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The conditions for the existence of plasma wave instabilities in 
the plasma formed by the electrons and holes in semiconductors 
are discussed. The dispersion relations for both the high-frequency 
optical mode in which electrons and holes move out of phase, and 
the low-frequency acoustic mode in which electrons and holes 
move in phase are calculated. Growing acoustic waves are shown 
to occur for a sufficiently large relative drift velocity of the elec­
trons and holes, and the boundary between growing and damped 
waves is determined for various electron-hole temperature ratios. 
Growth rates are calculated for several cases of interest; when the 
influence of impurity and phonon scattering on the electron-hole 
behavior is taken into account it is concluded that InSb is perhaps 

the most promising semiconductor in which to observe such in­
stabilities. An investigation of the hole and electron temperatures 
and the relative electron-hole drift velocity as a function of field 
strength is carried out for InSb. It is shown that moderate field 
strengths (^100 v/cm) suffice to produce electron-hole drifts of 
the required order of magnitude for the observation of plasma 
wave instability; however, the scattering mechanisms present are 
sufficiently effective that it appears marginal whether the other 
condition (long hole relaxation times) necessary for the observa­
tion of the plasma wave instability is achievable in practice. In 
an Appendix the conditions for the occurrence of similar plasma 
wave instabilities in semimetals are analyzed briefly. 

THIS paper is devoted mainly to the theoretical 
investigation of certain aspects of collective be­

havior in the "classical" plasma formed by electrons 
and holes in semiconductors at not too high carrier 
densities and not too low temperatures. The extension 
of the ideas developed herein to the quantum electron-
hole plasma found in semimetals or certain semicon­
ductors is discussed in the Appendix. 

In general, there may exist two modes of collective 
oscillation for a two-component plasma, such as the 
classical plasma of electrons and ions or the electron-
hole plasma in a semiconductor. One mode consists of 
a high-frequency oscillation in which the electrons and 
holes oscillate out of phase with one another; the fre­
quency coi of a long-wavelength oscillation is 

where u+ and co_ are the electron and hole plasma fre" 
quencies, respectively. The other mode corresponds to a 
low-frequency oscillation in which the holes (assumed 
to be heavy) and electrons (assumed to be light) move 
in phase with one another. I t is thus a plasma oscilla­
tion appropriate to the holes plus their associated 
screening cloud of electrons; for equal densities of 
holes and electrons the frequency of a long-wavelength 
oscillation of wave number k is 

<a&(T-/2T+)*kv+= (w_/2w4.)*jto_, 

provided the ratio of electron temperature to hole 
temperature, 7L/7+, is large enough, and the electron-
hole mass ratio, m-/m+, is small enough. These are just 
the requirements that the low-frequency mode possess 
a frequency which is distinct from typical individual 
hole and electron excitation frequencies, kv+ and kv— 
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Here v+ and IL. are defined by (m-vJ/2) = K I L ; (m+v+
2/2) 

= KT+, and the foregoing requirements are necessary in 
order that the collective mode not be too strongly 
damped by the individual particle excitations. By 
analogy to the vibration spectrum of polar crystals, we 
may call the high-frequency mode an optical mode of 
plasma oscillation, the low-frequency mode an acoustic 
plasma mode. 

We shall be particularly concerned with the possible 
existence of a two-stream instability in the semicon­
ductor associated with the electron drift under the 
application of an electric field. Our motivation for this 
study is the obvious need for an understanding, both 
theoretical and experimental, of the high-frequency 
instabilities in fully ionized plasmas. From a theoretical 
point of view, the conditions for the existence of certain 
classes of such instabilities (and in particular for the 
two-stream instability in a homogeneous plasma) are 
well understood; the calculations of the growth rate of 
the instability for short times (where the linear approxi­
mation is valid) are also reliable. However, once the 
amplitude of the growing plasma oscillation becomes 
sufficiently large that nonlinear effects (such as the 
coupling between plasma modes of different wave­
lengths) begin to play a role, comparatively little is 
known of the resulting behavior of the plasma. The 
experimental situation is even less satisfactory. The 
unambiguous observation of the two-stream instability 
has proved an extremely challenging problem for the 
plasma experimentalist, and only recently has a meas­
ure of success been achieved in its detection.1 I t seems 
not unlikely that quantitative experiments which bear 
on the above nonlinear aspects will prove equally 
difficult to carry out. 

The electron-hole plasma in a semiconductor would 
seem to offer a promising tool for the investigation of 
such instabilities. I t possesses the obvious advantage 
that the relative concentrations and temperatures of 

1 G. D. Boyd, L. M. Field, and R. Gould, Phys. Rev. 109, 
1393 (1958). 
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the electrons and holes can be measured and varied 
over quite a substantial range of interest. The principal 
disadvantage is that the electrons and holes are scat­
tered by phonons, impurities, and, in some cases, one 
another; hence one is hampered by the need to find 
temperatures and concentrations such that cor±^>l, 
where o> is the characteristic frequency one wishes to 
study and r+ and r_ represent the hole and electron 
lifetimes against the extraneous scattering mechanisms. 
As we shall see, therefore, the possibility of achieving 
conditions for observing the two-stream instability 
appears somewhat touch and go for semiconductors, 
where one has to contend with lifetimes ~10~~12 sec. 
The prospect may be brighter in semimetals, where the 
lifetimes are ~10~10 sec or perhaps an order of magni­
tude longer for low field strengths; however, interband 
transitions may act to reduce these lifetimes for a large 
applied field. 

In a two-component plasma one finds that for a 
sufficiently large drift velocity of electrons vs ions (or 
holes) the plasma becomes unstable against a growing 
wave of plasma oscillation, corresponding to a coherent 
excitation of the oscillations by the electron beam. The 
conditions for the existence of this instability and its 
growth rate have been studied by Rosenbluth,2 Bune-
man,3 and Jackson4 for a plasma of electrons and ions 
at equal temperatures. They find that the instability 
comes into play for an electron drift velocity Vd^ 1.32̂  
When the electron-ion temperature ratio, T„/T+y is 
sufficiently large the critical drift velocity required to 
produce an instability is reduced, being of order 
(tn-/m+)h- or smaller.5 Drift velocities of this latter 
order seem definitely achievable in high-mobility semi­
conductors; the first problem, then, in producing a 
two-stream instability in a semiconductor is that of 
achieving a sufficiently large electron-hole temperature 
ratio. 

InSb appears a likely material, because the electron-
hole mass ratio is large, (~ 14) and the electron mobility 
is quite high (^105 cm2/v). The high electron mobility 
means that the application of modest electric field 
strengths will act to produce substantial deviations 
from Ohm's law, with appreciable heating of the elec­
trons. On the other hand, the large value of tn+/ni-
means that the hole mobility is an order of magnitude 
smaller than the electron mobility; as a result one gets 
much less hole heating than electron heating for a given 
field strength, so that a large value of m+/w_ tends to 
favor a large value of T-/T+. This aspect of semi­
conductor behavior favors the existence of acoustic 
plasma oscillations and the existence of a lower thresh­
old for the observation of the two-stream instability. 

2 M. Rosenbluth (private communication). 
3 O. Buneman, Phys. Rev. Letters 1, 8 (1958); Phys. Rev. 115, 

503 (1959). 
4 J. D. Jackson, J. Nuclear Energy Pt. C: 1, 171 (1960). 
5 M. Rosenbluth (private communication); I. Berstein, E. A. 

Frieman, R. M. Kulsrud, and M. N. Rosenbluth, Phys. Fluids 3, 
136 (1960). 

As we have mentioned, the principle obstacle to 
carrying out such observations is the incoherent scatter­
ing of the electrons and holes. The instability will occur 
only if the product of its growth rate (neglecting par­
ticle relaxation times), tig, and the relevant electron-
or hole-scattering lifetime, r±, is greater than unity. 
The growth rates we calculate for InSb under favorable 
circumstances are of the order of co+/10; the reciprocal 
of the hole lifetime (which is the relevant one here) is 
of this same order, so that the production and observa­
tion of the growth of acoustic plasma oscillations may 
or may not be feasible for this material. 

In Sec. II we discuss the dispersion relation for both 
high- and low-frequency modes in a system of two 
coupled plasmas at rest having different masses, densi­
ties, and temperatures. The treatment is extended to 
include the effect of directed particle drift velocities 
and the scattering of the carriers of the crystal lattice. 
The effect of an external electric field on the dispersion 
relation is also included. The conditions under which the 
electron drift may be just sufficient to excite a growing 
acoustic wave instability are treated in Sec. III. The 
growth rate of the oscillations is discussed in Sec. IV. 
In Sec. V we discuss the semiconductor aspects of the 
problem with particular reference to the magnitude of 
the particle drift velocities and temperatures one can 
expect in moderate electric fields. In Sec. VI a brief 
discussion of the possibility of observing the two-stream 
instability by pulsed conductivity measurements is 
given. 

II 

We consider an idealized situation in which there are 
n+ holes and n- electrons per unit volume distributed 
uniformly over a large sample. The holes are assumed 
to be free particles of effective mass m+; the electrons 
likewise possess an effective mass w_. For the low fre­
quencies of interest to us here the interaction between 
the charged particles is well described by e2/eo|r;—171, 
where eo is the static dielectric constant of the semi­
conductor. The coupled electron-hole plasma oscilla­
tions of this system have been studied using the col­
lective variables approach and the random phase 
approximation by Nozieres and Pines.6 In this report 
we shall use an alternative approach; we work with the 
Boltzmann equation for the one-particle distribution 
functions, /±(r,v,^), and take into account the influence 
of charged particle interaction by means of a self-
consistent field.7 The equivalence of the collective-
variables random phase approximation approach with 
use of the collisionless Boltzmann equation plus the 
self-consistent field is by now well understood.8 

6 D. Pines, Can. J. Phys. 34, 1379 (1956); P. Nozieres and 
D. Pines, Phys. Rev. 109, 1062 (1958); P. Nozieres, Ann. phys. 4, 
865 (1959). 

7 A. Vlasov, J. Phys. U.S.S.R. 9, 25, 130 (1945); L. D. Landau, 
ibid. 10, 25 (1946). 

8 J. Goldstone and K. Gottfried, Nuovo cimento 13, 849 (1959); 
M. Cohen and H. Ehrenreich, Phys. Rev. 115, 786 (1959); 
D. Pines, J. Nuclear Energy Pt. C: 2, 5 (1960). 
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The random phase approximation is valid when the 
average potential energy per electron is small compared 
to the average kinetic energy. Thus our treatment will 
be valid when 

e2k± /4nti±e2\* 1 
< 1 or ( — — ) < 1 , (2.1) 

where k± are the hole and electron Debye screening 
wave vectors denned by 

k±2 = \irn±e21 wT ±. (2.2) 

For electron and hole densities of the order of 1015, the 
weak coupling condition (2.1) is satisfied for tempera­
tures in excess of 20°K for InSb (€o=16). Therefore, we 
shall see the weak coupling condition is satisfied for 
the experimental condition of interest to us in what 
follows. 

The time evolution of the distribution function of a 
two-component plasma in the presence of an external 
electric field and an external scattering mechanism is 
extremely complicated. No general solution of this 
problem has thus far been obtained. Our treatment is 
based on the assumption that there are two reasonably 
distinct time scales which characterize the change in the 
distribution function. The first time scale is associated 
with the macroscopic drift of the particles induced by 
the external field. The second time scale, which we 
assume to be short compared to the first, is that which 
characterizes the coherent behavior of the system; that 
is, the collective oscillations and their growth for suffi­
ciently large relative hole-electron drift velocity. Thus 
we regard the drift velocity of the particles as changing 
adiabatically with regard to the times characteristic of 
plasma effects. 

Consider, for the moment, the collisionless Boltz-
mann equation for the distribution functions /±(r,v,J) 
in the absence of an external electric field: 

a/J/a/+vv/±±(«/»±)E.vl/±=o. (2.3) 
In (2.3), the electric field E is that arising from the 
averaged field of the charged particles, and is deter­
mined by Poisson's equation: 

€oV- E=47re jdviU- / - ) • (2.4) 

The dispersion relation for the collective modes of the 
system is determined by solving (2.3) and (2.4) simul­
taneously; this may be done easily if one assumes the 
departures of f± from their respective Maxwellian 
values, /o-t, are small. Thus one writes 

/±—/o±+/ i± (2.5) 

and linearizes the resulting equations by neglecting 
the cross-terms E-Vvfi± as being of higher order. The 
solution is perhaps most easily obtained by taking the 

ImV. 

~S ReVt 

FIG. 1. Contour of integration for evaluating integrals appearing 
in (2.6); vz is b-v/k. 

Fourier transform in space and time of (2.3) and (2.4); 
one then arrives at the dispersion relation for plasma 
oscillations: 

47re2 

eo&2w+. 
dy — 

J W — 

k-V„/( 0+ 

co— k- y+ib 

47T62 

eok2m. 

f k-Vvfo-
- I dy = 
J Ci)~k-y-\-i8 

= 0. (2.6) 

The small imaginary part id arises from the choice of a 
boundary condition corresponding to a retarded solu­
tion of (2.3) and (2.4). Such a solution is valid only 
for Imw^O. For Imco<0, it is necessary to analytically 
continue the functions of co appearing here; this may be 
accomplished by the choice of the contour of integra­
tion indicated in Fig. 1. This prescription is equivalent 
to the result obtained by Landau using Laplace trans­
forms and treating the problem as an initial value one; 
it leads to damping of the plasma oscillations by the 
individual electron excitations in the absence of di­
rected motion of the electrons. 

I t is convenient to write the dispersion relation (2.6) 
in the following form: 

k+
2 / to \ kJ / co \ 

+—W ( — )+—W ( — Wo, (2.7) 
k9 \kvJ k2 \kvJ 

where the response function, W, is given by 

1 r qexp(-q2/2) 
/ dq 

( 2 T T ) V _ 0 0 

W(Z) = \im 
5->0 

:+i l 

Z— q+id 

/ - ^ Z e x p ( - Z 2 / 2 ) + l 

Z e x p ( - Z 2 / 2 ) / ^ exp (2 2 / 2 ) . (2.8) 

The result (2.8) follows after substitution of the Max­
wellian values, fo± = a±exp(~mv2/2KTjtz) in (2.6) and 
a certain amount of straightforward algebra. 

As we shall see, the W function plays a central role 
in the discussion of dynamics of plasma oscillations. I t 
has the following expansions for large and small 
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argument: 

Z » l : 

1 3 15 
W(Z) = i^Z exp( -Z 2 ) 

2Z2 4Z4 8ZQ 

(2n+l)\\ 

Z « l : 

TF(Z) = i7r^Zexp(-Z2)+l 

-2Z 2 
r 2 4 

1—Z2H—Z4+-
L 3 15 

2 w Z 2 n 

( _ 2 ) n Z 2 n - | 

(2»+l)!U 

(2.9) 

(2.10) 

where ( 2 » + l ) !!= 1X3X5- •• X ( 2 » + l ) . The high-
frequency plasma oscillation solution of (2.7), coi, is 
obtained by replacing the W functions by their high-
frequency expansions; one obtains 

1 = 1 iir*\ -
L k2 ito_ \ khJJ 

("£)} (211) H expi 
k2 kv+ 

where the plasma frequency for each type of carrier is 
defined by 

o)±
2 = 4Trn±e2/m±eQ. (2.12) 

For long wavelengths (kv-<Ko)) the solution of (2.11) 
may be written as 

co = coi{ 1 — i-
0)1 kJ ( CoA 

expf I 
k2 \ kh2/ 

COi k+2 

-\ exp 
kv+ k2 \ kh+y 

(2.13) 

since in this limit the damping of the wave due to 
individual electron and hole excitation is slight. The 
real part of the frequency is, as we have indicated, 

Wi = 

"4ire2/n+ n_\ 
(2.14) 

Thus if n+ — ri-) the plasma frequency of the coupled 
system is given by the plasma frequency appropriate 
to the reduced mass, 

0 i i 

=—+—, 

which is to be expected since the holes and electrons are 
moving completely out of phase with respect to each 
other. 

The physical origin of the damping is simply under­
stood by considering particles whose velocity is approxi­
mately equal to the phase velocity of the wave, vp=oo/k. 
If the wave has sufficiently large amplitude, particles 
with velocities slightly greater than vp will be trapped 
in a potential trough and decrease their average ve­
locity to vp transferring their extra kinetic energy to 
the wave. Particles with velocities slightly less than vp 

will be accelerated by this trapping mechanism and 
absorb energy from the wave. Therefore if the dis­
tribution function decreases with increasing velocity, 
damping takes place since there will be more slow 
particles to absorb energy than fast particles to transfer 
energy to the wave. If, on the other hand, the dis­
tribution function increases with velocity near vp it is 
possible that the wave will grow in amplitude. 

The low-frequency mode of the electron-hole system 
takes on a simple form if the phase velocity of the wave 
is large compared to the hole thermal velocity and 
small compared to the electron thermal velocity. In 
this case the small- and large-Z approximations can be 
made in the dispersion relation for the electrons and 
holes, respectively. The dispersion relation then becomes 

1 
co2 \ 

3 k V 
1+ +• 

kJ 

— iir% 
CO k-2 CO k+

2 

__| e Xp 
\kv- k2 kv+ k2 \ k*v+*t 

and possesses the long-wavelength solution 

(2.15) 

/7r\»[ /m_ n+\» /T_ n+\ * 
l~\;)K—)+\T~) 

\2/ Wm+nU \l+n-/ 

Xexpl 
1 T_ n+ 

2 T+ ft— •)i: 

C02= + 

(2.16) 

(2.17) 

We see directly from (2.16) that the damping of the 
long-wavelength acoustic wave will be small only if the 
following conditions are satisfied: 

m- n+ 
- « 1 , 

m+ ft-. 
» 1 . (2.18) 

These are just the conditions, co2«&V_2 and o)2^>k2v+
2, 

which are necessary in order that we be justified in our 
use of the low-frequency and high-frequency expan­
sions, respectively, of the electron and hole response 
functions, W, in the long-wavelength limit. Thus where 
the frequency of the acoustic wave satisfies the condition 

^ 2 % 2 «co 2
2 «^_ 2 , (2.19) 
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the damping of the wave will be small, and one finds a 
simple analytic form (2.17) for co2; where (2.19) is not 
satisfied, one must use the exact values of the W func­
tions, and the damping is appreciable. 

We now consider the behavior of the system if the 
holes and electrons possess net drift velocities Vd+ and 
Vd~, respectively. If collisions between the particles are 
more efficient in relaxing the momentum and energy 
distributions of the holes and electrons than their 
interactions with the lattice, then the distribution 
functions in the presence of an external electric field, 
Eo, will take the form of displaced Maxwellians: 

f±(Eo) = a± ^^l~m±{v~vd±y/2KT±-]. (2.20) 

The temperatures of the holes and electrons may differ 
from the lattice temperature as a result of the energy 
absorbed from the external field. With the aid of (2.20) 
it is easy to show that the dispersion relation for plasma 
oscillations is given by a modified form of (2.7), in 
which 

Z± = (co—k • \d±)/kv± 

replaces the arguments o)/kv± appearing there. This re­
sult follows simply by noting that the integration over 
velocity in (2.6) can be reduced to that for Vd—0 by 
the change of variables v —> v + \d±, the only change 
being that co is replaced by the Doppler shifted value 
co—k-Vd. As we discussed above, the Landau damping 
term depends upon the sign of co—k- v<z. If co—k- Vd<0 
the Landau prescription for treating the pole in the 
integrand tends to make the wave grow rather than 
decay. This result follows simply from the fact that for 
vp=u/k<Vd, the distribution function is increasing with 
increasing v while for w/k>Vd the maximum of the 
Maxwellian has been passed and damping results, in 
agreement with the physical description of the effect 
given earlier. The growth of oscillations due to the 
relative drift of the particles is known as the two-stream 
instability; a study of this instability in semiconductors 
will form the major part of this paper. 

The particle-lattice interactions can be included in 
the Boltzmann equation by a relaxation time approxi­
mation in the case of impurity scattering while, in 
general, the phonon scattering requires a more detailed 
treatment. If one uses a collision time approximation, 

fi± satisfy 

( V / d O c o i i = - ( / - / o ) / r ( i ; ) , (2.21) 

then the only effect of the collisions on the dispersion 
relation is to replace u/kv± by [w-\-i/r±(v)~]/kv±. I t is 
clear that the collision term leads to damping of the 
oscillation since if co is satisfied the dispersion relation 
with T + = T _ = ° O , then co—i/r satisfies the dispersion 
relation when T+=T-=T. 

The external field Eo which produces the drift 
velocities \d±, can have a direct effect on the plasma 
oscillations. If the electric field E in (2.3) is extended to 
include Eo, then the perturbed distribution functions 

il co— 1 
Eo d \ Es 

* ( c o - k - v ± e / i = ± e Vvfo±, (2.22) 
m± dvz/ m± 

where E—Eo+E s . I t is straightforward to solve (2.22) 
for f± and combine the result with Poisson's equation, 

ik E r = 4?re / (fl+-f^)d\ (2.23) 

to obtain the modified dispersion relation. The result 
is equivalent to replacing the temperatures T± by 
complex temperatures, 

T±'=T±\ 1=F-
ieEo-k" 

k\T+ 
(2.24) 

in both W and &±
2. The external electric field can there­

fore have a strong effect on the dispersion relation if a 
particle gains an energy from the external field which 
is large compared to KT while moving a distance of 
one wavelength. The sign of the effect depends upon 
both the charge of the particle and the angle between 
Eo and k. This correction to the dispersion relation 
vanishes for Z^>\ since in this limit thermal effects are 
negligible compared to potential energy effects. 

Ill 

In order to obtain a feeling for the conditions under 
which an instability corresponding to growing waves of 
frequency co will occur it is convenient to calculate the 
wave number k for which Imco = 0, as a function of the 
drift velocity of the electrons. This yields the boundary 
between the growing waves and the damped waves for 
a given drift velocity. We choose a coordinate system 
in which the holes have zero drift velocity and neglect 
the damping due to particle-lattice interactions and the 
external field Eo. The basic equation we wish to in­
vestigate is, therefore, from (2.7) and (2.20) 

where 

£ 2 fcj. 
1 + — W ( Z + ) + — W ( Z J ) = 0, 

k2 k2 

Z+=u/kv+; Z _ = (co — k • \d)/kv— 

(3.1) 

Since there are a large number of parameters to be 
specified, i.e., m±, T±, n±, and Vd, we choose some 
typical cases of interest to study: 

1. 
2. 

3. 

4. 

5. 

n+—n-, 

r+=o, 
n+=n-, 

n+=n-, 

n+=50n-, 

r+=r_ ; 
T_>0; 

r_=ior+ 

r_=4r+; 

r_=4r+. 
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_ 1 

_ 

-

1 1 1 

/ \ ~ n+«n-}T+«T-. 
/ \ n+=n_;T+=0 

1 \ — n+=n_;T.= IOT+ 

/ \ - - - n + = n . ; T = 4 T + 

/ \ 
/ \ 
/ \ 
/ \ 
/ ^ 
/ \ 
/ \ 

/ / \ \ 
1 : \ \ I : '• \ 

/ / ""-•• ' 

1//^-

_ 

-

-

2.0| 

1.8 h 

1.61 

1.4 h 

1.2 [ 

: LOf-

0.9 L 

0.6h 

0.4h 

0.2H 

vd/v. 
FIG. 2. The boundary between growing waves and damped 

waves for an electron-hole plasma with »+==«_, m+=14m_, and 
varying values of T../T+. 

In all of these cases we keep the mass ratio, m+/ni-, 
fixed at 14. The mass ratio of 14 is appropriate to the 
heavy holes and low-energy electrons in InSb, which is 
likely to be one of the most favorable materials for 
observing this instability. 

Case 1 has been investigated by Buneman3 and 
Jackson.4 Under the condition lmco = 0, Z + , and Z_ are 
real and therefore the imaginary part of (3.1) reduces to 

Z+ e x p ( - Z +
2 ) - - Z _ exp(-Z_ 2 ) , (3.2) 

which may be satisfied by Z+= —Z„=Z. The real part 
of (3.1) becomes 

1 = 2 — f - l + 2 Z e x p ( - Z 2 ) / e x p ( ^ A (3.3) 

The relation between k and vd is plotted in Fig. 2. The 
critical drift velocity for which infinitely long wave­
lengths just begin to grow is given by 

vd=0.926IL_[1+ (m_/^+) i ] . (3.4) 

As the drift velocity increases shorter wavelength oscil­
lations will grow. This condition persists until one 
attains the velocity l,52v-[ml+ (m^/m+)^', at this value 
of Vd the maximum range of wave numbers is unstable; 
the maximum wave number of a growing wave is given 
by 0.122k-. For very large velocities, the maximum 
wave number for which plasma oscillations can grow 
is given by 

k=^(a:-/vd)[l+(fn„/ni+yq. (3.5) 

The relation Z+=—Z~ gives 

(m + /wJ)2+l 
(3.6) 

Thus for long wavelengths and low velocities, the 
waves have a dispersion law corresponding to phonons, 
that is, co is proportional to k. For high velocities, (3.5) 
and (3.6) lead to 

o)=v2co+. (3.7) 

Thus, we see that if m+y>m- the unstable oscillations 
behave much like the low-frequency acoustic oscilla­
tions in which the holes and electrons move essentially 
in phase with each other. 

In case 2, because T+=0 the hole response function 
may be approximated by its high-frequency limit 
while the electrons may be treated in the low-frequency 
approximation at long wavelengths. The real part of 
the dispersion relation (3.1) becomes 

or 

l=(a>+2/a>2)-(kJ/k2), 

k 

(k2+kJ) 

the imaginary part gives Z _ = 0 or 

co=k-Vd. 

(3.8) 

(3.9) 

(3.10) 

On combining (3.9) and (3.10) we see that the relation 
between k and va~ for which oscillations are just stable 
is given by 

vd= —. (3.11) 
(k2+kJ)^ 

Thus, for sufficiently large k, unstable acoustic plasma 
oscillations can be excited by electrons with a vanishing 
small drift velocity. For vd>o)+/k- the spectrum of 
growing waves extends down to & = 0. The boundary 
given by (3.11) is likewise plotted in Fig. 2. The dis­
tinctly different behavior between cases 1 and 2 should 
be noted. The essential reason for the great difference 
in the boundaries is the lack of Landau damping for 
the holes in case 2. This has the effect of allowing 
growth of oscillations whenever the drift velocity of the 
electrons is greater than the sound velocity s(k) for 
these oscillations. Since s(k) decreases as 1/k for large 
k, the condition for growing waves can always be 
satisfied for sufficiently large k. We conclude that if the 
temperature of the holes can be made very small, the 
critical velocity for excitation of plasma oscillations 
can be appreciably lowered. Thus, it is desirable to 
obtain a material with a high rate of energy loss for 
one type of carrier, e.g., the holes, so that their tem­
perature can be maintained at a low value. Also these 
carriers should have a large effective mass since from 
(3.11) the minimum drift velocity for a given wave to 
grow is proportional to \/\/m+. However, as we shall 
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see in the next section, the growth rate u+ is propor­
tional to \/y/rn+ so that there will be an optimum value 
of m+ for a given drift velocity to maximize the growth 
rate. 

The boundary of the region of growing waves for 
case 3 is also shown in Fig. 2. For the temperature ratio 
T~/T+= 10 the critical drift velocity is ^d=0.22^_. As 
one might expect, this value is intermediate between 
the critical velocities for cases 1 and 2. The boundary 
does not exhibit the characteristic folding back into 
the k axis which occurs for somewhat larger tempera­
ture ratios. By using the high-frequency expansion for 
the hole polarizability and the low-frequency expansion 
for the electron contribution, one easily obtains the 
following expression for the boundary curve: 

v- (2+2*2)H \ r+/ \ 2r+(i-x2)/ 

\m+J 
(3.12) 

where k/k-=%. In order for the curve to fold in toward 
the k axis, it follows from (3.12) that 

:©-©']© £-
2r+ 

(3.13) 

For a mass ratio of 14 the criterion is satisfied for 
T-/T+^ 17. Thus, the temperature ratio must be 
quite large in order for the high wave numbers to be­
come unstable before the low wave numbers do so. We 
remark that 

T_ 1 T_ 
Z l 2 ^ . z & Z 1 e x p ( - Z 1

2 ) , 
27V1+* 2 T+ 

so that for T„/T+> 10, the parameters satisfy Z£2>1 
and |Z2 |<K1. Therefore the expansions used in deriving 
(3.12) and (3.13) are valid. 

Case 4 is, as one would expect, intermediate between 
case 3 and case 1. The influence of having unequal hole 
and electron densities (always a possibility since the 
lack of charge balance may be supplied by ionized 
impurity atoms) is considered in case 5, and the 
boundary between growing waves and damped waves is 
shown in Fig. 3. The increase of hole density by a 
factor of 50 has the effect of increasing the threshold for 
growth of long-wavelength oscillations relative to the 
other cases considered; however, very short-wavelength 
oscillations continue to grow at lower drift velocities. 
For a given drift velocity, a considerably larger number 
of wave numbers can grow than for case 3 which has 
the same temperature ratio but equal densities. 

I t is clear from the foregoing considerations that an 
appreciable lowering of the threshold drift velocity for 
creating unstable waves can be attained by maintain-

FIG. 3. The boundary between growing waves and damped 
waves for an electron-hole plasma such that m+= 14ra_, w+=50w_, 
and r_ = 4r+. 

ing one of the plasmas at a low temperature. Of course 
it would be best if both plasmas could be maintained 
at a low temperature with a large relative drift velocity; 
this is made difficult due to the scattering of the par­
ticles with the lattice and with each other. For the best 
situations in semiconductors we will see that the ratio 
of electron to hole temperatures is between 5 and 10; 
thus, neglecting other relaxation processes, the elec­
trons would be required to have a drift velocity between 
0.22 and 0.40 times the electron thermal velocity in 
order that a growing wave instability be excited. In 
general, somewhat higher drift velocities are required 
due to particle-lattice collisions. Clearly any drift that 
the holes attain from the external field works in favor 
of instabilities since the holes have a drift velocity 
which is opposite to that of the electrons and only the 
relative drift velocity enters the criterion for growth. 
However, if the holes have a high mobility their tem­
perature will increase and therefore a balance is re­
quired between the hole drift velocity, temperature in­
crease, and relaxation time. 

IV 

Growth rates for the instabilities we have been con­
sidering maybe calculated in a straightforward fashion as 
long as we stay within the linear region for which the dis­
persion relations of the preceding sections apply. In the 
calculations which follow we take into account the influ­
ence of hole lattice collisions by introduction of the 
relaxation time r+; the electron-lattice collision time r_ 
will be an order of magnitude larger than r+ for the cases 
which interest us, and its influence on the electronic 
polarizability may be safely be neglected. The intro­
duction of r + has the effect of simply reducing the 
growth rates by an amount l / r+. 

Approximate expressions can be derived for the 
growth rates for cases 2 and 5 in the region of interest, 
i.e., Vd<v-, since the high-frequency and low-frequency 
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expansions of the polarizabilities may be used for holes 
and electrons respectively. The real part of the dis­
persion relation is given by 

«+' 

[ w r + ( c o H - l / r + ) ] s 
COr— f Ui~\ j 

- 1 -
2(Ur-kVd)2\k 2 

(kvJ)2 
• ) — ; (4.D 
/ k2 

here co = o>r+zco*, and we have assumed that kv-.rJ2>l. 
Typical growth rates for r + = <*> are of the order of 
co+/20 to co+/10 so that it is necessary for co+r+ to be of 
the order of 20 to obtain growth. Since the waves with 
maximum growth rate occur for &~&_, it follows that 
u^oop and it is legitimate to neglect l / r +

2 in the real 
part of the dispersion relation compared to co2. Thus, 

where 

s*(k) = -
"+2 C0+ 

r*^/ 

(4.2) 

(4.3) 
W+{l-2[s(k)-vdJ/vJ}kJ k2+k. 

The imaginary part of the dispersion relation may be 
expressed as 

1 7T* C0r
3 kD-2/cCr— k - Yd 

r+ 2 co+2 k2 \ &>_ ) 

X e x p 
/cor—K-VdV 

(4.4) 

on inserting the expression for co we obtain the growth 
rate 

1 T1 C0+X 
c o ^ 3Zi_ exp(-Zi_ 2 ) , (4.5) 

where 
r+ 2 (1+^2)^ 

(co+/co_) k-Vd 
Zx_=-

[2(l+x2)]^ ito_ 

There are a number of conclusions one can draw from 
this expression. For growth of oscillations k must be 
essentially in the direction of the drift velocity. In the 
absence of l / r+, there always exists a value of k above 
which growth can occur for arbitrarily small drift ve­
locity; however, the growth rate decreases as l/xz for 
a££>l. If we had chosen a low but finite temperature for 
the holes, Landau damping of the holes would become 
important for large k and eventually lead to damped 
oscillations in accordance with the boundary curves 
discussed above. We note that the growth rate in­
creases linearly with co+ for fixed co+/co_ so that it is 
desirable to have a high density of carriers. Also, the 
growth rate is increased if co+/to_ is decreased; this can 
be attained either by increasing the number of elec­
trons or by choosing a material with small electron 
mass. I t is of course desirable to have a large ratio of 

T+=0 ;V/Vd=2 
-T_=IOT+iV/Vd=2 

T_=4T+;v/Vd=4/3 

FIG. 4. Growth rate curves for several cases of interest. 

Vdh~ and a large relaxation time r+. A plot of the 
growth rate based on (4.5) for T+=0, m+/m_=14, 
n+=n-, fld = |z/_, and r + = oo is given in Fig. 4. The 
maximum growth rate is approximately 0.107co+ and 
therefore it is necessary to attain a relaxation time r+, 
such that co+r+> 10 for unstable oscillations to occur. 

Thus far the direct influence of the external field on 
the plasma oscillations has been neglected. This ap­
proximation is valid if the high frequency expansion of 
the hole polarizability is appropriate; however the cor­
rection to the imaginary part of the low-frequency 
electron polarizability leads to an extra contribution 
to the growth rate of the form 

Tr̂ Zi exp(-Z x
2 ) ->ir*Zi exp(-Z1

2)+7? /(l+?72), 

where r) = eEo-k/k2KT-.. For k in the direction of the 
drift velocity, rj is negative and hence the external field 
diminishes the instability. For typical values of pa­
rameters, e.g., Eo=100 v/cm, & = &D, /Z_ = 3 X 1 0 1 5 , and 
r_=150°K, 77 = 0.05 which is to be compared with 
7r*Zi exp(—Zi2) = 0.55 at the fastest growing k. Thus, 
the influence of the external field is relatively weak in 
this case. 

Growth curves for cases 3 and 4 were calculated by 
expanding the W functions about their values for real 
arguments and keeping first order terms in the imagi­
nary parts. The results are also plotted in Fig. 4. Case 3 
was calculated for a drift velocity Vd==V-/2 and ex­
hibits a maximum growth rate which is approximately 
half of that given by case 2, that is, J T + = 0 . Since case 4 
would give a very small growth rate for vd/v-=i, we 
have chosen the value of f in drawing our plot. The 
maximum growth rate is approximately O.067o;^+ for 
this drift velocity. Case 5 was treated by using the ex­
pression (4.5) and including the Landau damping of 
the holes. The results are shown in Fig. 5 for Vd/v-=%. 
The small apparent value of the maximum growth rate 
is somewhat misleading, since the quantity plotted is 
co2/co+. Due to the fact that n+ is increased by a factor 
of 50 over the value in case 4, the maximum growth 
rate is actually larger by a factor of 4.5 than that in 
case 4. 
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We conclude from this brief analysis that in order to 
obtain growth of unstable oscillations it is desirable to 
work with a material with high densities of carriers and 
long relaxation times for particle-lattice scattering. For 
very high carrier densities hole-electron scattering via 
the screened Coulomb potential must be taken into 
account. The plasmas should have a relatively large 
temperature ratio and the relative drift velocity should 
be of the order of the thermal velocity of the hot plasma. 
The possibility of attaining these conditions is discussed 
in the next section. 

In order to decide upon the feasibility of producing 
and observing the two-stream instability in solid-state 
plasmas, it is necessary that we investigate in some detail 
the extent to which an applied electric field Eo may 
give rise to an appreciable relative electron-hole drift 
velocity in the solid. Such electric fields not only shift 
the average electron and hole velocities but also alter 
the effective electron and hole temperatures. An added 
complication is the presence of a variety of temperature-
dependent, lattice-scattering mechanisms for both the 
holes and electrons: we consider acoustic phonon scat­
tering, optical phonon scattering, and ionized impurity 
scattering here. 

We carry out our calculations under the assumption 
that inter-electron or inter-hole collisions dominate in 
determining the form of the distribution function; the 
particle distribution function in the presence of the 
applied field may then be taken as Maxwellian with 
respect to an average drift velocity Vd±, and an effective 
temperature (greater than that of the lattice) T±. This 
assumption, which was introduced by Frohlich9 for the 
hot-electron problem, obviously requires that the ex­
change of energy and momentum among the electrons 
(or holes) take place at a rate which is fast compared 
to the rate r ± , which characterizes the particle-lattice 
interaction. We have, in fact, made a similar assump­
tion in our treatment of the two-stream instability, 

K7K1 

FIG. 5. Growth rate curve for w+ = 50w_; T_ = 4 r + . 

when we assumed that the influence of the external 
field could be characterized by a drift velocity, and that 
the particle-lattice interaction could be characterized 
by a relaxation time. We postpone until the latter part 
of this section a discussion of the validity of this 
assumption for the case under consideration. 

We assume, therefore, that the hole and electron dis­
tribution functions in the presence of external field, 
Eo, /±(Eo), may be written as 

/±(#o) = 0 ± exp( 
m±(v-vd±)2\ 

2KT± r (5.1) 

For defmiteness, we consider the electron distribution 
function which satisfies the Boltzmann equation 

eE0 /df. 
~—V„/-= 

( - ) • 

\ dt /coil 

(5.2) 

To determine the two parameters va- and J1-, it is con­
venient to take the momentum and energy moments of 
(3.2). In this manner one obtains the relations 

eE0 f d 
— p—fdtv^-
tn J dvz 

- neEo 

eEo fmv2 d 
J \dt/ coii 

<PV*BF(V*-,T), (5.3) 

-• / 2 dvz 
-fdh = — nevd-Eo 

fmv2/dfy 
Cmv1 fdf\ 

= / — ( - ) dh^G(v^TJ). (5.4) 
J 2 \dt/con 

9 H . Frolich, Proc. Roy. Soc. (London) A188, 521 (1947). 

The electron-electron collisions conserve energy and 
momentum; therefore their influence may be neglected 
in computing the right-hand sides of (5.3) and (5.4). 
The simultaneous solution of this pair of equations 
determines Vd- and TL as a function of EQ. 

Before proceeding to a detailed consideration of these 
equations, we make the following qualitative remarks 
concerning the role of the different scattering mecha­
nisms. First, a given scattering mechanism may play a 
quite different role for energy transfer than for mo­
mentum transfer, that is, the dominant contributions 
to F and G may be from different mechanisms. Thus 
the scattering by ionized impurities is the dominant 
scattering mechanism at low temperatures, but is 
ineffective as an energy transfer mechanism because of 
the large impurity atom mass. On the other hand, the 
scattering by optical phonons (which possess an approxi­
mately constant energy hu=nd, where 6 is the Debye 
temperature) provides the most effective energy trans­
fer mechanism over a wide range of temperatures for 
which the acoustic scattering provides the dominant 
momentum transfer mechanism. 

Indium antimonide seems in many respects one of the 
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most promising semiconductors for the possible ob­
servation of the two-stream instability. As we have 
mentioned, the electrons and holes possess quite dif­
ferent masses, so that their mobilities are correspond­
ingly different. The low-field mobilities of both holes 
and electrons in InSb have been measured as a function 
of temperature by Putley.10 He finds that for a con­
centration of 2X1014, electrons/cc the electron mobility 
at 20°K is ^ 1 0 5 cm2/volt sec. As the temperature in­
creases, the impurity scattering decreases in effective­
ness, so that the electron mobility increases until it 
reaches a maximum of - 7 X 1 0 5 cm2/volt sec at 60°K 
after which it falls off. For holes, the dominant scatter­
ing mechanism for the specimen used by Putley from 
30 °K upwards appears to be acoustic scattering; Putley 
finds a fit for his measured values of mobility of the form 

M=5.4Xl0 6 r - 1 4 5 cm2/volt sec, 

where T is in °K. Thus at 20°K, for a sufficiently low 
impurity atom concentration, the hole mobility would 
be 7X104 cm2/volt sec. If one uses the Brooks-Herring 
formula for the scattering of the holes by ionized 
impurities, 

27'2 60
2(/cr)^ 1 

j L l = -

TT* ?n+k*n±\n(l+b)-b/(l+b) 

where n± is the impurity density, and 

2 eQm(KT)2 

b = ~ 
n+h2e2 

(5.5) 

(5.6a) 

one finds that for a density of 3X1015 holes/cc, the 
mobility due to impurities is ~ 104 cm2/volt sec, assum­
ing m+ = 0.1Sm. 

In general, as one goes to larger field strengths, the 
mobility will become field-dependent, since the particle 
temperature increases with increasing electric field. 
Indeed, one may pass from a region in which impurity 
scattering is dominant in determining the relaxation 
time through a region in which acoustic scattering is 
dominant up to a region in which optical scattering 
determines the relaxation time, by simply increasing 
the field strength. The detailed calculations of the 
variation on the drift velocity and particle temperature 
with field strength may be carried out using (5.3) 
and (5.4). 

The calculation of the contributions to F and G due 
to acoustic phonon and optical phonon scattering has 
been carried out by Stratton.11 He evaluates F and G 
by expanding f(Eo) to first order in va- so that 

/ mv2 \ 
1 + 

W_ V • \d-

KT-

(5.6) 

10 E. Putley, Proc. Phys. Soc. (London) 73, 128 (1959); 73, 
280 (1959). 

11 R. Stratton, Proc. Roy. Soc. (London) A246, 406 (1958), 

an approximation which is valid if mvd-2/2KT-<^l. We 
are interested in the case Vd-r~2v- or m>Vd~2/2KT-^.j 
and therefore we might expect to obtain a drift velocity 
which is accurate to within 25% by following this pro­
cedure. Stratton gives the following expressions for F 
due to both acoustic and polar optical mode scattering: 

/Tjy nevd-
^ao=[—) , / < r « ( / < r _ w _ ^ (5.7) 

W / Mac 

/ r _ \ 2 5 6 V 2 / w _ 2 / L V nevd. 

\T/27 TTA KT J /*. (D 
KTMKT-M-UL2)2, (5.8) 

where UL is the longitudinal sound velocity and Mac is 
the zero-field mobility due to acoustic phonon scattering; 

1 ' yJe^2 

-NoFo-
3 A A (2m-jcff)* 

X [ { ^ — 1 } # O ( Y - / 2 ) 

+ {e-y-r-+l}Ki(y-/2)netnVd~2, 

where i V r
0 = [ ^ - l J - 1 , y = 6/T, y-=6/T-, and K0 and 

K\ are modified Bessel functions of the second kind. 
Also, K6 is the energy of optical phonons, taken to be a 
constant and the parameter FQ, having the dimensions 
of an electric field strength, is given by 

FQ±= (e^ — eQ-^em^e/ft2, 

where eo and €<* are the static and optical dielectric 
constants of the material. 

The Brooks-Herring formula for ionized impurity 
scattering leads to the expression 

ST2 e4ATi?nJin-.Vd-(l>(b) nevd~( T 

3 e0
2(2m_j<r_)* m(T)\T. : ) ' 

(5.10) 

where <f>(b) = ln(l+b) — b/(l+b) and b is given by 
(5.6a). m is the zero-field mobility due to impurity 
scattering and N% is the ionized impurity concentration. 
The requirement of a long relaxation time demands 
that the experiments be carried out at a low lattice 
temperature so that the phonon scattering is small. As 
pointed out above, the effect of impurity scattering will 
decrease due to heating of the carriers by the electric 
field and for this reason it is desirable to carry out ex­
periments at temperatures below the zero-field mobility 
maximum. 

The G functions are given by 

Gac — ~ 
Mac(^) 

-(1-T/TJ)(T-/T)*, (5.11) 
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/22T0\* 
-•neNoFol ) 

and 

Gi= 
^2neKT/T\?/ T 

-
MM,(r)\r_ )K> 

(5.12) 

(5.13) 

where M is the mass of an impurity atom. 
Calculations of the hole and electron temperatures 

and the ratio of the electron drift velocity to the elec­
tron thermal velocity for ^-type InSb at r = 2 0 ° K have 
been carried out for Ni= 1015/cm3 on the basis of the 
above formulas. The results of these calculations are 
plotted in Fig. 5. In carrying through the analysis, we 
have attempted to take into account the variation of 
the electron effective mass in InSb with temperature 
(the variation arising from the nonparabolic form of the 
bands due to spin orbit coupling) by using an effective 
mass appropriate to hot electrons, m- = 0.03m. The 
calculations for electrons show that the optical phonons 
dominate both the momentum loss and energy loss for 
electron temperatures greater than 100°K. For ZL. 
= 60°K, the impurity and optical phonon scattering 
contribute essentially equally to the momentum loss 
of the electrons while the acoustic phonon contribution 
is smaller by a factor of 5; the optical phonons however, 
still dominate the energy loss by a factor of 20 over 
the acoustic phonons at this temperature. The situation 
is somewhat more complicated for the holes where the 
momentum loss is primarily due to acoustic phonons 
up to J T + = 8 0 ° K , at which point the optical phonons 
take over and become the dominant scattering mecha­
nism; the impurity scattering plays essentially no roll 
for T ,

+>40°K, due to the decrease in the Coulomb cross-
section for high velocities. The energy loss for the holes 
is primarily due to optical phonons down to the hole 
temperature r + = 3 0 ° K , where the acoustic phonons 
contribute approximately 10% of the energy loss. The 
impurity scattering is ineffective in the energy loss 
mechanism over the entire range of temperatures for 
both holes and electrons. 

I t should be emphasized that these calculations have 
been based on a value of eo= 17.5 taken from the infra­
red measurements of Spitzer and Fan.12 Ehrenreich13 

finds that eo= 18.9 leads to better agreement between 
his calculation of the mobility associated with mode 
scattering and the experimental value. If this larger 
value of €o is chosen, FQ should be increased by a factor 
1.7 and a somewhat smaller temperature ratio will 
obtain for a given value of EQ. Since the optical modes 
give by far the largest contribution to both the F and 
G functions for fields greater than 100 v/cm, the in­
crease in FQ will simply scale the EQ axis by a factor of 
1.7. The curves for the holes may be approximately 

FIG. 6. Hole and electron 
temperatures and electron 
drift velocity as a function 
of field strength in InSb, as­
suming the following initial 
conditions: lattice = 20 °K; 
m-—0.03m ;m+=0.18m;N% 
= 1015/cc. 

100 200 
Ea (Volt/cm) 

adjusted by scaling the EQ axis by \/\ .7 for r + < 8 0 ° K 
and 1.7for r+>80°K. 

The foregoing analysis of the hot-electron problem 
shows that substantial temperature ratios T-/T+ and 
drift velocities Vd/v- may be achieved at moderate 
electric fields. Although we have not carried out de­
tailed calculations of the growth rate for the conditions 
obtaining for the curves of Fig. 6, we can draw some 
tentative conclusions as to whether the conditions for 
the existence of the two-stream instability can be met 
in InSb. We first remark that on comparing Fig. 5 
with Figs. 3 and 4 we may conclude that growth rates 
of the order of co+/15 appear definitely achievable, pro­
vided hole-lattice scattering effects are negligible. Thus 
one requires, at the very least, a hole-lattice relaxation 
time r+, which is sufficiently long that 

C0+T+ M 5 . 

12 R. Spitzer and H. Y. Fan, Phys. Rev. 106, 882 (1958). 
13 H. Ehrenreich, J. Phys. Chem. Solids 2, 131 (1957). 

co+ is dependent on the hole density, and r+ is dependent 
on both the impurity atom density and on the tempera­
ture. The scattering due to acoustic and optical phonons 
can presumably be eliminated by going to a sufficiently 
low initial lattice temperature (and correspondingly 
lower particle temperatures) so that it is the hole-
impurity scattering mechanism which will cause the 
greatest trouble. For example, for n+=3XlOn, one 
finds C O + = 1 . 8 X 1 0 1 2 sec -1; on the other hand, for this 
concentration of ionized impurity atoms at r+—20°K 
one finds r + = 2 X 1 0 - 1 2 sec, so that co+r+=3.6 in this case. 

Matters improve slightly as one reduces the ionized 
impurity concentrations; at T=20°K, the best one can 
do is to reduce it so much that acoustic scattering is 
dominant; in this case, one would have r+=7.25XlO"*12 

sec. What is wanted then is a higher density of holes 
than of impurity centers, a condition which can be 
achieved through ionization across the gap by the 
strong electric fields, according to Glicksman and 
Steele.14 Thus one might start with a p-type sample, 
containing ^10 1 4 impurity centers and holes/cc; on 
applying a strong EQ, one could produce perhaps several 
times 1016 electrons and holes/cc; an co+r+ of the order 

14 M. Glicksman and M. C. Steele, J. Phys. Chem. Solids 8, 
242 (1959). 
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of 15 would then seem not completely out of the ques­
tion provided one further worked at values of initial 
lattice temperature such that the hole temperature T+, 
for the value of EQ in question, was somewhat lower 
than 20°K. I t should be added that under these circum­
stances it is probably necessary to consider the relaxa­
tion time associated with the impact ionization. De­
tailed considerations are required to decide what would 
be the best experimental setup, though it does seem 
likely that unless the ionized impurity concentration is 
substantially below 3X1015/cc, and the initial lattice 
temperature below 20°K, the conditions for the exist­
ence of the two-stream instability cannot be met in 
InSb. 

We conclude this section with a brief discussion of the 
validity of our assumption of a displaced Maxwellian 
distribution function for the holes and electrons. Fol­
lowing Frohlich and Paranjape15 we may regard the 
electron-electron collisions as being more effective pro­
vided the energy loss per unit time by an electron 
(moving at a velocity greater than vJ) in electron-
electron collisions is greater than that in electron-
phonon collisions. Frohlich and Paranjape find that this 
will be true for acoustic phonon collisions if 

1 E*tn-?Ui26o2 

nJ>na= , (5.14) 
4TT KT^TM(E) 

where E is the average electron energy, and ra c is the 
relaxation time for collisions between electrons of 
energy E and acoustic phonons of lattice temperature 
T. This condition may be expressed in the form 

\ 2 9 3 / \KTJ \ 1 0 / 

/ui\2/10z\2/m^ 

\ i o 6 / w L o / 
where /xae is the zero-field mobility due to acoustic 
phonon scattering at the temperature T. For electrons 
in InSb with T = 20°K and choosing E=0 .01 ev, 
m-/mo=0.03, W J = 3 . 6 X 1 0 6 cm/sec, €o=17.6, and 
/iac(20°K) = 4.3Xl07 cm2/v sec corresponding to a de­
formation potential constant Ei=—7.2 ev, the cri­
terion becomes 

w_>2.4Xl0 5cm- 3 , 

which is of course always met. As pointed out earlier, 
Putley finds the hole mobility in InSb can be well 
represented by a combination of impurity scattering 
and a mechanism giving rise to a mobility which varies 
as 5.4Xl06r~1 4 5 . We have assumed in our discussion 
that this mechanism is in fact acoustic mode scattering. 
The criterion (5.15) for holes then becomes 

n+> 7.8 X1011 cm"3, 
15 H. Frohlich and B. Paranjape., Proa Phys. Soc. (London) 

-B69, 21 (1956), 

and therefore the interparticle scattering dominates the 
particle-acoustic phonon interaction in determining the 
distribution function for all concentrations of practical 
interest at T=20°K in InSb. 

The corresponding criterion for interparticle colli­
sions to dominate the optical mode scattering in deter­
mining the distribution function is 

e o
2 / V 0 / r _ V 

n>n = —( — )e-d/T- for T_<6>. (5.16) 
2irez \ 0 / 

For InSb, taking r = 2 0 ° K , 0=29O°K, r_=145°K, 
J T + = 5 0 ° K , €o=17.5, €oo=16, w+ /m 0=0.18, and nt-/mo 
= 0.03, we have 

^+>2.8X101 4cm-3 

and 
^_>3.7Xl0 1 5 cm- 3 . 

I t is impossible to satisfy both of these criteria for 
steady state conditions in weak external fields at 
r = 2 0 ° K . However, due to impact ionization of elec­
trons across the energy gap by hot carriers, it may be 
possible to increase the minority carrier concentration 
sufficiently to satisfy these conditions for both holes 
and electrons. 

I t would appear from the preceding discussion that 
the growth rate could be increased by increasing the 
concentration of carriers. This could be accomplished 
by using a pulsed beam of high-energy electrons. Sev­
eral difficulties arise however, if one goes to high carrier 
concentrations. The use of classical statistics is not 
longer valid if T±<Td±, where the degeneracy tem­
perature is determined from the relation 

1 /2m±KTd±\ 

3TT2\ h2 ) n±' 

The concentrations appropriate to InSb for degeneracy 
temperatures Td±=100°K are ^+=5.7X101 6 cm"8 and 
w_=1.6Xl01 6 cm -3 . There is also the problem of a 
decrease in the relaxation time due to electron-hole 
scattering as the concentration is increased. The re­
laxation time for electrons may be estimated from an 
extension of the Brooks-Herring formula to include 
screening due to both holes and electrons. By treating 
the holes as being fixed scattering centers, we have the 
relation 

1 (4TT62)2 r b -] 
_—— m-nA ln(l+&) , 
r(k) tocJfi&eo L 1+bA 

where b=U2/(kD+2+kDJ). For n±=101Q cm"3, T+ 

= 50°K, T_=200°K, and fi2k2/2m^.=0.01 ev, the screen­
ing parameter b is equal to 7.65 and the electron relaxa­
tion time is 1.16X10-13 sec. The relaxation time for the 
holes is more difficult to estimate due to the large mass 
ratio of holes and electrons. The electron relaxation 
time in any event would appear to be sufficiently short 
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to make the approach of dubious merit in generating 
plasma instabilities. 

VI 

The behavior of the system once the threshold for 
growth of instabilities is reached is quite complicated; 
we can here only make some qualitative remarks, and 
hope to draw attention to some of the interesting fea­
tures of the problem. In thermal equilibrium, each 
relatively undamped plasma mode will possess a small 
amplitude of vibration due to thermal excitation. As 
the particle drift velocity increases just beyond the 
threshold for growth of oscillations, a small number of 
modes will have their thermal level of oscillation ampli­
fied by the two-stream mechanism. These growing waves 
will absorb energy from the directed particle drift 
motion and therefore decrease the drift velocity slightly. 
The decreased drift velocity will then support fewer 
growing modes. This process will continue until the 
energy supplied by the external field is appropriately 
distributed amongst the lattice waves and the growing 
acoustic plasma modes 

In order to calculate this distribution, it is necessary 
to know the level of plasma oscillation which exists, 
and a knowledge of this in turn requires an under­
standing of the nonlinear coupling between the plasma 
modes of different wavelength. This coupling causes a 
long wave-length mode to decay into higher wave-
number modes. The higher wave-number modes decay 
in turn into still higher wave-number oscillations until 
presumably a fine grained random or " thermal" motion 
will be setup. Since the particles are coupled to the lattice 
by the various interactions discussed in the last section 
(i.e., impurity and phonon scattering, etc.) a large part 
of this thermal energy will be given to the lattice. I t 
would appear that a quasi-steady state would eventu­
ally be set up in which the growth of the oscillation due 
to the two-stream mechanism is just balanced by a 
decay due to nonlinear interactions. The situation would 
not be a true steady state since the temperatures of the 
particles and lattice will increase slowly with time and 
as a result the threshold for excitation of unstable 
oscillations and the various scattering mechanisms will 
be time dependent. For weak nonlinear effects the 
modes will attain a large amplitude before this quasi-
steady state sets in and the rate at which each mode 
absorbs directed drift energy will be correspondingly 
large. Now the external field delivers energy to the 
system at the rate of j • Eo, part of which goes directly 
into thermal motion of the lattice by the usual Joule 
heating process and the remainder goes into excitation 
of plasma oscillations. I t follows that for a given value 
of Eo the weaker are the nonlinear effects, the larger is 
the portion of the available drift energy going into each 
plasma oscillation and therefore the fewer the modes 
that will be excited. 

These arguments lead to the conclusion that the rela­

tive drift velocity will tend to saturate near the thresh­
old for creation of unstable oscillations. Thus the 
effectiveness of the mechanism in producing a satura­
tion drift velocity (or current) depends upon the 
effectiveness of the energy transfer from the growing 
oscillations to fine grained thermal motions. Due to the 
lack of theoretical and experimental understanding of 
this nonlinear decay process it is impossible to make 
predictions in this regard and indeed it is for this 
reason that experiments on the two-stream instability 
would be most interesting to carry out. 

In our analysis we have assumed that the major 
portion of the distribution function in the quasi-
steady state can be described by a displaced Max-
wellian. The validity of this approximation rests upon 
the level of plasma oscillations which are excited and 
in turn depends upon the nonlinear effects about which 
little can be said at this time. I t would appear, however, 
that the qualitative arguments in favor of a saturation 
current are likely to be correct. I t should be noted that 
a saturation drift velocity may result directly from the 
optical phonon scattering, a fact which should be taken 
into account in the analysis of experimental data re­
lating to the generation of the instability in polar 
crystals. 

We mention that another type of electrostatic in­
stability may occur under special circumstances. If the 
distribution of one of the carriers exhibits a hump other 
than the main hump of the Maxwellian, plasma oscilla­
tions may be exicted by particles whose velocities are 
in the region where the distribution function is increas­
ing with velocity. Such a situation might exist when one 
is dealing with a low-density plasma in a polar crystal. 
In this case the optical phonons are more effective in 
the energy loss of high-energy particles than the 
particle-particle collisions which tend to restore the 
distribution to a Maxwellian form. Thus one might 
expect a hump to develop in the particle distribution 
just above the threshold for optical phonon emission. 
The hump would then lead to coherent excitation of 
plasma oscillations analogous to that expected for 
runaway electrons in a hot plasma. 

In conclusion, the considerations presented above 
indicate that the production of a two-stream instability 
in the coupled hole-electron plasmas of a semiconductor 
is marginal due to the relatively short relaxation times 
which are attainable in practice. There is a good possi­
bility that the situation would be brighter for producing 
the instability in semimetals such as bismuth where re­
laxation times for both holes and electrons of the order 
of 10~10 second or longer are observed. This case is dis­
cussed briefly in the appendix. 
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APPENDIX 

Two-Stream Instability in Quantum Plasmas 

The discussion of the two-stream instability given 
above is easily extended to the case in which one must 
take account of quantum effects. The random-phase 
approximation for the polarizability, which holds for 
both classical and quantum plasmas for long wave­
lengths, is 

-Aire2 

1 
X — — , (A.l) 

where for Fermi-Dirac statistics f(k) is 

/(Jfe) = l / [ c ^*r-M)/«r + 1 j (A.2) 

Here JJL is the Fermi energy and Ek^h2k2/2m. We con­
sider a two-component plasma formed by particles of 
mass m- drifting with an average velocity \d with re­
spect to a set of particles of mass m+. The frequency 
Og of the acoustic plasmon is given by 

l+4vc^(q$q)+4>nvL-(q, 0 , - q - vd) = 0. (A.3) 

If the effective temperature T+ of the particles of 
mass m+ is sufficiently small such that 

q2KT+/m+<^ilq
2

y (A.4) 

the polarizability 47ra+ may be replaced by its high-
frequency limit — cop+V^g2 where ccpj

2^^irne2/m+\ this 
result is identical to that obtained for high frequencies 
in the classical plasma. If in addition the particles of 
mass m- have a sufficiently large Fermi energy /x_ so 

R. S C H R I E F F E R 

that 
<fn-/m-y>Qq

2. (A.5) 

the solution of Eq. (A.3) for Qq—ttiq+iti2q is 

37rm+p(g)-f 
fl2«= [>(?)?-Verq], (A.6) 

4 mJ- VF I 

where 
\-Kfte2 1 ra_ 

s(q)2= ^ vFJ 
w+[l+4xa_(2,O f l)] 3 m+ 

for (fvF-<£.^Trne2/ni-.. Here VF- is the Fermi velocity 
of the w_ particles. In order to have growing wave 
solutions (£22?>0) it is required that 

vq>s(q)^(m-/3m+)hF-. (A.7) 

One might hope to observe this instability in bismuth 
where the hole mass m+ is roughly thirty times that of 
an electron m_. Also, one has conductivity relaxation 
times for both holes and electrons longer than 10~10 

second at liquid helium temperatures in this case. 
If we use VF~=107 cm/sec, U- = 0.017 ev and r + 

= 7V-=10~10 sec, the growth rate for wave numbers q 
less than the screening wave number &s~107 cm - 1 is 

ihq^10™{10-*q(vd/s-l)-l}. 

where £=106 cm/sec. Thus with drift velocities of the 
order of 2X106 cm/sec (~VF-/10), a two-stream in­
stability might be observed. In practice, this high drift 
velocity is likely to be difficult to attain due to excita­
tion of electrons from the heavy hole band into the 
conduction band by high-energy conduction electrons. 
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