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The expressions of the relativistic L shell photoeffect differential and total cross sections, for the case of 
light elements, are established. Coulomb wave functions are used for the description of the electron states 
in the calculation of the matrix elements, but it is shown how the results should be corrected so as to take 
screening effects into consideration. For the final continuum state wave function of the ejected electron, 
whose exact analytic form is not known, the Born approximation is used. In the case of L\ subshell the cal­
culation runs similarly to the one performed previously by the author for the K shell. For the other two 
subshells new tedious trace evaluations have to be carried out. Thus, for the Li subshell, cross sections 
correct to first order in aZ (inclusive) are determined, whereas in the case of the I n and L m subshells, only 
their zero-order approximation is calculated. The cross sections are discussed and compared. It is shown that 
they reduce in the nonrelativistic and extreme relativistic limits to results established by other means. 

1. INTRODUCTION 

TH E nonrelativistic aspect of the photoeffect from 
the L shell was successfully studied a long time 

ago.1 Thus, by means of a method devised together with 
Sommerfeld, Schur2 has calculated the differential cross 
sections of the L\ and .L11+.L111 subshells, including 
retardation approximately. Equivalent results were 
obtained by another method for the total cross sections 
by Stobbe.3 The exact integration of the nonrelativistic 
matrix elements was carried out separately by Fischer, 
Sauter, and Sommerfeld.4 In these works Coulomb 
wave functions were used to describe the initial and 
final states of the electron; screening effects were taken 
into account by appropriately modifying the nuclear 
charge. The formulas obtained for the cross sections 
are in rather good agreement with the (not very 
accurate) experiments performed so far at low energies.1 

However, concerning the relativistic aspect of the 
problem only a few remarks have been made.5 This has 
been largely due to the lack of precision of the experi­
mental results at high energies, qualitative estimates 
being sufficient for their interpretation. Recently, owing 
to the continuous advances in beta spectrometry, 
important progress has been made also in the study of 
the high-energy photoeffect from the L shell.6 Interest 
has been thus stimulated for a more detailed theo­
retical analysis. As for the K shell, the relativistic study 
is extremely involved, because no analytic expression 
in closed form can be given for the final-state spinor of 
the ejected electron and because of difficulties en-

1 See H. Bethe and E. Salpeter, Encyclopedia of Physics 
(Springer-Verlag, Berlin, 1957), Vol. 35, Part I ; and H. Hall, 
Revs. Modern Phys. 8, 358 (1936), 

2 G. Schur, Ann. Physik 4, 433 (1930). 
3 M. Stobbe, Ann. Physik 7, 661 (1930). 
4 J. Fischer, Ann. Physik 8, 821 (1931); F. Sauter, Ann. Physik 

9, 217 (1931), and A. Sommerfeld, Atombau und Spektrallinien 
(Friedrich Vieweg und Sohn, Braunschweig, 1939), Chap. 6, 
Sec. 6. 

5 M . Phillips, Phvs. Rev. 45, 132 (1934); H. Hall and W. 
Rarita, Phys. Rev. 46, 143 (1934). 

6 S. Hultberg, Arkiv Fysik 15, 307 (1959). E. P. Grigoryev and 
A. V. Zolotavin, J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 393 
(1959) [translation: Soviet Phys.—JETP 9, 272 (1959)]. Z. Suj-
kowski (private communication). 

countered in the integration of the matrix elements. 
This prevents an exact analytic evaluation of the cross 
sections, in their dependence on energy and Z. 

In the following, we set out to determine the approxi­
mate forms of the differential and total cross sections 
for the limiting case of light elements. The final state 
of the photoelectron will be described by means of the 
Born approximation.7 This method was used previously 
by the author in the case of the K shell.8 For the L\ 
subshell, cross sections correct to first order in aZ 
(inclusive) will be established. For the Lu and Z m 
subshells, whose contributions to absorption are of 
order {aZf smaller in the high-energy region, only the 
zero-order approximation will be determined. The 
polarization of the ejected photoelectrons will not be 
discussed here. 

Concomitantly with the present work, Pratt9 has 
approached the same problem from a different point 
of view. He has succeeded in calculating the exact aZ 
dependence of the extreme relativistic form of the total 
cross sections. The results presented here on the energy 
dependence of the cross sections, combined with those 
of Pratt on their Z dependence, should lead to a better 
understanding of the high-energy photoeffect from the 
L shell. 

The ejection of a photoelectron from an atom is in 
principle an involved problem of a many-electron 
system. However, a very good degree of accuracy could 
be attained under the assumption of the atom consisting 
of independent electrons under the influence of a central 
self-consistent field. In this case the differential cross 
section of one of the L subshells can be written 

(27r)2a 
d<Ti = £ \M\2da>, i = I , I I , I I I , (1) 

/£ racr 

where the summation is to be carried out over all the 
7 Similar results could be obtained by describing the final state 

in terms of the Sommerfeld-Maue wave function or by using an 
expansion in partial waves. 

8 M. Gavrila, Phys. Rev. 113, 514 (1959); hereafter referred to 
as (K). 

9 R. H. Pratt, Phys. Rev. 119, 1619 (1960). 
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electrons of the considered subshell (index m) and the 
two spin directions of the final state (index cr). The 
matrix element M, pertaining to a definite transition, 
performed under the influence of linearly polarized 
radiation, is given in momentum space by 

M= \ w 2 (p)swi(p—K)^, (2) 

the notations used being the same as in (K).10 Here U\ 
and u2 should represent the initial and final wave 
functions of the electron in the self-consistent field of 
the atom. However, such a procedure would lead to the 
necessity of evaluating the matrix element numerically. 
Instead of this, we will use in the following calculations 
unscreened Coulomb spinors U\ and u2, for which an 
analytic (approximate) evaluation is possible. The 
screening corrections to be expected will be examined 
in Sec. 5C. 

In the equations which connect the parameters of 
the initial and final states of the electron we can neglect 
the binding energy of the L shell. Indeed, this con­
tributes to the matrix elements and to the cross sections 
with terms of order (aZ)2 which we do not take into 
consideration. Hence, in our approximation we have, 
as in (K), 

E=M+K, (3) 

k2+m2=E2, &-K2=2niK, k2+«?=2EK. (4) 

2. Li SUBSHELL 

The calculations for the Lj subshell are to a great 
extent similar to those for the K shell, since the same 
spectral type (5j) is involved. As in (K), we want to 
determine here the Lj matrix elements and cross sections 
correct to first order in aZ. 

The two bound-state spinors of the L\ subshell (of 
quantum numbers n=2, 1=0, j=%y m=db j ) may be 
written as 

«i(p) = 
(4TT) 

—\G(p)+iF(p)yty--\c1, 
:7r)*L p\ 

(5) 

where Xi is one of the constant spinors (1,0,0,0) or 
(0,1,0,0) according to whether we consider the state of 
magnetic quantum number m=\ or m= — | . The form 
of the functions G(p) and F(p), correct to first order in 
aZ (whatever the ratio p/rj), isu 

G(#)=-(2n)*|V( 
TTOLZ p 

1+ 
8 m H (P2+v2)3 

2 p f-tf 
F{p)=-{2v)i , 

a-* 2m 02+i?2)3 

(6) 

10 Thus, K and k denote the photon and electron momenta, 
respectively, s the polarization vector ( K - S = 0 , S 2 = 1 ) . Natural 
units are used. 

11 The functions G(p) and F(p) have been obtained by calcu-

where we have put r]=aZm/2. I t is convenient to 
introduce the following notation 

«i(p) = «io(p)+«i i (p)+«i2(p) ; 

« io= iW-
P2-v2 

(p2+v2r 

Un = N1'-
P2~V2 

tf12=iW-

where 

2m (p2+v2Y 

iraZ p p2 

* 
8 m (p2+rj2y 

74TPxi> (7) 

tfi'= 
(2i)« aZm X 

17 = - (8) 

For the description of the final state of the electron 
the second-order Born approximation will be used. 
This may be put into the form 

^2(p) = ^20(p) + ^2l(p) + ^22(p), (9) 

where the three terms u^h corresponding to the suc­
cessive Born approximations, are given by (K.15). 

The matrix element of Eq. (2) may thus be itself 
split into three terms Mj, representing the contribution 
of the successive Born approximations u2j'. 

M=M0+M1+M2. (10) 

The integration in Mo is immediate. Taking into account 
the fact that at relativistic velocities /3 the ratio 
7?2/(k—K)2 is of order (aZ)2 and hence negligible, MQ 
becomes 

M0=N1'Ni*-
1 r i 

x25 H 74T- ( k - K ) 
( k - * ) 4 L 2m 

waZ | k -

m 
- J x , (11) 

This expression has the same form as the one given in 
Eq. (K.17), but with a different value of the coefficient 
Ni.12 With a view toward analyzing the other terms of 
Eq. (10) we will introduce the notation 

Mn= I tf2i(p)sttii(p-K)<P#. (12) 

The form of the matrix elements Mio, Mn, and M2o is 
given by Eqs. (K.19), (K.20), and (K.23), with the 
integrals J(X), J(X), and K(\) of Eqs. (K.21), (K.22), 
(K.24), replaced by i7 , J r , Kf, respectively, and the 

lating the exact Fourier transform of the position space spinor 
and by subsequently retaining only the indicated order of 
magnitude. 

12 In Eq. (K.17), 7raZ|k— K\/8m should correctly stand in the 
place of a Z 0 ( k - K)/2ir*. 
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coefficient Ni replaced by N\. The expressions for / ' , 
J', Kf are 

" - / 

r-f 

1 ip—m 

C(P-k)2+M2] {p-v-u) 

( P - K ) 2 -
X-

[(P-«)*+*»? 
fp, (13) 

1 ip—m 

C(p-k)2+M
2] (#»-*«-»€) 

( P - K ) 2 - ; 

x-

J J 17a-

1 

C(P-K)2+T,2]3 

iq—m 

(V-K)d% (14) 

C(q-k)2+M
2] (?*-#-«) 

74 ip—m 
X-

C(q~P)2+M2] (P2~k*-ie) 

( P - K ) 2 - ^ 2 

X-
[ ( P - K ) 2 + ^ 

# ^ V (15) 

The matrix element (2), correct to first order in aZ 
is given by 

M=Mo+MiQ+M11+M2Q. (16) 

The justification of this fact and the analysis of the 
order of magnitude of the matrix elements My is 
similar to that made in (K). This time we will use, 
however, the following analytic form of the 5(p—K) 
function 

6(p— K) = —- Km 77 
T 

.2 77-»0 (P2+v2Y 

In the limit rj~-> 0 the integrals (13), (14), and (15) 
contain the function 7r25(p—K)/2??=7r26(p— K)/X and 
one ascertains that the matrix elements M# are of the 
same order of magnitude as in the case of the K shell. 
Moreover, one ascertains that the terms in \/t\ of the 
integrals V and K' are equal, respectively, to the corre­
sponding ones of the integrals J(X) and K(\). V may 
thus be given the form of Eq. (K.26) (with 7/(0) to 
replace J(0)) and K' the form of Eq. (K.27), with essen­
tially the same expression (K.28) for the integral L. 

The matrix element M, given by Eq. (16), may be 
finally written 

M=Xs(P+Q)Xl9 (17) 

P and Q being given by Eqs. (K.30) and (K.31), with 
J<°>, J(0) replaced by I^°\ J/(0) and the coefficient Ni 
by Ni. We will now show that in the lowest order 
approximation (of the zero order terms in q or X) the 
following equations hold: 

jm^i®) j'(o) = j (0) (18) 

Indeed, we have 

r=i(ri)+ 
7] dl(rj) 

2 drj 
r=jw+ 

rj dj(ri) 

2 drj 
(19) 

One can see that in the preceding equations the terms 
containing the derivatives give no zero-order contri­
bution in rj. Equations (19) then state the equality of 
the zero order terms in rj of 7/(0) and 7(0) (rj) on one hand, 
and of J/(0) and J(0)(^) on the other; Eqs. (18) are thus 
proved. Hence, in our approximation, the matrix 
element M of the L\ subshell differs from that of the 
K shell only by the value of the normalization co­
efficient Ni: Mi= (NI/NI)MK] its explicit calculation 
reduces entirely to the one reported in (K). 

The sum ]T i M |2, occurring in the differential cross 
section (1), being performed over the same kind of 
transitions as in (K), will lead to the same result as 
there. Owing to the fact that iW2/iVi2 = i , we finally 
find for the differential cross section of the photoeflect 
from the L\ subshell, correct to first order in aZ, the 
result 

dai = ftd*K. (20) 

Here daK is given by Eqs. (K.92), (K.93), (K.94), and 
f is a constant introduced to take account of screening 
(see Sec. 5C).13>14 The result (20) has been obtained 
meanwhile also by Pratt.15 

In the usually adopted coordinate system in which 
K points in the positive z direction, s in the positive x 
direction, the polar angles of k being 6 and <p, by intro­
ducing the abbreviations 

e=E/fn=l/(l-0*)*, 0 = l - / 3 c o s 0 , (21) 

dag may be given the somewhat more convenient form 

(« 2 - i ) j_ 

• i ) 6 

where Xo is the Compton wavelength and 

daK= 
( e» - l )* [ / 

e*(«-l)6l V 

•waZ\ 1 
\+iraZQ Idea, (22) 

SF=sinWcosV h § e ( e - l ) [ | ( € - l ) -

«*(e-l)*f 1 
9 = [ i ( 6 - l ) - c o s 2 ^ ] 

2«(e 2 - l ) l 0 ^ 

+ [ - | e ( e - l ) ( « + 2 ) + 3 e 2 c o s V } 

-cosVl— 
©3) 

(23) 

1 

+ [ i e 2 ( 4 6 - 3 ) ( e - l ) - e 2 ( e + l ) cosV]-

+ 
2 ( e - l ) 

4 (e 2 - l )» 
C(e - l ) (6+2) -2e 2 cos 2 ^ ] -

1 

1 

62 

+[- • « = 2 ( « - l )+2e 2 cosV]— 
6 

(24) 

13 When working with unscreened Coulomb wave functions as 
above, we have evidently f = 1. 

14 Equation (20) holds, of course, also when the photoelectron 
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where A similar equation to (20) holds evidently also for 
the total cross sections, CTR being given by Eqs. (K.98), 
(K.95), and (K.97). We will discuss the obtained cross 
sections in Sec. 5.16 We remark however here that d<n, 
together with daK, vanish in our approximation for 
( 9 - 0 , 7T.17 

3. Lu SUBSHELL 

The spinors of the Lu subshell bound states (of 
quantum numbers n=2, Z=l , j=%, m = = t | ) may be 
written in split form 

«i(p) = | G ( # ) + < F ( # ) 7 4 Y - J ( ) (25) - [ < 
We have denoted by hijm the Pauli eigenfunctions of 

the angular momenta l2, j 2 , and j z , with the indicated 
eigenvalues.18 To lowest order in aZ, the only one we are 
interested in, the functions G(p) and F(p) are given 
b y l l , 1 9 

4 / 3p2\ pr, 
G(P) = (2u)*( 1 + ) , 

(3T)* V 8*V(#H-ij»)« 
(26) 

2 p pv 
F(p) = (27?)* . 

(3TT)* m (p2+v2Y 

Expression (25) may be written as 

« i (p) 
= -^\G(p)+iF(p)y,y-~](iT-)xh 

(4x)*L p}\ p/ 

where X1 is one of the spinors (1,0,0,0) or (0,1,0,0) 
according to whether we consider the state of magnetic 
quantum number m~\ or m= — J. Using the relation 
between the a and the y matrices 

<r,= -ijkji, ( j , k, I cycl. 1, 2, 3), (27) 

and Eqs. (26), «i(p) becomes further 

# i i r 
« I ( P ) = i + — + • 

(4ir)* (P2+V2n 

3 p2 

8 m2 2m 
4(Y-P) 

X(T-P)YI72Y3XI , (28) 

polarization possibilities are considered. However, this simple 
equation (with £*=1) no longer holds to order (aZ)2; this can be 
seen on the nonrelativistic limit (references 1, 2) and also on the 
extreme relativistic one (reference 9). 

15 Reference 9, Sec. II. Some of the mathematical arguments 
produced therein are only outlined, their justification lying, in 
fact, in the detailed proof given above. 

16 See also the discussion given by B. Nagel [Arkiv Fysik 18, 1 
(1960), Sec. 6], for the K shell. 

17 This is contrary to what has been incorrectly stated in (K) 
after Eq. (K.94); see M. Gavrila, Nuovo cimento 10, 691 (1960), 
and also reference 16. 

18 The form of the d spinors is given, for example, in reference 1 
(Encyclopedia), Eq. (13.19). 

19 It should be noted that the expression of G(p) contains the 
term 3p2/Sm2, of relativistic origin but independent of aZ, which 
becomes of the order of magnitude 1 for p~m. 

iV1
2 = 4(27?)

7/37r, 77 = a Z w / 2 = X/2. 

1135 

(29) 

We will describe the final-state spinor of the electron 
#2(p) by means of the first-order Born approximation, 
see Eqs. (K.12) and (K.13). 

We now set out to find the expression of the matrix 
element (2), correct to lowest order in aZ. Upon 
introducing the first-order Born approximation for the 
final state into Eq. (2) we get 

M=Mo+M1; 

Mo=N2*X2Su1(k—K), (30) 

/

ip—m 
4 ( k - p ) — — S M I ( P - K ) ^ . 

With formula (28) for the initial-state spinor and the 
Coulomb form for the potential 

e4 0 (q )= - (ceZ/27T2)(g2+/x2)~1 

(with fM—>0), we can write further [neglecting 
^ / ( k - K ) 2 ] 

Mo=-

M=MO+MIQ+MU; 

(4TT)* ( k - K ) 

i 

2m 

aZ NtN2* 

(31) 

1+-
3 (k -K) 2 

mL 

+ 

Afio=-

Mu= — 

;* 1 f 
x2s\ 1 

* (k -K) 6 L 

4T- ( k - K ) O (k-K)]7iY2Y3Xi, (32) 

(X274FSY717273X!), (33) 

(x274#S747iY273Xi). (34) 

2TT2 (4TT)* 

aZ NiN2* i 

2TT2 (4TT)* 2m 

In the preceding equations we have introduced the 
abbreviations 

F=- ( 1 ) gradK/«+—J(„), 
4 \ 8 » 2 / Sm2 

x 1 dJi(v) 
Hij— i5y/(i?)H , 

4 8KJ 

ff=Eff«=i/fo)+ldivj(i,), 

(35) 

(36) 

(37) 

where /(A) and J(X) are given by Eqs. (K.21) and 
(K.22). 

We must now show that Eq. (31) represents indeed 
the correct form of the matrix element, to lowest order 
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in aZ. The term Mo is evidently of zero order in aZ. 
Contrary to appearances, the terms Mio and Mu are 
also of zero order. Indeed, I(rj) is of order of magnitude 
I/77, whereas J (77) is of zero order in rj. Thus F and H 
are of order I/77 and it is only this degree of approxi­
mation we are interested in here. Since, to order 1/rj, 
I(rj) is given by [see Eq. (K.26)] 

same as for the L\ case): 

1 
&VYL = f «8Z7Xo' 

24 

( e 2 - ! ) 1 

e5(e-lY 
ie (3e+l> 

1 1 
- A € 2 ( 9 e 2 + 3 0 e - 7 ) — + | e 3 ( e 3 + 6 € 2 + l l € - 2 ) — 

03 ©2 

I(rj) = Ao(it—m); AQ= 
r, (k2-K2)(k-K) 

, (38) - ^ e 4 ( € - l ) ( € + 7 ) - + s i n ^ c o s 2 ^ j [2 (6+1)— 
L 0 5 

where t is the four-component quantity (K,£E), we have 

F = i gradj(77) = H(it-m) g r a d ^ o + ^ o r ] , (39) 

Hij=iAo(it-m)8ih H=iAQ(it-m). (40) 

I t is thus seen that Mio and Mu are of zero order in aZ. 
I t may also be shown that M contains no other terms 
of this order of magnitude. 

Hence, the matrix element (31) may be put into the 
form 

• 2 € ( € + l ) — - | e 2 ( 3 e + l ) ( € 2 - l ) — j L o . (44) 
@4 03 

We have again introduced here a screening factor f ,13 

The corresponding total cross section is 

1 ( e 2 - l )M 
o-n = f a6ZVo 9e 3 -5e 2 +24e -16 

256 ( € - l ) 5 l 

e 2 + 3 € - 8 

Af=XaPXi, (41) 
- l n [ e + ( e 2 - l ) * ] , (45) 

where 

P=-
NXN2 

(4TT)* 

+74 

aZf 

1 T i 

(k—K) 6L2W 

3 (k-K)2> 

•74s — — r - ( k - K ) 
I (k-K)6L2 

/ 3 k - K 2 \ " | 
( 1 + — ) [ r - ( k - K ) ] 
V 8 m2 / J 

«Zr / 3i \ 
H (it+m)[ YgradK^oH ^.074 ) 

87r2L V 2m J 

iA0]\ 

( e 2 - l ) * 

where <po is the Thomson scattering cross section. 

4. Lin SUBSHELL 

The four bound-state spinors of the L m subshell (of 
quantum numbers n— 2; 1= 1; j= \\m= ± J , dbf) may 
be given the following form18: 

«i(p) = [G(p)+tF(p)T4Y-J^ J- (46) 

+iA, 7i7273 (42) 

The differential cross section, summed up over the 
two electrons of the Ln subshell and the two possible 
spin orientations of the final state, is given by (1). 
Owing to the form (28) adopted for the initial-state 
spinor, which permits the matrix element to be written 
as in Eq. (41), the sum £] IM" |2 can be performed using 
the formula [see (K), Sec. IV] . 

1 
£ \M\2= Sp [P (« -*» )P( f f t - f» ) ] , (43) 
am 4:Em 

containing the four-vectors k (k,£E) and I (0,itn), P 
being given by P=74^+74. The calculation of the 
traces appearing in Eq. (43) is a very tedious operation 
and will not be reproduced here. 

We find the following formula for the differential 
cross section of the photoeffect from the Lu subshell, 
correct to lowest order in aZ (the notations being the 

In the lowest order approximation in aZ we are 
interested in, the functions G(p) and F(p) are given by11 

4 prj p 

I t is convenient to transform expression (46). To 
this end we use the equality, which can be easily 
checked by direct calculation, 

1 / pi P2 pz \ / 
1 <7i 0-2+2—cr3 l X i = I 

\TrY*\ p p p / \ 

Zl.h'n(v/P)\ 

0 
-0-2 + 2-0-3 | X ! = ( • 1, 

m=±i, (48) 

where Xx is the spinor (1,0,0,0) or (0,1,0,0) according 
to whether we have m=\ or m=—^, respectively. 
Similarly, we have also 

\Sw/ \pai pa/ \ 0 / 

f » = ± | , (49) 
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where X1 is the spinor (1,0,0,0) or (0,1,0,0) according 
to whether we have m= — f or m=f , respectively. 

We now introduce the following notation: given a 
vector q {q^q^qz) we shall denote by q' the vector of 
components (—qh — g2, 2(/3) and by q" the vector of 
components (qi, — #2,0). We will distinguish with 
similar superscripts the (nonvector) quantities per­
taining to the case w = ± J , from those pertaining to 

Taking advantage of this notation and using Eqs. 
(27), (47), and (49), the initial-state spinors (46) may 
be given the form 

Nx' 1 / i \ 
utiv)^—— (1+—74T-P l(r '-p) 

2m 

XY1Y2Y3X1, m=±h 

Nf 1 / i \ 
«i(p) = 1 H 74T*P ) ( Y " - P ) 

(4TT)* (*>2+772)3 V 2m J (4TT)* (^H-T?2 ) 

where 

2m 

XY1Y2Y3X1, *»=±f, 

(50) 

(51) 

i \ V 2 = i ^ i 2 , tfi'^ftfi2, N!*=H2i)7/37T. (52) 

For the description of the final state of the electron, 
the first-order Born approximation [see Eqs. (K.12) 
and (K.13)] will again be used. Hence the matrix 
element (2), which describes an individual transition, 
takes the form (30). Upon introducing into Eq. (30) 
the expressions (50) and (51) for the initial-state 
spinors, two types of matrix elements appear, according 
to whether we consider the case m = ± ^ or w=dbf . In 
the case of m= ± J, the matrix element correct to lowest 
order in aZ (the only one we are interested in) is given 
by 

M'^Mo'+Mto'+Mn', (53) 
where 

iW#2* 1 MJ=^—^-—-—xJi+-L, 
(4TT)* ( k - K ) 6 L 2m 

W\ (k-K)] 

X[r'-(k-K)]YiY2Y3Xi, 

aZ NSN2* 
M l o ' = — (X2Y4FSY'YlT2T3Xl), 

1 1 1 ' -

2TT2 (4TT)* 

2TT2 (4TT)* 2m 

(54) 

(55) 

( X 2 Y 4 # I 7 5 7 4 Y ; Y / 7 I Y 2 7 3 X I ) , (56) 

F and Ha being defined as in Eqs. (39) and (36). The 
analysis of the order of magnitude of the terms con­
tained in Eq. (53) is carried out similarly as for the Ln 
subshell. In the present case, however, the term Mu 
of Eq. (56) is of first order in aZ and hence negligible. 
Indeed, from Eq. (40) we have to order 1/TJ 

HijSywiy/ = lA0(it-m) Sy4 (biff a/) = 0> (5 7) 

which shows that M\\ has no zero-order term in aZ. 

Further, because yf-y= — Y1 2 —72 2 +2Y3 2 =0, we may 
write 

Fsy, = ±Z-s(it+m)(y''gmdKAo+2iAQ(y''S)J 

With this the matrix element (53) can be put into the 
form 

Mf=x2QXh (58) 
where Q stands for 

NJNf f 1 r i i 
Q = 745 y (k-K)+Y4 

(4TT)* I (k-K)6L2m J 

aZ 
X [ r * ( k ' - K ' ) ] + — Z ( i t + t n X v g r * a M o ) 

8TT2 

-2f i lo5(Y-s / ) ] [717273. (59) 

The close similarity of the expressions (50) and (51) 
for the initial-state spinors permits a completely 
analogous treatment for the w = ± f case. Thus, the 
matrix element M" will be given by equations similar 
to Eqs. (53)-(56). Also here, on account of the equation 
corresponding to (57) (since again Y"* Y==Yi2~Y22=0), 
the term Mn" is of first order in aZ and thus negligible. 
Hence, the matrix element M" may be expressed as in 
Eqs. (58) and (59), where now any quantity q' has to 
be replaced by q". 

The sum E \M\2 occurring in the formula for dam 
of Eq. (1) may be split into two parts, one containing 
the terms with w = d z j , the other containing the terms 
with w = ± f : 

E |M|2= E |AT|H- E \Mn 

o",m=±5 <r,m=±$ 
(60) 

Given the form (58) in which we have written the 
matrix elements in both cases, as well as the definition 
of the spinors Xx and X2, each of the two sums of Eq. 
(60) may be performed using formula (43). The traces 
which appear in both cases are of the same kind as 
those for the Ln subshell. 

The formula we find for the differential cross section 
of the photoeffect from the Lm subshell, correct to 
lowest order in aZ, is13 

( e 2 - l ) * ( 1 
daui = ̂ a^ZW~ — - J e t f e - l ) 

»(c-l)< ©4 

1 1 
+ | e 2 ( 3 e 2 - l ) — + i e 3 ( e 3 - 3 e 2 + 2 e + l ) — 

@3 02 

1 r 1 
- | e 4 ( € - 2 ) ( € - l ) - + s i n 2 0 c o s V 2 ( e + l ) — 

0 L 05 

- e ( € + l ) ( 3 e - l ) — + e 2 ( e 2 - l ) — 1 L , . 
04 03 J J 

(61) 
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We get for the total cross section 

• ( e » - l ) * r 

^m=fA-a6z Vo­ te-i)B 4e3-6e2+5e+3 

-3e+4 

( € * - l ) ! 
l n [ e + ( e 2 - l ) * ] . (62) 

can approximate 
1 2e2 

0 l+€202 

Introducing this into Eqs. (20), (44), (61), taking into 
account that @-^-1= 0(e2) • 0~*, and retaining only the 
highest powers of e, we obtain22 

5. DISCUSSION 

A. Differential Cross Sections 

We will discuss in the following the differential cross 
sections (20), (44), (61), and their energy dependence. 
To obtain their form in the low-energy limit we will 
expand these formulas in powers of /3, neglecting order 
02. Since in this approximation e—•> 1, we find for the 
L\ subshell 

( Ze2\ /ms?\ 7/2 
1 -

^! E R =f | J (7 X
E R =f ia6 Z 5 X o 2 . 

2 \ / mc2 \ 7 

) \ h v ) 

Xsin20 cosV (1+4/3 cos^)dco. (63) 

In the case of the L\\ and L m subshells we get 

^ i i N R = ^ n + i i i N R , A n i i N R = f d c n i + i i i N B , (64) 

where we have put 

v2 /mc2\912 

^ n + i i i N R = f - a * Z W [ ) 
8 \hv / 

X (1+2/5 cos0+4/3 cos0 sin20 cos2 <p)dw. (65) 

Equations (63) and (65) contain, apart from second-
order terms in (Ze2/fiv), just the angular distributions 
Schur determined by a direct, nonrelativistic calcu­
lation20 (from the nonrelativistic point of view the Lu 
and Lin subshells cannot be distinguished). I t should 
be noted that the ratio ( ^ O - I I N R / ^ I I I N R ) = h is equal to 
the ratio of the number of electrons in the subshells 
considered.21 

In the extreme relativistic limit /3—> 1 (e—> <*>), the 
negative powers of 0 are rapidly decreasing functions 
of the angle 6 and this determines a similar behavior for 
the differential cross sections. Thus, at very high 
energies of the incident photons, practically all the 
photoelectrons are ejected in forward directions. The 
range in which the differential cross sections are 
appreciably different from zero is more concentrated 
around 0=0 , the larger the value of e. In this range one 

20 Reference 2, Eq. (17). The exact consideration of retardation 
in the calculation of the nonrelativistic matrix elements (reference 
4) is, in fact, meaningless. Indeed, the corrective terms to the 
Schur angular distributions thus found, being of order (32 (or 
hv/nic2), lie beyond the limits of validity of the calculation and are 
physically incorrect. 

21 See also M. Phillips, reference 5. 

( l + e202)3 

X{$(l-TaZ)+TraZ$}da>, (66) 

e202 

(l + e202)7'2 

1 16-7€
202+e404 

dau
Bn=f—«8Z7Xo2e — <&>; (67) 

48 (l+e202)4 

l+8e202+€404 

^ m
E R = Ska*ZWe da. (68) 

(l + €202)4 

Remark that in this limit all three cross sections are 
independent of the polarization of the absorbed photon. 

We will now discuss the angular dependence of the 
cross sections for the case of unpolarized incident 
radiation. Given the cross section for linearly polarized 
radiation in the form d<r=\\Ii(d)+2J2(d) cosV]dco, the 
cross section for the unpolarized case may be written 
da=J(d)do), where J=Ji+J2. 

In our approximation the angular distribution J (6) 
of the L\ subshell is the same as for the K shell, van­
ishing for 0=0 , 7r and presenting a maximum at an 
angle smaller than w/2. In the nonrelativistic limit, 
Eq. (63) shows that the maximum occurs for 
6m= (w/2) — 2fi. As the photon energy increases, the 
maximum moves towards smaller angles. At very high 
energies it is seen from formulas (66) that 6m is pro­
portional to 1/e.23 

In the nonrelativistic limit the Ln and Lni subshells 
have the same angular distribution J(6), yielded by 
Eq. (65): 

J ' (0)~ 1+2/3 cos0+2/3 cos0 sin20. 

This is nearly isotropic; it presents a slight maximum 
for the ^-independent angle of 0m~36°, for which 
J(6m)/J(0)~ 1+0.16/3 (and a minimum symmetrically 
situated with respect to 7r/2).24 

At the intermediate energy of hv/mc2=0A, the 

22 Concerning Q see also the discussion of reference 17, Sec. 2; 
the expression given there in Eq. (7) is equivalent to the one 
given above. 

23 Considering only ^ one finds 9m = \/esl2. See also reference 16, 
Sec. 6. 

24 When also the binding energy // , of the electron in the L shell 
is taken into account, the formula of Schur [reference 2, Eq. (17)] 
yields a 0m lying between 36° and 7r/2, depending on the value of 
the ratio Ih/hv. 
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TABLE I. 

hv/mc2 

a-j/^cpoa^Z5 

<Tu/£<poa6Z7 

crui/i<Poa>GZ7 

Energy dependence of the relativistic 
L shell total cross sections.a 

i 
6 

393.3 
409.1 
763.8 

i 
4, 

99.2 
78.75 

144 

i 
2 

10.1 
5.62 

10.1 

1 

1.30 
0.56 
1.05 

4 

0.078 
0.020 
0.055 

TABLE II . Energy dependence of ratios of relativistic 
and nonrelativistic total cross sections.a 

a See references 29 and 31. 

numerical evaluation of J(0), based on the complete 
formulas (44) and (61), reveals the following situation. 
For both the Lu and I n i subshells the 7i functions 
present a monotonic decrease in the angle 6 from their 
maximum for 0=0 , whereas the 72 functions increase 
from zero for 0 = 0 to a maximum for 6 of about 20°, 
decreasing afterwards. In the case of the Lu subshell, 
J—J1+J2 results as a monotonically decreasing 
function of 0, beginning from a maximum for 0=0 . In 
the case of the L m subshell, the increase of J2 com­
pensates the decrease of J\, so that / increases from a 
minimum for 0 = 0 to a maximum for 0m^2O°, decreasing 
afterwards; one finds /(0m) / / (O) = 1.27, 0m being much 
smaller than the corresponding angle for the K and Lj 
shells (in Suter's approximation). 

Passing on to higher energies the general aspect of 
the angular distributions remains unchanged, for the 
Lu as well as for the LTLI subshell. Thus, in the extreme 
relativistic limit Eq. (67) yields for the Lu case a J"(0) 
which is a rapidly decreasing function of 0, beginning 
from its maximum for 0 = 0 ; indeed / ( l / € ) / / ( 0 ) = 0.04. 
In the Lui case Eq. (68) yields a 7(0) which increases, 
from a minimum for 0 = 0 to a maximum26 for 
0m=O.42/e, to decrease afterwards; one finds J(Om)/J(0) 
= 1.28, dm being smaller than the corresponding angle 
for the K and L\ shells (equal to 1/eVZ in the same 
approximation). 

B. Total Cross Sections 

In the nonrelativistic limit our total cross sections 
become, if use is made also of Eq. (64), 

o r 
1 / Ze2\/mc2\112 

=rTa4zvo(i-7r—)(-—) , 
V2 V tiv/\hv / 

tfii+nr 

3V2 
N R = f — a 6 Z V o 

16 

/tnc2\W 

\hv) ' 

(69) 

These formulas agree to first and zero order, respec­
tively, with the ones found by Stobbe.26 In the extreme 
relativistic limit, by keeping only the lowest order in 

25 In contrast to the case of the lower energies, the maximum is 
no longer due to J2, but to Ji (now J=Ji). 

26 See reference 1 (Encyclopedia), Eqs. (71.14) and (71.15). 

hv/mc2 NR ER 

i A ttM 
0.500 0.535 0.546 0.558 0.531 0.366 0.281 

1 0.95 0.91 0.79 0.54 0.07 0 
<m+iiiNR/(<m+<nii) 1 0.72 0.61 0.38 0.16 0.007 0 

a See references 30 and 31. 

1/e (or mc2/hv) one finds27 

1/ 19 x 
-I 1——iraZ Ico, 
*\ 15 / 

1 / 19 
<7iER=f-( i Kaz 

8 \ 15 
(70) 

where 

0-iiER = f— (oZ)V 0 , ( 7 i n E R = f A ( a Z ) V 0 , 
128 

(7o=f a4Z5<potnc2/hv. (71) 

Equations (70) agree, to the corresponding degree of 
approximation, with the ones obtained by Pratt , by 
another method.28 

Table I contains the numerical results calculated for 
the total relativistic cross sections, correct to lowest 
order in aZ2d for different values of the energy of the 
incident photon. In comparison to the nonrelativistic 
formulas (69), the relativistic ones yield a more gradual 
decrease with increasing photon energy. [As seen from 
Eq. (70), in contradistinction to Eq. (69), for very high 
energies the decline is proportional to mc2/hv.~] The 
comparison of the nonrelativistic and relativistic 
formulas, in the zero-order approximation, can be 
followed in Table II,30 at the same time with the 
variation of the ratio of the relativistic cross sections 
oii and °"ni' 

C. Extrapolation to Large Z and Screening 

The results presented so far should be discussed and 
corrected in two respects. First, since the cross sections 
have been evaluated with Coulomb wave functions 
approximate in aZ their validity should be delimited 
in this direction and the possibility of extrapolation to 
large Z considered. Next, the corrections should be 
examined which stem from the departure (owing to 
screening) of the self-consistent wave functions of the 
photoelectron from the Coulomb form. 

Concerning the magnitude of our cross sections, this 
is correct only for light elements. This can be under­
stood by noting that the nonrelativistic formulas of 
Stobbe for the total cross sections,26 as well as the 

27 Formulas (70) can be obtained also by direct integration of 
the differential cross sections (66), (67), (68), and by retaining 
again only the lowest order terms in 1/e. 

28 Reference 9, Sec. IV. 
29 a\ is calculated with the zero order approximation [putting 

7ra:Z=0 in Eq. (22)] and <ru, am with Eqs. (45), (62). 
30 Table II is based on the data of Table I and using the non­

relativistic formulas (69). For the sake of simplicity we have put 
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extreme relativistic ones of Pratt,28 contain the 
("Coulomb") exponential factor exp[aZ(7r+2r)/£] 
where — 7r^r=arctan[2^/(^ 2 —K 2 — r? 2 ) ]^0. Since the 
coefficient (T+2T)/P of aZ is generally large, the aZ 
expansion of the exponential converges slowly and its 
first terms represent a good approximation only for low 
Z. (In the case of the L\ subshell we have taken into 
account the first two terms, whereas for the Ln and 
Zin cases only the zero-order term.) 

Nevertheless, it may be expected that the angular 
dependence of our differential cross sections as well as 
the energy dependence of our total ones yield good 
approximations even for medium Z.31 If so, one could 
obtain adequate expressions for the cross sections for 
larger Z, by multiplying them with convenient factors 
/(aZ),32 which depend on the subshell considered. Thus 
Pratt28 has proposed interpolation formulas for the 
cross sections of the L\ subshell, by combining our 
result Eqs. (20)-(24) with a function f(aZ) which he 
obtained from the study of the extreme relativistic 
limit. In the case of the Lu and Lm subshells (for which 
the present work has not determined the aZ corrective 
terms to the cross sections), at sufficiently high energies, 
interpolation formulas of the type a/ = Cifi(aZ)ai(e) 
could tentatively be used; here fi(aZ) should be given 
by Table I I of Pratt,28-33 a^e) by formula (45) or (62) 
[with f = l ] , and C n = 128/3(aZ)\ C m = 1 2 / ( a Z ) 2 . I t 
should be noted however that in the case of the L shell 
the efficiency of any interpolation formulas cannot be 
checked, because there exist no exact numerical com­
putations for comparison (such as those of Hulme et al.u 

for the K shell). 

We will now examine the screening corrections to the 
matrix elements. Pratt28 has suggested that these could 
be obtained multiplying the Coulomb matrix elements 
by a certain constant. We will show in the following 
that this is indeed true for the lowest order approxi­
mations in aZ. In this case the matrix elements of all 
three subshells are of the form (30), where wls(p) now 
represents the initial-state spinor of the electron in the 
central self-consistent field of the atom (subscript s has 
been introduced to emphasize this), for which the 
Fourier transform of the potential is denoted by A o(p).35 

The term Mo of Eq. (30) contains Uu(k— K). For 
functions such as ^i8(r) , the value of the Fourier trans­
form Ui8(p) at point p is determined by the form of 
^i s(r) over a radial distance in the neighborhood of the 
origin 0 < r< 3/1 p | ,36 Since in the present case p=k— K, 

31 The results of Tables I and II should then be applicable also 
to medium Z. 

32 In the case of the K shell, the interpolation formulas of this 
type proposed by Hall (reference 1) and by R. H. Pratt [Phys. 
Rev. 117, 1017 (1960), Sec. VI] give satisfactory results. 

33 When taking screening into account, fi(aZ) should be taken 
from Table IV of reference 9. 

34 H. Hulme et al., Proc. Roy. Soc. (London) A149, 131 (1935). 
35 The self-consistent field of the initial state is actually slightly 

different from that of the final state Ao(p). 
36 To lowest order, the function Uu(p) is in fact proportional to 

its large components; these are defined as the product of a spin-
angle dependent factor d multiplied by the Fourier-Bessel 

the interesting range is 0<f<3X0 .37 Now, for not too 
large values of Z this range lies well inside the first 
Bohr orbit; in it, the self-consistent potential A0(r) 
practically coincides with the unscreened one generated 
by the nucleus. Then, near the origin, \pis(x) is pro­
portional to the Coulomb function ^ic(r) for unscreened 
Z 3 8 

M r ) = fty l c(r) . (72) 

I t follows that Un(k—K) = ^uic(k—K) and that the 
term M0 of Eq. (30) should be corrected for screening 
by multiplication with f *. 

Mi of Eq. (30) may be written as 

Mi= C <p(v)uu(v)(Pp. (73) 

As shown in Sees. 2, 3, and 4, in the Coulomb case the 
leading term of the integral comes, whatever k and K, 
from the contribution of the neighborhood of the origin 
p ^ 0 , where uic(p) is large. The same situation occurs 
also in the screened case.39 Then, to obtain the leading 
term of M± we expand <p(p) near the origin 

M i -

+ * E Pipj( — ) + • • - l « i . ( p ) ^ . (74) 

The successive terms of Eq. (74) contain the derivatives 
of ^i s(r) at r = 0 . Owing to Eq. (72), we can write 

M1~f»(2^)*[^(0)^ic(0) + ( - i ) E (—) (—) 
L \dpj/o\ dXj / o 

+ W W ) + • • • . (75) 
2 V dpidpj / o V dXidXj/ o J 

Because of the behavior of the Coulomb functions at 
the origin, only the lowest order terms of expansion (75) 
will give a determined contribution to Mi. Indeed, as 
we work in the Pauli approximation, the large com­
ponents being of quantum number /, these will yield a 

transform G(p) of the nonrelativistic radial function [see for 
instance Eqs. (46) and (47)], now of the Hartree type. J. C. 
Slater, Phys. Rev. 42, 33 (1932), has shown that the numerical 
radial functions of Hartree can be well approximated by analytic 
forms R(r)='Z crne~Xr. Now, for such functions it may be shown 
directly that the value of the Fourier-Bessel transform G(p) at p 
is determined by the form of R(r) for 0<r<ir/p (or less). 

37 Indeed, with Eq. (4), 

l / | k - K U l / ( ^ - j c ) = [ l+( l+2wA)*]/2f». 
For relativistic n/m it ensues that l / | k — K | <A0. 38 For all the L subshells the factors £* may be taken from 
calculations of M. E. Rose et al.; they are given by H. Brysk and 
M. E. Rose, Revs. Modern Phys. 30, 1169 (1958), Fig. 10. 

39 This may be seen by considering the Fourier transforms 
un(v) of the screened Slater functions (see reference 36). 



R E L A T I V I S T I C L - S H E L L P H O T O E F F E C T 1141 

nonvanishing and determined contribution only to the 
term containing the derivatives of order /, whereas the 
small components to the term with the (l—l) deriva­
tives. The two contributions are of the same order of 
magnitude in aZ. The expansion (75) cannot be used 
beyond these terms, since derivatives of higher order 
than the indicated ones do not exist at r=0. 4 0 

Further, <p(p) and its derivatives at p = 0 contain 
Ao(k— K) and its derivatives with respect to K3: NOW, 
the value of the Fourier transform Ao(k— K) is deter­
mined by the form of the self-consistent potential 
Ao(r) in the range 0<r<3/\k— K | ~ 3 X O . AS in this 
range (for not too big values of Z) screening effects are 
negligible, v40(k— W) should be taken of Coulomb form. 
Then the square bracket of Eq. (75) represents the 
Coulomb form for Mi and it is seen that this should be 
corrected for screening by multiplication with f*. 

I t follows that, to lowest order in aZ, all three L 
subshell relativistic cross sections should be corrected 

40 In the Coulomb case the square bracket of Eq. (75) repre­
sents an alternative method for calculating M\. It may be checked 
that it leads to the same results as obtained in Sees. 2, 3, 4. 

for screening by introducing the f factors.38,41 As 
regards the effects of screening on the higher order aZ 
approximations of the cross sections (calculated with 
Coulomb functions), these are difficult to estimate; 
nevertheless it appears that the screening procedure 
discussed above should apply to some extent also in 
their case. 

So far no conclusive comparison of the formulas 
obtained in the present work with the existing experi­
mental results6 can be made, since experiments have 
been performed only for heavy elements and mostly at 
low energies; neither have true angular distributions 
been determined as yet for the L shell.42 
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