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The average rate difference between a clock on the earth and a clock in an “elliptic satellite” is found to
be dependent only on the average specific kinetic energy T of the satellite and the average gravitational
potential of the satellite, X,. By means of the virial theorem, 7' and X, are shown to be dependent only on
the major axis, 2a, of the satellite orbit, giving the result:

A= (ry—r5)/r2=6.96X10"(1—3rz/24),
where 7, and 7z are the periodic times read on the satellite clock and the earth clock, respectively, and 7x

is the radius of the earth.

JINTERBERG' and Singer? have shown that,

according to the general theory of relativity,

the rate of a clock on the earth should be different from

the rate of a similar clock on an artificial satellite.

Assuming a circular orbit for the satellite, Singer?
obtains

A= (dts—th)/th-_——6.96)(10—10(1-—37’E/21’), (1)

ts and ¢g being the times read on the satellite clock and
the earth clock, respectively, » being the orbit radius.
For elliptic orbits A is not constant. Nararai and Ueno?
have found the dependence of A on the eccentricity
and the eccentric anomaly of the ellipse. Because of
errors in the position determination (about 30 m), it
should, however, be necessary to measure over such a
long time that A cannot be considered as constant
during this time. The only measurable quantity should
therefore be the time average of A over a certain time.
Measuring over one period for a near satellite (725000
sec), the uncertainty in A should be about 2X30/3X 108
X5000=4X10"t. The best atomic clocks available
today are said to be accurate to better than 1 part in
102, This should indicate a measuring time of about
40 periods. It may therefore be of some interest to
calculate A.°

In the following we assume the earth to be spherically
symmetric, and we neglect the diurnal rotation of the
earth, the friction in the atmosphere, the influence of
the sun, moon, and planets, and the relativistic cor-
rections to the satellite motion. The satellite orbit is
then the classical Kepler ellipse, and the motion is
periodic. The Schwarzschild line element for the
gravitational field of the earth is then

ds?=c2d—[ (1—2GM g/ c*r)'dr*+r2d0?
+72 sinfdg?+ (2GM g/ c?r)dt?].

L F. Winterberg, Astronautica Acta 2, 25 (1956).

2S. F. Singer, Phys. Rev. 104, 11 (1956).

3 Singer has opposite sign, but the reason for this seems to be
that he defines his ¢, and ¢z in another way.

4H. Nararai and Y. Ueno, Progr. Theoret. Phys. (Kyoto) 20,
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5 Note added in proof. After this article was submitted for publi-
cation, Professor C. Moller informed me that he has calculated A
for an elliptic orbit. [Nuovo cimento Suppl. 6, 393 (1957)]. It
seems to me however that the present method is the simplest one.
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We have g;4=0 (i=1, 2, 3). The system of coordinates
is then time-orthogonal and we have®

dty= (14-2X,/ 2 —u?/ ?) dt,
dtg= (142X g/c?)kdt,

©)
4)

X; and Xp are the gravitational potentials on the
satellite and on the earth, respectively, u is the velocity
of the satellite relative to the earth, and 7, is the
distance of the satellite from the center of the earth.
X;=—GMg/rs; Xg=—GM g/rp. Neglecting terms of
order (X/c®)? and (u/c)%, we obtain from Egs. (3) and

4)
®)

A= (dt,—dig)/dtz=c2(—T+X,—Xg), (6)

T being the specific kinetic energy of the satellite.
Integration of Eq. (5) over one period leads to

dts=[14 (X, —Xg)/*—u?/2c*1di .
Then

ro—rp=0%—T+X,—Xg)7E,

T and X, being the time averages of T" and X,, respec-
tively, over one period:

1
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A=c2(—T+X,—Xg).

Then
(M

As the satellite motion is periodic, we have from the

virial theorem _
T=3(0X/375)7 s)av-

Introducing X,=—GM g/r,, we obtain T'= —3X,. Due
to the conservation of energy, we have T'+X,=E
=—GMg/2a. We then obtain T=—E=GMz/2a,
X;=2E=—GMg/a, and Eq. (7) becomes

A= (GMg/c¢r5)(1—3rz/2a)
=6.96X10"1°(1—3rg/2a). (8)
It is to be noticed that A is independent of the
eccentricity of the ellipse.

8 C. Méller, The Theory of Relativity (Oxford University Press,
New York, 1952), p. 247.
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