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Slow-muon capture in heavy nuclei results in a moderately excited nucleus which emits mostly neutrons 
and to a lesser extent, charged particles. The neutron and alpha emissions can be explained as statistical 
emission from the compound nucleus formed. The experimentally observed proton emission is ten times 
higher than that predicted by the same mechanism. It is proposed to take into account clustering of nucleons 
at the nuclear surface in order to account for the increased proton emission. The capture of the muon by 
two-nucleon clusters at the surface of AgBr nuclei is calculated and the subsequent direct proton emission 
evaluated. The experimental findings can be explained with a reasonable strength of correlations assumed. 

1. INTRODUCTION 

NEGATIVE muons passing through matter are 
captured in atomic levels as a result of their 

Coulomb interaction with the positive nuclei. This is 
possible since the muon can slow down from an energy 
of a few Mev and cascade down through the levels of 
the mesonic atom in a total time of approximately 10~~n 

sec, which is much less than the spontaneous disinte­
gration half-life of the free muon (2.21 X10~6 sec). In 
heavy nuclei there is then a high probability of muon 
capture by the nucleus from the K atomic orbit via 
the weak-interaction process: 

p (proton)+JJT (muon) • • N (neutron) 

-\-v (neutrino). (i) 

The muon capture results in liberation of approxi­
mately 100 Mev of energy, most of which is carried 
away by the neutrino. This picture of the process was 
first proposed by Tiomno and Wheeler.1 The excitation 
energy retained by the capturing nucleus is 15-20 Mev. 
In light nuclei, the created neutron carrying this energy 
usually leaves the nucleus without further interaction. 
In intermediate and heavy nuclei the neutron may 
divide this energy between the other nucleons and a 
compound nucleus is formed. The excitation energy is 
then lost by evaporation of neutrons and to a lesser 
extent by emission of charged particles. I t is quite 
reasonable to treat the neutron emission as evaporation 
from a compound nucleus, as it is well known that this 
is the normal process in nuclear reactions with similar 
excitation energies.2 The number of neutrons emitted, 
1.5-1.7 neutrons per capture in heavy nuclei,3 indicates 
a more complex process than a simple escape from the 
nucleus of the neutron created in process (1). Never­
theless, although the evaporation process may account 
for most of the neutron emission, in order to get good 

* Now at Department of Physics, Northwestern University, 
Evanston, Illinois. 

1 J. Tiomno and J. A. Wheeler, Revs. Modern Phys. 21, 153 
(1949). 

2 P. C. Gugelot, Nuclear Reactions (North-Holland Publishing 
Company, Amsterdam, 1959), Vol. I, Chap. IX. See here for 
further references. 

3 S. N. Kaplan,'B. J. Moyer, and R. V. Pyle, Phys. Rev. 112, 
968 (1958). 

agreement with experiment, nuclear correlations and 
direct emission must also be considered.4,5 

This article deals with charged particle emission 
following muon capture. The first experiments6 showed 
that with every muon capture in the heavy component 
of the nuclear emulsion, there appear on the average 
0.1 charged particle. Later, an extensive experiment 
was carried out by Morinaga and Fry7 and 24 000 
stopped muon tracks were examined. Their result is 
that muon capture in AgBr is accompanied by the 
appearance of 0.022 proton and 0.005 a particle. 

Ishii8 calculated the charged particle emission from 
AgBr nuclei excited by muon capture using the sta­
tistical model. The nuclear excitation distribution, as 
calculated by Ishii, depends on the momentum dis­
tribution assumed for the nucleons in the nucleus.9 

Ishii considered three possibilities: 

1. a Fermi gas distribution at kT—0; 
2. a Fermi gas distribution at kT=9 Mev; 
3. the Chew-Goldberger distribution: F(p) = A/ 

(B-\~p2)2, where A, B are constants and p is the nucleon 
momentum in the nucleus. 

In Table I the results of Ishii's calculations are 
compared with those of Morinaga and Fry.7 

The Chew-Goldberger distribution was proposed10 in 
order to account for the deuteron pickup cross section. 
However, it is fairly clear now that it contains too high 
a proportion of high momenta and has been shown to 
be inadequate in further experiments.11 Therefore, the 
results obtained with this distribution have no great 
significance. The Fermi gas distribution at finite 
temperature (kT~9 Mev) gives excellent agreement 
for a emission. The energy distribution of the emitted 
a particles, calculated by Ishii, is also in agreement 
with the measurements of Morinaga and Fry. This is 

4 P. Singer (to be published). 
B E. Lubkin, Ann. Phys. 11, 414 (1960). 
6 E. P. George and J. Evans, Proc. Phys. Soc. (London) A64, 

193 (1951). 
7 H. Morinaga and W. F. Fry, Nuovo cimento 10, 308 (1953). 
8 C. Ishii, Progr. Theoret. Phys. (Kyoto) 21, 663 (1959). 
9 See reference 8 for the details of the calculation, or references 

3 and 4 for similar calculations of the excitation energy of the 
nucleus. 

10 G. F. Chew and M. L. Goldberger, Phys. Rev. 77, 470 (1950). 
11 K. G. Dedrick, Phys. Rev. 100, 58 (1955). 
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TABLE I. Charged particle emission by compound 
nucleus calculation. 

Emitted particles per capture (%) 
Momentum distribution alpha protons 

Chew-Goldberger 
Fermi gas (kT = 0) 
Fermi gas (kT = 9 Mev) 
Experimenta 

7.9 

0.45 
0.5 

2.3 
~0.02 

0.23 
2.2 

a See reference 7. 

quite remarkable since the Fermi gas distribution at 
9 Mev is almost identical with the exponential dis­
tribution,12 f(p) = exp(—p2/a2), with a2/2M=U Mev, 
and the exponential distribution gives good agreement 
with the distribution of momenta in nuclei especially 
for the high components. Brueckner and co-workers13 

analyze several high-energy processes which are 
dependent on the momentum distribution of the 
nucleons, such as deuteron pickup, pion capture, high-
energy proton-nucleus collision, nuclear photoeffect, 
and pion production in proton-nucleus collision, and 
show that all of them are satisfactorily explained by 
assuming the above-mentioned exponential distribution. 
This distribution is also obtainable from the Fourier 
transform of the nuclear-matter wave function, as 
shown by Brueckner13 and Tagami14 for the whole 
range of momenta. 

It is thus seen that the same distribution can be used 
to account for the a-particle emission following muon 
capture, but only accounts for one tenth of the proton 
emission. This is still justified, as a statistical process 
is best suited for the a emission following muon capture. 
On the other hand, for proton emission, still other 
mechanisms are possible. 

It is worthwhile to note at this point that in most 
nuclear reactions at comparable energies, the a-emission 
cross section is satisfactorily explained by the statistical 
process.15 In contradistinction, in the same reactions, 
the proton emission is 10 (and sometimes 100) times 
higher than calculated from a compound nucleus and 
statistical emission process.2,16 

In calculating the neutron emission following the 
muon capture, an effective mass smaller than the free-
nucleon mass was used3,4 in order to obtain agreement 
with experiment. The effective-mass approximation is 
not valid in the charged-particle case, since M* (p) —-»M 
for momenta near the Fermi level,17 and charged-
particle emission takes place primarily from this region. 

Another conceivable process, in addition to the 

12 E. Henley, Phys. Rev. 85, 204 (1952). 
13 K. A. Brueckner, R. J. Eden, and N. Francis, Phys. Rev. 98, 

1445 (1955). 
14 T. Tagami, Progr. Theoret. Phys. (Kyoto) 21, 533 (1959). 
15 C. B. Fulmer and B. L. Cohen, Phys. Rev. 112, 1672 (1958). 
16 K. J. Le Couteur, Nuclear Reactions (North-Holland Pub­

lishing Company, Amsterdam, 1959), Vol. I, Chap. VII. 
17 K. A. Brueckner, The Many-Body Problem (Dunod, Paris, 

1959), p. 48, 

statistical emission, is direct emission from the nucleus. 
This can occur when the neutron created in (1) interacts 
directly with a nuclear proton. Unfortunately, such a 
process seems highly improbable in the light of the 
results of Elton and Gomes.18 They tried to explain the 
large cross section for inelastic scattering of protons 
with a few tenths of a Mev (which is ten times higher 
than calculated by assuming a statistical process) by 
looking for direct knock-on from the nucleus. It was 
found that the total reflection at the boundary of the 
nucleus essentially prevents a proton inside the nucleus 
from leaking outside. Consequently, this process gives 
a total cross section which is even smaller than for the 
compound nucleus process. 

In the case under consideration, the proton emission 
is also ten times higher than expected from a statistical 
emission process. It will be shown that increased 
emission is obtained if one takes into account nuclear 
surface effects. Elton and Gomes18 and Oda and 
Harada19 also succeeded in accounting for the high 
experimental inelastic proton scattering cross section 
by considering the quasi-elastic scatterings with nu­
cleons in the extreme outer shell of the nucleus. 

2. NUCLEON CLUSTERS AT THE 
NUCLEAR SURFACE 

Evidence shall be presented here for the existence 
of nucleon clusters at the nuclear surface. In Sees. 3 
and 4 a model will be proposed which explicitly takes 
into account the existence of these clusters in calcu­
lating the muon capture. It will be shown that this 
model results in increased proton emission. 

The nuclear surface is a low-density region. There­
fore, the Pauli principle is less operative here in reducing 
correlations and accordingly there is a clustering 
tendency for the nucleons. 

Several investigators have dealt with this problem. 
Tagami20 has calculated the "healing distance"—the 
range in which the wave function for a nuclear pair 
imbedded in nuclear matter becomes identical with the 
wave function for a free pair—as a function of k, the 
relative momentum of the pair. He derives the 5-state 
wave function of the pair by using the Bethe-Goldstone 
equation and assuming a potential consisting of a hard 
core with radius D. One then obtains, for the healing 
distance as a function of k, 

\(k) = D\ 
• ir ( l+Ky1 l 

(2 - .Kin J - 1 
.DkF\ 1-257 J 

K2<DkF, (2) 

where K—k/kF, and kF is the Fermi momentum. 
This expression shows that for &<0.6&F, the wave 

function of the pair is healed within a distance smaller 
than the mean distance between the nucleons in the 

18 L. R. B. Elton and L. C. Gomes, Phys. Rev. 105, 1027 (1957). 
19 N. Oda and K. Harada, Nuclear Phys. 7, 251 (1958). 
20 T, Tagami, Progr. Theoret. Phys. (Kyoto) 21, 465 (1959). 
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nucleus. Thus, these nucleons move nearly inde­
pendently. For k near kp, \(k) is larger than the mean 
distance between nucleons, and therefore the pair 
behaves like a unit. From the local picture of a Thomas-
Fermi gas one can conclude that the individual nucleon 
motion occurs throughout the nuclear volume, but in 
the surface region there is a strong tendency toward 
clustering. 

The same conclusion is reached by da Providencia.21 

He calculates the energy and the wave function of a 
finite nucleus by a perturbation method. The per­
turbation is the difference between the true Hamiltonian 

&=£ (-&,*)+£ vn, (3) 

and the "unperturbed" Hamiltonian 

H=£ (-hW+V<), (4) 
4 = 1 

where V i is the common average potential. 
He then calculates the potential energy density which 

is divided into two parts, one correlation-free (vi) 
and the other expressing the two-particle correlations 
(v2). The graph of vi/v2 as a function of the distance 
from the center of the nucleus shows that the surface 
region is much more correlation-rich than the maximum 
density region. 

Wilkinson22 has pointed out the role the surface 
nucleon clusters play in K~ capture. As is known,23 

K~ capture by the nucleus occurs primarily from the 
Sg atomic level where the half-life for nuclear capture is 
ten times smaller than for the competing electro­
magnetic transition. This means that the capture takes 
place at a distance 2X10 - 1 3 cm from where the nuclear 
density is half the value at the nucleus center, i.e., 
80% of the captures occur in a region containing less 
than 10% of the nuclear matter. When the K~ capture 
is by a single nucleon, the reaction is K~-\-N —> F+7r, 
where Y is a hyperon with approximately 60 Mev 
energy. When a multinucleon capture occurs, the 
process is K~+2N —> Y+N and the hyperon has 150 
Mev. The latest experiments24 show that nearly 50% 
of the captures in AgBr are of the second type. This 
result is highly significant to our problem. 

The experiment of Hodgson25 on the (p,a) reaction 
should also be considered. According to him it seems 
that a surface nucleon of AgBr is found in a cluster 
40% of the time. 

21 J. da Providencia, Proc. Phys. Soc. (London)77, 81 (1961). 
22 D. H. Wilkinson, Phil. Mag. 4, 215 (1959). 
23 P. B. Jones, Phil. Mag. 3, 33 (1958). 
24 M. Nikolic et al., Helv. Phys. Acta 33, 221 (1960). 
25 P. E. Hodgson, Nuclear Phys. 8, 1 (1958). 

3. MODEL FOR DIRECT PROTON EMISSION 

In an improved independent-particle model, the effect 
of the correlations throughout the nuclear volume 
should be accounted for. This entails the use of a 
realistic momentum distribution and an effective mass 
for the nucleons,3,4 the latter being due to the de­
pendence of the average nuclear potential on the 
momentum. 

The surface correlations require special treatment. 
Here, they manifest themselves mainly by nucleon 
clustering. The most frequent cluster is the two-nucleon 
one. When a proton in such a cluster captures a muon, 
the process cannot be treated as a simple one-particle 
capture as in (1). Because of the proximity of the second 
nucleon and the strong internucleon interaction, the 
capturing proton is immediately scattered by the second 
nucleon. Thus, the capture is really effected by the pair, 
not by an isolated nucleon. The other nucleons, which 
are relatively remote from the pair, essentially do not 
participate in the process. Therefore, the elementary 
capture process in this case is (N is a nucleon) 

ur+2N->2Nf+v. (5) 

This kind of capture causes two energetic nucleons to 
appear at the nuclear surface, with a fair probability of 
direct escape. Naturally, the capture by an isolated 
surface proton will also give a neutron with a fair 
probability for direct emission, but this does not affect 
the proton emission. Capture by a two-proton cluster 
results in the appearance of a proton and a neutron, 
and we shall consider these protons when trying to 
account for the high observed proton emission. 

As mentioned previously, Elton and Gomes have 
shown18 that the large total reflection at the nuclear 
boundary practically prevents protons from escaping, 
once they are in the nucleus. A good probability of 
escape exists only for those protons which do not 
encounter this obstacle. The potential in the nuclear 
surface region is given by 

V=Vc+VNy (6) 

where Vc is the Coulomb potential and VN the Woods-
Saxon potential19'26 

VN(r)=- 7 0 { e x p [ ( r - j y / f l + l } - 1 , (7) 
with 

F 0 = 4 0 Mev, d= 0.5 X 10~13 cm, 

JRi= 1.35A *X10-13 cm. 

The nuclear matter extends beyond Rc, which is 
defined by 

V(Ro) = Q. (9) 

In this classically forbidden region the problem of 
total reflection no longer exists. Therefore, we will 
assume, in analogy to Elton and Gomes, who calculated 

26 R. D. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954); 
M. A. Melkanoff et al., ibid. 101, 507 (1956). 
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the scattering of protons by nucleons moving in this 
region, that only the protons appearing after captures 
by clusters in this region may be directly emitted from 
the nucleus. 

The number of protons in this region can be estimated 
on the basis of the charge distribution in the nucleus, 
p(x), obtained from high-energy electron-nucleus scat­
tering27 : 

p(») = -
4flriWo 

1 — | exp[— n(l — x)], x<\ 

% exp[— n{x—1)3, x>l 
(10) 

where x=r/ri and No is a normalization constant (so 
that 4nJ'p(r)Tadr=Z) and is given by 

Na= l/3+2/«2+exp(-»)/»3; (U) 

n and t\ are constants which must be specified for each 
nucleus. The potential created by this distribution is 

where 
Vc(r)=(e*Z/r1)J(x), 

r l 1 1 e~n/l — enx 1 v 

\-n2 2 6 n2 \ nx 2 / . 

= — No'1] e~<*-v(-+-\ /nz 1, 

x<\ 

x>\. 

(12) 

(13) 

We are interested in the Ag and Br nuclei which were 
studied by Morinaga and Fry.7 The constants n and r\ 
for these nuclei are taken from the report of Ford and 
Wills28: 

Ag: n=5.14XlO-13cm, n=7.20; 

Br: f!=4.63X10-13cm, ^=6.06. 

By using (7), (12), (13), and (14) one finds for Rc 

Br: £C=6.53X10-I3cm; 

Ag: £c=7.00X10-13cm. 

(14) 

(15) 

It is now possible to find the number of protons, N, in 
the region beyond Rc: 

# = p(r)dt. 
J Rc 

From (10) and (16) one obtains 

Ze-n{xc~l) 

N=- -[n2x?Jr2nxc+2~]y 

(16) 

(17) 
2n*N0 

where xc=Rc/ri. One obtains: 

Br: #=1.48; Ag:iV=1.52. (18) 
27 R. Hofstadter, Ann. Rev. Nuclear Sci. 7, 231 (1957). 
28 K. W. Ford and J. G. Wills, Los Alamos Scientific Laboratory 

Report, LAMS-2387, 1960 (unpublished), and J. G. Wills (private 
communication). 

We will use an average value, N=l,5, for both 
nuclei, as this is sufficiently accurate for our purpose, 
and we will confine our calculations to Ag only. 

It is now necessary to calculate the capture proba­
bility of the muon by a quasi-free nucleon cluster 
moving in the nuclear surface region, and evaluate the 
number of directly emitted protons. 

4. PSEUDODEUTERON MODEL CALCULATION 

The two nucleon clusters are of three kinds with 
regard to composition, namely two-proton, two-
neutron, and neutron-proton clusters. The second kind 
cannot absorb a muon, so it does not contribute to our 
problem. We shall call two-nucleon clusters, pseudo­
deuterons.29 We shall assume that the pseudodeuterons 
are in an 5-state. This is the state in which the nucleons 
are closest and makes the greatest contribution to our 
problem. It is also in accordance with the description 
of the nuclear interaction in terms of Serber forces 
which lead to nuclear interactions in even states only. 
We shall further distinguish between three types of 
pseudodeuterons: a proton-proton cluster which has to 
be in a singlet spin state, and a neutron-proton cluster 
which can be in either a triplet or singlet state. We shall 
designate the different pseudodeuterons as 

(a) {p-pj, (b) [n-pj, (c) [n-pj, (19) 

where the superscript refers to the spin state. 
The wave function of the capturing nucleus is written 

as 
¥(1,2,. • •,A) = txp(iK'-R')f(r)<P(3,- --,A), (20) 

where the system is not antisymmetrized between the 
nucleons (3,4,- • - ,A) and the pseudodeuteron nucleons. 
This indicates the absence of interaction between the 
pseudodeuteron and the other nucleons. The wave 
function of the pseudodeuteron is written as a product 
of the center-of-mass motion part and the part de­
pendent on the relative coordinates of the pseudo­
deuteron nucleons, r=ri—r2. The wave function <p 
does not change in the process and is thus eliminated 
from the calculations. The capturing pseudodeuteron 
is quasi-free, as the two nucleons are very close. The 
probability of other nucleons also being close is neg­
ligible. Formally, the matrix-element Hfi for capture is 
similar to the corresponding expression for muon 
capture by a deuteron.30'31 (We will use the same 
notation as reference 31.) The probability of quantum 
transition in the first order of perturbation theory is 

<*=2T Y,t\Hti\*ph (ft=c=l), (21) 

where p/ is the density of final states and where in the 

29 The term pseudodeuteron is occasionally used for a neutron-
proton in an ^-triplet-state nuclear cluster. 

30 A Rudik, Doklady Acad. Nauk SSSR 92, 739 (1953). 
31 H. Uberall and L. Wolfenstein, Nuovo cimento 10,136 (1958). 
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case under consideration 

Bfi= J exp[ -*K- (ri+r2)/2lF*(q,T)JfKfl 

XCr- ( l )F ( l )+ r - (2 )F (2 ) ]7 < X^( r )&i& 2 . (22) 

The calculation is carried out within the c m . system 
of the pseudodeuteron. The final spatial wave function 
of the two nucleons is resolved into the cm. motion 
with momentum K = p i + p 2 and a part F dependent 
on the relative coordinates and the relative momentum 
Q==i,(pi~"p2). Xiy Xf are the initial and final spin func­
tions and Ji, Jf are corresponding isospin functions. 
We have chosen the Universal Fermi Interaction of 
the (A — V) type32 and thus 

7(i) = exp [ -»k , . r i ] (5+T-<r )^ ( r < ) , (23) 

S=CV*, t ( l+76)* w 

T=C^M(l+ 7 5 ) ( r i /v ? 

where k„ is the momentum of the neutrino, <^ the 
spatial muon wave function, \f/v, ^ the spinor wave 
functions of the neutrino and the muon, and CV, CA 
the coefficients of the vector and pseudovector inter­
actions. r_ is the isospin operator which converts a 
proton into a neutron and vanishes when operating 
on a neutron. As there is not enough information 
available on the wave functions of the different clusters, 
the same spatial wave function will be assumed for all 
three types of pseudodeuterons. The antisymmetri-
zation requirement of the two-nucleon wave function, 
together with the assumption that ^(r) is in an S state, 
leads to the following wave functions for the pseudo­
deuterons in their cm . system: 

[n-pj: 2 - * [ / p ( l ) / n ( 2 ) + / w ( l ) / p ( 2 ) ] X ^ ( r ) , (25) 

[nrpj: 2 - * [ / p ( l ) / B ( 2 ) - / n ( l ) / p ( 2 ) ] X ^ ( r ) , 

where Xs, Xy are the spin wave functions for the singlet 
and triplet states, respectively. In order to evaluate 
(21) we shall utilize, with the appropriate corrections, 
the calculation of the similar expression for the deuteron 
carried out by Uberall and Wolfenstein.31 They obtained 
the following expression for the muon capture proba­
bility by the deuteron33: 

(0j> = KvIt+KA(2It+I.), (26) 

Ii= / pdpdQ / Ji*Jikvdkv, (27) 

32 Corrections for strong interactions are neglected since they 
do not seriously affect the value of the capture probability. See 
reference 31. 

33 See reference 31 for full details on the derivation of (26) from 
(21) and (22), which involves appropriate summations and 
averages over spin states and the conservation of momentum and 
energy for the process, 

and 

Ji- Fi*(v+k,/2,t) e x p [ - * V r / 2 ] M r ) * , (28) 

where i is either singlet (s) or triplet (t) and p the 
momentum of the observed neutron, and where 

\CV\* M \CA\* M 
Kv= —; KA=— . (29) 

war? 4(2TT)4 W 4(2TT)4 

an is the Bohr radius of the /z-mesonic atom of deuterium 
and M the nucleon mass. 

Uberall and Wolfenstein assumed that the two 
nucleons in the final state interact only when in an 
S state. They calculated COD with and without this 
assumption. In the first case, F(q,r) is taken as an 
adequately symmetrized plane wave, and for the second 
possibility an interacting S state is added. They showed 
that inclusion of the interaction does not change the 
capture probability by more than 20%. Therefore, we 
shall neglect interaction in the final state and use the 
values obtained by Uberall and Wolfenstein for this 
case. 

If we antisymmetrize the wave function for the two 
nucleons following the muon capture, we obtain the 
following final states, summarized in Table I I , by using 
the interaction (23), (24). The transitions induced by 
the vector interaction (Fermi type) are given in the 
column V and those induced by the pseudovector 
interaction (Gamow-Teller type) in the column A. 
The space wave function of the two nucleons is either 
an S or P state, while the spin state is indicated by the 
superscript. 

In order to obtain the capture probability for the 
pseudodeuteron, we have to introduce three corrections 
in the expression for H/i used by Uberall and Wolfen­
stein in deriving (26): 

(a) Instead of ^o(r) we must use the spatial wave 
function ^(r) of the pseudodeuteron. 

(b) We must use the wave functions x and / ap­
propriate to our case. 

(c) Uberall and Wolfenstein have used the value of 
the muon wave function at the origin ^ , D ( 0 ) in their 
derivation since the muon wave function hardly 
changes within the deuteron volume. 

In this case the capture is done by protons in Ag 
which moves outside Rc defined in (9). The nuclear 

TABLE II. Final states after muon capture by pseudodeuteron. 

Final state 
V A 

Initial state S P S P 

\ji-p~]1 — \n—n~Y [n—w]° [n—nj 
[n-py [n—ny — — [n-~nj 
LP-P1Q [p-py [n — p2° Ln-pjl [n-pj 

file:///ji-p~]1
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density outside Rc decreases very rapidly, while <£V,AS 

changes much more slowly. Therefore, we shall approxi­
mate the muon wave function by its value at Rc, 
<Pn,Ag(Rc)-

Accordingly, we have to multiply the result of 
Uberall and Wolfenstein by a= | <PIX,AS(RC) | V | <£V,D(0) | 2 . 

We shall show, by using considerations first men­
tioned by Levinger34 in his pseudodeuteron model 
calculation for the nuclear photoeffect, that we can 
compensate for the difference between \[/T> and \f/ by 
multiplying the result for the deuteron capture by 
0 = 1̂ *11VI ^212, where Ci, C% are the normalization 
constants of \f/ and ^D.35 

By using the spin and isospin wave functions given 
in (25), and summing over the possible final states 
given in Table I I , we obtain, bearing in mind the above 
considerations, 

« i^p]i=aP£KvIt+KA ( 2 / i + / . ) 3 , (30) 

ui^p]*=aPZKvI*+2KAItl, (31) 

a\p-pr=apl2KvI.+4KAltl. (32) 

Now we shall justify the "/3-constant approximation." 
We shall use for the pseudodeuterons the approximate 
Hulthen wave function for an S state due to a Yukawa 
potential.34-36 

(4?r)^ sm(kr+d)/sind~e-fxr 

^ ( f ) = _ . . (33) 
(a2+k2)2v2 r 

k = |(ki—k2) is the wave number for the relative motion 
of the two nucleons and fjr1 is the nuclear force range. 
Outside this range, \p(r) tends to the S term of a plane 
wave and the normalization gives one pair in the volume 
v which in our case is the volume of the relevant region 
for capture, or1 is the scattering length and 8 the phase 
shift; they are related by 

cot8= ~-a/k+^rok, (34) 

where r0 is the effective range. We are interested in the 
case when the two nucleons are close, so we expand \j/(r) 
for the range kr<^l. One obtains 

^{r)c^{±Tr/v)^tf+k2)-h-1(l-ar-e-»r). (35) 

The deuteron wave function from the effective-range 

34 J. S. Levinger, Phys. Rev. 84, 43 (1951). 
35 It should be noted that in deriving (26) from (21), sum­

mation over the final states is effected with due allowance for 
conservation of energy, and the binding energy of the quasi-free 
pseudodeuteron is not necessarily equal to that of the deuteron. 
An additional calculation by Uberall and Wolfenstein31 for muon 
capture by a deuteron, using an average value for the neutrino 
energy, fc„, and summing over the final states by using the com­
pleteness theorem, showed that a change of a few Mev in the 
binding energy does not appreciably affect the result, in view of 
the large value of kv. This means that our approximation should 
not involve misleading errors. 

36 E. G. Betrametti and G. Tomasini, Nuovo cimento 18, 688 
(1960). 

theory is 

#p(r) = [25/(1 —aro)]4f~1 

X [exp (—ar) — exp (—/xr)], (36) 

where a - 1 is the "deuteron radius' ' which is related to 
the scattering length of the triplet state by 

a—a—JaVo. (37) 

At small distances, 

^(r)c^l2a/(l-ar0)Jr-1(l-ar-'e--^). (38) 

a and a are nearly equal, and hence \f/ and \f/v are pro­
portional in the relevant region. Indeed, it is a known 
result of the effective-range theory that the wave 
function is not very sensitive to the deuteron energy. 
This means that we can use the result of Uberall and 
Wolfenstein for the deuteron by multiplying it by 

0 = 2T(l-ar0)/a{a2+k2)v. 

( ) means that we have to average over the different 
possibilities for (ki—k2). 

By using the values of Kv, KA, I S , and It given by 
Uberall and Wolfenstein we obtain for the capture 
probability by the different pseudodeuterons, using 
(26), (30), (31), and (32), 

|^ ,Ag( i? c ) | 2 27r( l -ar 0 ) 
w [p-p] ° = 1.74coD- , (39) 

! ^ , D ( 0 ) | 2 a(o?+k2)v 

\<p„,Ag(Rc)\*2T(l-ar0) 
^[n.p]o=O.S7o)j,~ r^7: , (40) 

^ [ n - p ] 1 — ^ D " 

|^M ( D(0) | 2 <*<a2+&V 

|^ ,A g(^c) | 227r(l — ar0) 

^ , D ( 0 ) ! 2 a(c?+¥)v' 
(41) 

In order to calculate {a2+k2) we shall assume the 
following momentum distribution p (ki) for the nucleons 
in the surface region of the nucleus 

p (ki) = C exp (—ki2/b2), 

W / 2 i f = 4 M e v . 
(42) 

This distribution is obtained18 by assuming that the 
tail of the nuclear wave function is given by 
r](r) = Ae~ar/r. A is a normalization constant and 
a= (2MB)i/fi, where B is the separation energy equal 
to 8 Mev. If one takes the Fourier transform of 

7?(r) = 0, r<Rc) rj(r) = Ae-ar/r, r>Rc; (43) 

one gets 

1?(P) = -
4TTA 

p(a2+p2) 
(a sinpRc- p cospRc)e~aRc. (44) 

The momentum distribution is given p(p)= \ri(p)\2> I t 
can be shown18 that a very good approximation for 
p(p) is (42) with b2—a2/2. If we average (a2+&2) with 
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this distribution, one obtains (see Appendix) 

X o H - l l k x - k , ! ' / 

16a f x* 7rex 

!7-TTT — + — C * ( X * ) - 1 ] K ( 4 S ) 
(2TT)^312X^ 2 

where \=2a2/b2 and <£>(#) is the error integral. If we 
use37 the value of the scattering length for the triplet 
state,38 a=0.185X101 3 cm-1, we obtain 

/ — — > = 8.26X10-26 

V + i l k x - k a l 2 / 
cm (46) 

Now we can calculate a>[p-P]° which is relevant for 
our purpose. Making the reasonable assumption39 that 
the number of protons and neutrons is equal in the 
region outside Rc, we have on the average three nucleons 
there. We take for v, 

»= [4TT(1.2X 10-1 3)3 /3]^ (3/A), 

where the nuclear radius is given by i£=1 .2XlO~ 1 3 ^ 
cm. Also38 ro=l.70X10~13 cm; a = 0.23Xl013 cm"1. By 
using these constants, we obtain40 

2w(l--aro) 
P= =5.2. 

a(a2~\-k2)v 
(47) 

The value of the muon wave function at the origin 
of the deuteron system is 

1 l r fi2 

I*V, .D(0) |*= = -
7T#D3 TrLmee' 

meil+m^/Md)-

fnu 

:1.61x10 s1 cm-8, (48) 

where me, nt^ M& are the masses of the electron, muon, 
and deuteron. The value for <Pp,Ag(Rc) is taken from the 
numerically calculated wave function for Ag of Ford 
and Wills28 

I ?M.A«0RC= 7X10-13 cm) 12= 1.31X 1035 cm~3. (49) 

Using these numbers, we obtain for (39) 

co[2,.2,]o=7.36X104coD. (SO) 

The calculated31 value of O>D is 88.23 sec -1 and the experi-

37 As mentioned previously, no distinction is made between the 
spatial wave functions of the different pseudodeuterons, and we 
assume that they are fairly well described by the approximate 
triplet Hulthen S wave function. 

38 L. Hulthen and M. Sugawara, Handbuch der Physik, edited by 
S. Fliigge (Springer-Verlag, Berlin, 1957), Vol. 39, Chap. 1. 

39 L. Wilets, Revs. Modern Phys. 30, 542, (1958). 
40 This result can be compared with the calculations for pion 

capture by pseudodeuterons throughout the nuclear volume. In 
this case the two-nucleon capture is imposed by the large amount 
of energy released, in order to have conservation of momentum. 
K. A. Brueckner, R. Serber, and K. M. Watson, Phys. Rev. 84, 
258 (1951) and N. C. Francis and K. M. Watson, Am. J. Phys. 
21, 659 (1953) evaluated the Y factor giving the increased pseudo-
deuteron capture probability compared to the deuteron capture 
owing to the closeness of the nucleons. They obtained To^4~ 10 
which is comparable with our result (47). 

mental value for muon capture41 in Ag, WAS= 112.5X 105 

sec-1. Thus we obtain 

°>[p-p] °(theoretical)/coAg (experimental) = 0.58; (51) 

We shall now evaluate the number of directly emitted 
protons following a pseudodeuteron-type capture in 
Ag. In the capture region there are on the average 1.5 
protons, e.g., 0.75 proton pairs. Statistically, one-fourth 
of them are in the relevant singlet state. We shall also 
introduce a parameter y representing the time interval 
during which a proton singlet S state pair behaves like 
a "pseudodeuteron," i.e., when the protons are very 
close to each other. I t shall also be assumed that the 
energetic proton created in the capture process leaves 
the nucleus in half the cases, i.e., when the momentum 
is in a direction away from the inner region. Then, the 
number of protons Np directly emitted from Ag fol­
lowing pseudodeuteron capture in the region beyond 
Rc is 

iV p =7X0.58X0.75XiX|=0 .0557 . (52) 

In order to account for the experimental results of 
Morinaga and Fry,7 A^(exp) = 0.022, we must put 
7=0 .4 . This is in agreement with Hodgson's finding,25 

that the nucleon in the surface region spends 40% of 
its time in a cluster. 

5. DISCUSSION 

In this work, a model of direct interaction was pro­
posed which may be responsible for most of the proton 
emission following muon capture. 

As the compound nucleus picture is inadequate for 
an explanation of the experimental results, we had to 
look for another possible mechanism. Nucleon clustering 
at the nuclear surface seems to provide an explanation 
for the increased proton emission. This picture is also 
in agreement with K~ multinucleon capture in the 
nuclear surface region. 

The calculations discussed in this paper are semi-
qualitative and could be improved. Our main purpose 
was to ascertain whether the proposed mechanism 
could significantly improve the results for proton 
emission processes in muon capture by heavy nuclei. 
I t seems that the answer is in the affirmative. 

In order to improve the results further, more accurate 
pseudodeuteron wave functions should be used. The 
fact that the phase space available to the two nucleons 
is not exactly the same as for free particles should be 
taken into account. In fact, one of the nucleons enters 
the nucleus and therefore many states are forbidden 
to it by the Pauli principle. This will reduce our result. 
On the other hand, we assumed that in only half the 
cases did the proton leave the nucleus. Since the protons 
are outside Rc, it seems reasonable that a proton in this 
region should have a higher escape probability owing 
to Coulomb repulsion. 

41 J. C. Sens, Phys. Rev. 113, 679 (1959). 
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The surface pseudodeuteron capture should also 
affect the neutron emission. I t has been shown3,4 that 
most of the neutron emission occurs as evaporation 
from a compound nucleus. However, the theoretical 
result is 20% lower than the experimental emission. 
The disagreement can be partly explained by taking 
into account the neutron-pair emission following cap­
ture by the n-p pseudodeuterons. 

Two energetic neutrons appear following such a 
capture. They could be emitted directly, which would 
give a multiplicity of two; or both of them could pene­
trate the nucleus which would then lead to a multi­
plicity of c^. 1.3 as calculated for Ag from the compound 
nucleus model4; or one of them could be emitted 
directly while the other penetrated the nucleus, which 
would again lead to a multiplicity of at least 2. The 
most recent experimental result42 is 1.55=1=0.06 neutrons 
per muon capture in Ag. If we take into account the 
mechanism described above, the average emission 
calculated using the compound nucleus model would be 
increased. 

The relevant captures are those by [n-pj* and 
[n-p~J. The capture probability is obtained from (40), 
(41), (47), (48), and (49). We find that 

/0.87 3 \ 1.31X1035 

O)[n-p]0+O)[n-p]l:= ( 1 )X • • X5.2wD 

\ 4 4 / 1.61 X1031 

= 4.10 X 1 0 W (53) 

By using the values of COD and COAS mentioned before, 
we obtain 

(w[n-^]°+^ [n-p] 0A>Ag = 0.32. (54) 

The number of neutron-proton pairs is NXP, and for 
N=P= 1.5 we have 2.25 pairs. We shall also assume 
that half the pairs are in an even-parity state and can 
be treated as pseudodeuterons. On the basis of these 
numbers, and using the same value for y as in the proton 
emission, i.e., 7 = 0.4, we see that in 0.32X2.25X|X0.4 
= 14.4% of the captures the muon is captured by a 
pseudodeuteron and approximately two neutrons are 
emitted. Combining this with the 1.27 average emission 
from compound nucleus processes in the other 85.6% 
of the cases, we obtain 1.37 neutrons emitted per capture 
in Ag. If the number of neutrons in the region r>Rc is 
larger than assumed (N=P), then this figure can be 
increased still further. 

To conclude, the approximate calculations presented 
show that there is a net surface effect causing an 
increased proton emission and having a non-negligible 
effect on the neutron emission. 
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APPENDIX 

We have to find the average of the expression, 

[ V + i l k x - k ^ ] - 1 , 

when the normalized distributions of ki, k2 are 

P(ki)d3ki= (1/TT^3) exp(-ki2/b2)dski. (Al) 

I t is convenient to introduce new variables, k and K, 
defined by 

i ( k 1 + k 2 ) = K, i ( k ! - k 2 ) = k. (A2) 

From the Jacobian of the transformation we have 

d^ktM^ScPKiPk. (A3) 
Therefore, 

/ 1 \ 16TT2 r00 

/ \ = 8 / exv(-2K2/b2)K2dK 

V+ilkx-ksl2 / *W A 
r00 k2 

X exp(-2k2/b2)-
Jo c 

-dk 

16a 

where we have put k2=a2y2 and 

\ = 2a2/b2. 

We use the result43 (for A>0) 

J exp(-Xy2)7^—-dy, (A4) 
Jo 

2L 

(A5) 

1 exp(—\x2) w 
G = / < f o = - ^ l - $ ( X * ) ] , (A6) 

rw exp( 
; = / — 

Jo #2 +1 

where <i> is the error integral, defined as 

2 
exp(—t2)dt. (A7) 

Denoting the integral in (A4) by / , we see that 

I=-dG/d\. (A8) 
Finally, 

/ ! > 

16a | 7T* 

+ — [ * ( X * ) - 1 ] , (A9) 
(27r)^3l2A* 2 

obtained by using the expression for the derivative of 
the error integral, 

&(x?)=(2/^)e-x. (A10) 
43 W. Grobner and N. Hofreiter, Integraltafel (Springer-Verlag, 

Berlin, 1950), Vol. 2, p. 66. 


