DIELECTRIC STUDIES OF Ca,Ba;_-,TiO; AND Ca,Sr,_,.TiO;

not fit here since even pure SrTiO; crystals exhibit
remanent polarization up to about 70°K, a temperature
slightly below the cubic-tetragonal transition point
(~80°K).

The dielectric properties of SrTiO; reported by other
authors!¢:12¢ have the same trend as ours, except for
those of Smolenskii,?® who observed a dielectric constant
peak between 20° and 30°K on ceramic SrTiO;. One
possible explanation for this conflict seems to be that his
sample was not very pure. Figures 5 and 12 show that a

2 A, Linz, Jr., Phys. Rev. 91, 753 (1953).
25 G. A. Smolenskii, Izvest. Akad. Nauk S.S.S.R., Ser. Fiz. 20,
149 (1956).

PHYSICAL REVIEW VOLUME

124,

1359

small addition of Ca?* (for example) can change the
dielectric properties of SrTiO; drastically.
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A study of the spin absorption lines of all orders was made. Rules for obtaining the absorption operator
of any line were found. With magnetic dipole-dipole and exchange interactions taken into account, and with
the assumption that the Zeeman energy is dominant, the zeroth and the second moments of the following
four lines were evaluated for powders: (1) first Larmor line, parallel field, (2) second Larmor line, parallel
field, (3) second Larmor line, perpendicular field, (4) low-frequency line, perpendicular field. The contribu-
tion of exchange to the second moment was found to be the same for the four cases treated, while the total
intensity has the ratio 1:1:1:3/2. Agreement with existing experimental data is good.

I INTRODUCTION

HE first Larmor line of a solid in a strong, con-
stant, and perpendicular magnetic field, with the
magnetic dipole-dipole and exchange interactions taken
into account, was first studied by Van Vleck,! who
calculated its shape function up to the fourth moment.
Later, Wright? extended the moment method and ap-
plied it especially to low frequency lines. In recent years
other satellite lines have also become of experimental
interest.? Furthermore, in general, the Hamiltonian of
a single molecule is not necessarily the Zeeman energy,
and the method Wright developed cannot be applied
directly. It is the purpose of this paper to cope with
this situation. Rules will be given for obtaining mo-
ments of all lines, thus avoiding the elaborate deriva-
tion necessary in the previous method. The rules are

* The work reported here was submitted to the California
Institute of Technology in partial fulfillment of the requirements
for the doctoral degree.

1J. H. Van Vleck, Phys. Rev. 74, 1168 (1948).

2A. Wright, Phys. Rev. 76, 1826 (1949).

3 A. G. Anderson, Phys. Rev. 115, 863 (1959).

applicable to Hamiltonians of all kinds, provided that
the perturbing part of the Hamiltonian is small enough
for the perturbation method to be valid.

II. ABSORPTION OPERATOR

Let us assume that the Hamiltonian of a system is
described by
¢Y

where 3¢’ is the perturbing potential small compared
Wlth 5(.’,0.
Let us represent 3’ as an integral over its spectrum,

5C=3C0+3C,,

0

3= 3 (w)dw, 2

—0

[3Co, 3¢’ () ]= 703’ ().

where

©)

Under an extremely small perturbing potential 91(¢),
M (#)<K3C’, the probability of transition from one state
to another, both eigenstates of 3¢ when ¢=0, is propor-



1360 HUNG CHENG

tional to the square of the matrix element

/ (exp(— i30T /Iy exp[ — 830 (T — 1) /KIOTU(E) exp(— i3t/ | )il

= <¢n z/«m>. (4)

Physically, expression (4) says that the wave function, initially in state ¥, propagates to time ¢ with the pro-
pagation factor exp(—13Ct/%); there it is scattered by the potential 911(£), and then propagates to time T with the
propagation factor exp[ —i3C(T—¢)/%]. The matrix element is then taken between this wave function and the
wave function initially in state ,, which is exp(—43CT /%)Y, at time T'; and, since the system may be scattered at
any time ¢ in the time interval (0,7, a time integral is taken from zero to T.

Now, we know that

T

/ exp (23CL/h)M (1) exp(—13Ct/h)d!

exp(23Ct/h) = exp[4(3Co+3C )t /1]

Z‘ t 1 2 t i1
h 0 ﬁ 0 0

+<;7,) / i / e [0 0 )50 ()t - } exp(isea/h), (5)

where
3¢’ (H)=exp (13Cot/h)3C" exp(—i3Cot/H), 6)
and
exp(—13CL/h) = exp[ —1(3Co+3C")t/%]
+(—;>n/ dtI/ ldtg‘ .- MZC’(tl)JC'(tg)' <30 (tp)dtn.  (7)
We have, from (5) and (7) ' ' -

/ exp (43Ct/h)IM (1) exp(—1i3Ct/h)dt

- /0 T&m’(;)dt+<£) /0 i /0 t[GC’(tl),m’(t)]dt1+<;—j>2 /0 i /O an /0 tl[ﬁc’(tg),[sc’(tl),m’(t)]]dt2—|—. .

+<£> /0 y /0 an /0 e /0 t"ﬂ[:;c'(m,- IR ()W) Tt -, (8)

M (£) = exp (13Cot/ )M (¢) exp(—i3Cot/H). 9

where
Let us decompose 9 (Z) into its Fourier components:
o0
() = / M exp (—icoo) e, (10)
and then further decompose 9wy into its spectrum:

Mawo= / i Mo (w)dow, (11)

where
[Mo,mwo (w)]= thleo (w) (12)
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Then
exp (13Cot/7)Mwo (w) exp (—1i3Cot/A) = €™ NMwp (w).
We then have
M’ (1) =/ f Nwo(w)et @0 tdwdw,. (13)

Similarly, from (2), (3), and (6), we have
GC’(t)=/ 3¢’ (w)e™tdw. (14)

The nth term at the right side of (8) is therefore equal to
i n A0 00 0
(g) / / e / [SC'(wn),[SC’(wn_l),~ . [SC'(wl),STlmo(w)]- . -I]dwn~ . -dwldwodw
—0v —o0 J —0 . . -
[/ dt/ dty- - / expliwntnt -+ + FiwitiHi(w—wo)t]dtn ;. (15)
0 0 0

The dominant term of (15) is equal to, as T — o,

wdwy* + ~dwny

I B e e

. /“’ /“" /“" L3¢ (wn),[3C" (wn1)," - - [3C" (1) Mo () ] - - - 1J6 (o twr+-- - -+wn—wo)dwdwo. don. (16)

(hwn) (Fwntliwn1) - - (AwnFhwn_1+ - - - +hwe+Howr)

The physical meaning of (16) is clear: 3¢’ (w;) changes the system to a state the energy of which is higher by an
amount of %w; than that of the initial state; therefore, the successive applications of 3¢’ (w,), 3¢/ (Wn—1)* * -3¢’ (w2),
3¢’ (w1), Mwo(w) change the system to a state with an energy higher by an amount of %(wa+wa1+ - * + Fwetwitw)
than that of the initial state, and the law of the conservation of energy demands that this should be equal to the
energy absorbed from 9 (#) which is %w,. There are many alternative ways to apply a given group of 3¢(w;)’s and
Mwo(w), and (16) indicates that all should be taken into account, with the weighting factor

[(hwn) (ﬁwn'l"ﬁwn—l) e (ﬁwn+ﬁwn—-1+ e +ﬁw1)]—11
for each.
In most cases, the spectrum of 3¢’ is discrete; i.e.,

GC'=Z/ 3 (we)d (w—wa)dw=>" 3 (wq). )
Let us assume that the external field also has a discrete spectrum and further has a definite frequency; i.e.,
()= 3 ) =i 5 [ 90— (18)
B B J

With the omission of the factor =, expression (16) is then reduced to the form

[3¢" (wan),[3C/ (Wan—1)," * - [3C' (wa1), M (wp) ]+ * - 116 (wan+ - * - +war+wp—wo)
(Fiwsan) (FiwantHiwan_1) * - - (iwant+Hivan1+ - - - +icsar) '

O‘an% (19)

al

With proper choice of the aj’s, expression (19) will account for the absorption of the line we are interested in,
and henceforth expression (19), with the delta function omitted and with the correct a;’s chosen, will be called the
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absorption operator of the line. Expression (8) is now reduced to, aside from a factor of =,

[5¢" (wa1), M (wp) ]

% e (op—e) +3 T

Way

5 (wa1+w5~wo)

L3¢’ (waz),[3€" (war) M (wg) 1]

R IDIDY

0 (warFwas+ws—wo)

al a2 g

(ﬁwa2> (ﬁwaz +hwa1)

(3¢ (wan),[3C" (wan-1), - - - [ 3¢’ (warr) M (wg) ] - - - 1]

(20)

SRS 25 30353

al a2 an ﬂ

The terms neglected in (15) give higher order cor-
rections to the absorption operator, line shifts, and
broadening of the absorption lines. We shall neglect
the higher order corrections to the absorption operator,
and take care of the broadening by the moment method
of Van Vleck.!

As an illustration of the use of (19), let us consider
a spin system in a strong, constant magnetic field, with
magnetic dipole-dipole and exchange interactions be-
tween the spins. This is the case investigated by Van
Vleck! and Wright.?

The Hamiltonian of this spin system is given as

JC= 3C0+5C,, (21)
where
3Co= —-Hgﬁ Zi Szi, (22)
and
50/ =3¢/ (0) 3¢’ (— 2g8HI™)
+3¢' (2gHE) 150 (— gBHI™) +5C" (¢8BHA™)
=300’ 3o’ 4-3Cy'+-30_," -3¢,
3 (—2gBHE)=3C_y'= 3. Di;SyaS4s,
i1 (23)
3" (2gBHE ) =30 =Y. Dy*S_:S_;,
i, 7%

3 (—gBHI)=301a"= 3 EisS1iSai,

4,77

3¢ (gBHE™)=3C/= Y E*S_:S.;,

2,77

3I0)=3Cy"= Y, CiS.uS+2, AijSyaS_j.

4,77 @,77%

One readily may prove that [3Co,3C’ (w) |=7%w3C’ (w),
and the definition here is therefore in agreement with
(3). A physical way to see this is to notice that S, Sy,
and S_ change the z component of the spin by the
amount of 0,41, —1, respectively. Therefore, 3Co,
3¢y, 3¢y, 3C_y, 3C;’ change the z component of the spin
of the system by the amount of 0, 42, —2, 41, —1,
respectively; hence the energy changes are 0, —2g8H,
2gBH, — gBH " g8H Trespectively.

5(wan+ e +wa1—]—w3—wg)+~ c .

(kwrxn) (ﬁ&hxn‘f‘ﬁw:rn_l) ce (ﬁwan+ e +hwa1)

The coefficients 4, B, C, D, and E are defined as
Ay=3[Ai+3g87:7° Bri—1)]=3(Aii+3Bi),
Bij=g8rii v —1),

Cij=35[Ai—g28r: ™ Bvi*— 1) ]=5(4sj— Buj),
Dij= = 3g8r:i (oui — Bis” — 2ictisBs) /8,
Eij=—3g"6rii *vii(@—1Bi),

(24)

where a;j, B, and +v;; are the direction cosines of r;
(see Fig. 1) and A; is the exchange constant defined
by Van Vleck.! The reader should notice that the
Hamiltonian used here is the same as that used by
Van Vleck and Wright, with a slightly different nota-
tion. The truncated Hamiltonian defined by Van Vleck
is the part of the complete Hamiltonian which com-
mutes with 3Cy, and is therefore the sum of 3¢y and 3C/,
so we have
3Coo=3Co+3Cy'. (25)

The absorption lines centering at g8H#%™, 2g8H% 2,
and 3gBH#% will henceforth be called the first, the
second, and the third Larmor line, respectively. We
will find the absorption operators for these lines when
N(2) is an oscillating magnetic field both in the « direc-
tion (perpendicular field) and in the z direction (parallel
field).

For perpendicular oscillating field,

M(f) = e~ w0'gBS .= e~ 0'gBS+5e~*0'gBS_.  (26)

It is easy to identify $gB8S+ and $gBS_ as M (—gBHA™)
and M (gBHA™), respectively.

For the first Larmor line in a perpendicular field,
wo~gBHA, and the lowest nonvanishing term in (20),

F16. 1. Coordinate
geometry used.
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which is called the absorption operator O, is
O=9M(gBH) =885 27

For the second Larmor line in a perpendicular field,
the lowest nonvanishing term in (20) is

0= [5@1’,51"6 (g:BH)]_ [‘c‘cl’;%gﬁs~]
¢8H g8H

For the third Larmor line in a perpendicular field,
the lowest nonvanishing term in (20) is

B [3@1’,[501’,%gﬁ5~]]L[SCZ’,[GCZ’,%—gﬁSJr]]
. (BH)(gBH)  (2BH)(4g8H)
J_[f}Cz',[SCo',%gBS_]]
(2¢8H) (2g8H)

For the low-frequency line in a perpendicular field,
the lowest nonvanishing term in (20) is

[ 4g85. 1 [e44685 ]

(28)

; (30)
g8H —gB8H
Next, let us consider the parallel field case, i.e.,
M ()= e~ w0tgBS,. (31)
It is easy to see that
86S:=m(0). (32)
For the first Larmor line in a parallel field,
o B8] _Jer (33)

gBH H

@)

_ (— 1) Tr([3Co0,[3Cas, - -  [F00,07- + + TI[3C00,[ 300, * * - [3€00,0* - - - 11)
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For the second Larmor line in a parallel field,
o [3c.',g8S:] 3¢
2BH  H

(34)

For the third Larmor line in a parallel field,
Do, ey, g85.T] _ [ocs[5,85.]
 (BHGgeH)  (298H)(3g8H)
_gﬁ[ﬁCl’,JCz’]
2(Ep

For the low-frequency line in a parallel field,

_ [y [50,8S.1] | [50-',[3¢1',8S]]

(hwy) (Gn+hw_y) (o) (Fer+ho_s)

' [oe,',[5¢',8S.1]  [9¢-o',[5¢,',g8S 2]

" (ews) (o tHiw_s) (o) (feo_y+Ficos) 6
e85 ] 2gB[3Cy,302"]
 (e)(ie) (o) (o)
_gBlsey5e] | g8[ey 50" ]

(g 2(gH?

As is well known, and included here only for the
sake of completeness, the zeroth moment of a line is

(35)

00

lel= % 2= 3] ji+
f) %lO{ %OO 37

0

where Ot is the Hermitian conjugate of O.
In general, the 2uth moment of the absorption line is

(38)

#i2n Tr (00)

where there are # 3Cq’s in the above multiple commutation bracket.

Let us summarize the foregoing by formulating the rules for obtaining the absorption operator as follows:

(1) Choose the fewest number possible of 3¢’ (w.)’s, the successive applications of which together with the chosen
M (ws) will give an energy change equal to the energy of absorption of the line of interest. (If there are several
ways of achieving this, all of them have to be taken into account.)

(2) The absorption operator is the sum of all the multiple commutators of the 3¢(w,)’s with 9N (wp), divided by
the weighting factor (fwan) (fiwan+Awan—1) * + (hwaptlhoan_1+4 -+ » +Fwar) :

[3C (wan),[3€ (wan—1), - * - [3¢ (war) M (wg) ] - - 1]

0=y

n al

z
8

wan“}“ v +wa1+wﬁ=w0

(Fiwar) (itwan—+-Fiwan_1) - - - (hwant - - - +iwar)

(39)

(3) The moments of a line can then be obtained by employing (38).
In the following four sections, moments of four absorption lines will be computed for a powder.
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III. SECOND LARMOR LINE, PERPENDICULAR FIELD

The zeroth and the second moments of this line are given as
| 100as=1e(Cser g5 TepS e D g, (40)
0

( 2>:Tr([3300,[C‘Cf,gﬂs—]]EJCOO,EH—l',gBSJJ]) 1)
7 Tr([50),g8S_g8S,31'])

Now,
[3¢/,S_J=— % Ei*S_iS_; (42)
it
[3Co0,[3:,S_T1=4 ¥ (CiiEm*—AiiEm*)S:S—iS—m+4 2 CiiEi*S2S_iS_j—4 3 AyEi*S:S_
i,7,m#E 1,77 4,57
+2 3 CyE*S_sS_j—2HgB Y E;*S_S_;, (43)
i Gt
and

Tr ([3Co0,[3C1",S_1[3Co0,[3C—1",S+ 1)
=32H*¢*32S2(S+1)2 X | Eyj|2/9+3282(S+1)°[25(S+1)/3—3]
1,77
X (2 (Ci2+24,:7) | E;; [ 2)/154+6453(S+1)° > [ CiiEjm*— AyEq* |2/ 27
9,77 %y 5ymz=
+6453(S+1)?
T (CiiEjm* — AiiEin) (CimEim— AimEij).  (44)
%,7,m#

The details of the calculation are omitted and only the result is given here?:

128(S+1)—-9
()= L2sE+y=9] éri,-—m—l—S(S—l—l)[ 2 i

35 i,jmz%,

8 cos?; 6 cos?; cos®;
+ X 1 (——+2 cos20m+—7 —_— ):” / (g8~ 2 rs75)

%, m#= 0,57

7 14

(1 8 cos?d; 15 cos40,~>

+{[12<S+1)—09]z gijzfij-ﬁ"f‘S(S'*-l) Z Jijgim75m~3fzj“3(—%+COS20,')+4S(S+1) Z gij27mj_ﬁ/3

1,77 4,7,m7# i,m, j#

—SES+1) T A rim (2 08 —2)—S(S+1) 3 Aimdsipimri8(2 cos;—2)

2,7,m7# 3,7,m#%

+2S(S+1) T AiiAamrni/3}/ (/1227»7*6) (45)

z]m

The first bracket of the right-hand side of (45) is the dipole-dipole interaction contribution and the second bracket
is the exchange contribution, and (A»?) is the second moment about the mean frequency.

With the usual assumption that the exchange constant 4 ; is zero except when 7 and j are neighbors, and is equal
to A in that case, we obtain for a simple cubic lattice

(Ar?)=1{1.08—0.03851(S+1)"14[1.07—0.1351(S+1)"1]42d6~*¢*} Av?, (46)

/ F)dv=0.5652(S+1)2Ng'8'd—SH?, (47)
0

4H. Cheng, IBM Research Rept. RJ-189, San Jose, California, 1961 (unpublished). See also H. Cheng, thesis, California
Institute of Technology, Pasadena, 1962, for the most complete treatment.
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and for a body-centered cubic lattice,

(Av?)= {1.13—0.035(S+1)~1-+[1.14—0.085(S+1)~1]A%d%B~4g 4} Av¢?, (48)
/ F()dv=0.825*(S+1):Ngi'd—H>. (49)
0

The term d is the distance to the nearest neighbors and Aw¢? is the second moment of the first Larmor line for
perpendicular field,

A =3g4ﬁ4h_2S(S+ 1) Z’i 1’,'j"6/5. (50)
For a simple cubic lattice,
Av=35.04g*84%2S (S+1)d—¢, (51)
and for a body-centered-cubic lattice
Av="7.37d*6*h2S (S+1)d . (52)

It is interesting to note that the cross terms between the dipole-dipole energy and the exchange energy, or the
terms linear in 4, drop out after averaging over the whole solid angle.
Incidentally, the mean value of »,

o= [ s / / )i

=Tr ([3Coo,[3C,S_JILS,5¢1" 1)/h Tr([31',S_I[S+,5¢1")),

is calculated to be 2g8HA™Y, and the absorption is truly of the second Larmor line.

IV. FIRST LARMOR LINE, PARALLEL FIELD

The zeroth and the second moments of this line are given as

/ F()dv="Tr(3e/5¢)/ H?, (53)

and
<V2> =Tr ([5@00,301’][30..1’,3000])/%2 Tr (301’3(’,_1/) . (54)

After averaging with respect to the whole solid angle, we get

9
(Av?)= [0.65 (S+1)— 7—] Z:# ri 2SS+ 2 ) (3—cos0;+35 cos0.)7: % im0
2,7 1, 7,M
1 2 cos®; 2 3 cos’; cos?;
+S(S+1) 3 (— €080+ —— )nfﬁﬂ:m"3f’jm”3 } (g8~ 20 7i 01 (Ava?).  (55)
63m=\2 7 7 14 i1

Here (Av4?) is the contribution of the exchange energy to the second moment of the second Larmor line for
perpendicular field. This means that the contributions of exchange to the second moments for these two cases

are equal.
For a simple cubic lattice,
(A¥?)={0.90—0.025"1(S+1)"1+[1.07—0.135-1(S+1)1]42d%6 g1} Ave?, (56)
/ f(»)dv=0.5652(S+1)2Ng'3*d—H2. (57)
0
and for a bec lattice
(Av?)={0.77—0.015"1(S+1)"1+[1.14—0.08571 (S+1)"1] 4246 g*} Ave?, (58)

/ F)dv=0.8252(S-H1):N g8~ ~. (59)
0
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Incidentally, (v) is evaluated to be gpH/i L. Notice that the total intensity (57) and (59) are equal to those of the

second Larmor line in a perpendicular field.

V. SECOND LARMOR LINE, PARALLEL FIELD

The zeroth and the second moments are given as

” Tr([BS,5¢," [3¢—",g6S. 1)
/ f)dv= - - = H~2Tr(3¢,'3¢_y"), (60)
0 4g262H2
Tr ([3Co0,Cs" J[3C_s’,3C00 )
()= . (61)
hZ TI‘(C‘Cz’SC_QI)
Averaging over the whole solid angle, we get
23 11 cos; 15 cos%;
() =5(s+1ge] = n;ﬁnm—ﬁ(—— + )
§0d,m# 28 14 28
(14-9 cos; cos?;— 10 cos?6;-+8 cos?6,,)
4+ X i i +[12—-951(S+1)"1] > r,;12/35
4,§,m 7 4,55
X (B2 ri ) H(Ava?).  (62)
i

Again the exchange second moment is the same as
that in the previous cases.

The total intensity, S/ o*f(v)dv, is also equal to that
in the previous cases, and the dipolar second moment,
for simple cubic lattice, is

(Av?)={1.38—0.045-1(S+1)

+[1.07—0.135-1(S+1)"1]4%d¢¢ 64} Av?, (63)
and for bcc lattice, is
(Ar?)={1.39—-0.035"1(S+1)!
+[1.14—0.085-1(S+1)"1]4%d% 8} Avs>.  (64)

VI. MOMENTS OF THE LOW FREQUENCY LINE
IN A PERPENDICULAR FIELD

The absorption operator for this line is
0=[3€1',%g65+] [5e1',2665-]
g8H g8H
= (—Eyé FisSuiSsit3 2 FiuS—iSyi)/H,

1,77

(65)

where F;’szij"l'Eij*.

After the averaging process, the second moment for
this line is obtained as
(M) =[3S(SHD T ranori

4,4,m#=

X (148 cos?6;—9 cos6;)/14] (k2 3 7;7)1
i

+(Av4?).

Again (Av4?) is equal to that of the previous three
cases.

(66)

For a simple cubic lattice, it is evaluated that

f FO)dr=0.845 (S 1) Ngigd—SH >, (67)
and ’

(A»?)={0.474[1.07—0.135"1(S+1)"]

X A6} Ave?, (68)

and for a bcc lattice, it is

/ FO)dy=1.23S(S+1pNgigd— I, (69)
0

and
(Ar2)={0.64+[1.14—0.0851(S+1)]
X A28~ Av.  (70)
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APPENDIX

The following calculated results were used extensively
in the paper. Expressions (8)-(25) give the mean values
after averaging over the direction of the crystal axes
with respect to the magnetic field, and therefore are
useful for powders. The coordinates used are defined
in Fig. 1.

Tr(S4S3)=Tr(S_S_)=Tr(Sz5_S_)
=Tr(S.5:54)=0, (Al)

Tr(S4.5-)=35(5+1), (A2)
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Tr(S4S-S.)=—Tr(5-5:5.)=3S(5+1), (A3)
Tr(S425-2)=2S5(S+1)[45(S+1)—37]/15, (A4)
Tr(S4S-S+S-)=4S(S+1)[2S(S+1)+17/15, (AS)
Tr(S.25,5.)=S(S+1)[25(S+1)+17/15, (A6)
Tr(S.5-5.5:+)=2S(S+1)[S(S+1)—27/15, (A7)
(YimY im)av="§ COS0m, (A8)
(’Yim’YiJ’YjM>av = 0, (A9)
Yam®Y im*av= (142 c0s%0,,) /15, (A10)

(Yam2Y iV jmav = (c080;+2 cosb; cosbi)/15, (A11)
(Yim®Yi™Y im® v
= (2 cos%;+2 cos?0;+2 cos?,,—1)/35, (A12)
(Y im™Y jm )ay = COSOm/ 5, (A13)
Yim®¥ iy imav= (2 c05%0; COSOm—+COSOy,
—+2 cosf; cosb;)/35, (A14)
Y imY im®Yav= (2 c08%0m—~+3 coshn)/35, (A15)
<7im471'm2>av= (1+4 00520m)/ 35, (Alﬁ)
(Vim*¥ i7Y m)av= (cOsB;~+4 cosb; cosby)/35, (A17)
Yimviy im® )= (12 c0s%0,+12 cos?0,,+10 cos?);
— 748 cos?0; cos?0,,)/315, (A18)
Yim®y im*Yav= (8 c08'—+24 cos?8,+3)/315, (A19)
((@iiBim—Bijtim)av=1% sin’;. (A20)
<’Yim2 (aiiﬁim—' B iiaim)2>av = (Sinzaf)/ 15 ’ (AZ 1)
<’Yim2 (Olz‘m:Bjm —B imajm)2>av = (sinZOm)/ 15’ (AZZ)
(v im* (@tiiBim— Bijctim)*av= (sIn0;) /35, (A23)
(Yim®y i (@iiBim— Bisetim)*Jav
=[(1+2 cos%;) sin?9;]/105, (A24)
(vim® i (@iiBim— Bijorim) Vv
=[ (142 cos?,) sin%;]/105. (A25)

Four series over a simple cubic lattice were computed
to within one percent of accuracy:

T rit=8.4Nd®, (A26)

1,57

T 12=6.2Nd", (A27)

1,07

Z 7ij—67'im——6 COSQB,;—“— 17.32Nd_12, (AZS)
i,7,m#

> 770 cos¥9;=12.16Nd ™2, (A29)
i,5,m#

where N is the total number of lattice points in the
lattice and & the lattice constant.

The following four series were obtained by summing
all the terms from the lattice points within distance 2d
from the origin. The error is admittedly large, and is
estimated to be around 25%,. However, in the calcula-
tion of this paper, the contribution from terms involv-
ing these sums tends to cancel, and as a result, the
over-all accuracy is not greatly affected.
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LI T T T oS0 = 14.TANGY, (A30)
. ,Zm# 145 im 1 8 COS%0;=10.37Nd—12, (A31)
. ]Z}n# 757 w3 jm 8 COS%0; c0s%0;=3.1TNd2, (A32)
L:# Vi i w3 = 29.9Nd12, (A33)

The following four sums involving the exchange con-
stant were evaluated. With the usual assumption that
A is zero unless 7 and 7 are nearest neighbors, all the
four sums were obtained exactly.

”L;# A A iyt mi8=3.09A2Nd—S, (A34)
;n# A i ijrmi?=9.23A2Nd—3, (A35)
) 727:”# Ao ijrmi8 c0s20;=4.9942Nd~3,  (A36)
Py Aifro 0 =444N A2, (A37)

The following sum was also computed. Owing to the
slowness of convergence the accuracy is not good, but
again its contribution to the total sum is small and the
over-all accuracy is not greatly affected,

S A i (3 c05%,,—1)=22.8N A%d~5, (A38)

1,7,m7%

With the same accuracies discussed previously, the
following series for a bcc lattice were also computed:

T rat=12.20Nd, (A39)
I r =01V, (A40)
. 721:”# 77 % im0 C08%0;=41.2Nd ™2, (A41)
. 72:2# 7ii O im® 080, =22.3Nd 2, (A42)
MZJ:’L# 7ii S im 3 i 0820, =36.5TNd™12, (A43)
”Zm# 7ii T om0 jm 3 €OS%0;=27.46Nd ™22, (A44)
4,721# 757 im 7 i €OS%0; C08%0;=9.78 Nd ™12, (A45)
I i =T9.2TNG R, (A46)
I Aadlurat=1152N %, (A47)
72;”# Aindijtrni=22.08N A%, (A48)
HZWS A i A ;78 c0520;=9.865 N A3, (A49)

Aifr it =90.32N A%, (A50)

i,

o
A7 im™im 3 (3 cos%,,— 1) =35.8N A%d~6. (A51)
»
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