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The existence of a nonvanishing Hall effect in the "impurity conduction" regime of a semiconductor is 
demonstrated. In this regime (prevalent at low temperatures and at low impurity concentrations) the 
dominant electron transport mechanism is the phonon-induced hopping of charge carriers from occupied 
to unoccupied majority sites. The basic element of the theory is the existence of a (magnetic) field-dependent 
contribution to the jump probability between two sites. This contribution is computed and is shown to arise 
from the interference between the amplitude for a direct transition between the initial and final sites and the 
amplitude for an indirect, second-order transition, involving intermediate occupancy of a third site. 

The theory is applied to the case of an ac applied electric field. For values of the physical parameters 
representative of those occurring, for example in the ac measurements of Pollak and Geballe, the maximum 
Hall angle, though small (~10~6), is found to exceed the "normal" value [(H/c)/«drift]-by a factor ^10 2 . 

INTRODUCTION 

THE existence of a Hall-effect in hopping-type 
electronic transport has been a question of 

interest for a number of years. In some recent studies 
of Friedman and the present author1 on a particular 
hopping process—that of thermally activated small-
polaron2 motion—it has been established that a Hall 
effect comparable to, or even larger than the "normal" 
effect (Hall constant R- — 1/nec) should exist. The 
present paper constitutes an extension of the ideas 
developed in the above-cited small-polaron studies to 
the investigation of the Hall effect in another hopping-
type transport process, namely impurity conduction* 

The physical picture of impurity conduction may be 
described briefly as follows. Let it be assumed, for the 
sake of definiteness, that the sample is n type, with 
donor and acceptor concentrations ND and NA 
(ND>NA)- At sufficiently low temperatures, such that 
the number of electrons in the conduction band is 
negligible, the acceptors and an equal number of 
donors will be ionized, negatively and positively, 
respectively; a fraction (ND—NA)/ND of the donor 
sites will be occupied by electrons. Charge transport 
will then occur by virtue of the hopping of these 
electrons from filled to unfilled donor levels. 

An integral feature of the hopping process is its 
dependence on electron-lattice interaction. This depend­
ence arises from the circumstance that, because of the 
random nature of the Coulombic potentials of the 
ionized constituents (donors and acceptors), the 
energies of any two local donor states are not coincident. 
It then follows that, in order for a hopping transition 
to occur, energy must be exchanged with some 
"reservoir." Such an exchange is provided by inter-

* This research was supported by the United States Air Force 
through the Air Force Office of Scientific Research. 

XL. Friedman, thesis (unpublished); L. Friedman and T. 
Holstein, Bull. Am. Phys. Soc. 6, 302 (1961); and to be published. 
The present treatment does not require reference to the small-
polaron studies. 

2 T. Holstein, Ann. Phys. 8, 325, 343 (1959). 
3 An extensive theoretical treatment of impurity conduction is 

given in the recent paper of A. Miller and E. Abrahams, Phys. 
Rev. 120, 745 (1960), to which further reference will be made. 

1329 

action with the lattice vibrations. A consequence of 
this interaction is that hopping is always accompanied 
by the emission or absorption of one or more phonons. 

In the case of ordinary (nonmagnetic) transport 
phenomena, the basic elementary process is the above-
described hopping transition between two sites. Now, 
from symmetry considerations alone, the effect of a 
magnetic field on such two-site processes cannot give 
rise to a nonvanishing Hall effect. A minimum of three 
sites is necessary; as will be shown below, it is also 
sufficient. In particular, it will be demonstrated that 
the relative probabilities of an electron, initially 
located on one of three sites, hopping to one or the 
other of the remaining two sites (assumed to be initially 
unoccupied) is modified by a contribution which, both 
in sign and magnitude, is linearly proportional to the 
applied magnetic field. As in the case of the small 
polaron,1 the effect will be seen to arise from the inter­
ference between the amplitude for a direct transition 
between the initial and final sites, and the amplitude for 
an indirect, second-order transition, involving inter­
mediate occupancy of the third site. 

The treatment of the effect of the magnetic field on 
three-site transition processes is given in Sec. I. Results 
comparable in generality to, e.g., the expressions given 
by Miller and Abrahams for the ordinary two-site 
transitions [cf. Eq. (11-14) of reference 3] are obtained. 
However, just as in the treatment of the cited authors,3 

in order to arrive at bulk transport properties, such as 
electrical conductivity (or, as in the present work, Hall 
mobility) it is necessary to consider sequences of two-
site and three-site jumps, in which (by virtue of the 
random distribution of impurity centers) the elementary 
jump probabilities undergo large fluctuations. The 
solution of the resultant statistical problem is beset 
with formidable difficulties. In the present paper, these 
difficulties are largely avoided by restricting the treat­
ment to the case of an applied ac electric field. Here, as 
shown by Pollak and Geballe,4 when the applied 
frequency is sufficiently high, the dominant contri­
butions to, e.g., electrical conductivity, arise from 

4 M. Pollak and T. H. Geballe, Phys. Rev. 122, 1742 (1961). 
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single hopping acts between individual pairs (with 
sequences of jumps among larger aggregates of sites 
playing a negligible role). In Sec. II of the present paper, 
an analysis comparable to that of Pollak and Geballe is 
given for three-site transitions in the presence of an ac 
electric field and a dc magnetic field. Semiquantita-
tively accurate expressions are obtained for ac Hall 
conductivity and Hall mobility. As in the case of the 
small polaron,1 it turns out that, at least under condi­
tions prevailing in the experiments of Pollak and 
Geballe, these quantities, though small, exceed their 
"normal" values by a factor in excess of 102. 

In the last section, a brief discussion of the sign of 
the Hall coefficient is given. It is concluded that the 
sign is negative. 

I. THREE-SITE TRANSITION PROBABILITIES 

Ignoring the effects of the magnetic field for the time 
being, one has for the Hamiltonian of a (one-electron) 
three-site system 

H— £Te+^int+^L- (1.1) 

Here He is that part of the Hamiltonian which depends 
only on the electronic coordinate; it takes the form5 

H.= T+V.(r) 

- ( e 2 A ) 
L l r - R J R2 Rs 

(1.2) 

where T is the effective-mass kinetic-energy operator, 
— ̂ 2//c [ r—R;| is the potential energy of the electron in 
the field of the ^th donor site (the center of which is 
located at E*-), and Va is the potential due to other 
ionized constituents.6 In the present work, the multi-
valley features incorporated in the treatment of Miller 
and Abrahams3 will be ignored; the kinetic energy 
operator will thus be taken to have the form 

T= - (/z2/2m*)V2 (1.3) 

5 cf. reference 3, p. 747; the expression given here is a straight­
forward generalization of the two-site Hamiltonian used by these 
authors. 

6 Strictly speaking, the case being considered here is appropriate 
to the regime of almost complete compensation. In order to treat 
the more interesting regime of small compensation, some modifi­
cation of (1.2) will be required to take account of the circumstance 
that, in this latter domain, the most of the donor sites are occupied, 
so that conduction occurs via the motion of "holes" (rather than 
electrons). A proper treatment of this case would require taking 
explicit account of the many-electron nature of the problem. 
From this standpoint, the present one-electron treatment is to be 
regarded as preliminary; it is however anticipated that, within the 
domain of an over-all Heitler-London description of the electronic 
state of the system, the generalization to the actual many-electron 
case will be straightforward. In anticipation, it may here be 
remarked that in the case of small compensation, as pointed out 
by Miller and Abrahams, Va(r) is to be considered as arising from 
the nearest acceptor. 

The second member of (1.1) is the electron-lattice 
interaction; in the case of the simplified model repre­
sented by (1.3), it is given by the standard deformation-
potential expression 

#int=JM*), (L4) 

where E\ is the deformation-potential constant, and 
where 

x •4L)\—)' 2ifcox> 

X(6x^qx'r-&xV-^-r) (1.5) 

is the lattice-dilatation, expressed in terms of the 
polarization vectors, ex, frequencies wx, wave vectors 
qx, and creation-annihilation operators b\*, b\ of the 
individual lattice-vibration modes (indexed by the 
subscript X); the remaining undefined symbols in (1.5) 
are the atomic mass M and number N of atoms in the 
host crystal. It will eventually be assumed that the 
crystal is elastically isotropic; in that case only longi­
tudinal modes will contribute to (1.4). 

Finally, the lattice-vibration Hamiltonian HL is 
given by the expression 

ff*=Ex*«x(ftx*ix+i). (1.6) 

Turning first to the discussion of the eigenstates of 
He, one notes that, in the event of sufficiently large 
inter-site separation, they take the form of isolated 
donor wave functions,7 

fc(r)ss*(r-R<), (*=1, 2, 3). (1.7) 

At separations which, though finite, are still large 
compared to the spatial extension of the $/s, the (three 
lowest) eigenfunctions of He may be approximated by 
linear combinations of the <£/s, viz. 

*«=E*C<<«tyt-(r); a = l , 2 , 3 . 

Explicit expressions for the $a are obtained in Appendix 
I by the standard atomic-orbital approach. The results 
are [cf. Eqs. (116) of Appendix I ] 

!Al = * l+ [ J r 2 l / (€ l -€ 2 )>2+C/8 l / (6 l -€ 8 )>3 , (L8a) 

^2=C/ 1 2/ (c2-c i ) ]+«2+[ /8? / (e2-e8)>3 , (1.8b) 

^3= [ / i s / €3-€i)>1+[/23/(€3—€2)>2+03, (L8c) 

where [cf. Eqs. (112), (118), (119), and (120) of 

7 In the present work, <f>(r—R<) will be assumed to refer to the 
ground-state donor wave function; complications due to energetic 
proximity of exicted states (occurring in some cases) will be 
ignored. 
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Appendix I ] 

k^i 

i= / <j>j*<t>idV, 

Jji= / <t>j*4>{Wji(t)dV—(ii—e,)Sji/2, 

(1.9) 

(1.10) 

(1.11) 

w J{(t) = - (e2A)f ) 

/ 1 1 1 \ 
- (e2A)( ) 

\ | r - R * | 2 | R - R , | 2 | R ~ R , | / 

+ {^(r)-|[Fa(R, :) + Fa(Ry)]}, (1.12) 

with the index k now denoting the third site (k^^i j). 
The stage has now been reached where the effects 

due to a nonvanishing magnetic field may conveniently 
be considered. Neglecting the spin-Zeeman energy of 
the electron (this neglect being equivalent to the 
assumption that the spin-state of the electron remains 
unchanged in hopping transitions), one has for the 
electronic Hamiltonian 

He + Va(t)-(e*/K) 
1 / eAV 

2w*\ c J 

r 1 1 I n 
x + + , (i. 

Llr-Ril Ir—R2I |r—R81J 
13) 

where the vector-potential, A, is taken to have the form 

A - J H X r , (1.14) 

H being the (spatially constant) magnetic field and r 
the electron coordinate, measured from an arbitrary 
origin. Following a procedure due to Zilberman8 one 
redefines the basic local functions <£;(r) to be solutions 
of the equations 

[i('+-̂ ' e 2 "I 
— U. 

K|r-Rt.|J 
M^Ediir). . (1.15) 

These solutions will obviously not be of the form 
<£(r—-R*); however, if one introduces the gauge 

8 G. E. Zilberman, Soviet Phys.—JETP 2, 650 (1956); the 
procedure used in the present paper is actually slightly different 
from Zilberman's in that, as pointed out in the text contained 
between Eqs. (1.19) and (1.20), the first-order dependence of the 
local wave functions on the magnetic field is expressed entirely 
in the exponential factor of (1.16), whereas Zilberman's local 
functions contain an implicit (linear) field dependence. Neglect of 
this implicit dependence, while not serious for the problem treated 
by him, would yield incorrect (in fact, non-gauge-invariant) 
results for the case treated here. (cf. reference 1, Appendix E of 
Friedman's thesis). 

^ ( r ) = «i(r)er*x< (r) 

transformation 

with 

Xi(r) = eA(%)'x/hc=(e/2hc)(ExRi)'t, 

one has, in place of (1.15) 

(1.16) 

(1.17) 

l_2#, 
p + - H x ( r 

2m*\ 2c 
-R,))2 

e2/K | r — R4-1 \ui (r) = EdUi (r), 

the solution of which is clearly of the form 

Ui(t) = u(r—Ri). 

(1.18) 

(1.19) 

Just as in the absence of the magnetic field, one now 
assumes that the eigenstates of the total electronic 
Hamiltonian (1.13) may be represented as a super­
position of the three <£/s. Then, upon following the 
atomic orbital "projection" routine of Appendix I, 
one reobtains equations (1.8a,b,c), together with (1.9), 
(1.10), (1.11), and (1.12), the effects of the magnetic 
field being contained entirely in the <fo(r) [as given by 
(1.16)]. 

I t should at this point be remarked that the basic 
local functions, w(r—R»), as well as the associated 
energy eigenvalue, Ed, depend upon the magnetic 
field. If, however, for the sake of simplicity, the zero-
field functions be assumed to be non-degenerate s 
functions, first-order terms in H disappear from (1.18), 
and one is left with the H2 diamagnetic corrections to 
u(r—Hi) and Ed- These corrections are irrelevant for 
the theory of this paper, which is concerned only with 
effects linear in H. Hence, in what follows, they shall 
be ignored. This means in particular that the field-
dependence of the <£/s is contained entirely in the gauge 
factors, erixi^\ defined by (1.17). 

Thus, upon inserting (1.16) into (1.9), (1.10), and 
(1.11), and employing (1.17), one obtains9 

€ < ( # ) = €<, 

Jji(H)= J u(r— Rj)u(t— Ri)wji(r) 

Xexp{ (ie/2fic)[RX (R; -Rt ) ] -r}dV 

( « - « y ) 

(1.20) 

) f 
- I ti(r-~Rj)u(r—Ri) 

Xexp{ (ie/2fic)[EX (Ry-Ri) -r]}rf7, (1.21) 

where u is, as before, the zero-field value of local site 
energy. 

In proceeding further, one conveniently takes the 
origin of the coordinate system to be located within the 

' u(r—Ri), being nondegenerate, may be taken to be real. 
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triangle defined by the geometric centers of the three 
sites. Then, subject to the assumption 

( e £ r / 2 ^ ) | R , ~ R , | 2 « l ? (1.22) 

one may replace the gauge-exponentials by their Taylor 
expansions to terms linear in H. One then obtains, after 
some algebraic manipulation 

Jji(B) = W^n—^-S^n, (1.23) 
2 

where 

Wn= / « ( r - R y ) « ( r - R > y < ( r ) d 7 , 

2nc 

HiV-W^f-

(1.24) 

(1.25) 

< r - R y > ( r - R > * ( r ) i t f 7 , (1.26) 

will not coincide exactly with the geometrical10 area, 
A321. 

The next stage in the treatment is the computation 
of the matrix elements of electron-phonon interaction, 

(i \Hint \j) = J ^*(t)n(r)UT)dV. (1.35) 

The detailed computation of these matrix elements is 
given in Appendix I I ; the results are [cf. Eqs. (114), 
(117), and (119)] 

(j \Hirit\i) = iEiY< qx-ex 

/ n y 

\2MuJ 

where 
X(M*™-$xM* ( X ) t ) , (1.36) 

WH 

I € t— €j 

- i S a ( e ^ - R / + ^ - R » > ^ . (1.37) 

Sji= I u(i-Rj)u(T-'Ri)dV, 

2fic 
[ H x ( R y - R , ) - ^ ( 2 ) l 

n . . ( 2 ) = c . - i / 
vol ^n J ^ ( r - R > ( r - R y ) r d F . 

(1.27) 

(1.28) 

(1.29) 

I t may here be observed that, by virtue of the s 
character of the u\ py;(2) coincides with the point 
(R;+Ry)/2 midway between sites i and j . Inserting 
this equality into (1.28), one has 

where 
Pji=(e/hc)H'Asi, 

Ay<sRyXR</2 

(1.30) 

(1.31) 

is the vector area of the triangle defined by sites i and j , 
and the origin of the coordinate system. From this 
result, it follows immediately that 

fti+fe+Z^ (e/fo)H-A82i, (1.32) 

where A32i is the vector area of the triangle defined by 
the three sites under consideration. 

Unfortunately, the quantities py*(1) and ay; do not 
appear to be describable in comparably simple geo­
metrical terms. Namely, because of the presence of 
Va(r) and — e2/a\r—Rfc| (k^i, j) in the integrand of 
(1.26), the vector £y;(1) will not, in general, terminate on 
the line joining sites i and j ; hence, the effective 
"flux" area 

»821=»21 + »82 + B: 13, 

where 

3t/t= (Ry—R») X Qn a) 

(1.33) 

(1.34) 

In proceeding further, it appears desirable, at least in 
this initial study, to effect some simplification of (1.37), 
which will nevertheless retain the essential physical 
effects. A possible simplification, already contained in 
the work of Miller and Abrahams,3 consists in the 
neglect of the terms proportional to £ # ; its physical 
basis is the (presumed) relative smallness of local 
energy differences, u~ ey, as compared to the principal 
term, —e2/K\r— Ry|, in the "transfer potential," Wji(t) 
(which occurs in the integral for W,i). In this connection 
the following observations are pertinent: 

(a) As will be seen later in Sec. II , the three-site 
configurations which are of principal significance for 
the ac Hall effect are "equilateral" {Rij~Rik=Rik). 
For such geometries the contributions to € — ey arising 
from the third site, k, [cf. (1.9)] essentially cancel. 

(b) As will also be seen later in Sec. II , the inter-site 
distances of the important three-site configurations are 
somewhat less than the average distance between 
donors, and therefore rather less than the average 
distance between a donor and an acceptor atom. In this 
case, Fa(Ri) —Fa(Ry) is also small. 

Under these circumstances, it appears that the 
proposed simplification should not give rise to any 
gross errors; since the treatment of the present paper 
does not pretend to be more than semiquantitatively 
accurate, (1.37) will forthwith be replaced by 

Wn 
Aj^^ bjie1^ -Ri+ ( 1 - 5 * ) - e**'* 

€i— €j 
X (e iqx R/— eiqx 'Ri). 

10 However, in view of the usual smallness of Va (r) and 
e2/tc\t—Rfc| (relative to the principal two-center perturbation 
term, — e2//c | r—R;|, in the integrand of (1.26), H321 and A32i may, 
at least, be expected to have the same sign as well as the same 
order of magnitude. 

file:///2MuJ
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The matrix elements of (1.36) between different lattice- phonon modes, X and X'. Denoting the amplitude of the 
vibration states may now be written down. They are 

8ji(ek*\*i 

+ (1—8ji) e™n(e±m -ay— e±n\ *«) (1.38) 

first subcategory, in which only the sites i and k are in­
volved, by faNx^lyNx'^llTxlitN^Nv), one has 

(A, tfv=Fl [Hint \k, Nx>)(k, NX^F1 \Hint \i, Nx) 

where 

39) Dx ( ± ) ^± i (qx -ex ) f——V^x+jT j )* , (1. 
\2MNa>J 

it being understood that all the TVx's other than the 
given one under consideration remain fixed. 

The stage has now been reached where the various 
higher order processes giving rise to the (magnetic) 
field-dependent part of the jump probabilities may be 
formulated. Broadly speaking, they are of two varieties: 

(A,2Vv=Fl 

1" 

(k,Ny¥l 
...[,. 

(A,iVx=Fl 

< 

\Sin 

Hint 

Hint 

:» — €fc=b^O)X 

t\i,Nv)(h Ny?F\\H int 

zbftcox 

|* ,^x)(f t ,^v=Fl 

€»— e^db^cox' 

|*,#x)(i\tfx<=Fl 

| # i n t 

Hint 1 

|«, #x) 

1*. #x0 

*, Nv) 

zt^COX' 
(1,40) 

A degree of simplification can be effected by noting 
that, in any real transition, the energy-conservation 
condition 

€.—€fc±feox=b*«x/ = 0 (1 -41) 

(1) A superposition of two two-stage processes, one 
of which is (i, Nx, Nx>->j, #x=Fl, Nv->k, iVx=Fl, 
i^x'=Fl), the other being (i, Nh Nx>~~>i, #x=Fl, 
^ v - * A , ^ x = F l , ^ = F l ) . 

(2) A superposition of a one-stage and a three-stage 
process; the first is of the form (i, Nx, N\* —> k, iVx^l, must apply. Also, as will be seen later, the phonon 
N\>) whereas, a typical three-stage process is (i, N\, energies are not arbitrary; one of them, say ha>\, will be 
iVv —> i, iVx=Fl, N\* —-> j , iVxTl, iVVTl —> k} i^\=Fl, shown to obey the "intermediate" energy-conservation 
N\'). These transitions, together with those which result relationship11 

from alterations of the sequences of various subprocess €*—€j±feox=0, (1.42) 
have all to be considered. so that 

Let us begin with category (1), i.e., the two-stage J k x' 
processes, leading to changes in the population of two Introducing these conditions into (1.40), one has 

( ^ x T l ^ x ' T l l r x l i , ^ , ^ ' ) 

_ (A, iVx'T 11 Hmt | K N\') (*, #x=F 11 Hint I i,Nx) - (*,tfx=F0 | # i n t | i,Nx) (i, TVx'T 11 Hint \ i, Nx') 

(A, ^x=Fl|Hint|*, #x)(ft, iVvTl|HintK, Nx)- (ft, #x'=Fl | #i»t|*, Nv)(i, ^x=Fl|Hi„t|t, Nx) 
-I . . _ . _ _ . # (L44) 

Instead of proceeding further with (1.44), it is at this 
point expedient to write down the other two-stage 
process, namely, that involving the jth side in the 
intermediate stage. In doing this, it will be convenient 
to employ the artifice of adiabatic "switching on" of the 
electron-lattice interaction, according to the time 
dependence, est (with eventual passage to the limit 
s —* 0). One then has 

(k,NyFl,Nv=Fl\T2\i,Nx,Nv) 

(ft, i \T V =Fl | # i n t \j, tfxOO", ^ F l |J?int \h Nx) 

(ft, Nx^l [Hint \j, Nx)(j, #x'=Fl \Hh K,#x<) 

c»— ejdzfbdx'+ifis 
(1.45) 

It will now be noted from (1.42) and (1.43) that, in 
the first of the terms on the right-hand side of (1.45), 
intermediate energy is conserved, whereas in the second 
it is not (except in the very special case of €»—€,-
= ej—€k, the occurrence probability of which is 
negligibly small). As in the case of the small polaron, a 
field-dependent constructive interference between the 
two types of two-stage processes will be seen to result 
only when the zero-field amplitudes are 90° out of phase. 
Apart from the "phonon" phase-factors, e***-R»" (the 
coherence features of which will be considered in detail, 
below) it can be seen from* (1.38) and (1.39) that the zero-
field amplitude of (ft, iW=Fl, Ny^llT^i, Nx, iW) is 
necessarily real (again with the exception of the negli-

11 That is, in the sense of time-dependent perturbation theory, 
in which €i—€jzhjiw\~ihs with s-+Q. 
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gibly probable cases €t=ey or €; = «&); hence the zero- will be retained in what follows.12 Thus 
field amplitude of ik, N^l.N»=Fl\Tt\i,Nh NJ will et() j 
have to be imaginary. This requirement cannot be ' ' 
fulfilled unless, in the course of summing over X or X', a (k, Ax'Tl \Sint \j, N\?)(j, N\=Pl \Hint \i, N\) 
zero in one of the energy denominators is encountered. ~ ~ * , .> > 
By virtue of (1.42) and (1.43), such an eventuality can l 3 (1.46) 
occur only for the first term of (1.45); hence, it alone which, with the use of (1.39), becomes 

(ft, tfx=Fl, #v=Fl|r2<«ff>|i, #x, #v) 

= JDx
(±)A' (±)^iW, iTF i 

At this point it becomes expedient to examine 
the phonon phase factors of (1.47)—in particular, 
to compare them with those which are present in 
(1.44). From (1.47) one sees that these phase factors will 
occur in four possible combinations: f̂cfcax'-R/itqx-RO^ 
0t(±qX'-Rfc±qX-R/) £i(±qX'-R/±qX-R/) g*'(±qx -RftiqX' -Rj)# I n O r d e r 

that the T(1) and T(2) amplitudes be capable of con­
structive interference, it is necessary for one or more 
of the phonon phase factors of one set to be coherent 
with one or more of the other; moreover, this coherence 
must be maintained under conditions in which (a) 
qx and qx> independently take on all possible directions, 
and (b) condition (116) of Appendix II, namely, 

q x | R ~ R y | » l , (1.48) 
is valid. 

These coherence requirements are sufficiently severe 
so as to result in the jettisoning of most of the above-
listed phonon phase factors, as will now be shown. 

First of all, let us note that, since R/does not occur 
in the phase factors of T(1\ all the phase factors of T(2) 

which contain R, cannot £by virtue of (1.48)] con­
structively interfere with those of T(2); the immediate 
consequence of this conclusion is that, of all the four 
factors listed for T®\ only e<(±*x'***=**•**> need be 
retained. It then follows, by virtue of (1.48), and the 
independent variability of qx and qx>, that all terms of 
r (1) except those proportional to this same factor may 
be discarded. Applying this recipe to the expression 
obtained by substituting (1.39) into (1.44), one arrives 
at the result 

(k, A x Tl , #X'=Fl |2V«> \i, Nx, AV) 

E1*DX<±>DX,MWM 

(€»— €j) (e*— €fc) 

_Xgi(±qX' -R&iqX -RiOgio*^ ( 1 . 4 9 ) 

By a similar procedure, the surviving term of (1.47) is 
found to be 

(k, Nx^l, A x ^ l |7Yeff> |t, Nx, AV) 

EmMDvMWkjWji 

(€t— €j) (cy— €jfc) (U— €jdbflO)\+ifts) 

^gt(±qX'-R*±qA-R't)^(«fc/4«/t,)it ( 1 . 5 0 ) 

re±n\' R&— gitqX, -R/irgiiqX -R?— e±i<L\ •R*"|gt(aA;/+ay1 

r 
(e<— tj) (ey— e*) (e»— ej±fioi\+ifis) 

(1.47) 

(1.49) and (1.50) may now be superposed to yield 
for the effective two-stage transition amplitude the 
result 

Dx(±)DXf (±)g*(±qx' -R/fc±qx -Rt) 

(c»— €j) (e3— €k) 

e**<Whi+ |. (1.51) 
€i— 6j±flQ)\+iflSj 

The absolute square of (1.51), multiplied by (IT/II) 
X5'(€<—€jfcdzfc«Jxit:feox') gives the total two-stage transi­
tion probability P(2) (i, Nx, N\> ~> ky AxT 1, Ax'=F 1). The 
present work is, however, not concerned with this 
quantity, but only with that part JP#(2)(*> ^x, N\> —> k, 
AxTl, Ax'Tl) which depends linearly on the magnetic 
field. This component is obtained by expanding the 
phase factors and picking out the terms linear in the 
phases, a*/. With the additional use of the standard 
recipe, 

l/(x+is) = P(l/x)-iw5(x), (1.52) 

one has 

iV2)(*\ Ax, Nx> -*. A, tfx=Fl, iVX'=Fl) 

EX*\DX^ \*\DX^ \WjtjWjJVM eE-Aw (2TT)2 

{ei-e3)
2{ej-ek)2 he ft 

Xd(ei-€j±iua\)8(€i-ek±iUK±iuax>), (1.530 

12 This point requires some further clarification. Namely, if the 
X and X' summations were each to extend over the whole lattice-
vibration spectrum, the zeros of both energy denominators would 
be traversed. However, independent summation over X and X' is 
actually inappropriate, since it would count the same final state, 
(k, NyrFl, Nx'^Fl), twice. A suitable nonredundant summation 
recipe is achieved by restricting, e.g., the X' sum to values such 
that cox' is either larger or smaller than cox. If, for example | «*—«/| 
<\ej—€k\, and one wishes to retain (1.42), one imposes the 
condition cox* > cox. In that case, by virtue of (1.41) or (1.43), one 
may readily check that the energy denominator of the second term 
of (1.45), namely «*— ê =b&ox'-W'&s, cannot vanish, in accordance 
with the statement in the text. (If, on the other hand, |e;—«/| 
> («/—ejtl, one chooses the alternate recipe, cox>cox', and arrives 
at the same result.) 

file:///WjtjWjJVM
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or, more symmetrically, 

iV 2 ) (* \ Nx, Nx. -> *, NyFl, A^=Fl) 

_E{ \D^ ]2 \I\.<*> \WkiW,-iWki eR-%kii (2TT)2 

(€»—€y)2(€,—€*)2 tlC tl 

X5(e,— €j±tia>\)8(€j— ekdoticoy). (1.53) 

In obtaining (1.53') or (1.53), use has been made of 
Eq. (1.35), in conjunction with (Ha) of Appendix I I . 
In this connection, the sign of 3 1 ^ is positive or negative 
according to whether the circuit i—>j-+k-*i is 
counterclockwise or clockwise. 

As stated above, PH
{2) (i, N\, AV) -> *, NXT1, i W T 1) 

represents only part of the field-dependent jump 
probability. The other component originates from super­
positions of the one-stage (i, N\ —> k, iVxTl) amplitude 
and those associated with various three-stage processes 
of the type (i, Ax, Nx>~>i, iVx=Fl, Nx>->j, #x=Fl, 
A^=Fl->&, iVxTl, Nv), (i, tfx, A ^ - > j , #x=Fl, 
iVv -> i , tfx=Fl, iVv=Fl -> *, iVx=Fl, iVv), etc.13 

The amplitude of the one-stage process may be 
obtained from (1.39), and is 

Wk 

X \j±*i\ •»*- e±<<ix •*<]. (1.54) 

From the rather large number of conceivable three-
stage processes, one has now the task of selecting those 
which are coherent with (1.54). This task is carried out 
in Appendix I I I , which also contains a detailed dis­
cussion of the various features relevant to coherence. 
The results of the treatment are contained in Eqs. 
(III3) and (III7), which give the two types of three-
stage amplitudes capable of interfering with (1.54). 
These are 

(*, tfx=Fl, Nv |r»<*> |t, iVxTl, Nx>) 

= £1«|Z>x^)|2i3xtfc) 

WkjWjie
i(aki'¥aii)e±i<lx Rk 

X-
(«*— €;)2(€t— €*) (€i— 6jzSzflCjO\>+ifls) 

, (1.55) 

and 

(k, NtPFl, N*. |2V« |», tfx=Fl, iVv 

= -£ 1
3 | 2 )v ( ± ) | 2 2?x ( ± ) 

W7*jWry»e i(a ' i '+a ' i)e±<qx R«' 
X-

(«»— «*) («,— ek)
2(€k— 6j±tluy+ifis) 

(1.56) 

13 It should be remarked here that the phonon modes X and X' 
are not the same as those involved in the previously discussed 
two-stage processes. In particular, the frequency cox obeys the 
energy condition «,- — c&ifoox » 0. 

I t should here be mentioned that, since the X' mode 
is involved only in intermediate states, and does not 
really appear in the final state (i.e., N\—*N\>), the 
total three-stage amplitude is to be obtained by 
summing over all X', and over the two possibilities of 
absorption and emission. This summation will be 
deferred. 

One has now to superpose (1.54) with (1.55) and 
(1.56), take the absolute square of the resultant,14 and 
multiply by {2ir/ti)b(u—€k±tuo\>). As before, it is not 
the total result which is of interest, but only that part 
which varies linearly with the magnetic phase factors; 
the rest is therefore discarded. The result of this 
procedure is 

#x'=Fl 
PH*.»(i,Nx >*,#X=F1) 

(2x)s 

•Ei^Dx^l^Dx^^W^WjiW^ 

X-
eE •«. •kji\ 

tic 

+ 

'b(w~ ekzLtio)\)d(ei— eydzfeoxO 

(ci— €/)2(€»— ek)
2 

d(ei— ekdzflco\)d(ek— ey=t:Acox')~ 

(6j—ek)2(ei—ek)2 
(1.57) 

Here, the superscript "(3,1)" has been used on the 
left-hand side as an indication of the number of stages 
of the contributing amplitudes. Also, the notation 
" A V T l " over the arrow indicates the intermediate 
participation of the X' mode first in absorption 
(emission), then the reverse. 

Upon adding (1.57) to (1.53) and summing over 
X and X' and the two possibilities of absorption and 
emission, one obtains, as the total magnetic field-
dependent probability, the expression 

(2TT)2 

PH{i~>k) E ESlD^fin^lWjcjWjiWM 
±X,±A' tl 

x-
«H-* w d 

he (€r-€/)2(er-ejb)2 

d(ei— ekzkfioi\)5(€k— eyztfeoxO 

(€i—e^fo—e*)2 

8(6i— €j±#cox)5(e;-~ cjbdbfeoxO 

(€*—€y)2(€i—e*)2 -} (1.58) 

wherein the double summation involves summing over 
the two possibilities of emission and absorption for 
each mode. Also, the delta functions of the last term 
have been changed from those in (1.53') through the 

14 In carrying out this operation, use is made of condition (1.48) 
in that only amplitudes of similar phonon-dependent phase factors 
actually interfere. 
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use of the relation 

8(x)8(x+y) = 5(x)8(y). (1.59) 

I t is now of interest to compare JP#(i—»£) with the 
ordinary zeroth-order two-site jump probability, 
Po(i—>j), computed, e.g., by Miller and Abrahams.3 

This quantity is gotten by inserting (1.39) into the 
standard first-order perturbation expression. The 
result is 

P'(i-*j)= E —Ei2 \Dx(±) |2 

±x ft (ct— ej)2 

X^-eyzfcftcox), (1.60) 

wherein use has been made of (1.48) to discard cross-
terms involving trigonometric functions of the argument 
q x ( R ~ R 8 ) . 

I t will now be noted that PH (i ~» k) can be expressed 
in terms of the various Po(i—*jys. In fact, upon 
comparing (1.58) and (1.60), one has, without further 
ado, 

PH{i-*k) 

ft 
[Wjk*Po(i->k)Po(i->j) 

+Wk*Po(i-+j)Po(j->k) 
eJI-$ikji 

+ Wi*P0(i->k)P*(k->j)l . (1.61) 
ftc 

For the purpose of the next section, it is desirable 
to formulate "reversibility" relationships between the 
various transition probabilities. I t is first expedient to 
consider these relationships for the zeroth order two-site 
transition probabilities, Po(i—> j). Making use of the 
formula 

Nx+lTi=l/\l-e***iKT\ (1.62) 

(which, as can readily be verified, holds for Planck's 
distribution) together with the energy restriction 
imposed by the delta function in (1.60), one has [upon 
substituting (1.39) into (1.60)] 

4x / ft \ 
Po(i~>J)= X ^ - £ i 2 ( q x - e x ) 2 ) 

±x ft \2MNa>J 

X d(ei~~ cy-fftcox) 

= Ze^*TLih 

4TT / ft \ 

K2MNO* 

where 
(1.63) 

4x / n \ 
Li,= Z-i Z —£i 2 (qx• ex)2 

fcfe * \2MNwxJ 

|e«.7«rr_e6,7*r| 
(1.64) 

is clearly symmetrical with respect to interchange of i 
and j , i.e., 

and where 
Z = e~ n / KT-\- e~C2 / KT-\- e~e3 / KT 

(1.65) 

is the three-site partition function. Inserting (1.63) into 
(1.61), one then has 

iV*-»*) = 
%LtijLtikLi]si/j 

*— J-'itc 

-.€2U/KT„ 
wk. p(€i+ej)UT 

~eUi+tk)lKT eR'%cji/fic 

where 
^£kjiZe*^T, (1.66) 

<^fcji—~ 

Zfi LijUkLkj rWi1c
z 

4 WuWikW*}-I* 

>HIKT_ ptjlKT 

pikUT 

J tlC 
(1.67) 

is readily seen*5 to be antisymmetric with respect to 
interchange of indices i, j , and k, i.e., 

(1.68) <^kji—<^>ikj—<bjik— ^ijk »->jki »•> kij' 

II. ac HALL EFFECT 

In Sec. I, explicit expressions were derived for the 
elementary jump-probabilities in the presence of a 
magnetic field. In the present section, these expressions 
will be applied to the study of electron-hopping in a 
three-site system in which, in addition to a dc magnetic 
field, there is also an applied oscillatory electric field. 
This case constitutes the simplest generalizations of the 
two-site problem treated by Pollak and Geballe4 (in 
their analysis of their experimental results on ac 
impurity conduction) which is capable of yielding a 
nonvanishing Hall effect. 

The basis of the treatment is a Boltzmann-type 
equation, of the form 

•i)f~P(i^j)ff\, (2-1) 

where i and j may both take on the values 1, 2, and 3 
(subject, of course, to the condition ij£j). Also, 

P{i-> j)~P,(i-* j)+PH(i-+ j), 

where Po(i—+j) and Pnii—* j) are given by (1.63), 
(1.64), and (1.66), (1.67), respectively. Finally, the 
presence of the electric field E is taken into account 
implicitly in the site energies via the relation 

€,= € i«»+«E-R* (2.2) 
15 The first two factors of (1.67) are obviously symmetric in the 

indices i, j , and k. The last factor is antisymmetric, in that the 
sign of $lkji depends upon the sign of the rotation in the cycle 
i —> j —> k —> i. 

file:///2MNwxJ
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where e»(0) denotes the local energy in zero electric field 
(it corresponds to the €»• of Sec, I ) . 

I t is expedient to introduce, in place of the /*, new 
variables fa, defined by the relations 

where 

and 

/<=(l/Z)*-*«(l+fc), (2.3) 

(2.4) 

(2.5) 

is the partition function for a single electron (or, 
eventually, a hole) in the three-site system. 

Substituting (2.3) into (2.1), and utilizing (1.63), 
(1.66), and (1.68), one has 

d 
Z-1e~^fa+-Z-1e-^ - (Lu+L^fa+L^+U&z 

dt 
-£z2i(fa~fa) (2.6) 

plus two other equations obtainable from (2.6) by 
cyclic permutation of the site indices. 

A certain simplification of the left-hand side of (2.6) 
can be effected by so choosing the origin of the spatial 
coordinates so that 

exp(-/3eiW)Ri+exp(-/3€2
(0))R2 
+exp(-/363 ( 0 ))R3=0. (2.7) 

With this choice, one sees that (to first order in the 
impressed electric field) 

JUz-K-jSdfc) E<exp(-0€<<O>)R<=O, 

so that, with the additional assumption of harmonic 
time variation of E(^e~i(at), (2.6) becomes 

Z-HapeE- Ri<r*«i= (io)Z-le~^-L12-Llz)fa 

-\-Li2fa-{-Litfl>z~-£32i(<t>2—fa), (2.8) 

wherein, and in what follows, e* will be written in place 
of €ico), and will denote the zero-electric-field value of 
the local energy of the ith. site. 

For convenience in subsequent algebra, let us intro­
duce the notations 

r ^ R ^ - ^ Z - 1 , (2.9) 

£ = £321. 

(2.10) 

(2.11) 

Equation (2.8), together with the two obtained there­
from by cyclic permutation of site indices, then take 
the form 

(io)X—L12—Lu)fa+ (Li2—£)fa+ (Lu+£)fa 
= iwri-jfcE, (2.12a) 

(L2i+£)fa+ (ico2—L23—L21)fa+ (L23—£)fa 
-iwiy/SeE, (2.12b) 

(Ln—£)fa+(Lz2+£)4>2+(i^—LM—Ln)fa 

= io)TypeE. (2.12c) 

Concurrently, (2.7) may be written as 

r i+r 2 +r 3 =0. (2.13) 

The solution of (2.12) is considerably facilitated by 
the circumstance that, as is readily verified, the 
determinant of the coefficients 

A s 
io3i—Li2—Ln Li2~£ Lw\-£ 

Li2~r~£ IW2—£23—L21 L2Z—£ 

Lz\—£ Z,32+<£ ic*)z—Lzi—Lz2 
(2.14) 

depends quadratically on <£. For the purposes of the 
present paper, in which only effects linear in the 
magnetic field are of interest, this quadratic dependence 
may be ignored, i.e., A may be approximated by its 
zero-field (£ = 0) value. I t then follows that the fa 
obtained from the solution of Eqs. (2.12) will have the 
form 

fa~faw+fa (H) (2.15) 

where the fa(0) are independent of £ (and hence of 
magnetic field) and the <t>i(H) are linear in <£. Since 
only the latter are of interest, as far as the Hall effect 
is concerned, they alone will be considered. One finds, 
by straight-forward algebra, 

faW = - c o ^ A - ^ E - (r2a>3-r3a>2), (2.16a) 

02(*) = -u£&-i(3eE' (rscoi-riwa), (2.16b) 

fam= -ic£A"1fieE' (riw2-r2Wi). (2.16c) 

Knowing the <t>i{H\ one may compute the (magnetic) 
field-induced component of electric current. I t is 
given by 

,(*>= -e Zi R</»= ~ fa/Z)e Zi Rie-^faW 

= -ia>Hiri<i>i(H) (2.17) 

[the last two equalities holding by virtue of (2.3) and 
(2.9)]. Substituting (2.16) into (2.17), one has 

j (*) = icoVA-^E • [ (r2o)3- r3o)2)ri 

+ (r3Wi"-rico3)+ (rico2—r2coi)r3] 

^ i w V A - ^ E - [(coi+coa+wa) fori-rtfa)], (2.18) 

the last equality resulting from the use of (2.13) and 
some algebraic manipulation. 

I t is now of interest to average j ( j y ) over all orien­
tations of the triangular configuration, i.e., over all 
values of rx and r2, subject to the restriction that the 
magnitudes of these vectors and the angle between 
them remain constant. In carrying out this average, 
it is necessary to take account of the dependence of £ 
on orientation. Referring back to (1.67), one sees that 
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this dependence is essentially of the form16 

(r»Xri)-H 
£ £(j 

| r 2 X r i | 
(2.19) 

where c£0=<£32i(0) differs from (1.67) in that the scalar 
product H-8(321 is replaced by 2l32i. 

Inserting (2.19) into (2.18) and simplifying the 
square bracket, one has 

j(ir>: 
icoV£0/3H (r2Xri) 

A | r 2 Xr! 

ia?(*£<0H (r2Xri) 

[r2rx • E— rxr2 • E ] (coi+co2+co3) 

r2Xrx 

[(r2Xri)XE](coi+co2+co3). 

(2.20) 

The average of (2.20) over orientations is clearly 
equivalent to its average over all directions of the 
vector cross-product, r 2 Xri ; one has [with subsequent 
use of (2.9)] 

j ( H ) = 
ia)2e2£o/3 /CO1+C02+W3 

A A 3 
•Wxri|(HxE) 

= ia>2e2£ol3\ -T~) 
Xr*<«+«>Z*A(HXE). (2.2I) 

Now, the area of the triangle denned by the geometrical 
centers of the three sites is 

^ 3 2 i = i i ( R 2 ~ R i ) X ( R 3 - R i ) | 
= 4 | R 2 X R i | (l+^<«*-«>+e*<«-««>), 

the last equality holding by virtue of (2.7). Comparing 
(2.21) and (2.22), one then has 

<#) = -
2ia?e2£ol3 /coi+co2+co3> 

- X -
Z3A \ 3 

X ^ ( e i + e 2 + e 3 ) ( H x E ) . (2.22) 

At this point, it is desirable to introduce a simplification 
also employed by Pollak and Geballe. This simplifi­
cation consists in replacing the various Boltzmann 
factors e~$H by unity. I t would appear to be a reason-

16 The basic assumption involved in (2.19) is that the vector 
direction of the effective flux area, 3(321, coincides with the direction 
of the geometrical area, R2XR1/IR2XR1I = r 2 X r i / | r 2 X r i | . 
This coincidence certainly obtains when the term F0(r) in Eq. 
(1.26) is negligible. Moreover, even when this term is taken into 
account, it is only its asymmetry with respect to reflection 
through the plane of the triangle which could tilt the direction of 
$321 with respect to that of the geometrical area. It appears quite 
reasonable to assume that such an asymmetry vanishes on the 
average. 

able approximation, provided that 

> ^ > k - € y | . (2.23) 

In this "high-temperature" case, the procedure should 
certainly be adequate for order-of-magnitude estimates 
of j ( F ) . Since the present study is concerned primarily 
with such estimates (rather than with precise, quanti­
tative results) the procedure of replacing each er&€i by 
unity will be followed without further ado. The result is 

where 

2iuh2£$ 
j ( * ) = ^ 3 2 i ( H x E ) , 

ZJCC — O , 

(2.24) 

(2.25) 

and where the determinant A*, [the limiting form of 
(2.14)] as e~Pe —> 1 (w» —> Z^w) becomes, upon expand­
ing and discarding of terms in £2, 

Aoo=iuZorz[_—w2—2ioi (h+h+h) 

+ 3 ( « a + « 8 + « a ) ] , (2.26) 
the notation 

/1—Zoo£23> h — ZcxLn, lz=ZooLi (2.27) 

having been introduced for convenience of writing. 
At this point, it is desirable to exhibit explicitly the 

dependence of the "Hall-probability coefficient" <£0 on 
the two-site probability coefficients h^ZL^. This 
dependence becomes simple in the above-introduced 
high-temperature approximation, e~^€iZ~l —> Z«rl, for 
which the Lij, as given by (1.64), reduce to 

Lij^Z^-hTW^B, 
where 

4TT / 
B^Z—£i2(qx-ex)

2(-
±x ft X 

l 2 ( q x . e x ) 2 ( _ y ( — ^ 
2MNJ (fex)4 

(2.28) 

(2.29) 

[use having been made of the delta function to replace 
(€»•— ey)2 by (ftux)2"]. In the case of sufficiently low 
I €*—€y| (compared to the Debye energy), one may use 
the further approximation 

cox=Cx|qx|, (2.30) 

where c\ depends only on the direction of qx (and on the 
particular vibrational branch under consideration). 
Introducing the replacements 

V V 
£ ( • • • ) = — £ ( • • • ) * « = — £ 
X 87T3 / 87T3 7 

(• • -)q2dqdtt, 

(where V is the volume of the sample, dQ, and element 
of solid angle in q space, and j=l, 2, or 3 designates a 
particular one of three acoustical branches), one then 
has, upon integrating with respect to q 

1 1 r 

2w2h 2pft* i J 
(2.31) 



H A L L E F F E C T I N I M P U R I T Y C O N D U C T I O N 1339 

(where p is the mass density and n a unit vector in the q Substituting (2.32) and (2.26) into (2.24) (and re­
direction). By virtue of the fact that Cj is a function of membering that £ = 1/*^), o n e then has 
n alone, (2.31) clearly depends only on properties of the 
host crystal (mainly elastic). ^ r 2coV 2>hBh ~] 

Introducing (2.28) into (1.67), and again replacing 3 ^ = —^[321^321 H x E 
Boltzmann exponentials by unity, one has LZ°°' 

M e(H-«,y«) 
&Kii=—Zj(LijL$hLki)K*TB)* , 

4 #c 
X-

(«A)» 

~C02-2^(/1+Z2+/3)+3(/l/2+/l/3+W3) 
(2.33) 

which, by virtue of (2.27) and the remark subsequent 
to (2.19), is equivalent to I n what follows, attention will be focussed principally 

™ in the imaginary component of j ( i 7 ) , i.e., the one 90° 
£ (KT)*B% —(/ / / )* (2 32) o u t °^ P n a s e w^ t n the electric field. This quantity, after 

4Z* Ac a little algebra, can be put into the form 

XH)-_ 
2e2 3hBh_ 

ZJ(KT)$ 4 fie 
-2l321^32l(HXE) 

2<J{hhh)Kh+h+h) 

O)4+C02[3(/1
2+Z2

2+/3
2) + (/ l+/2+/3)2] + 9(/1/2+/1/3+/2/3)? 

(2.34) 

As contrasted with the real component, (2.34) attains 
a maximum when the Z's are all in the neighborhood 
of co; this feature will be utilized in summing j ^ H ) over 
all possible 3-site configurations, an operation which 
is carried out immediately below. 

The principal variable involved in the summation 
are the mutual distances R12, Ru, and R2z, between the 
three sites. These distances enter into (2.34) principally 
via their effect on the Z's, i.e., on the Lij (via the 
dependence of the Wij on R^). At this stage, rather 
than entering upon an evaluation of the Wij, as given 
by Eq. (113) of Appendix I, one may conveniently 
utilize an expression given by Pollak and Geballe4 

[their Eq. (13a)], which they in turn obtain from the 
theory of Miller and Abrahams.3 The quoted expression 
reads (in the notation of the present paper) 

Lij^Z-KHRis/a)******!; (2.35) 

where a is the radius of the donor wave function and 
C a numerical constant, which for silicon has the value 

C = 1.65 X1012T sec"1 (2.36) 

(T being expressed in degrees Kelvin17). 
One has now to compute the occurrence-probability 

distribution of the Rij over all possible three-site 
configurations. Selecting, e.g., site 1 as a reference point, 
one may readily write down the probability, W (Ri2)dRi2, 
that a second site (site 2) be so situated that its distance 
from the first lies between Ru and Rn+dRn; it is 

W(Ri2)dR12=4:TNDRi22dRu, (2.37) 

where ND is the density of donor sites.18 

17 It may be noted in passing that (2.35) incorporates the effect 
of mass-anisotropy of the conduction band of the host crystal; for 
the simple isotropic case actually considered in this paper, the 
factor (Rij/a)* would be replaced by a term proportional to 
{Rij/a)2. The use of (2.35) is more appropriate for numerical 
estimation, in view of the fact that impurity conduction experi­
ments have been carried out principally with Ge and Si samples. 

18 Strictly speaking, one should introduce the restriction 

With respect to the third site, it is necessary to 
specify not only its distance, .R13, from site 1, but also 
the angle 023, between Ri2 and R13. One readily obtains 

W(Ruie2^)dRud(cosd2z) = 2irNDRiHRxzd cos023, 

which, by virtue of the relationship 

i?232 = ^12 2 +^12 2 ~-2i? 1 2 ^ 1 3 COS023 (2.38) 

may be written as 

W(RlhR2z)dRizdR2Z 

= 27rND(RnR2z/Ri2)dRudR2z. (2.39) 

Combining (2.39) with (2.37), one obtains the occur­
rence distribution for all the Rij, namely, 

W (Ri2,Ru,R2z)dRi2dRndR2z 
= SwlND2Ri2RnR2zdR12dRndR2z. (2.40) 

Combining (2.40) with (2.35) and introducing the 
notation 

fk^Rij (2.41) 

(i.e., n=R2z, r2=i^i3, rz^Ru), one has for the occur­
rence distribution of the lK^Lij, 

W{lMz)dhdl2dlz 

= &ir2ND2rir2rzdridr2drz 

& T W D V / 1 - 3a\-1 dh dl2 dh 

-rir2rzTr. 
/ l ~ 3 a \ - 1 ^ / i 

\ 4n J h l 2 lz 
(2.42) 

that no other site lie closer than Ru. This restriction would 
have the effect of multiplying (2.37) by the "exclusion" factor, 
exp(—47riVrDi?i23/3). In what follows, as in the work of Pollak and 
Geballe,4 the distances of interest turn out to be rather smaller 
than the critical cutoff distance ~(3/4-TND)* at which the 
exponential factor becomes important. Physically, this means that 
the intersite distances of the configurations which provide the 
principal contribution to the current (both ordinary and Hall) 
are less than the average distance between donors; for such 
configurations, the likelihood of an additional site being still 
closer to either of the two (or three) already under consideration, 
is remote and may be ignored. 
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where the product goes over the values i~ 1, 2, 3, and where ri is that value which satisfied (2.35), i.e., 

h=C(n/a)*e-**ti: (2.35) 

Introducing (2.42) into (2.34), together with the transformations 

one has 

4e2o>" 3fiBk r00 r r00 ( n 
].m = _ . _ ( H X E ) 8 T T W W / %.iAZ21wi\ 

ZJ(KT)* 4 tic Jo Jo Jo \i-~3a/4tn 

(tf + tf+^d^d^ 
X ~ • , (2.43) 

l + [3(?l4 + £24+?34) + (£l2+£22+OT 

where, in place of (2.35), one has functions of the &, and (b) the anticipation that the 
tzir— ( I \\ -r-ia (o AA\ m a m contributions to (2.43) will come from regions in 

o>Z%/L-(fi/a)e * . (2.44J w h i c h the ̂  are of the order of unity. 
A considerable simplification is achieved by approxi- In a similar spirit, the area factors 2l32i and A 321 will 

mating the r»'s in the factors, r»/(l —3a/4r»), by a both be replaced by the area of the equilateral triangle 
single constant value, fo, which is given by (2.43) with whose three sides are equal to ro, as given by (2.45). 
each %? set equal to unity, i.e., by the solution of the Thus 

6 q U a t i 0 n »,C=Wa)W. (2.45) ' a « - ^ » i - * * / 4 . 

This approximation is based (a) on the circumstance With these approximations, one then has for the 
that the n's are rather slowly-varying (logarithmic) magnitude of ]i{H) 

jiW 4A>3/2 3ft eH /v3ro2\2 r0
3 

~~— £*— J —8ir2a'NDg, (2.46) 
E ZJ(KT)* 4 *<A 2 / (l-3a/4r0)3 

where 

A l + [3(fl4+?24+?34) + (fl2 + f22+f32)2] + 9(^2?2
2 + f1^32 + ?22?32)2 

dU / •—• — — . (2.47) 
octant Jo l + f 4 C l + 3 ( ^ 1

4 + ^ 2
4 + W 3 4 ) ] + 9 e 8 ( ^ l 2 ^ 2 2 + W 1 W + W 2 W ) 2 

In (2.47), £2=£i2+£22+£32and^=&/£are thedirection It is desirable to express this result in terms of a 
cosines of the vector (£1,̂ 2,£3) in a Cartesian space; in quantity analogous to the Hall angle. Because of the 
the last equality the angle integration goes over the ready availability of a formula for the real part of the 
octant for which the tn are all positive. ordinary rf conductivity o>, namely, Eq. (15) of 

An approximate evaluation of the dimensionless Pollak and Geballe,4 which reads19 

quantity g is carried out in Appendix IV. The result 2 4 

is [cf. Eq. (IV8)], <^0.62. Inserting this result into crJL]^AND—T—J-- (2 55) 
(2.46) and multiplying by the density of charge carriers 3 KT 2 2 
[which may be taken equal to the minority (acceptor) w i i e r e 
concentration, NA], one obtains (as a lower limit) the 
following expression for the imaginary component of r°~~ l^-°~~2 m w 

Hall conductivity j - a s c o m p u t ed by Pollak and Geballe from equations 
equivalent to (2.45) and (2.36) of this paper] the 

^ <m =
 NA*i{m^ ( 3 ) ( ° - 7 Q ) g V / 2 ^y^ f o 2 \ 2 "equivalent Hall angle" will be defined as 

E ZJ(KT)* \ 4 / ft<*>sser,<*>/*r. (2.56) 

tH fo /~ t?A\ 19The arc-tangent term of the square-bracket of Pollak and 
X STTVND-NA- (2.54) Geballe's Eq. (15) is herewith ignored, in accordance with the 

fie (1 —3a/4fo)3 procedure of these authors. 
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Dividing (2.54) by (2.55), and setting Zoo = 3, one has 
(with neglect terms ~a/r0) 

e<W = 9.80(NDa?r0) (fi^TB^an, (2.57) 
where 

aH^^Sr0
2eH/^fic (2.58) 

is the "magnetic" phase shift associated with an equi­
lateral triangular configuration (in which the three 
intersite distances are all equal to ro), and where the 
quantity B is given by (2.31). The latter relation is 
expediently simplified by the standard assumptions 
that (a) the lattice-vibration modes may be considered 
either as transverse or longitudinal, and (b) the longi­
tudinal velocity is taken to be a constant, ci. Eq. (2.31) 
then reduces to 

B = Ei*/7rp#ci*, (2.59) 

which, when substituted into (2.57), yields 

0 .(*>.= 9.S0(NDa?r0) (futiKTEH-iriPcWaH. (2.60) 

An estimate of the numerical value of 6i(H) as given 
by (2.60) will now be carried out for the case of 
phosphorus-doped silicon (under the conditions pre­
vailing in the experiments of Pollak and Geballe9). 
Numerical values of the relevant parameters are taken 
as p = 2.42 g/cm3, ci = 9X10b cm/sec, £ i = 6 ev; donor 
wave-function radius # = 2 0 A (as quoted by Pollak 
and Geballe). The quantity r0 depends upon tempera­
ture and frequency. At e.g., 10°K and co = 27rXl05 sec-1, 
f o~10#=2X10 - 6 cm. For ND a representative value 
of 1016 cm - 3 will be used. Finally an is set equal to2 0§. 

With these values (2.60) gives 

<V*> = 0.62X10-6. (2.61) 

An alternate way of describing the magnitude of 
the Hall effect is in terms of the Hall mobility. In 
analogy with the dc case, let us define the ac Hall 
mobility—more specifically, its imaginary part— by 
the relation 

SiWsmWH/c. (2.62) 

From (2.62), (2.60), and (2.58), one has 

XfytiKTEf/irpWci*)*. (2.63) 

One may now compare (2.63) with the (real part of 
the) ac drift mobility [[obtained by dividing (2.55) by 
eNA~], i.e., 

x e r£a T 
M ra» = - # 2 ) — •—co-. (2.64) 

3 KT 2 2 
The ratio is 

M / H ) SASa/KT \ /fiwKTEi2\ * 
= ( — ) ( ) . (2.65) 

20 This value corresponds to ;'0 = 2X10~6 cm and # = 20 000 
gauss. 

Using the numerical values given in the text previous 
to Eq. (2.61) for the various parameters, one finds 

/*<w//ir ( I ) ) = 1 9 1 » l . (2.66) 

I t is thus seen that the Hall mobility is actually 
much larger than the drift mobility. This result appears 
to be characteristic of hopping-type conduction mecha­
nisms in low-mobility materials, in which (as in the 
present paper) the dominant Hall-conductivity mecha­
nism involves the interactions between three sites. In 
particular, the result ix{H) / ix{D)^>\ has been obtained1 

for small-polaron hopping conduction, in those cases 
wherein the crystallographic arrangement favors the 
three-site mechanism.21 

Unfortunately, from the experimental point of view, 
the numerically favorable situation exhibited by (2.66) 
is rather illusory. In particular, even though the Hall 
field (specifically, its imaginary component) 

E ,.(*> = {\/NAec) {inH/nr
D)J^H (2.67) 

is large compared to the so-called "normal" value, 
J^H/NAec, the resistivities of the materials under 
consideration are extremely large (~109 ohm cm) (cf. 
reference 4). What one is actually measuring is a 
change (due to the magnetic field) of the transverse 
conductivity, which, according to (2.62), is some 10~6 

times smaller than the ordinary conductivity and hence 
^10~ 1 5 ohm - 1 cm"1. Such conductivities are small 
indeed. 

I t should however be remarked that the above 
numerical estimates of ordinary conductivity and Hall 
angle relate to conditions prevailing in an experiment 
(that of Pollak and Geballe4), which was not designed to 
measure Hall currents. I t is to be hoped that the 
exploitation of a number of possibilities (such as more 
highly doped samples, and/or larger ac electric fields) 
may yield the sensitivity required for an experimental 
check of the theory. 

III. SIGN OF THE HALL COEFFICIENT 

In this section the sign of the Hall effect will be 
discussed. I t should be remarked at the outset that 
the discussion will apply only to the case of large 
compensation, in which the number of electrons on 
donor sites is small compared to the total number of 
donors—this case, strictly speaking, is the one for 
which the theory has been developed. 

Referring back to the end of Sec. I, one sees [ci. 
(1.66) and (1.67)] that if, say, a three-site circuit 
i —> j / —> ^ —> i is counterclockwise and if the component 

21 Such arrangements are characterized by the feature that 
each site has two nearest neighbors which are also nearest 
neighbors of each other (e.g., face-centered cubic). On the other 
hand, structures such as body-centered or simple cubic, in which 
a closed path connecting nearest-neighbor sites contains a minimal 
number of four sites, yield Hall mobilities which are considerably 
smaller than those provided by the three-site mechanism and 
which, for representative values of the parameters, are comparable 
in magnitude to the drift mobilities. 
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of the field parallel to the normal of the enclosed area 
is positive (i.e., H - 2 t ^ > 0 ) , the sign of PH(i-*k) 
coincides with that of WijWjkWki- If, as will be argued 
below, the Wji are all negative, it follows that 
PH(i—*k) is negative. Moreover, according to (1.66) 
and (1.68), P#(2—» i ) = — P#(i—* &) and is therefore 
positive. I t is then clear that, in the presence of a 
magnetic field, P(i—>k) and P(i—*j) decrease and 
increase, respectively, thereby providing a net flow of 
electrons from k to j . Since the nonmagnetic zeroth 
order electron current is, on the average, directed from 
i to some point between j and k, the Hall angle is 
negative, as might perhaps be expected for electrons. 

I t remains to justify the above assertion that the 
Wji are negative. The sign of a typical Wji is determined 
by that of the "transfer potential" function Wji{x) 
[given by Eq. (1.12)] in an ellipsoidal region containing 
the sites i and j , in which u(x—Ri)u(r—Rj) is maximal. 
The principal term in (1.12) is contained in the first 
parentheses; it is the one which appears in all overlap 
calculations, and is obviously negative in the intersite 
region. For the case of a hydrogenic ground-state 
wave function, its contribution to Wji is known to be 
-2e2/KRijSji [cf. H. Bethe, Handbuch der Physik 24, 1 
(1933), especially p. 539]. 

Turning now to the other terms in Wji(t), one notes 
that they each represent differences between the value 
of a potential function at r and an equally weighted 
average of its values at sites i and j . These differences 
will generally fluctuate in sign in such a way as to yield 
relatively small net contributions of the form 
(ye2/KRik)Sji and (yre2/KRia)Sji, where Ria is the 
distance from site i to the nearest acceptor ion and 
where (as indicated by sample calculations) y and y' 
may be expected to be small fractions of unity (apart 
from exceptional cases in which, e.g., the acceptor ion 
is abnormally close to one of the two donor sites under 
consideration). 

If the above (admittedly crude) estimate of the 
magnitudes of the different contributions to Wji be 
accepted (it may here be remarked that Miller and 
Abrahams3 discard the second and third terms in (1.12) 
entirely), it follows that Wji is negative; from the above 
discussion, one then concludes that the Hall coefficient 
itself is negative. 

APPENDIX I 

In this appendix, the atomic orbital approximation 
to the eigenfunctions of the three-site electronic 
Hamiltonian, 

He=T+Va(r)-

x[^+^w+]^]' m 

will be developed. The standard projection procedure 
consists in substituting the general atomic-orbital 
expression 

lKr) = E * C ^ ( r ) (12) 

into Schrodinger's equation, multiplying on the left by 
a particular </>y, and integrating over r. Taking 
cognizance of the fact that the isolated donor functions, 
<t>i, are solutions of the equations 

T— 
ic|r—R»| 

0»(r) = £d0<(r) (13) 

with Ed the negative of the donor ionization energy), 
one obtains the three equations (j=l, 2, 3) 

where 
J- ji—Oji~T~i$ji) 

(14) 

(15) 

Sji=\i-biiUi*<l>4v\ (16) 

Ha—EdTji-\- Uji, 

Uit= *y*(r) Va(t)-
K k?*i | r — R f c 

(17) 

\4>(*)dV. (18) 

I t is now expedient to multiply both sides of (14) 
by the matrix Tif\ inverse to Ta\ then, upon summing 
over the intermediate index jy and going over to the 
approximation 

Tir^Sv-Sv (19) 

(applicable when the nonorthogonality integrals Sij 
are small compared to unity, as will here be assumed), 
one has 

( £ - £ d ) C , = E [Uu- £ StjUji^d 
i 39*1 

^L UJn-SuUi^d (110) 
i 

(the last approximate equality holding by virtue of the 
relative smallness of the terms, Y,j*iSijWji, which 
involve squares of overlap integrals). Equation (110) 
may more conveniently be written in the form 

(E — ei)Ci= £ JiiCiy 

where 

€»=Ed+U'a 

= Ed+f\<i>i{r)\2 

and 

J ii = = U ji *̂  ji U ii 

J L k*i K | r— Rk 1J 

— 9 77 -

(111) 

(112) 

(113) 
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As in the treatment of Miller and Abrahams,2 it where 
will here be assumed that the differences in the "local 
energies", €*, are large compared to the "transfer w..(r\^(y /y\__ 
energies" /»•/. In this case (111) may be solved by 3% \ 
standard Rayleigh-Schrodinger perturbation theory. 
The result, to first order in Jij, is 

Va(Ri)+Va(Ri) 

2 

\^i Oia~T~ 
Ju 

- ( l -5 ,«) . (114) 

Inserting this result into (12), one obtains for the 
eigenstates \[/a of He the result 

) 

' - ( - — — ) 

ic \ | r—R y | | R ~ R y | / 

e2/ 1 

7\|r-R, 
I R.— Rfc 

APPENDIX II 

— ) • 

| »y -R* | / 

(120) 

J ia. 
lpa = <t>a+ ]C 0* ""J 

or, more explicitly22 

/21 Jzi 
$1—0H —<t>2~\ 0 3 , 

€1— e2 €1— e3 

Jl2 Jr32 
^2 = 01+02H ^03, 

In this appendix, the matrix elements of electron-
(115) lattice interaction 

€2— ei 

/ i s 

62—€3 

^23 
1 + 02+03-

(j\Hint\i)^E1j ^*(i)v(r)Hr)dV (III) 

(I16a) will be evaluated. From the form of rj (r) given in Eq. 
(1.5), it is clear that (III) consists of a superposition 
of matrix elements of the form 

(H6b) 

4*00=3 Ufe^'VidV. (112) 

€3—€1 €3—€2 
^ ^ Attention will therefore be focussed on these quantities. 

A guiding principle of the calculation is that, in 

I t is now desirable to transform relation (113) for v i e w o f t h e b a s i c assumptions 
Jji into a form which will be more useful for the J--/\e e|<<Cl- S-<K1 
extended treatment. Adding and subtracting the term 
(Uu+Ujj)/2 to the right-hand side and analyzing the the nonvanishing terms of only the lowest order in the 
first equality of (112), one has J{j and Sij need be retained. Thus, in the case of the 

diagonal matrix elements, 4^ ( X ) , it is sufficient to 
e approximate each \[/i by the corresponding 0*, so that 

J « - / • 0/(r)0,(r) F.(r)- E 
fe^j K I r— Rfc 

Ui^-Ut 

J \dV-(u-*j)Sa/2. (117) 

Au^^ / | ^ . | V < ^ W . 

Following the procedure of Miller and Abrahams,3 one 
may in addition assume that the q\ of interest obey the 

Further simplification is achieved by taking advantage condition 
of the fact that, in all cases of interest, the radii of the „* /j-™x 
donor wave functions are small compared to intersite 
distances. Under such conditions, Va is well approxi- (where a is the radius of a donor wave function); it 
mated by the formula then follows that 

tf«=7«(R0-£-——-: 
k^i K\Ki— Rjbl 

which, when inserted into (117), yields 

(118) 
4« ( X ) = e*»-R<. (114) 

For the evaluation of the off-diagonal elements A ^ 
it is necessary to go to the first order in / # and S3-i. 
Thus, one has, e.g., for 

T T * 
Jji= I <t>^(r)<l>i(x)wji(t)dV- (c,— €y)S#/2, (119) A2i

(K)=—^--^x ' R H — e * ^ ' R l ' * " / < 
€1— € 2 €2—€1 

22 The orthogonality (to first order in the /»,-) of the ^'s may be 
verified directly, if one takes account of the fact that the Jtj are not 
Hermitian, but obey the relation / ; /—Jj i*—Si^i~«/]• • / 

+ \4>2*e**«<l>idV. (115) 
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At this point, another approximation utilized by 
Miller and Abrahams will be introduced. I t is, namely, 
that the distance between donor sites, |R<—Ry|, is 
large enough so that, for the q\ of interest, the condition 

$ x | R < - R y | » l (116) 

is obeyed. (Obviously, the condition can be satisfied 
for sufficiently low donor concentrations.) With the 
aid of (116), one may show that the third term of 
(115), namely, 

2STi2(X)= <f>2*e^-r(t>idV, 

is small compared to the others.23 I t will therefore be 
discarded in what follows. 

Introducing Eq. (1.23) into (115), one has 

W21 
A n (X) = \~ei<lx R2— eiqx '^"U^*21 

- hS2i(T*"[e** •**+*** -Ri]. (117) 

In obtaining (117), use has been made of the 
relationships 

aij——aji, ( I I8a) 

Pa=-P3'i, (H8b) 

Wij^Wji, (II8c) 

S^Sn, (H8d) 

which may, in turn, be verified directly from the text 
relations24 (1.24)-(1.29) (and which, incidently, must 
be valid in order that the \pi remain orthogonal in the 
presence of the magnetic field). The insertion of (112) 

23 The reason is that the domain over which the magnitude of 
</>2*<£i is of the order of its maximum value, is a prolate ellipsoid 
with minor axis ^(a|R2—Ri|)* and major axis ^ |Ri—R2I/2. 
Over this domain, the oscillations of the factor ei<lx'r cause destruc­
tive interference. 

24 This verification is straightforward except for the «»/. In this 
case, it turns out that £/»(1), as given by the text relation (1.26), 
is not equal to p»,-(1). However, it will be noted that the difference 
between, say, Qaw and the obviously symmetrical quantity 

P|,m5y,-J,(l-Kj),(r-R,.)pW+'"-'W]riy 

is given by [cf. Eq. (1.20) of Appendix I ] 

which, in view of the symmetry of the donor functions, and of the 
term in square brackets, has the form 

where Aji—Aij and Bji — Bij are certain constants. With this 
form it is seen that 

9 . . ( i ) _ 9 . . ( i ) = A 9 / . ( i ) _ A ^ ( i ) 

which clearly makes no contribution to the triple scalar product in 
the text relation (1.25), which defines a/». 

and the cyclic permutations of (117) into the expression 

(j\Hiat\i) = iEiJ^ qk'e\[ J 
x \2M7YW 

X C M y ^ - i x ^ y ^ t ) (119) 

yields the desired matrix elements of electron-lattice 
interaction. 

APPENDIX III 

In this appendix, the selection of those three-stage 
processes whose amplitudes are coherent with that 
of (1.54) will be carried out. This selection is governed 
by a number of conditions. One first notes (condition 1) 
that, since the final lattice state differs from the initial 
in that only a single phonon belonging to the X mode 
has been absorbed or emitted (N\—t'NyFl), one of 
the three stages must involve this process, the other 
two must have to do with the absorption and re-
emission (or emission and reabsorption) of phonons of 
another mode (N\> -> N\>=Fl -> > N\*). 

Secondarily (condition 2), it is necessary that the 
energy of one of the two intermediate states coincide 
with (i.e., be contained in a continuum which overlaps) 
the energy of the initial state. This requirement is 
needed in order that the net zero-field phase difference 
of the two interfering amplitudes be ±90° (as discussed 
in connection with the two-stage interferences [in 
particular in the text between Eqs. (1.45) and (1.46)]). 

Finally (condition 3), it is necessary [by virtue of 
inequality (1.48)] that the "phonon" phase factors of 
the three-stage amplitudes coincide with one of those 
given by Eq. (1.54), i.e., they must reduce to either 
£±;qx-Rfc o r g±iqx-Ri# These three conditions will now be 
used to select the relevant three-stage processes. 

A 

Let us begin by looking for those processes whose 
amplitudes are proportional to e±iqx,Rfc. Since the X mode 
is (by condition 1) to be involved in only one stage, it 
is necessary that (in going from i to j to k) the X mode 
participate either in the transition j—>k, or in a 
"diagonal transition", k—>k. The other stages, in 
particular diagonal transitions on either i or j , or 
transitions i —> j , must "use" another X' mode. 

The initial process could conceivably be diagonal 
(i, N\>~->i, iVx'^Fl) giving rise to a phase factor 
e±iqx' 'Ri. Since this phase factor does not occur in the 
net three-stage amplitude, it would have to get elimi­
nated in the next stage, which would hence be of the type 
(i, iW=Fl—>j, N\), to be followed by (j,N\->k, 
N\Tl). This possibility, however, would violate 
condition 2, in that the two successive intermediate 
states would have energies which differ from the initial 
by ±hoy\ and €,•—€,-, respectively. I t then follows that 
the first stage must be of the form (i, N\'—*j,N\'zFi). 
Furthermore, from the phonon phase factor (e±iqA 'R ' 

file:///2M7YW
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— giiqx-R )̂ 'm the matrix element [cf. text equation 
(1.39)] only the first term, e±iqx/,R'", is to be retained. 
(The other phase-factor, e±i<iX"Ki, could never be 
cancelled out in the second or third stage, since site i 
will not participate in them.) 

Coming to the second stage, there are the two 
possibilities of a diagonal (j—* j) or a nondiagonal 
(j —> k) transition. These will be considered in sequence. 

(1) The diagonal (j—> j) transition cannot use the 
X mode; by virtue of condition 1, which requires that 
this mode occur only once, its use must be reserved for 
the transition involving site k (so as to provide the phase 
factor e±i(iX'Rk). The diagonal transition must therefore 
be 

(j,Nv=Fl->j,Ny). 

I t then follows that for this case, the total sequence of 
transitions is 

(*, N\, Nx> -> j , #x, iVx'=Fl -> h Nh 
Nv-+k,Nx¥l,Nv). 

[One notes that the second intermediate state has the 
same lattice quantum numbers as the initial, so that 
it is necessarily virtual (with energy differing from the 
initial state by the amount, €,— €*•).] The amplitude for 
this three-stage process may now be written down, and 
is25 

X . (III1) 
(€»— €j) (ej— 6k) (€*— € y ± f e o \ ' + f f o ) (u~ €/) 

(2) Let us now consider the remaining possibility 
for the second stage, namely a transition of the type 
(j, Nx'^Fl —> k, N\'). The final stage is then necessarily 
diagonal, of the form26 (k,N\-+k,N\=Fl). The total 
sequence of transitions is thus 

(*, Nx, Nv -> j , Nx, ^ ' T l -> *, Ni, 

the associated amplitude is 

(*, TVxTl, N„ | r8<
2> | i , iVxTl, Ny) 

= E1»|Px,(±)|«Jpxc±) 

WkjWjie
i<f*kt+aii)e£i** 'Rk 

x _ , (IH2) 
(ti— *j) (ej— ek) (€»— €jdzfio3\'+ifis) (e*— ek) 

25 In accordance with the above remarks, the relevant terms of 
the first, second, and third stages are those whose phonon phase 
factors are e±»i\'-Ri, gi^x'-Rj, and e^x***, respectively. 

26 An alternate order of phonon mode participation (for the 
second and third stages) such as 

( j , iVx'=Fl, iVx -> ht iVVTl, NxTX -> k, Nv, Ax=Fl) 

would yield terms proportional to 
e±*q\ •Rj/giaqX-Rfc — gi^qX-Rj^rktqX R& 

and hence incapable of interference with (1.54). 

wherein the energy of the first intermediate state is 
[as in the case of (III1)] required to lie in the immediate 
vicinity of the initial energy, since that of the second 
intermediate state necessarily differs by the amount 

The superposition of (III1) and (III2) yields 

(*, W r F l , Nx* | 2V» |*, Ny¥l, Nx>) 

WkjWjie^v+^e^* Rk 

X , (HI3) 
(e,— ey)2(e»— ek) (e,— €y=bft«x'dzifo) 

wherein the superscript "(&)" is used to indicate the 
fact that the phonon phase factor is a function of the 
position Rfc of the &th site. 

B 

Let us now consider the other contributing three-
stage processes; according to the remarks at the 
beginning of this appendix, they must be such as to 
exhibit eventual proportionality to e±iqx Ri (and to no 
other phonon phase factor). 

In order to realize the factor e±iqx ,R% it is necessary 
that the X mode participate in either the first or second 
stages of the transition, since only factors of the form 
e±*qx-R/ o r £±*qx-Rfc could be generated in the third stage. 
If the X mode participates in the second stage, the 
transition must still involve the ith site, i.e., hence, 
the first transition would have to be of the diagonal 
form (i, Ny —> i, iVx'Tl), giving rise to the phase factor 
£±iqx' R* The required cancellation of this phase factor 
would have to occur in the next (second) transition, 
which would therefore have to be of the form 
(i, iVx'Tl —» j , N\>) contrary to hypothesis. I t there­
fore follows that the X mode must participate in the 
first stage. This stipulation still permits two choices, 
either diagonal (iy N\—»i, iVxTl) or nondiagonal 
(iyNx—tjjNxn); these will now be considered in 
order. 

(1) With the first transition of the type (i, N\ •—> i, 
Nx=Fi), the remaining two must be (in sequence) 
(*, iVxTl, Nv-+j, iVxTl, tfv=Fl-»*, tfx=Fl, #X')-
Let us here observe that the first intermediate state is 
virtual; in fact, from footnote 13, the associated energy 
denominator, Tfecux, may be set equal to ek— 64. I t then 
follows that the second energy denominator, 

€i— ejzkhux^Fhuix'-i-ihs— ek— €jdoha)\>-{~ihs, 

must be of the "resonance" type, in which the 
continuum of intermediate energies overlaps the initial 
energy, thus requiring27 

€*-€y=fc«ftfc' = 0. ( H I 4 ) 

27 The X' mode is here obviously different from that participating 
in (III 3). As will be seen later, this difference is inconsequential, 
since the two types of amplitudes will never interfere. 
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The net amplitude of the above described three-stage is of the resonance form, as long as (III4) is satisfied. 
transition may now be written down, and is 

(k,NxTl,Nv\W>\i,Ni,Ny) 

= -£1
3 |2)x' (±) |2i )x (±) 

WkjWjiei<-aki+aii)e±i'l'> Ri 

X — — — — • — • — • — — — • — • — • — • — • — • — • — • — . 

(«<— «y) («y— e*) (€*~ €«) (e*~ ey±*wy+*fo) 

The net amplitude for this transition is 

(k,NyPl,Ny\T,w\i,NMNv) 

WkjWjiei(ak'+a'i)e±i'l>' R< 
X-

(III5) 
(e,— (j) (e,— tk) (eh— *,) (e*— eyifeoy+ifa) 

(III6) 

(2) Assuming the first transition to be of the non- wherein use has been made of footnote 13 in rewriting 
diagonal type («, N*-> j , #A=F1), one must then take t h e first energy denominator. The superposition of 
the second transition to be diagonal. Otherwise, one (HIS) and (III6) yields 
would have (*, N\, N\>->j, iVx=Fl, N\>-*k, yVx'=Fl, / t N=F\ A\,|7V«>lt N* Nx>) 
^ , T l _ ^ ^ T l , i V x O in which, by virtue of footnote l M > + 1 , " k | J ' IMWVxJ 
13 (and the basic presumptions «»?*«,•?*«*), both energy 
denominators are nonvanishing. One is thus left with 

(*, Nx, Nv -»• j , iVx=Fl, Nv -* j , tfx=Fl, 
iVx-Tl -> *, Nv¥l, Nv), 

WkjWjiei<f"'i+ttii)eiz"lx R*' 
X-

(«<— «*) («y— «t)2(«A— ey±feox'+*fc) 
(III7) 

which the energy denominator of the second inter- wherein the superscript "(*)" has been used on the 
left-hand side to denote the fact that the phonon-
dependent factor, e±i<lx'Ri, depends on the location of 
the ith site. 

mediate state, namely, 

APPENDIX IV 

In this appendix the dimensionless quantity, 

J octant J 0 

WS 
l+r[l+3(»i4+^24+w8

4)]+9^(w1%2
2+«1W+w2%8

2)2 ' 
(IV1) 

given by the last equality of (2.47) will be evaluated. Here, as pointed out in the text subsequent to (2.47), the 
» i = & / l are direction cosines in a Cartesian space, and ( -^ l iM-^+ls 2 . 

The integration over £ may first be performed; the result is 

S -I Hi-
J octant *- W 

1 

( 3 - J ) * { l + i + [ 8 ( i - l ) ] * } * + { l + J - [ 8 ( 4 - l ) ] * } * 

X-

where 
b=3(n1

A+n2
4+ns

A). (IV2) 

The integrand of the expression for tf can be simplified 
considerably by use of the algebraic relations 

{1+H-[8(J-1)]*>* 
+ {1+J-[8(J--1)]*}*=8*, (IV3a) 

{i+b+is(b-i)y)*+{i+b-mb-i)y}t 
= 2*[2*+(3-i)*]* (IV3b) 

(each of which is readily verified by squaring both sides 
of the relation in question). One obtains 

{ l+J+[8(f t - l ) ]*}*+{l+J-[8(J- l ) ]*}*. 

which, from (IV2) and use of the relation 

1—ni2+fi22+fiz2 

may be written as 

1 

Ida, 

5= 
(8)3* / 

J od 

X-

i [ni2fi22+ni2ns2+n22n32']i 

[1+3 (ni2fi22+ni2ns2+n22nz2)iy 
(IV5) 

(4)2U„otantL(3-(4)2U 
octant1 

\<m, (IV4) At this point, the approximation of replacing the 
quantity, [ 1 + 3 * ( ^ I W + ^ I W + ^ 2 W ) * ] * by its maxi-
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mum, namely 2*, will be introduced. One then has 

><T = -8^3 / 8(6)* J octant [n1
2n2

2+n1
2nz2+n2W]h 

8(6)* 

•T/2 ^ T / 2 d&fy 

o [cos20+i sin20 sin22tf>]* 

To proceed further, it is useful to express K(k) as a 
series in ascending powers of the argument 

fe'=(l-#)*=Jsin^. 

One has (cf. Jahncke and Emde, Tables of Functions, 
(IV6) (Dover Publications, Inc., New York, 1945) p. 73. 

4 ln(4/£ ' ) - l f 

where 6 and <£ are polar and azimuthal angles, K(k) = \n~-\ — k'2 

respectively. k 

The integration over 6 now gives 

cjrr 

7T r12 

8(6)* Jo 

+—(ln4 /^ -7 /6 )^ 4 +-
64 

8(6)* 

where iA=2<£, and where 

* ( * ) = 

JS : [ ( l - i s i nV)W, (IV7) which, upon insertion into (IV7), yields to a sufficient 
degree of accuracy28 

TT/2 dO 

l0 (l-62sin20)* 

is a standard elliptic integral. 

7T2 r 1 16" 
= lnl6H—In— 
16(6)1 32 e2J 

= 0.70. (IV8) 

28 The contribution of the third term of the series is left out. 
This omission again minimizes the result. 


