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For a system undergoing Markoffian irreversible change of state, a concept of persistency (shown to arise
naturally from a physical microscopic description of the system) is introduced; it is defined as the probability
that a certain state persists during a short time interval without drifting away from the state. This concept
is used in deriving a theorem which says that ‘“‘the steady state of a Markoffian irreversible process corre-
sponds to the maximum of the persistency.” This theorem holds even outside the range of validity of
Prigogine’s principle of minimum entropy production, namely, even when the steady state is not close to
the equilibrium state or even when the process is nonlinear. The proposed function is derived from the
path probability for irreversible statistical dynamics previously reported by the author. The theorem is
first applied to a system of two level atoms interacting simultaneously with a heat bath and a radiation
field. Next, Kohler’s variational derivation of the Boltzmann transport equation is shown to follow from

the theorem.

I. INTRODUCTION

HE question, “which state variable has its

extremum when the stationary state is reached?,”

first recorded by Ehrenfest,! is partly answered by

Prigogine’s principle? of minimum entropy production

(min dS/dt). This is not a complete answer, however,

because the validity of this principle is restricted by
the following conditions®—?:

(1) Phenomenological laws are linear,
(2) Onsager’s reciprocal relations!® hold, and
(3) Phenomenological coefficients are constant.

A large amount of effort was spent by many workers in
trying to find a better variational principle which is
free from these restrictions, as are evidenced by the
large number of publications on this problem.!—22

1P, and T. Ehrenfest, Encyk. Math. Wiss. Vol. 4, Heft 6, p. 82
(1911). See also S. R. de Groot, Thermodynamics of Irreversible
Processes (Interscience Publishers, Inc., New York, 1952), Chap.X.

2 1. Prigogine, Etude Thermodynamique des Phénoménes Irréver-
sibles (Editions Desoer, Ligge, 1947).

3K. G. Denbigh, Trans. Faraday Soc. 48, 389 (1952).

4 A, E. Nielsen, Acad. roy. Belg., Bull. classe Sci. 40, 539 (1954).

5 M. J. Klein and P. H. E. Meijer, Phys. Rev. 96, 250 (1954).

6 I. Prigogine, Thermodynamics of Irreversible Processes (C. C.
Thomas, Springfield, Illinois, 1955).

7M. J. Klein, Transport Processes in Statistical Mechanics,
edited by I. Prigogine (Interscience Publishers, Inc., New York,
1958), p. 311.

8M. J. Klein, Termodinamica dei
(Zanichelli, Bologna, 1960), p. 198.

9 H. B. Callen, Phys. Rev. 105, 360 (1957); Transport Processes
in Statistical Mechanics, edited by I. Prigogine (Interscience
Publishers, Inc., New York, 1958), p. 327.

T, Onsager, Phys. Rev. 37, 405 (1931); 38, 2265 (1931).

11 R, Haase, Z. Naturforsch. 6a, 522 (1951); Ergeb. der exakt.
Naturw. 26, 56 (1954).

12 P, Glansdorff, Physica 19, 737 and 1029 (1953); Acad. roy.
Belg. Bull. classe Sci. 39, 971 (1953).

137, Prigogine, Acad. roy. Belg. Bull. classe. Sci. 40, 471 (1954).

1“1, Prigogine and H. C. Mel, Acad. roy. Belg. Bull. classe
Sci. 40, 588 (1954).

15 H, C. Mel, Acad. roy. Belg. Bull. classe Sci. 40, 834 (1954).

16 P, Glansdorff and I. Prigogine, Physica 20, 773 (1954).

171, Prigogine and R. Balescu, Acad. roy. Belg. Bull. classe
Sci. 41, 917 (1955); 42, 256 (1956).

18 . Wergeland, Transport Processes in Irreversible Statistical
Mechanics, edited by I. Prigogine (Interscience Publishers, Inc.,
New York, 1958), p. 324.
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The present paper answers this question by applying
the path probability method of statistical dynamics for
Markoffian systems proposed by the author pre-
viously.? In Sec. II the concept of persistency is
introduced and a theorem is proposed that the persist-
ency is the variational function sought after. This
theorem is free from any one of the three restrictions
listed above. In Sec. III the theorem is applied to a
simple problem of two-level atoms analyzed by Klein.”-8
In Sec. IV, the case of electrons in a crystal under an
external electric field is discussed to show that Kohler’s
variational derivation®?! of the Boltzmann transport
equation results from this theorem.

II. PERSISTENCY

In order to prepare for the derivation of a function
which takes a maximum value in the steady state, the
path probability method?® developed previously will
be summarized briefly. Consider an assembly composed
of L systems, L being an arbitrarily large number. States
of a system are labeled by =1, 2, ---. A state of the
assembly at time ¢ is specified by a set of probability
parameters {p;(t)} (i=1, 2, ---) such that Lp;(t) is
the number of systems (in the assembly) which are in
the state 4. The set of numbers {;(¢)} may be regarded
as a vector and will be denoted by p(Z), interchangeably.

The process in which the state of the assembly
changes during a short time interval = from ¢ to i+r
is described by a set of parameters {P.(t;i+7)};
LP;;.(t; t+7) is the number of such systems (in the

P, H. E. Meijer and J. I. Bowen, Physica 26, 478 (1960);
J. I. Bowen and P. H. E. Meijer, ¢bid. 26, 485 (1960).

2 M. Kohler, Z. Physik 124, 772 (1948).

2 J, M. Ziman, Can. J. Phys. 34, 1256 (1956).

228. Ono, Sci. Papers Coll. Gen. Educ., Univ. Tokyo 5, 87
(1955). See also S. Ono, Advances in Chemical Physics, edited by
I. Prizgo_%ine (Interscience Publishers, Inc., New York, 1961) Vol.
3, p. 267.

2 R. Kikuchi, Ann. of Phys. 10, 127 (1960). This paper will be
referred to as ICP. Applications of the method will be found in
the following publications: R. Kikuchi, Ann. Phys. 11, 306, 328
(1960); J. Phys. Chem. Solids 20, 17, 35 (1961).

2 A. H. Wilson, Theory of Metals (Cambridge University Press,
New York, 1956), Chap. X.
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assembly) that were in the state ¢ at ¢ and are in the
state 7 at t-+7, the transition having occurred via the
7th mechanism.?’ The definition of p; and P;;, leads to
the compatibility relations:

pi() =205 25 Pie(t; 14 7),
pi(t+r)=24 2w Pijr(t; t47). (2.1)

The probability p;(f) will be called a stafe parameter
and P;;(¢;t+7) a path parameter, since the former
specifies a state of the assembly and the latter a path
for the change of a state to another.

The path probability method for Markoffian systems??
provides the recipe of writing the conditional probabil-
ity G{P;;»(¢; {1+ )} that any one of the paths specified
by the path parameters {P;;,(¢; t+7)} is realized when
the initial state {p;(¢)} is known. Namely, as will be
seen in the subsequent sections and also in the Appen-
dixes, G{Pi;,(t;t-+7)} is written as a product of the
following two factors: the number of different possible
paths consistent with the set of path parameters
{Py(t;t+7)}, given the initial state {p;(f)}; and the
a priori probability for a certain path whose path
parameters are {P;;,(¢;t+7)}. The general concept
behind G is similar to equilibrium statistical mechanics;
when the partition function is written as ,.G(e)
Xexp(—e¢/kT), a term in the sum is proportional to
the probability that any one of the states of energy
¢ is realized and is composed of two factors, G(e),
which is the number of different states consistent with
the energy, and exp(—e¢/kT), which can be regarded
as the a priori probability (unnormalized) for a certain
state of energy e. It is also instructive to observe that
the path probability method is an extension of the
cluster-variation treatment?’ of one-dimensional order-
disorder problem; when the spatial axis in the latter is
regarded as the time axis, the construction of the free
energy in the equilibrium theory is directly translated
into the construction of the conditional path probability
G{P;(¢;t+7)}. This point is further discussed in
Sec. V.

Starting from the path probability thus constructed,
which we will write as G®{Py;,(¢;i+7)} in order to
distinguish it from G and GMD to be introduced
below, we ask the most probable path for the short
time interval 7 when the initial state {$;® ()} and the
final state {p;®(t+7)} are specified.?® This most
probable path is obtained by maximizing §®, and this
maximum value of GO{P;;,(¢; -+ 7)} corresponding to

25 There can be more than one mechanism of changing from
the state 7 to 7, for instance by exchanging energies with either
gne ﬁImany heat reservoirs in contact with the system. See

W In c{eﬁning Gin ICP, the initial state {p:()} was not specified.

The definition adopted here is more convenient for the present
work.

27 R. Kikuchi, Phys. Rev. 81, 988 (1951).

28 The subscript ¢ on p indicates the ¢th ‘“‘component” of
p, or the probability of finding a system in the ith state, whereas
the superscript (1) labels the whole vector, or the whole set of
numbers.
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Fic. 1. A sequence of states of the assembly (schematic).
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the most probable path will be written as GIP[p®(s);
p@(+7)], or GID[pW; p®] for short; here the
vectors p® and p® stand for the sets {p;P} and {p;®},
respectively, and ¢ and ¢+ in the arguments of gD
will not be written explicitly when they are understood.
Hence GI[p®(#); p@(¢+7)] is the probability of
going from p® (¢) to p® (¢+7) in a short time interval =
along the most probable path.

Consider a certain sequence of states (of the as-
sembly), p@ (?), p® (t+7), p® (44-27), - - -, for a finite
time interval as illustrated in Fig. 1. The probability
that the assembly follows this sequence, or the path,
is written as

SIp®(1); pO ()3 -+ 1=TL §u0[p; po].  (2.2)

If the assembly approaches a unique steady state
described by p(® asymptotically as the natural develop-
ment (see Fig. 2), we can approximate for a sufficiently
long time interval N,

Gg[Natural path for the time interval N7 ]
={gMD[p@; pO Y, (2.3)

because the initial transient part of the path has little
effect. Here GU™ is a special case of GID when the
two arguments of the latter are identical.

The natural development of the physical system
corresponds to the largest probability; in other words,
the natural path g in (2.3) is greater than G for any
path other than the natural one, provided that the
natural path leads to a unique steady state?® As a

TIME

F1c. 2. A schematic diagram of the natural path (1) whose
steady state is p®, and an artificial path (2) which approaches a
state p@ asymptotically.

29 It is possible that the natural path leads to an oscillation of
p and does not approach a unique state p(®). However, this kind of
oscillating case is excluded from the present consideration.
Examples of the oscillating or the cyclic processes are discussed
in reference 17.
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special choice, when the natural path is compared with
an artificial path which approaches a certain state
p@ asymptotically (Fig. 2), the maximum property of
the natural path stated above has the consequence:

(SUO[p; pO TV (GU[p; PO, (24)

Since gMO[p; p] is the variational function playing
the central role in answering the question discussed in
Sec. I, it seems meaningful to give it a name. This
quantity is the conditional probability of going from
the state (of the assembly) at ¢ specified by the vector
p (or by a set of state parameters {p;}) to the same
state p at time /- 7; in other words, it is the probability
that the system stays in a particular state p during
without drifting away from it.*® Therefore it is probably
appropriate to call GIID the persistency. Then the
inequality (2.4) is the proof of the following theorem:

“If the assembly possesses a unique steady state, it
is the state for which the persistency is a maximum.”

This is an answer to Ehrenfest’s question.!

III. THE TWO-LEVEL ATOM PROBLEM

As an example let us discuss the problem which was
treated by Klein”™® and was analyzed in Sec. III of
ICP.28 The assembly consists of L atoms, each of
which has two energy levels 0 and e. It is in contact
with a heat bath of temperature 7" and also with a
radiation field with a monochromatic radiation of
frequency €/k. An atom can make a transition between
its two states either by exchanging energy with the
heat bath or with the radiation field.

The same notation as in Sec. ITI of ICP will be used.
The normalized probability for finding an atom in
the lower and upper state at time ¢ will be denoted by
$1(?) and p.(9), respectively. For the change of state,
the path parameters are introduced. In the notation
of the previous section, they are Pu, Piur, Pius, Puis,
P, and P,,. Here, the subscripts » and & indicate
that energy is exchanged with the radiation field or
with the heat bath, respectively. These path parameters
were written in ICP as P; (3=1,2,...,6) in this
order. The compatibility relations are

1)) =Pr+PytPs,
Pu(f)=PstPs+Ps,
pu(t+7)— pu(t)— Po— P3+Py+-Ps=0,

where P; is used for P;(¢; i+ 7).

As was shown in ICP, and as will be discussed further
in the Appendixes, the conditional path probability is
written as

3.1

(3.2)

3 Although a finite interval = is used as a unit of time, the
discreteness along the time axis does not do any harm, since 7 can
be taken arbitrarily small.

31Tt may be noted here that persistency is a quantity derived
from microscopic statistical dynamics and not a quantity definable
within macroscopic thermodynamics of irreversible processes.

KIKUCHI
GOLP(t; 141}
—LLo ()T Lpu()]! 1_1 [LPA(t; t4r) ]

X (70p) EEP5HP (76,) LPrHPD) (1 — 76,) LP1 (1 — 765) LPs
Xexp[LeB(Ps—P5)/2]. (3.3)

Here the combinatorial factors represent the number
of different paths specified by {P;} given the initial
state, and the remainder may be considered as the
a priori probability that one of the paths occurs.
Further, 6,(6,) is the quantum-mechanical transition
probability between the two levels by exchanging energy
with the heat bath (with the radiation field), and
01 (fs) is the probability that an atom in the lower state
(the upper state) makes a transition in unit time by
either of the transition mechanisms. For the path from
time ¢ to ¢+, 6, and s do not depend on {p;(i+7)},®
and are determined in terms of known quantities (at
time £) from the relations

701=[Ps" (; 1+47)+Ps™ (45 t47) 1/ pa(0),
o= [LPs™ (b5 t+7)+Ps (15 147) ]/ pu(0),

where P™(¢;t+7) is the path probability for the
natural path for the short time interval r; the natural
path is the path the assembly takes as the natural
development and is derived mathematically by maxi-
minizing the path probability, keeping the initial state
(but not the final state) fixed, as will be shown.

In order to apply the theorem proved in the previous
section, GO{P;(¢; t+7)} in (3.3) is first maximized with
respect to P; (=2, 3, 4, and 5) under the subsidiary
condition (3.2), P, and Ps being regarded as the
dependent variables through (3.1). It may be noted
that $;(¢) and p,(¢) are fixed and 65, 6,, 61, and 6 are
constant. Multiplying (3.2) by the Lagrange multiplier
\, adding the product to (3.3), and taking the variation
of the sum with respect to the four independent
variables, we obtain

Py=10,e2Pi/(1—76y),

Py= 10412 2Py/ (1—76,),
Py=104e62*Ps/ (1— 105),
Py=10,6"Ps/ (1— 765).

(3.4)

(3.5)

For the natural path, G® of (3.3) is maximized
without the subsidiary condition (3.2), or the P,™’s
for the natural path are derived from (3.5) by putting
A=0. Neglecting higher order terms in 7, (3.4) thus
leads to the expressions for 8; and g as®®

01=0,+0peFP2,
0="0.+6ecb"2, (3.6)
32 They may depend on {p:(f)}, as is the case for the Fermi
statistics. See the next section.

3 Both 6; and 6 were incorrectly written as 0,46 in (3.5) of
ICP. This error did not affect the results of ICP.
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Here and in the previous equations 8=1/kT.

Equation (3.5) gives the most probable path corre-
sponding to the maximum of G® for the given initial
state at ¢ and the final state at ¢47. This maximum
g™, which we call gID| can then be written from (3.3)
and (3.5) as

L7 InG90[pu()); pult7)]
= 101p1(1) (e — 1)+ 705p. (1) (—1)
FALpu (1) = pu() ]+0(),

where the Lagrange multiplier N is to be determined
from (3.2) by use of (3.4) and (3.5) as

Pu(t417)— pu(t) = 10191 () e — 706p.. (1) -0(7%). (3.7b)

Before proceeding to writing down the persistency
from (3.7), it seems worthwhile to examine the meaning
of these equations. The fact that A=0 for the natural
path of the system suggests that \ is a parameter which
characterizes fluctuation of the system away from the
natural path. When we disregard the case of large
fluctuations which are always of minor importance, we
may assume M is small and may neglect higher order
terms of A. Thus, Egs. (3.7a) and (3.7b) are expanded as

(rL) InGUP[pu () 5 pult+r)]
=N, () —0:1p:(8)+06p.(£) ]

(3.7a)

+N[01p:() +06p. (1) 1/24+0(r \?), (3.8a)
Do) =01p1() = 06po () = N[01p1() +06p. () ]
+0(r,22). (3.8b)

When A is eliminated from these two, we obtain

(rL)7 InGUP[pu (1) 5 pu(t+1)]
=—[Pu(O) —0:91(1) +-06pu (1) I/ 2[0:19:() +0sp (1) ]
+0(7,\3). (3.9)

It should be noticed that (3.9) is a generalization of
the expression Onsager and Machlup worked out® for
the case of small fluctuations from an equilibrium state.
Namely, when we assume, for instance, that the
system is not interacting with the radiation field and
that $,(f) is close to the equilibrium value, (3.9)
becomes identical with the expression which Onsager
and Machlup derived. It is further seen from the
meaning of (3.9) that the value of p, for the natural
path is derived by maximizing (3.9) with respect to
P.(t) keeping p,.(¢) fixed. This procedure is a generaliza-
tion of what Onsager called the “principle of least
dissipation of energy.”’10-3¢

Returning to the quantity of main concern in this
section, the persistency G0, we see that it is a special
case of (3.7) for which $,(f) and p,(t+7) are equal.
When A is eliminated, the persistency is then written as

(rL) InGTP[pu; pu]= —[(0:1p2)*— (Bepu)* T
+0(r). (3.10)
3¢ 1. Onsager and S. Machlup, Phys. Rev. 91, 1505 (1953).
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Or, if we disregard O(\?), the persistency may be
derived from (3.9) by putting p.=0 as

(rL)7 InG™ ™[ pu; pu]
= — (01p1—06pu)*/2(01p1+06p.) +O(7N%).  (3.11)

Here O(\?) means quantities of order N3=[ (6:1p:—0¢p..)
=+ (0:1p1+06p.) °, which is derived from (3.8b) by
putting p,=0.

The theorem of the previous section says that the
expression (3.11) takes its maximum value with respect
to p.(=1—p7) in the steady state. From the quadratic
expression we see that the maximum is achieved when

01p1="06p.. (3.12)

In order to compare this relation with the result for
the steady state obtained from the kinetic equation
approach, we derive the kinetic equation for the
natural path either by putting A=0 in (3.7b) or by
maximizing (3.9) with respect to ., keeping p,, fixed as

D™ =019, — B, ™. (3.13)

Since the steady state is characterized by 2,™=0,
we see that the steady state derived from the kinetic
equation (3.13) is identical with (3.12) obtained by
the maximum persistency procedure. This agreement
demonstrates the correctness of the “maximum per-
sistency” theorem proved in the previous section. It
must be emphasized that (3.12) holds even when the
temperature of the heat bath is low and the min (dS/dt)
principle fails.”-8

It is instructive to compare the result with the
entropy production. It is made of two parts: The
entropy production in the system and that in the heat
bath. The former is derived from the definition of
entropy in the equilibrium theory, and the latter is by
definition the energy flowing into the heat bath divided
by its temperature. The entropy production in the
universe is the sum of these two parts and is given in
Eq. (6) of Klein’s paper,” which is written in the
present notation as
(RL)dS/dt= (Bspu—01p1) In(pu/p1)

+ €805 (puett2— pre=<f2), (3.14)

Since dS/dt is defined for the natural development of
the universe, (3.13) has been used in deriving (3.14).

When the temperature of the heat bath is high, (3.14)
is expanded as

(RT)7dS/di=[pu—pu"+0(8%) J*(61+05)°/6:06

+ (e8)%0:0v/2(0,+65)+0(8%), (3.15)
where . is the value of p, at the steady statederived
from (3.12), ie., p.9=01/(0:1+0s). The minimum of
(3.15) with respect to p,, gives the right result p,=p,®
only when @ is small. In order to compare (3.15) with
(3.11), we may write the latter as

(rL) InGUP[py; pul=— (pu—pu()?

X (614+06)3/46:06+- - -.  (3.16)
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Equations (3.15) and (3.16) look close but differ by a
factor of four and also in the higher order terms of 8.
The relation between the two will be discussed in a
subsequent paper.®

IV. BOLTZMANN TRANSPORT EQUATION

In this section we discuss a system of conduction
electrons in a crystal which is in an external electric
field (external magnetic field and temperature gradient
are not considered here). The state of an electron
specified by its wave vector k changes by way of two
mechanisms; the external electric field changes k
(quasi-) continuously, while the collisions with phonons
change k discontinuously. Since the electron spin is
assumed not to change during the whole process, it is
not indicated explicitly. The notations of Wilson’s
book?¢ will be used whenever possible.

We consider a system consisting of V electrons and
at the same time an assembly consisting of L systems.
A state of the assembly is specified by the distribution
function f(k,t) which is the probability for finding a
system in which the state k is occupied by an electron
at time ¢. The probability for finding a system in which
the state k is empty is denoted by f(k,): or

J(k,0)=1— f(k,2). (4.1)

For the change of state, the path distribution function
P(k, t; k', t+7) is defined as the probability for finding
such a system in which an electron existed in the state
k at ¢ and has moved to k’ at {47, where 7 is a small
time interval. In the terminology of Sec. II, f and P
are the state parameter and the path parameter,
respectively. We may omit ¢ and {47 in f and P when
no confusion is expected.

Due to the external electric field & the electron of
the state k changes into k+ 7« during 7. This drift may
be regarded as a mapping of the whole k space. The
discontinuous changes of k due to collisions with
phonons are superposed on this (quasi-) continuous

mapping. The drift x is the same for all k and
x=—c&/H, (4.2)

where —e is the charge of an electron.
Taking into consideration the x drift, we may write
the compatibility relations between fand P as

k=32 Pk, t; K+, t+7),
kl

f&,)=P(k, t; k+rx, i+7)
+>' P, t; k+7x, t4+71). (4.3)
!

Here P(k, t; k-+rx, i+7) is the probability for finding
a system in which the state k at ¢ and its drifted state
k+7x at t+7 are both empty. The prime on '

35 R. Kikuchi and P. Gottlieb, following paper [Phys. Rev.
124, 1691 (1961)].

KIKUCHI

indicates the condition k’s#k. In writing Eq. (4.3) the
sccond and higher order scattering processes are
neglected ; in other words, when an electron is scattered
out from a state k, no other electron will be simul-
taneously scattered into the drifted position of the
same state k+7x.

The conditional path probability GP{ P (k,¢; k', i+ 1)}
is made of three factors. The first factor G; is the
number of different paths specified by the path param-
eters {P(k, t; k', 147)} given the initial state {f(k,:)}
and is constructed as follows. We assume that 7 is
small enough so that in one system of NV electrons, at
most one collision occurs during 7. Then the L systems
in the assembly are classified by the pattern of a
collision occurred in the system; LP(k; k'+rx) is the
number of systems in which the collision k — k'+47x
occurred, and L(1— 3«3« P(k; k’+7x)) is the number
of systems in which no collision occurred during . The
number of ways of sorting the systems based on the
collision patterns is then

gV=LI[LA-X " P(k; K'+rx) ]
k Kk’

XITIT [LP(k; K/ +7i) ] 10

k k'

(4.4a)

For each sorting of this kind, we can distribute holes
and electrons on each k state among the systems whose
k state did not participate in the collisions ; this number
of ways of distribution is

B = (LU= X (PO K+ (K k) )

X[LP(k; k+m) )P [LP(k; k+me) )"t (4.4b)

The first factor G; of the path probability is then
obtained as the product of g® and all the gi®’s for
different k’s divided by the number of ways of realizing
the initial configurations of the assembly specified by
{f(k,t)}. The latter quantity is

gi=L! I;I {{LF&NIPLLFK,D]TY. (44c)
Thus Gy is, in the logarithmic form,
L InG,{ P}
=§ [£f(k,l)+£f(k,t)+£(1—-2k;’ [P(k; k'+7x)
+P( ket ) DI=E 5 2Pk K+re)
—e(1=% %' P(; K+m) =% [P (k; b+ rv)
+2P(k; k+me)],

where, in order to avoid repetition of long formulas, an

(4.5)

36 The derivation of (4.5) in this section looks different from the
corresponding method in Appendixes II and III of ICP, where an
arbitrary ordering of all the k states was introduced in counting
Gi. The two methods, however, give the same results when 7
is small.
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operator £ was introduced as
Lx=x Inx. (4.6

The expression L™ InG, (¢; t+7), proportional to (4.5),
was called the path entropy of a system for the time
interval 7 in ICP, in analogy with the entropy of the
equilibrium theory, which is & times the logarithm of
the number of different configurations having the same
energy.

The second factor in G comes from the a priors
probability of collisions, which is

L1 InG{P}=3 P(k; k+7x) In(1—7W (k))
—I—% Zk;' Pk; k'+re)in(W(kk")). (4.7)

Here W (k') for k%k’ is the quantum-mechanical
transition probability per unit time from k to k' due
to a collision, and W (k) is the total probability that an
electron leaves the state k in unit time due to any
collision, and is to be determined analogous to the
method described in the previous section from the
relation

WR=5 POG;K+n)/fD),  (4.8)
)

where P®™ (k, k4 7«) is the path probability for the

natural path.

The third factor in G© comes from the path probabil-
ity in the heat bath and was proved in ICP to be the
energy flow into the heat bath during r divided by
2kT, so that writing the energy of the k state as Ey,

L1 InGy{ P} =zk % P(k; K +7mx) (Ex—Ex)B/2.  (4.9)

The conditional path probability G™® is obtained as a
product of three G/’s, or L7 InG® (¢; t4-7) is written as
the sum of (4.5), (4.7), and (4.9). After this is obtained,
the procedure of applying the theorem of Sec. IT is
the same as demonstrated in the previous section.
First gO{P(k; k’47x)} is maximized with respect to
{P(k; K'+m)}, keeping {f(k,f)} and {f(k,?+7)}

fixed, or under the condition

f&k+7x, H‘T)—f(k,t)—zk;' [Pk ; k+7x)

—P(k; K +7)]=0. (4.10)

Using the Lagrange multiplier A (k) for (4.10), we derive
the value of P for the maximum of GP{ P (k; k'+rx)} as

P(k; K'+m)=7U (k k')

Xexp[A(k)—A(K)]+0(3), (4.11)
where we used the abbreviation
U(kk)=W(kK)f(k2)f(K )

Xexp[B(Ex—Ex)/2]. (4.12)
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Since the natural path P™ (k;k’47x) is a special
case of (4.11) with A(k)=0, the relation (4.8) leads to
the form of W (k) as

W)= W(kKk)jk) exp[B(Ex—Ex)/2].  (4.13)
"

It may be noticed that this W (k) depends on ¢ through

f(&' )22 When (4.11) and (4.13) are used in g®

{P(k;k'+7x)}, the conditional path probability of
going from { f(k,5)} to {f(k, ¢+17)} is written as

L InG™[{ f(k,0)}; {f(k,t+7)} ]
=7 Zkl };’ U (k&) [exp(A (k) =N (k")) —1]

+§ MNRLf(k+-rx, i+7)— f(k,)]4+0(7%), (4.14)

where A(k) is to be derived from (4.10) as
fk+rx, t+7)— f(k0)
=T kZ LU (K k) exp(A (k") — X (k))

— U (k") exp(A (k)= (k")) ].

It is seen that (4.14) is analogous to (3.7).
The persistency is a special case of (4.14) when

fk,t)= f(k, t47). (4.16)
In this case we may drop ¢ and ¢+ and write GID in
(4.14) as gIO[{ f(k)}; {/(k)}], whose behavior will
be examined near the steady state. Without loss of
accuracy we may regard (k) as small, since it vanishes

in the steady state, so that we expand the exponentials
in (4.14) and (4.15). From (4.15),

St = f) =7 X (U (K RLLAAK) A1)

(4.15)

—U(kk)[1+A ) —r(K) T},

and using this in (4.14) and retaining terms up to the
second order, we obtain

(rL) InGHOL{f(K)}; {f(K)} ]
=— %in %’ LU K)+U (K k)]
XINE) =N K)o

At this point it is clear that the ‘“‘maximum persistency”
theorem holds because the steady state value of A(k),
which is zero, does make (4.18) a maximum. However,
this interpretation of the theorem in Sec. II does not
give us any interesting information. In order to derive
Kohler’s form of the variation function, we eliminate
A(k) from (4.18) and (4.17). This is done as follows.
We treat only the case of small external field as is
usually done.?* Then x of (4.2) is small and we define

®(k) as i
J (&)= fo(k)+62 (k) fo(k) fo(k),

(4.17)

(4.18)

(4.19)
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where fo(k) is the equilibrium Fermi distribution which
depends on k through the energy Ex, and ®(k) is a
small quantity proportional to | E|. Neglecting O(E?),
we can expand (4.12) as

U (k&) =V (k) {1+5[2 (k) fo (k)

—o(K) fo(k") I}, (4.20)
where
V (k) =V (K k) =W (kK fo(k) fo(k')
Xexp[B(Ex—Ew)/2]. (4.21)
Use of (4.19) and (4.20) in (4.17) leads to
K.gradkfo(k)=§,/ V (k,k)[8®(k")+2x (k")
—pe(k)—2a(k)]. (4.22)

If we write the value of ®(k) in the steady state as
®,(k), it satisfies the Boltzmann equation:

K'gradkfo(k)=2k;’ V (k k") [82, (k’)—ﬁ%(k)],” (4.23)

since A(k) vanishes in the steady state. Subtract (4.23)
from (4.22) to obtain

0=§’ V (k k) {B[® (k") — @, (k) ]+2A (k')
— B[ (k) =2, (k) ] -2\ (k) }.

This shows that B[ ®(k)—®, (k) ]+2A (k) is the value of
®,(k) when there is no field and x=0. Therefore we
conclude

(4.24)

22 (k) =B[2, (k) — 2 (k) ], (4.25)

because ®,(k) vanishes when x=0.
When we substitute (4.25) in (4.18) and neglect
higher order terms, we can write

(rL)~ IngMPL{f(R)}; {/(k)} ]
== /8% Zk;’ V (kK {[®, (k) — 2, (K) I

—2[®,(k)— &, (k") J[2(k)—2(k')]
+ek) -2 (k") P} (4.20)
At this point it may be noticed that because of the
symmetry of V(kK’) indicated in (4.21), when (4.23)
is multiplied with ®(k) and summed over k it leads to

23" ®(k)x-gradyfo(k) =28 %: Lk:’ V (k")

X [@: (k") — @, (k) [2(k)—(k)]. (4.27)

When (4.27) is used for the middle term of (4.26), we
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arrive at the final form of the variation function:

(&/7L) InGgU™L{f(k)} ;5 {f(K)}]
R Zk;’ V (kK[ @, (k) — 2, (k) I*

=—4p Zk‘, ®(k)x- grad, fo(k) — B2 Zk‘, %’ V (k&)

X[@ (k) — (k")

On the left-hand side, ®,(k) is a still unknown function
but is a constant in the same sense that p,® is a
constant in (3.13). Therefore we can apply the theorem
of Sec. IT and conclude that the right-hand side of this
expression is the variation function we have been after
which takes a maximum value in the steady state. It is
easy to verify that the Boltzmann equation (4.23) is
derived by varying (4.28) with respect to ® (k).

Equation (4.28) is equivalent to the variation
principle stated in Wilson’s book?{; namely, when
® (k) satisfies

—2 Z @(k)K -gradkfo(k)
=8 Zk) %’ V(kk)[@(k) —2(k) ], (4.29)

(4.28)

the right-hand side of (4.28) is modified so that the
expression to be maximized is

B Y VkK)[®(k) -2 k)]

k k’/

(4.30)

This is the variation function used by Kohler,® who
derived it by reasoning backward from the Boltzmann
equation purely on mathematical basis.

The physical meaning of the variation function is
now clear. As is seen on the left-hand side of (4.28),
except for an additional constant it is the persistency
gL { f(k)} ;{ f(k)} ], which was defined in the theorem
of Sec. IT and was proved (starting from first principles)
to take a maximum value in the steady state. Thus
Kohler’s variation procedure is now put on the sound
physical basis.

It is instructive to compare (4.28) with the entropy
production. The latter quantity is made up of two
parts, the one in the system, dS,/df, and the other in
the heat bath, dS/dt. The first part is calculated using
the entropy expression known in the equilibrium
statistical mechanics?? as

S's

dt

d
= _ki }; [f(k,0) Inf(k,0)+F(k,2) Inf(k,0)]. (4.31)

This is to be supplemented by the expression of
df(k,t)/dt, which is the sum of two terms due to the
drift and the collisions, respectively, and can be

37 See for example D. ter Haar, Llements of Statistical Mechanics
(Rinehart Publishing Company, New York, 1954), p. 76.
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written as
df(k,l)/d)f-‘—-’ —u-gradkfo(k)
+B %’ Vkk)[@K,)—2k,)] (4.32)

The entropy production in the heat bath, dSu/d¢,
is the energy flowing into the heat bath, i.e., the system
of phonons in the present case, divided by the tempera-
ture of the bath. Since the rate of this energy flow is
expressed by the second term of (4.32), we obtain

dSy/dt=—T1Y. B8 Y V(kk')
X[k ,1)—(k,t)].

Combining the last three equations and after math-
ematical transformations, we obtain for the rate of
entropy production of the universe

A(S:+Sp)/di= (8°/ 2k)§ %’ V(k k')

(4.33)

X[®(k,)—® k')

This is the entropy production whose minimum with
respect to ®(k) would correspond to the Boltzmann
equation if the “min(dS/dt)” principle should hold.
Comparison of the right-hand side of (4.28) with
(4.34) indicates that the latter is a part of the former
(with the opposite sign) and thus the minimum of
(4.34) does not give the steady state. This shows the
failure of the min (d.S/d¢) principle for the present case.?8

(4.34)

V. DISCUSSION

It is instructive to notice the similarity between the
variational theorem proposed in this paper and the
principle of minimum free energy in the equilibrium
statistical mechanics for one-dimensional cooperative
phenomena. It will be shown in this discussion that if
we regard time f as the coordinate along the one-
dimensional axis and the time interval 7 as the lattice
constant, the two variational procedures become
identical.

When the cluster-variation treatment?” is used for
the one-dimensional cooperative phenomena of nearest-
neighbor interaction, the free energy of the system is
first written in terms of two kinds of probability param-
eters, {$:(R)} and {P;(R, R+a)}; p:(R) is the prob-
ability for finding the state 7 at the lattice point R, and
P;;(R; R+a) for the states < and j at R and R+a, o
being the lattice constant. P;(R; R+¢) and p;(R)
satisfy the compatibility relations similar to (2.1).
In writing the free energy F{P;} for a system of N
lattice points, we may introduce the concept of an

38 Equations (4.33) and (4.34) are essentially the basis of
Ziman’s interpretation (reference 21) of Kohler’s variational
procedure. Ziman’s proposal, however, does not seem to provide
any more meaning than an interpretation of individual terms in
the expression of entropy production.
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assembly composed of L systems, and write the
equations:

exp(— LBF{P;}) = ($:82)7, (5.1)
where
Gr=(Lp) ! IT (LP:y) I, (5.2)
and ,
(5.3)

Ge=exp(— LB 2 €iPiy).

Here ¢;; is the energy for the — j bond. For (5.1) it was
assumed thatall the lattice points are equivalent and

pi(R)=pi(R+a). (5.4)
G1 is the number of different configurations having the
same set of parameters {P,;}, and G, can be regarded
as the @ priori probability that a change of state de-
scribed by {P;;} appears. Equation (5.1) corresponds to
GM of this paper with a restriction of stationarity, e.g.,
(4.16). The a priors transition probabilities,  in Sec. III
and W (k') in Sec. IV, correspond to exp(—pe;) of
(5.3), except for a constant factor.

In equilibrium statistical mechanics, the equilibrium
state is derived by minimizing the free energy F{P.;}
or by maximizing the whole quantity in (5.1) with
respect to {P;;} under the “stationarity’ restriction
(5.4). This procedure exactly corresponds to the
variational theorem of maximum persistency.

The key to the success of the present treatment lies
in the introduction of the path parameters (denoted by
{Pi;.(t;t+7)} in Sec. II). It should be noticed that all
the previous attempts (listed in Sec. I) which aimed
at the same goal as the present work started with the
state parameters (written as {p;(#)} in Sec. II). The
inadequacy of using only {p;(#)} but not { P;;,(¢; t+7)}
can be well understood when we remember, as was
pointed out above, that these two kinds of probability
variables correspond to the probability for the point
{p:(R)} and that for the pair {P;;(R, R+a)}, respec-
tively, in the one-dimensional cooperative processes
of equilibrium statistical mechanics. It is known in
the theory of order-disorder processes, that as far as
only the point parameters {$:(R)} are used, the theory
cannot go beyond the Bragg-Williams approximation;
whereas when the pair probabilities {P;;(R, R+a)}
are introduced, the one-dimensional cooperative phe-
nomena of nearest-neighbor interaction can be solved
rigorously, as was shown in Sec. ITA of reference 27.
Since the Markov process in the time sequence problem
corresponds to the nearest-neighbor interaction in the
spatial problem, it is understandable that the Markov
process can be solved rigorously when the path param-
eters {Py;(¢; t4-7)} are used.

As the last comment, it should be emphasized here
that the path probability method for Markoffan
processes?® used in this paper starts from a microscopic
description and first principles and is constructed on
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the basis as sound as that for the equilibrium statistical
mechanics.®

APPENDIX I. DERIVATION OF G®
(MATHEMATICAL PART)

The path probability G® written in terms of the
path parameters is the starting expression on which
all the subsequent derivations in the present work are
based. Therefore, although the expression was proved
in ICP, it seems worthwhile to supplement the explana-
tion in more detail how G® is constructed. As an
example, (3.3) will be discussed here.

This is a mathematical expression for the following
problem of probability theory. Three different kinds
of independent events happen with the @ priori prob-
abilities 1—7(0,+0,c~f2), 76,, and 78,e~<F2. The
probability that out of Lp; events, these three kinds
happen LP, times, LP, times, and LP; times, respec-
tively, [see the compatibility relations in (3.1)] is
given by the multinomial expression as

®1=[1— 7 (0,85~ F2) JEP1(76,)LP2 (16 ,¢—<612) LPs
X (Lpy) \L(LPy) [(LP2) (LP3) T

Similarly, when there are another three kinds of
independent events which happen with the a priors
probabilities 70,62, 70,, and 1—7(6,+0,e2), the
probability that out of Lp, events they happen LP,
times, LP5 times, and LPg times, respectively, is given
as

(AL1)

®o= (70,6°612)LP4(70,) EP5[ 1 — 1 (6,-+0,e812) ]LP6
X (Lpa) LLP)WLPs) (LP) 1T

The product of these two probability expressions ®;
and ®; is (3.3). The correspondence between this
mathematical problem and the problem for atoms in
Sec. ITI is obvious and does not need further elaboration.

The physics part of the derivation of (3.3) lies in
how to identify the a priori probabilities 76, 70,e7f!2,
etc. 0, and 6, are the quantum-mechanical transition
probabilities of the respective processes as were defined
in Sec. ITI. For the interaction with the heat bath,
however, 6, itself is not sufficient; when the energy is
to be supplied from the bath (the process for P3), 05
is to be decreased by the factor ¢ ¢#/2; and when the
energy is given to the bath (the process for Py), 6, is
to be increased by the factor e¢#/2. These two Boltzmann-
like factors are understandable because the ratio of
populations in the upper and the lower levels in
equilibrium is e f=¢F/2/¢<b2. The proof of these
factors was given in Sec. IV and Appendix I of ICP in

(AL2)

# Another advantage of using the path parameters and the path
probability is that problems for which the kinetic equations are
difficult to write down based on intuitive physical arguments can
be treated by deriving approximate kinetic equations (for the
natural path) starting from the path probability. All the problems
of irreversible cooperative phenomena discussed in the papers
listed in reference 23 are of this nature.
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detail. An alternative, and probably more straight-
forward, derivation is shown in the following Appendix.

APPENDIX II. DERIVATION OF G®
(THE BOLTZMANN-LIKE FACTOR)*

A heat bath is characterized as being very large
compared with the system of interest, so that the former
is practically in thermal equilibrium even when energy
exchange occurs between the bath and the system.
We may use as a heat bath any large system in thermal
equilibrium. To be specific, suppose that the heat
bath is made of M particles, each of which has energy
states labeled with =1, 2, ---. Let p;(¢) be the state
probability, P,;(¢; t-+1) be the path probability, and
©.; (i) be the quantum mechanical transition
probability between the 7th and jth states. Then the
path probability G, for the heat bath is derived using
the multinomial expression described in the previous
Appendix as (in the logarithmic form),

ln9b=M[Z, ]z;é:; Pw 1!1(7'@11)—*—21 P“ 111(1'— T@u’)
+3"5 () Inps(H)—>: 225 PiyInPy;].  (AIL1)

Here 1—70;; is the probability that the 7th state does
not change during 7. The logarithm of the path prob-
ability for the system of Sec. III is written from (AI.1)
and (AI2) as

InGs=L[ (Po+Ps) In(8,)+ (Ps+Ps) In(765)
+ P, 111(1—7'01)—’(-])6 ln<1—706)+Pl 111171

In this expression, the effect of the heat bath is not
included yet. The path probability for the whole
universe is the product GuGs.

The interaction between the system and the heat
bath is such that the energy flow from the system into
the heat bath is equal to the energy increase in the
heat bath. Therefore the path parameters {P;;} for
the heat bath and { P;} for the system are not independ-
ent of each other, but are related by

i3 M(Ej—E))(Pji— Pij)+ Le(Ps—P3)=0. (AIL3)

Here E; is the energy of the sth level of a particle in
the heat bath. In deriving the natural path in the
heat bath we multiply (AIL.3) with a Lagrange multi-

(ATL.2)

©In Sec. IV and Appendix I of ICP, the path entropy of the
heat bath, written as $®, §,®, 8, and § interchangeably, should
be added with the kinetic terms; in other words, they should be
replaced by (& times the logarithm of) the path probability.
Thus (AL1) of ICP should read

S(t; t4+7)=EN[Z: 2y PrsIn(10re)+ 21 Prr In(1—7 25 055)
—Er Ex Py lnPfE]’
where (2.5) and (2.6) of ICP should be used of P;,. This modifica-

tion does not lead to any change in the conclusions; (4.3) of ICP
holds as before, but is not supported by a stronger condition than

(4.2), namely b;
v Se=S.+0(7?).



VARIATIONAL DERIVATION OF STEADY STATE

plier A, add the product to InG,+InG, and then maxi-
mize the sum with respect to P.;. Thus we obtain

Pij=70pi(H)erF—EN+0(2). (AIL4)

The value of A is determined as follows. Using
(AIL4), the change of p;(f) in the heat bath is derived

as
Pi(D)=2_; (Pji—Pi)/7
=3 [piet Fim B — peME—EDN]Q,

In the derivation, the quantum-mechanical reciprocity,
0,;=0;;, was used. Since the definition of the heat
bath requires that p;(f) is arbitrarily small even when
the system is interacting with it, (AILS) vanishes. In
the sum of (AILS), ©,; is the kinetic quantity related
to the transition among levels, whereas the equilibrium
statistical mechanics tells us that the equilibrium

(AILS)
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values of p.’s are independent of ©;. Therefore the
coefficients of @;;s vanish individually:

DeME—ED _ p oM Bi=E) =),

(AIL6)

On the other hand, we know for the equilibrium

distribution,
pif pi= e PEIED, (AIL7)

where 8=1/kT. From (AIL.6) and (AIL.7) we can
identify
A=8/2. (AIL8)

Thus, as far as the variations with respect to the
quantities of the system, P; for ¢=2, 3, 4 and 5, are
concerned, we may add only LeS(Ps— P3)/2 to (AIL2)
and need not worry about the detail of the heat bath.
This is the origin of the Boltzmann-like factors in
(AIL1) and (AI2).
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Extending the path probability method for irreversible statistical dynamics proposed previously, the
two-gate probability distribution for a stochastic Markoffian system is written in the form of a path integral.
The most probable path is derived as a solution of the variational Euler-Lagrange equation. Introducing
the concept of the anticausal path, a method to calculate the one-gate probability distribution function (for
fluctuations away from the nonequilibrium steady state) is explained. The distribution function derived
recently by Mathews, Shapiro, and Falkoff for a system of many levels is shown to follow. The concept of
the pseudo-entropy S is introduced. S always increases in time as the system approaches its steady state.
It is shown that the rate d.S/dt, rather than dS/d¢ of Prigogine, is minimum in the steady state, although
the latter can serve as an approximation when the steady state is near equilibrium.

I. INTRODUCTION

N a previous publication by one of the authors' a
theorem was proved which shows that a function
(of state probability parameters® {p;}) called the
persistency, GUD[{p,},{p:} ], takes its maximum value
in the nonequilibrium steady state of a Markoffian
system. This theorem has a wider range of validity than
Prigogine’s principle of minimum entropy production®
[min(dS/dt)], and the variation function GID is de-
rived from the path probability of irreversible statistical
dynamics proposed previously.* In the present paper,
the path probability is exploited further, and the
relation between the proposed theorem and some other
related principles will be discussed.

! R. Kikuchi, preceding paper [Phys. Rev. 124, 1682 (1961)].
This paper will be called VS hereafter.

2 The curly brackets indicate a set of numbers. {p:} may be
written in the vector form as p, p: being regarded as the ith
component of this vector. See Sec. IT of VS.

$1. Prigogine, Etude Thermodynamique des

Irréversibles (Maison Desoer, Liege, 1947).
4 R. Kikuchi, Ann. Phys. 10, 127 (1960).

Phénoménes

When the fluctuation from equilibrium is small, the
two-gate probability distribution has been written in
the form of the path integral.>~7 Section II derives the
path integral representation of the two-gate probability
for the case when the irreversible steady state may not
be close to the equilibrium state. In Sec. IIT the concept
of the anticausal path is used to calculate the probability
for a specific fluctuation from the steady-state distri-
bution. The relation between the maximum persistency
theorem of VS and Prigogine’s principle of min(dS/dt)
will be discussed in later sections with the help of the
concept of pseudo-entropy.

II. PATH INTEGRAL REPRESENTATION

In deriving the maximum persistency theorem in the
previous paper, first the path probability G® is written
in terms of the path parameters' {P;,(¢; {4+7)}. Then
G® is maximized keeping the end states {p,V(¢)} and

6 L. Onsager and S. Machlup, Phys. Rev. 91, 1505 (1953).

6 N. Hashitsume, Progr. Theoret. Phys. (Kyoto) 15, 369 (1956).
7D. Falkoff, Ann. Phys. 4, 325 (1958).



