y=—i\,
we obtain an equation

4
> K,y'=0,
y=0

with all K, real. Hence A, is of the form \,= 4 pp4iqy,
where the positive sign holds for x,>0. We have

Ky=FeeF 32— Fy,
K3=2(F2F 15— F16F 1),
Ko= (F11F 29— F19*—2F15F 5+ 2F 16F 56)
- (F22+F66)P62;
K1=2(F15F 15— F35F11)+2p6*(F 16+ Fs),
Ko= (F11—p) (Fos—pc?) — F1gd.

(18)

(19)

DA1i(p1,02,91,92) = DA 2i(p2, 1,92,q1)
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In terms of the solutions of (18) we can define eight
quantities (using the notation of reference 3):

Snr=Fa (Pnz_—Qn2)+ZQnF26_F66+P(;2,
Sni=2pn(Fosgn—Fss),

(20)
Rnr:FIG—F26(Pn2—qﬂ2)—“qn(F12+F56)7
Rui=pn(Fro+Feo—2q.F ),
and two sets of variables 7,, 6, by
2= (o — g+ (b, o

tand, = paxs/ (x1' — guita).

We can then write the displacement field of the moving
edge dislocation as

U= (50/27") Z (an Inrn_Brﬂn);

U,= (b0/27r) Z (5n hVn_ enen)- (22)

The eight constants aa, 8, 6., €, are given in terms of

the four constants 4y, 4.: of Bullough and Bilby by

an=A an'nr_'A mZSn’iy
anAanm"i"A m'Snr;

5n =4 nr-Rnr_ A niRni;

(23)
en=4 narz+A niRm"

Ay and 4, are given by boundary conditions along
the slip plane; these conditions can be written as

2 [Fec(anpn—Bnrgn)+Fo5(0npn— €ngn) 1= F1e,
2 [Fas(@npn—Bngn)+Fos(8npr—€xqn) ]=F1s, (24)
> =0, Y B,=-—1.

Substituting (20) and (23) into (24) and solving for
A, and A4 ,;, we obtain after considerable reduction

=2p1p2(qa— q0){ (F16F 26— F12F 66) [F 26G3— (Fe6—pc?)Ga ]+ (F16F 22— F1F 26) (F 16G2— F 1G3) }
+ p1pa(FosFes— Fae?)} (1522+(J22)[({722— P+ 3q1i—q2) (1— Q2)] (FosG1— F6Gs)
+2[q1p2*— qop 2+ 3q1g2(q1— 92)](F12G2'—F16G1)‘|‘[(?12—‘?22)“]‘3 (g22—q12) 1 (F12G3s— F16G2)},

DA 1.(p1,02,91,92) = DA 2r (P2,$1,q2,q1)

(25)

= po[ (p12— p22) — (q1— q2)2J{ (F16F 26— F12F 66) [F 26G3— (Fo6— pc?) G2 ]+ (F16F 25— F15F 26)
X (Flst—Flst)}+Pz(F22F66'“F262){[(292‘1‘?1)((?12‘?22) - (‘11_92)2>+2P12(91—92):|
X (F12G3—F16G2)+ (p2+ g2 [q1{ (p12— p2?) — (q1— 2))+2p12 (q1—q2) ] (F 26G2a— F 6G1)
+L(2+92+20192)((pr2— p22) — (1= 2)) +4q2p12(q1— ¢2) J(F16G1— F15Go) },

where

D=p1ps(FosFes— Fai?)[ (p1+p2)*+ (ql—42)2][(1>1—172)2+ (g1—2)*1(G2—G1Gy),

G1=Fy (F66+F12)— 2F ¢,
Gy=F9F 16+ Fas (pC2—Fss),
G3=2F 1sF 36+ (Fo6+F12) (0c*— Fls).
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These expressions for 4,; and 4 ,. can then be used to
obtain an, B, 82, €, and hence the displacements U,
and U, are determined.

From the displacements we find that the nonzero
stress components are

bo 1
0-11—__.——2—— Z ~2|:x1' (F11an+F16(Pn+F12ln)
™ ¥n
; ) +x2(F11kn+F16Vn+F12wn):|’
0
r19=—= T Lol (Frt-Fooont-Facks)
v n
+x2(F16kntFogvatFaogwn) |,
(26)
bo 1
0'22=2— > ——2[901' (FroantFogontFaoly)
™ T
+x2(F12kn+F26Vﬂ+F22wn>]7
0
O33=— Z -—2-|:x1, (F1301n+F36 <Pn+F32ln)

™ rx
Fx2(F1skntFssont Fawa) ],
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where we have made the further reductions,
knzﬁn?n_anQn; _lnzanQn-l'fnPn,
wn=5n(ﬁn2+qn2), ﬁon:én*anQn—ﬂnﬁm
Vn= en?n_ 5nQn+an (PnZ_I'an) .

27

From (26) we get the important result that the shear
stress on the slip plane vanishes when

Z (F‘IGan+F66§0n+F2ﬁln) =0,

If the dislocation velocity which satisfies (28) is less
than the limiting velocity of the dislocation, then it
represents the threshold velocity for the anomalous
dynamical behavior of edge dislocations.

Using the stresses given by (26) and the strains
obtained by differentiation of the displacements (22),
we can obtain the strain energy per unit volume $oje;;;
integration over the crystal yields E,, the potential
energy per unit length of the dislocation:

(28)

e be? | R, 2 fz” (L um cos?0+M ., sin20+N ,,,, cosf sind)dh 29)
=—]|n— g
" 82 Rynimerdy [cos?0+ (pa2+H¢x2) sin®60— g, sin207][ cos?0+ (pu2+gn?) Sin?0— gy, sin26 |
where
an=F11anam+F22lnlm+F66 §0n¢m+F12 (anlm+amln)+F16 (an¢m+am€0n)+p26(ln Spm"'lm(Pn),
Mnm=Fllknkm+F22wnwm+F66Van+F12 (knwm+kmwn)+F16 (anm+kan) +F26 (anm+men), (30)
Nnm=F11(ankm+amkn)+F22 (lnwm+lmwn)+F66(§0an+ ¢man)+F12[(anwm+amwn)+ (knlm+kmln)]
+F16[(an”m+am1’n)+ (kn(Pm'!_km (Pn):|+F26[(anm+lmVn)+ (wnﬁom"*‘wm‘Pn)]-
Using the theory of residues we can evaluate (29) to obtain
b* R 2 an{?n(pm2+9m2)+ﬁm(pn2+ n2) +Mnm(Pn+pm)+Nnm(Pan+ m n)
Bym e 3 il Prdn) (31)

The kinetic energy per unit volume of the displacement
field of the moving edge dislocation is

(o/DLU)+ (U]

Jas

REGION I

REGION IIT. k REGION I
{ \ o

T

Fi1c. 1. The hashed line is the locus of limiting velocities for a
moving edge dislocation. ¢ and s are functions of the elastic
constants and dislocation velocity defined in (36). The type of
surface wave corresponding to a moving edge dislocation is
different in each of the three regions shown.

Papml (Pntpm)*+(gn— qm)*]

When written in terms of » and 8 [as given by (13)]
this has the same 6 dependence as the integrand of
(29). The kinetic energy (per unit length) Ej is then
given by an expression of the form (31) with L, M, N
replaced by other constants, i.e.,

Ew=pE [ Lyvn—> Funy M = Gumy Noum— Hun], (32)
where
an= aman+5m6n, Gmn= kmkn‘l'\bm‘pm
Hpin= (omkntcnkn)+ Guilnt-0fm),
Yn=€xPn—0ngn.

Recall that the dislocation velocity must be restricted
such that R(\,)>0, i.e., $,>0. This condition gives
the true limiting velocity of the dislocation since as
pn— 0, both E, and E; — . Also note that at veloci-
ties near the limiting velocity the total energy of the
edge dislocation varies as [R(\) J3; for the screw dis-
location we have from (9) and (16) that the energy
varies as [R(\) ™ at high velocities. These results are
analogous to those obtained by Weertman' for the
isotropic case.

(33)
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The condition that the kinetic and potential energies be equal is

(an_Pcanm) {pn (Pm2+Qm2) +Pm (Pnz'l_an)} + (Mnm "PCZGnm) (?n"‘?m) + (Nnm—'Pcanm) (?nﬂm"'?m{ln)_

n,m=1

In the isotropic case the velocity at which Ey=E, is
the same as that at which o12(%,,0)=0. It is not obvious
in the anisotropic case that the velocity for which (34)
is satisfied is the same as that for which (28) obtains.

The results of this section have been general for
those cases for which (4) holds. Our main interest in
this problem is to find those velocities for which (28)
and (34) are satisfied and for which p.=0, i.e., the
velocity at which the shear stress on the shp plane
vanishes, the velocity at which the kinetic energy
becomes equal to the potential energy, and the limiting
velocity of the edge dislocation. To do this we require
the roots of the quartic (18). Of course these roots can
be obtained, but the resulting expressions as well as the
solution of (28) and (34) would be rather complicated.
However, if we assume that the constants Fig and Fag
also vanish, then the quartic (18) reduces to a quadratic
in A\,2 and the analysis is greatly simplified.

B. Fig=Fy=0
With this simplification we find from (18) that
IN =g+ (2—4s) =g A}, (35)
where
FosF66q= (F11F 22— F 19"~ 2F 15F 65) — (Faa~+ F)pc?, (36)

FooF 565 = (F11—pc?) (Fos—pc?).

There are two classes of behavior depending on the
sign of A.
(i) A>0: Then A2 is real;

2=q+(P—4s)} WP=g—(@—4s)}
For this case we obtain from (25) that
A=Az =0,
po*FasF e6+F12(Fes— pc?)
_F22(F12+F66) (Fess—pc?) (pr*—
Pp2F25F 66+ F12(Fos— pc?)
=F22(F12+F66) (Fas—pe?) (pi2—pe2)

In order that the conditions R(\,)>0 be satisfied we
must insure A,2>0; these demand ¢>0, s>0. ¢, the
limiting velocity of the edge dislocation, is given by
A=0, i.e., s=0. In other words, pc.? is equal to the
lesser Of (Fu,Fes).

(if) A<O: In this case A, is complex;

A=£5{[ (4) g i (45) —q 11}.

@37)

%) (39

(39)

Pnpm[ (?n+?m)2+ (Qn"" Qm)z:l

(34)
From (25) we obtain that
Fee
Ay=Au= ,
2 (F66+F12) (Fss—ch)
(40)
F12(Fes— pc*) + FaoF 6(a®—b?)
A4 1r=— 4 2r= ,
4abF 2 (Fes+F12) (Fes— pc?)
where
pr=ps=a, gs=—q1=b.

We see from (39) that the limiting velocity is now
determined from ¢=—(4s)}. This equation can be
satisfied by values of pc? less than Fge.

The limiting velocity can be discussed simply for
both cases with the aid of Fig. 1 in which we have a
[g,(4s)¥] plot. In Region I, both ¢ and A are positive;
in Region II, A<O0; in Region III; A>0, ¢<0. We can
show that there is no solution possible in Region III
since the conditions A>0, ¢<O0 violate the elastic
stability criterion that FiyFss—F122>0. Therefore at
¢=0 we are situated at some point in Region I or II.
As ¢ increases, both s and ¢ decrease; hence we move
down and to the left until we come to either s=0 or
g=— (4s5)%. The hashed line represents the locus of
limiting velocities for the dislocation.

To see how this compares with the isotropic case,
replace F11 and Fe by (A4-2u), F12 by A, and Fes by u
in (35) and (36) where (in this paragraph) A and u are
the Lamé constants. We find that

faom 2 (A+3u) _ [pcz()\+u)]2

_—pc b =7 b
w(A+2p) p(A+2u)

()2

Since A>0 we are always in Region I of the [g,(4s)¥]
dlagram and of course the limiting velocity is always
given by s=0. Hence one of the novel features intro-
duced by anisotropy is the possibility of limiting
velocities lower than those corresponding to the shear
wave velocity.

From (28) we obtain that the shear stress on the slip
plane vanishes when 3 ¢u(Ani,As,)=0. Using either
(38) or (40) (i.e., for either real or complex roots) we
find that the threshold velocity for the anomalous
behavior of edge dislocations is given as a solution of

(41)
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an equation analogous to the Rayleigh wave equation,

FosF4g?(Fos— Fe) f*— FaoF 66 F o6 (Faa— F11)
+2(F1iF 22— F 1)) ] fi4 (FuFee—F1?)
X[2F29F 66+ F11F 20— F 15> f*
- (F11F22-‘F122)2= 0, (42)
where

Jr=pc*/Fes.

If Fui>Fes, this equation always has a root for f<1,
i.e., pc?<Fgs. Hence for the case of real roots (for which
the limiting velocity is given by pc.?=Fes) there is
always a range of velocities for which two like edge
dislocations on the same slip plane will attract. For
the case of complex roots there may or may not be such
a velocity range; if the wvelocity which satisfies
g=—(4s)? is less than that given by (42) then there
is no anomalous behavior, i.e., the edge dislocation
is “well-behaved” at all velocities up to the limiting
velocity.

It should be noted that it is possible for f to take on
any value from zero to unity, i.e., the threshold velocity
can have any value from zero to (Fes/p)?, depending
on the elastic constants of the material. For example
consider those orientations for which Fi3=F,,; elastic
stability demands F1.2>F15® but as Fi,*> more closely
approximates F1.2 we see from (42) that f approaches
zero. f is equal to unity when F13=Fee. This is to be
compared with the isotropic case where it is found that
the Rayleigh wave velocity can have values only
between 0.69¢; and 0.96¢,. This point is discussed again
in the next section.

TEUTONICO

V. APPLICATION OF RESULTS

To illustrate the use of the above analysis one
example® will be worked out in some detail—that of
an edge dislocation along [0001] in a hexagonal
material. The x; axes are now the crystal axes so that
the F;; can be replaced by ¢;;; also the plane of plane
strain is the basal plane (which is essentially isotropic)
so that a direct comparison can be made with Weert-
man’s results for the isotropic case.

From (35) we obtain that

A=[pc*(c11tc12)/c11(c11—¢12) >0,

i.e., we are always in Region I of the [¢,(4s)*] diagram
as in the isotropic case. The expressions for the (real)

roots \,2 are
pc? pc?
AM=pl=1—— N=pl=1——
C66 C11

(43)

where ¢g6=1%(c11— ¢12) <c11. Hence we have immediately
that the limiting velocity of the edge dislocation is
given by pc.?= cge.

We obtain from (38) that

2(14p1%
! p2(1—p1%) (611‘*‘612),
—4
A2i=———*‘.
(1=p2) (cutcra)

All the formulas of Sec. IV. A can now be evaluated.
The displacement field of the moving edge dislocation
is given by (22) as

(44)

b
U1=——0—[— (1492 tan‘l(P1x2) +2 tan—l(p2x2)],
27!'(1—?12) xl' xl’

(45)
U b() r (1+p12) ln( /2_{__? 2 2)+ 1 ( 12+ 2 2)]
= - x X n (x x?) |.
2 Zr(l—pfﬂ_ 2 1 1°%2 Pe 14T pok2
Likewise from (26) we obtain that the stress field of the moving edge dislocation is given by
boxe r(611—612) (1+p2)p1 2?2@11"?22612)]
o= ,
" 21r(1—p12)|_ ®1"2+ prPacs? x12 - potus?
(611—612)170901/" (1+p:%? 4p1p2
T12= - + ]7
drpi(1—p12) I- 212 P2 12 poPus?
(46)

boxz

T22= -
2 (1—pd)L
c13(c11— c12)bopars

2me11 (%124 paa?) ’

033= —

r (c11—c12) (1+P12)P1+2P2 (cup—ec12)

%12 pr2o?

b
%124 potas? ]

0'13=0'23=0.

51t is planned to treat in a later paper a number of cases for which the above plane strain analysis applies and to give numerical

calculations for various materials.
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The potential energy per unit length is derived from (31), using (27) and (29). We find that

(c11—c12)b® Rof (1+p13)(1—8p>—p1*) 2
E,= In— 1

- =
8r(1—p) R:

‘ (1+3p22>]. (47)

2p:3 P2

Likewise from (32), using (33), we obtain that the kinetic energy per unit length of the moving edge dislocation is

(011—612)17021 Rz[(1+P12)(1_6P12+1’14) 2

= 1
8r(1—p2) Ry

Finally we can write the total energy E;,= E;+E, as

o el (49)

_ (611_612)602 I &[(14‘?12) (1_ 7P12)i 4

t= -
8r(1—p?) Ry

Note that for a moving edge dislocation the total energy
is not given by a simple relativistic formula as is the
case for a screw dislocation.

All these results are the same as those found by
Weertman for the isotropic case if cg6 is replaced by the
shear modulus and ¢y; by the compressional modulus.

The kinetic and potential energies become equal at
4p1pa= (14p2)?%; at the velocity for which this is
satisfied the shear stress on the slip plane vanishes.
This threshold velocity is obtainable from (42) which
now reads

f0—8 f++8(3—2%) f2—16(1— k) =O0. (50)

0.8 - \\
™

0.6
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Ya Y2 % !
h

F16. 2. The curve gives the desired root of the Rayleigh wave
equation (50) for both the isotropic and hexagonal cases. For
isotropic materials 0<% <$%; for the hexagonal case considered in
the text 0<A<1.

-

. (1+2p22>]. (49)

P 23

This of course is the Rayleigh wave equation and
applies to both the isotropic and hexagonal (c-axis
edge dislocation) cases with the following definitions:

Hexagonal

(¢ axis L) Isotropic
I PCZ/CGG Pcz/l" (51)
h Gon/C11 w/ \2u)= (1—22)/2(1—v),

where A\, u are the Lamé constants and » is Poisson’s
ratio. In Fig. 2 we have plotted f vs &, where f repre-
sents the threshold velocity normalized to the corre-
sponding limiting velocity, (u/p)* or (cee/p)*.

The analogy between the isotropic and hexagonal
cases is complete except for the permissible values of 4.
For an isotropic material the elastic stability criteria
demand that Poisson’s ratio take on values only in the
range —1<y<3j. This in turn implies 0<k<% and
hence 0.69< f<0.96, i.e., the Rayleigh wave velocity
is never less than 0.69 times the limiting velocity.

For a hexagonal crystal the elastic stability criteria
demand —c11<c1p<cu (€11>0). This implies 0<A<1
and hence 0< f<0.96, i.e., the threshold velocity can
take on any value down to zero. This is a direct result
of the fact that ¢y, is allowed negative values down to
—c11. In other words, the threshold velocity for the
anomalous behavior of a c-axis edge dislocation in a
hexagonal material will be lowest (relative to the
limiting velocity) in that material for which the ratio
¢13/¢11 most nearly approximates —1.



