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plier A, add the product to ln9fe+lngs and then maxi­
mize the sum with respect to P,y. Thus we obtain 

Pu= TQijPiWeW-W+OiT*). (AHA) 

The value of A is determined as follows. Using 
(AII.4), the change of pi(t) in the heat bath is derived 
as 

= E i tpjeWi-W-pieW-wiGij.. (AILS) 

In the derivation, the quantum-mechanical reciprocity, 
©*i=©y*, was used. Since the definition of the heat 
bath requires that pi(t) is arbitrarily small even when 
the system is interacting with it, (AII.S) vanishes. In 
the sum of (AII.5), ®# is the kinetic quantity related 
to the transition among levels, whereas the equilibrium 
statistical mechanics tells us that the equilibrium 

I. INTRODUCTION 

IN a previous publication by one of the authors1 a 
theorem was proved which shows that a function 

(of state probability parameters2 {pi}) called the 
persistency, S(III)£{#*}>{£»}]> takes its maximum value 
in the nonequilibrium steady state of a Markofhan 
system. This theorem has a wider range of validity than 
Prigogine's principle of minimum entropy production3 

[min(dS/dt)~], and the variation function 9 ( I I I ) *s de­
rived from the path probability of irreversible statistical 
dynamics proposed previously.4 In the present paper, 
the path probability is exploited further, and the 
relation between the proposed theorem and some other 
related principles will be discussed. 

XR. Kikuchi, preceding paper [Phys. Rev. 124, 1682 (1961)]. 
This paper will be called VS hereafter. 

2 The curly brackets indicate a set of numbers, {pi} may be 
written in the vector form as p, pi being regarded as the ^th 
component of this vector. See Sec. II of VS. 

3 1 . Prigogine, Etude Thermodynamique des PMnomenes 
Irreversibles (Maison Desoer, Liege, 1947). 

4 R. Kikuchi, Ann. Phys. 10, 127 (1960). 

values of pis are independent of 0 # . Therefore the 
coefficients of 0»/s vanish individually: 

p.eHBi-Ei) __ p.eUJBi-E0 = 0. (AII.6) 

On the other hand, we know for the equilibrium 
distribution, 

pj/Pi=e~^~^\ (AII.7) 

where p=l/kT. From (AII.6) and (AII.7) we can 
identify 

A = 0 / 2 . (AII.8) 

Thus, as far as the variations with respect to the 
quantities of the system, Pi for i=27 3, 4 and 5, are 
concerned, we may add only Lefi(P^—Pz)/2 to (AII.2) 
and need not worry about the detail of the heat bath. 
This is the origin of the Boltzmann-like factors in 
(AI.1) and (AI.2). 

When the fluctuation from equilibrium is small, the 
two-gate probability distribution has been written in 
the form of the path integral.5-7 Section I I derives the 
path integral representation of the two-gate probability 
for the case when the irreversible steady state may not 
be close to the equilibrium state. In Sec. I l l the concept 
of the anticausal path is used to calculate the probability 
for a specific fluctuation from the steady-state distri­
bution. The relation between the maximum persistency 
theorem of VS and Prigogine's principle of min(dS/dt) 
will be discussed in later sections with the help of the 
concept of pseudo-entropy. 

II. PATH INTEGRAL REPRESENTATION 

In deriving the maximum persistency theorem in the 
previous paper, first the path probability g ( I ) is written 
in terms of the path parameters1 {Pijr(t; t-\~r)}. Then 
g ( I ) is maximized keeping the end states {pia)(t)} and 

5L. Onsager and S. Machlup, Phys. Rev. 91, 1505 (1953). 
6 N. Hashitsume, Progr. Theoret. Phys. (Kyoto) 15, 369 (1956). 
7 D. Falkoff, Ann. Phys. 4, 325 (1958). 
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{pj(2)(t+r)} fixed to arrive at g(II)Q>(1); p ( 2 )]. The 
probability that the assembly follows a certain sequence 
of states p<°>00, p ( 1 ) ( /+r) , p (2 )(H-2r), . . . for a finite 
time interval is written, as in (2.2) of the previous 
paper VS, as 

8CP ( 0 )(0;PH )(^+T); • --l=Jl 8 ( I I ) [ P W ; P ( ' + 1 ) ] 

= exp{2: rLr[p<'>>p<'5]}. (2.1) 

As was seen in (3.7) and (4.14) of VS, when r is small 
lng(ii)|-pW. p(v+D] i s proportional to r and to the 
number of systems L in the assembly, so that it was 
written in (2.1) as 

lng<n>[p<»; p ^ l ^ r L r C p ^ p ^ ] , (2.2) 
where 

p(") = lim(p^+1>-p^))/r (2.3) 

is defined along the path specified arbitrarily. Thus for 
the limit of infinitesimal r, the probability that the 
assembly follows a certain path pit) for h^t^t2 is 
written, as an extension of (2.1), 

g[p(0;* i^*2]=exp \L / *r[p(0,p(0] (2.4) 

The so-called two-gate probability of going from the 
initial state p(/i) to the final state p(fe) after a finite 
time interval is obtained in the path integral form8 

from (2.4) as 

S C P ( ' I ) ; P ( ' 2 ) ] 

expj 
/ •PU2; ( /• 

= / expjL / duT[_p(u),p(u)'} 3>p(«), (2.5) 

where f£>p(u) indicates to integrate over all paths 
starting from p(/i) and ending at p(fe). 

In many examples of the path integral method 
treated so far,8 the function T is quadratic in its argu­
ments ; this is because the path integral can be evaluated 
analytically only for this case. In the present treatment, 
however, we can include more complicated functions 
for T because we limit ourselves to the case when L, the 
number of systems in the assembly, is very large. This 
condition of a large L is analogous to the technique 
familiar in equilibrium statistical mechanics, and allows 
us to neglect terms of the order Lr1 with respect to 
unity. Under this condition we can replace the path 
integral (2.5) by the most probable path, that is the 
path which maximizes the exponent: 

(2.6) S[p(*i); P & ) ] = e x p j maxL / du rQ>(«),p(«)] 

8 The path integral in equilibrium statistical mechanics has 
been used successfully by Feynman and others. See, for instance, 
the review article, S. B. Brush, Revs. Modern Phys. 33, 79 (1961). 

The most probable path is to be determined from the 
Euler-Lagrange equation. Because of the analogy 
between (2.6) and Hamilton's principle in classical 
mechanics, we will call the function T\j)(u),p(u)~] the 
Lagrangian for the path. 

III. MANY-LEVEL SYSTEM 

The approach outlined in the previous section is to 
be applied here to the problem treated by Mathews 
et al.d A system has many states i= 1, 2, 3, • • •, and it 
obeys Boltzmann statistics. An assembly made of L 
systems will be considered. In order to make the 
treatment specific the system is assumed to interact 
with two heat baths of temperatures V and T". The 
transition from the state i to j can occur by inter­
changing energy with either of the heat baths. The 
quantum mechanical transition probability from i to j 
is written as 0#' and 0#" where a single (a double) prime 
means the energy exchange with the first (the second) 
heat bath. 

The state parameter for the state i at time / is written 
as pi(t) and the path parameter of going from the 
state i at t to j at / + r is written as P%/{t\ t+r) or 
Pi/f(t; 2+r) , depending on the heat bath to which the 
energy is exchanged. They satisfy the compatibility 
relations: 

pi(t) = Pu(t;t+T)+Z/ (Pi/+P</'), (3.1) 

pi(t+T)-pi(t) = Z/(Pj/+Pji"-Pi/-~Pi"), (3.2) 

where Pi/ stands for Pi/(t;t+r), and Pa(t;t+r) is 
the probability that a system remains in the state i 
without making any transitions during r. The prime on 
] £ / excludes the state i. 

The first form of the path probability g(I){P*j(2; t+r)} 
is written, extending the formula (3.3) of the previous 
paper, as 

L-Hn^iP^t-t+r)} 
= Z ; piif) l n # i ( 0 - E < Pa InPi* 

- £ • • E / LPi/ lnP« '+Ptf" l nP*" ] 

+Zi E / LPi/ l n ( r f c / ) + P * " 1* W ) ] 
+ Z * P * * l n ( l - r 0 ; ) 

+Zi £ / (Pi/P'+Pi/'P") {Ei-E3)/2, (3.3) 

where ft— (kT')~l and E% is the energy of the ith state 
of the system, di is the a priori probability that a system 
in the state i makes any transition out of the state i 
during r and is determined by 

r*=E/LPi / M ( t ;H-r )+P</ '<»>(* ; t+T)yp i ( f \ (3.4) 

where the superscript (n) indicates the natural path 
defined in VS. 

As the next step, the second form of the path proba­
bility g ( I I ) is derived by maximizing (3.3) with respect 
to {Pa(t)t+r)} keeping both {pi{t)} and {pj(t+r)} 

9 P. M. Mathews, I. I. Shapiro, and D. L. Falkoff, Phys. Rev. 
120, 1 (1960). 
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fixed. With the use of a Lagrange multiplier \;(/) for 
(3.2), the maximization of (3.3) leads to 

Pii<t\ t+r^iBa'Piif) e x p [ £ ' C E - £ y ) / 2 ] 
Xexp[X^)-Xy(*) ]+0( r 2 ) , (3.5) 

and the corresponding expression for i V ' . The natural 
path is derived from this by putting X,(/) = 0, since 
there is no restriction on {pi{t~\-r)} for the natural 
path. Thus 

iV ( n ) (* ; t+r) = riMt) e x p t f ' ^ - E , - ) / ^ ] 
+0(T*), (3.6) 

and the corresponding expression for P*/' (w) . From 
(3.6) and (3.4) we can determine 0» as 

#*=£ /@*/ , (3.7) 
where 

0 t f= fc / exp [> ' (E i -Ey ) /2 ] 
+$*" expQT ( £ ; - £ y ) / 2 ] . (3.8) 

The second form of the path probability 

9 ( I I ) [ { ^ ) } ; { M H - r ) } ] , 

or the Lagrangian T, for the path is derived by sub­
stituting (3.5) in (3.3) as 

= ( r L ) - i l n g ™ [ { ^ ( 0 } ; { ^ + r ) } ] 

where \i(t) is determined from (3.2) combined with 
(3.5) as 

P<(0 = E / {pj(t)®» exp[>i(0-X.-(/)] 

- J M O © * exp[X,-(/)-Xy(0]}- (3.10) 

This is seen to be an extension of VS (3.8b). 
The most probable path is determined by varying 

fYdt with respect to {pi{t)}. In order to derive a 
convenient equation, the following procedure is used. 
Substituting (3.10) for p^ in (3.9), and then taking the 
variation, we obtain 

zjmp&)}Avi{t))~]dt 

= / E i L / {®t£(Xi—X,-) exp(X*-Xy) 

+exp(X —Xy) — lj&pi—pSij(\i— Xy) 

Xexp(X i-Xy)5(X— Xj)}dL (3.11) 

To evaluate the last term of this expression, we write 
the variation of (3.10) as 

S » X ^ p ; = £ 4 - £ / [(X,~-X*)0*/ exp(X™Xy)% 
— fr®«(X*-Xy) exp(X—Xy)5(X~Xy)]. (3.12) 
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Eliminating S(X;—Xy) from (3.11) and (3.12) and 
partially integrating once to change hpi to 5^-, we 
arrive at the following Euler-Lagrange equation: 

X.-(0 = E / ©;y{exp[X;(/)-Xy(/)]-l}. (3.13) 

The most probable path {pi(t)}} and {Xi(J)} associated 
with it, must satisfy (3.10) and (3.13) for given initial 
and final conditions. When (3.13) is used in (3.9), the 
latter is simplified to 

rL{Pi(t)},{pm>dij:iHt)pi(t)ydt, (3.14) 

and from (2.6) we arrive at 

9 C P ( 0 ; P ( « ] 
= exp{L Zi LMh)pi(t2)-\i(h)pi(h)']}. (3.15) 

Although it is not easy to solve the path in general, 
two special cases are of importance. The first case is 
the natural path for which X*= 0 as we have seen before. 
I t is obvious that this satisfies (3.13) and for this case 
the familiar kinetic equation for the natural path 
results from (3.10): 

P<(n)(*) = £ / O / n ) ( 0 © y - ^ ( n ) ( 0 © < / ] . (3.16) 

This is an integral of the simultaneous equations (3.10) 
and (3.13) and corresponds to the boundary conditions 
that pi(t) approaches the stationary value, which is 
denoted by p^, as / goes to + co. The steady state is a 
special case of (3.16) and satisfies 

E / [ ^ o o @ y ™ ^ o o © d = 0 . (3.17) 

I t should be noted that detailed balance: 

PJOO ®ji = Pzoo © i j , (3.18) 

does not necessarily hold. 
One special feature of the natural path is that when 

p(h) and p(/2) are connected by the natural path, 

9 C p ( « ; p ( f e ) ] = i , (3.19) 

which is derived from (3.15) by setting \i(t) = 0. To be 
more precise, an additional term of the order of Lrl is 
neglected in (3.19); this term dropped when we replaced 
the path integral of (2.5) by the most probable path 
in (2.6). 

Another case of special significance is the following 
solution of (3.13): 

exp(X<(0) = W ^ ( a ) ( 0 . (3.20) 

I t can be shown that (3.20) satisfies (3.13) and (3.10) 
because of (3.17). When (3.20) holds, (3.10) becomes 

in{a) (0=E/ 0 ( a ) (0 ^pin/pi* 
-pj^WQijpioo/pjvJ (3.21) 

In order to understand the meaning of this path, let us 
consider a special case when detailed balance (3.18) 
holds; then we see that Pi{a)(t) or (3.21) is the negative 
of Pi(n)(i) of (3.16). This suggests that even when 
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detailed balance does not hold, the path governed by 
(3.21) is roughly obtained from the natural path by 
reversing the time, or we may interpret that the path 
of (3.21) starts from the steady state at time — co and 
deviates from it to approach a fluctuated state {piif}} 
at L We will call this path the anticausal path10 and 
indicate it with a superscript (a). I t might seem that 
Pi(a) for the anticausal path should be the negative of 
p / n ) of the natural path (3.16): 

p.-(o)(*) = - £ / tpj(a)mji-pi(a)(md (3.22) 

rather than (3.21). However, this inference does not 
hold in general, since there is no solution of (3.10) and 
(3.13) of the form of (3.22) except when detailed balance 
(3.18) holds. 

When the anticausal path is known, we can calculate 
the so-called one-gate probability that the fluctuated 
state {pi} occurs in the assembly which is in the over-all 
steady state. This probability G{pi} is calculated by 
considering a path which goes from the steady state 
{pioo} at /= — oo to the fluctuated state {pi} at /, since 
we can identify 

G{Pi(t)) = mp<»(-«>));{pi(!)n (3-23) 
The right-hand side quantity, which is of the form of 
(2.5), can be calculated using the most probable path 
which is the anticausal path in this case.11 Thus we 
obtain, by combining (3.23), (3.15), and (3.20), 

G{pi) = exp[L Zi Pi ln(PiJpi)J (3.24) 

Using Stirling's approximation, we may write (3.24) as 

G{Pi} = = r - — I L (pioo)L^ (3.25) 

This is the formula proved by Mathews, Shapiro, and 
FalkofF by means of a different method. 

IV. PSEUDO-ENTROPY 

The expression (3.25) suggests a simple interpre­
tation of G{pi}. If the system is interacting with only 
one heat bath and it is in thermal equilibrium, we know 
that pioo °cexp(—pEi) and —kThiG{pi} is the free 
energy for the fluctuated state {pi}, or +klnG{pi} is 
the entropy (of the fluctuated state) of the universe 
including the system and the heat bath. In analogy 
with this property in equilibrium, we introduce a 

10 The anticausal path was discussed by E. N. Adams [Phys. 
Rev. 120, 675 (I960)] in a different context. 

11H. B. Callen [Phys. Rev. I l l , 367 (1958)] calculated the 
one-gate probability using a different approach. His expression, 
however, has a close similarity with the integration along the 
anticausal path explained here. When the fluctuation is close to 
the equilibrium state, to which case Callen limits his treatment, 
the anticausal path is the negative of the natural path since the 
detailed balance holds in the equilibrium state. InjCallen's Eq. 
(45), (dQi(t)/dt)Qk(0) is the_time derivative of Qi along the 
natural path at time t when Qk(0) at / = QJs given; this is equal 
to the negative of the time derivative of Qk along the anticausal 
path at time —/when the value of Qk(0) at / = 0 is to be specified. 
Thus Callen's Eq. (45) can be interpreted as the integration along 
the anticausal path except for the time dependence of the driving 
force V%(t). 

B 

ANTICAUSAL PATH-*-A 

/ \ c 
ANTICAUSAL / A NATURAL 
PATH^. A / \ PATH 

TIME 

FIG. 1. Schematic diagram for Eq. (4.2). G{pfc)} = 8 [ i -» £ ] , 
G{.v(h)} = 9LA -» C], and q[A -+ C ] > g [ ^ -> B -» C]. The sta­
tionary scate p is written as p<» in the text. 

quantity S{pi}, which has the characteristics of 
entropy, by 

S{Pi} = klnG{Pi}, (4.1) 

and call it the pseudo-entropy (of the fluctuated state) 
of the universe, i.e., of the system plus the heat baths. 

The importance of the notion of the pseudo-entropy 
is that in the steady state it plays the role that the 
entropy plays in equilibrium. First we will show that 
S{pi(t)} increases as the state of the assembly follows 
the natural path. When the state p(/i) changes into 
p(fe) along the natural path, use of (3.23), (2.6), and 
(3.19) leads to 

G{pfe)} = SCPoo(-^),pfe)] 

> S [ P o o ( - ^ ) , P ( / l ) , P f e ) ] = S [ P o o ( - ^ ) , P f e ) ] 
X9Cp(« 3 pfe)] = G{p(/1)}. (4.2) 

Thus 
S{p(fe)»S{p(0>. (4.3) 

Figure 1 explains (4.2) graphically. This result implies 
the following theorem: (I) The pseudo-entropy is a 
maximum in the steady state, or in equation form 

S{Pi^S{Pi}. (4.4) 

In analogy with the entropy production, we may 
introduce the concept of the pseudo-entropy production. 
It is defined along the natural path of the change of 
state. Then using (4.3), we derive the second theorem12: 
(II) The rate of pseudo-entropy production vanishes in 
the steady state, and is positive otherwise. 

These two theorems concerning the pseudo-entropy 
were pointed out by Klein.13 As he commented, the 
"principle of minimum pseudo-entropy production" 
cannot replace Prigogine's principle of "minimum 
entropy production" in deriving the steady state, 
because the pseudo-entropy needs the knowledge of the 
steady state in its definition as is shown in (3.24) or 
(3.25). The two theorems in this section are useful, 
however, since the pseudo-entropy production is pro­
portional to the persistency in some cases as will be 
shown in Sec. VI. 

12 For a special case in which the steady state is the equilibrium 
state, these theorems express the second law of thermodynamics 
in the language of the path. 

13 M. J. Klein, Transport Processes in Statistical Mechanics, 
edited by I. Prigogine (Interscience Publishers, Inc., New York, 
1958), Sec. IV, p. 311. 
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V. SMALL DEVIATION FROM THE STEADY STATE 

In order to illustrate some of the key relations, the 
case of small deviation from the steady state will be 
discussed. Going back to the problem of Sec. I l l , let 
us define the deviation on from the steady state as 

pi(t)=pUl+ai(t)). (5.1) 

Use of (5.1) in (3.24) and (4.1) leads to 

3{Pi) = -kL £ < pi*^/2+0(a*). (5.2) 

This clearly shows the theorem (I) in the previous 
section that the pseudo-entropy is maximum at the 
steady state. 

The two-gate probability distribution, (2.6) or (3.15), 
is next examined. When a / s are small, X/s in (3.10) are 
also small (since X4=0 when all a / s vanish), so that we 
can expand (3.10) and (3.13) as 

pi*><xi=JL/ [j>yoo©y*(ay+Xy—X*) 

-—pw&ij(ai+\i--\j)2, (5.3a) 

X ^ Z / a - X X - X , - ) . (5.3b) 

These equations can be regarded as a set of linear 
simultaneous equations for the variables a / s and X/s. 
I t can be shown by simple substitution that (5.3) is 
equivalent to the following set of equations for the 
variables a;(ri)'s and a / a ) ' s , which are linear com­
binations of ate and X/s as shown in (5.5) and (5.6): 

pioodi^ = E / Zpjooa^ ®ji- piooa^ 0 , 7 ] , 

piM(a) = £ / [ f t W a ) ®ji- piooa/a) 0 t i l 

a.-(0 = a<(n)(0+^(o)(0. (5.5) 

X.-(0=-a.'(o)(0. (5.6) 
On the other hand the two equations in (5.4) are the 
linearized forms of (3.16) and (3.21), so that (5.5) is 
interpreted as the decomposition of cn(t) into the 
natural component a 4

U ) (0 and the anticausal com­
ponent cii{a)it). Notice that (5.6) is the linearized 
version of (3.20). I t must be emphasized here that the 
fraction of a* 00 belonging to each of the two components 
depends on the initial and the final states of the path. 

Since we want to retain the square terms of a / s 
correctly in the two-gate probability, the direct use of 
(3.15) is not convenient; we go back to (3.9) and expand 
it using (5.1), (5.5), and (5.6) to obtain 

r[«(O,&(0]=£*£/**etf 
X [ a < ( a / a > - a ^ ) + J ( a / o ) - a / a ) ) 2 ] 

-HipiM^idi^ + d^). (5.7) 

I t can be shown by use of (5.4) that the first sum is 
equal to £ which cancels with a part of 
the last sum, so that after integration of (2.6) we obtain 

g[o(/ i ) ; a ( f e ) > e x p { - L £ ; ^ [ ( a / ^ f e ) ) 2 

-(««<•> W W ) . (5.8) 
This is the two-gate probability when a / s are small; 
it should be noticed that only the anticausal components 
appear in it. 

Two cases of (5.8) are of special interest. When a 
natural path is decomposed as in (5.5), all the anti­
causal components vanish so that for a natural path 
(5.8) results in 

which is a simplified form of (3.19). For an anticausal 
path, all the natural components vanish to yield 

<*<•>(*) = «,•(*). (5.10) 

When h is taken as — oo so that a/ a )(— <*>) 
= a*(— co) = 0, (5.8) reduces to the one-gate probability 
or to the expression of the pseudo-entropy (5.2) as is 
expected. 

The two-gate probability (5.8) can be used in de­
riving the correlation function. For this purpose we 
express a/ a ) in terms of the end states. We notice that 
for cn{a) and a^n) of (5.4), without loss of accuracy, we 
can require 

Z< P<*fitiin) = T,i Piooa^ = 0, (5.11) 

since, if for instance 

E ^ W a ) = ^ 0 
or 

T,ipi«>Wa)-c)=o, 

we see that a/ a ) — c satisfies the same set of equations 
as (5.4) because of (3.17) so that we may take a£a)—c 
as the new a/ a ) . Equation (5.11) is used in expressing 
one of the components of cn(a\ say ai ( a ) , in terms of the 
rest of a / a ) , s . We introduce a vector z(a) having a/ a ) 

(i—2, 3, •••) as its components; notice that i = l is 
not included in it so that all the components of the 
vector z(a) are independent. Similarly we define z(n). 
Use of (5.11) enables us to eliminate a^a) and ai (w) 

from (5.4) and to write the latter in the vector form as 

z(«) = Az(a>. 

Here N and A are the coefficient matrices derived from 
(5.4); the explicit form of the matrix elements, how­
ever, is not necessary for the present discussion. Using 
the formal integrals of (5.12) in (5.4), we can write 

z ( / - / i ) = exp [ -N( / - / i ) ] z ( w ) ( / i ) 

+exp[A(*-*i)><<*>(*1). (5.13) 

Equation (5.13) can be written for t=h and t2 giving 
two vector equations which can be solved to yield the 
expression of the anticausal component in terms of the 
end states: 

^ ^ ( O ^ i e x p C A f e - ^ l - e x p E - N f e - ^ i ) ] } - 1 

X { z f e ) - e x p [ - N ( ( 2 - / i ) > ( / i ) } (5.14) 

*<•> (h) = exp[Afe- *!)><«> (h). 
On the other hand, ai ( a ) can be eliminated from (5.8) 

and (5.11) to obtain the expression for the two-gate 
probability in terms of z(a) as 

S&fo); * W3=exP{ - (£/2)[«w (h) • s • zM (h) 
-*w(/0-S-*w(/i)]}. (5.15) 
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The matrix S is now nondiagonal. We can substitute 
(5.14) into (5.15) to write the latter in terms of the end 
states. The resulting expression is not easy to simplify 
because N and A do not commute in general. However, 
it is apparent from the form of (5.14) that the two-gate 
probability does lead to the expected correlation 
similar to that given by Lax14: 

<z(/l)z(/2)> = exp[-N(/2-^i)]<z(/i)z(/i)). (5.16) 

VI. PSEUDO-ENTROPY PRODUCTION 

When the deviation from the steady state is small, 
the production of pseudo-entropy is derived either from 
(5.2) or from its modification corresponding to (5.15) as 

dS{z(t)}/dt=-kL[i(t)-S-z(t)+z(t)-S-z(t)~]/2. (6.1) 

Here z(t) is the change of z following the natural path 
starting from z(t), so that from the first equation of 
(5.12), we have 

zOfl=-Nz(*). (6.2) 

On the other hand the persistency, 9 ( I I I ) , which was 
defined in VS and was proved to take its maximum 
value in the steady state, is written from (5.15) as 

(rL)-i lng<™>[z(/) ;z( /+r)] 
= - i [ z ^ ( / ) - S - z ^ + z ^ ( / ) - S - z ^ ] , (6.3) 

14 M. Lax, Revs. Modern Phys. 32, 25 (1960). 

1. INTRODUCTION 

IN a series of well-known papers,1 Hanbury Brown and 
Twiss have shown that when a light wave illumi­

nates two photoelectric detectors Pi , P2 , the outputs 
from the detectors are in general correlated and that 

* This research was supported in part by the Air Force Office of 
Scientific Research (Office of Aerospace Research). 

1 R . Hanbury Brown and R. Q. Twiss, (a) Nature 177, 27 
(1956); (b) Proc. Roy. Soc. (London) A242, 300 (1957); (c) 243, 
291 (1957). 

where z(a) (t) and its time derivative are to be calculated 
for the path for which 

z(0 = zOO(0+# a )(0 = (). (6.4) 

Use of (5.12) and (5.5) in (6.4) leads to the relations 

»(•)(/) =(N+A)-iN.(0, ( , 
z^(0 = A(N+A)-1Nz(0. * 

The equations in (6.5) depend on the detail of N and 
A; a simplification results, however, when detailed 
balance (3.18) holds in the steady state. In that case 
N = A , so that from (6.5), 

*<«>(*) = Nz(*)/2. } 

When (6.6) and (6.2) are used in (6.3) and (6.1), 
respectively, we see that the latter two are connected by 

dS{z(t)}/dt= - 4 ( * / r ) lng<ni>[>(t); z (H- r ) ] . (6.7) 

I t is a simple matter to verify this relation for the 
example of the two-level atoms treated in Sec. I l l of 
VS, since detailed balance holds in the steady state of 
the two-level problem. The comparison of (3.12) and 
(3.13) of VS with the help of (6.7) clearly shows the 
difference between dS/dt and dS/dt, the latter being a 
rigorous minimum in the steady state while the former 
is only an approximate minimum. 

this correlation is proportional to the square of the 
degree of coherence of the light vibrations at i \ and P2 . 
This effect, which has also been studied by many other 
authors,2-7 has an important bearing on the problem of 

2 E. M. Purcell, Nature 178, 1449 (1956). 
3 L. Janossy, Nuovo cimento 6, 111 (1957); 12, 369 (1959). 
4 E. Wolf, Phil. Mag. 2, 351 (1957). 
5 F. D. Kahn, Optica Acta 5, 93 (1958). 
6 L. Mandel, Proc. Phys. Soc. (London) 72, 1037 (1958). 
7 L. Mandel, Proc. Phys. Soc. (London) 74, 233 (1959). 
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By treating light fluctuations as a random process (stationary and Gaussian to second order), an expres­
sion is derived for the correlation in the output fluctuations of two square-law detectors which are illumi­
nated by a plane light wave of any state of coherence and polarization. The expression takes a particularly 
simple form when, as is usually the case, the light is spectrally pure in the sense of a definition introduced 
elsewhere. The solution yields, as a special case, the basic formula relating to the Hanbury Brown-Twiss 
effect. The generalization discussed here is of particular interest for correlation experiments performed with 
light beams from optical maser sources. Moreover, the present analysis appears to be simpler than other 
treatments previously given in connection with more restricted cases. 


