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Equations for calculating the Lorentz corrections in cassiterites (space group Dsa!*) are derived which take
into account the actual crystal structure. The calculation of critical polarizabilities necessary to cause a
polarization catastrophe is demonstrated for a few ferroelectric and antiferroelectric polarizations. The
Lorentz corrections are evaluated in the case of rutile (TiO;); they are quite different from the normal value
47/3. The ionic polarizability of titanium in rutile at 300°K is found to be within 5% of the critical value for
a ferroelectric transition. The calculated internal fields and polarizabilities in rutile are similar to the results
of corresponding calculations for the case of cubic barium titanate.

INTRODUCTION

ANY compounds of the type M X, crystallize in

the cassiterite structure: e.g.,'* CoFj, CrO,,
FeFs, GeO,, IrOy, MgF,, MnO;, MnF;, NbO,, NiF,,
0s0;, PbO,, PdF,; RuO,; SnO,, TiO, (rutile), and
ZnF,. A diagram of the unit cell is shown in Fig. 1.
The sites in the lattice are numbered in the diagram
to correspond to the notation used below. The space
group is Dyt Sites 1 (0,0,0) and 2 (3,3,3) are occupied
by M; X occupies sites 3 (#,1,0), 4 (1—u, 1—u, 0),
S 4w, 3—u,3), and 6 (G—u, 5+u, 3).

Several cassiterites are antiferromagnetic: e.g.,}
CoF;, FeFs, MnO,;, MnF;, and NiF,. In the anti-
ferromagnetic state, the magnetic moment on site 1 is
in the -2 direction; that on site 2 in the —z direction.

At least two cassiterites have large dielectric con-
stants at room temperature: e,=170, ¢,=86 in rutile*5
(TiOg); e.=24, €,=23.4 in cassiterite (SnO.).% The
local environment of the titanium ion in rutile is very
similar to that in perovskite titanates such as barium
titanate: Each titanium ion is surrounded by an
octahedron of oxygen ions, with a Ti—O separation of
about 2 A. However, the long-range order in the two
crystal structures is quite different.

Slater” and Triebwasser® have shown that ionic
polarizations in barium titanate are accompanied by
large local fields at some of the lattice sites. The local
fields are especially large at sites in titanium-oxygen
chains parallel to the applied field.

In the present work, equations relating polarizations
and applied fields in the cassiterite structure are
derived. The point charge, point dipole approximation
which is used for the interactions has been described
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by Slater” and Cohen.’ The calculation of the critical
polarizability for spontaneous polarization is also
demonstrated for a few ferroelectric and antiferroelectric
polarizations.

These equations are solved in the specific case of
rutile. The calculated polarizabilities and internal
fields in rutile are compared with values in cubic
barium titanate which have been calculated by a similar
method by Slater,” Triebwasser,® and Cohen 1

LOCAL FIELD CALCULATIONS

Rutile is used as an example in the following deri-
vation of the local field equations. The results of this
section are equally applicable to any cassiterite.

The field E at a lattice site in a thin slab of dielectric
may be written'

E= E0+Ea+Eb. (1)

E, is the applied field. E, and E; are fields due to the
polarization of the dielectric. It is usually assumed that
the dielectric can be divided into two parts for the
purposes of this calculation: the immediate environment
of the field point ¢, treated as discrete points, and the
remainder, treated as a continuum. E, is then the field
inside a spherical cavity in the dielectric due to the
polarization P of the dielectric outside the cavity:

@i

Fic. 1. Unit cell of a cassiterite, drawn for the case of rutile
(TiOs). In ‘the general cassiterite M X, the filled circles represent
sites occupied by M ; the open circles sites occupied by X.
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E.=4xP/3. E; is the field due to sources within the
cavity. If the sources are assumed to be point charges
and point dipoles located at the lattice sites, this
contribution may be written

3rimrim'— rimzl

Eb: Zl (qmrim+ Pm: )1 (2)

m ¥im rim5
where 74, is the distance between the field point ¢ and
the source point m, ¢. is the effective charge on the
mth ion, and p,, is its dipole moment. The prime after
the summation sign in Eq. (2) signifies that the term
i=m in the sum is omitted. The first term in Eq. (2)
represents the contribution to the local field due to
monopole sources; the second, that due to dipole
sources; fields due to sources of higher polarity are
neglected. If the field point has a cubic environment,
E,=0. In cassiterites, the environments are not cubic
and E; may be very different from zero.

The cassiterite structure (Fig. 1) can be thought of
as being composed of six simple-tetragonal lattices, one
based on each of the numbered sites in the diagram.
In any one of these simple-tetragonal lattices, it is
assumed that the local fields at all lattice sites are
equal and parallel and that the polarization is parallel
to the local field. Then, from Egs. (1) and (2), the field
at a particular site in the 7th lattice may be written

6
Ei=Eo+ 2 (g;8i+P; - Fip), (3)

7=1

where ¢; is the effective charge on ions in the jth
lattice, P;=p,/V, and V is the volume of the unit cell,

= 2/ (tw/rid), 4)

Jth lattice

and
477 Srinrin""rinZI
3 jth lattice Tin®
The monopole field,
6
Gi= X ¢85

=1

is zero for titanium sites. The z component is zero for
oxygen sites; the # and y components are related by

G3x= _'G4:c=G5:c= _GGx

6
=G3y=—‘G4y=—G5y=Gey. ( )

In rutile, for example, |Gs| =5 v/A. The net polari-
zation caused by these fields is zero.

F.; is the Lorentz factor for the dipole-dipole inter-
action between the simple tetragonal lattices ¢ and j.
The first term of Fy;in Eq. (5) comes from E,=4xP/3.
The other term comes from E,. If the environment is
cubic, E;=0 and F,;= (4=/3)1.
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TasLE I. Relations between the components fijgy of the
Lorentz factors Fsj.  fiigy= fiigy= fiiva.

Fi; Jiizz fiivw fiizz Jiizy fiiwz Jiive
Fu Siize Siiex Suizz 0 0 0
F12 le:cz fl?:m 122z 0 0 0
F13 1322 13z 132z fl 3zy 0 0
FH 13zx flsxz flszz flzxy 0 O
F15 f23z:t f23.'r::t f‘ZSn "f%zy 0 0
16 f23::x f%‘zz f23zz _‘f23:zy O O
22 Sitze Sitze Sitzz 0 0
23 Jeszw Jeszz Ses22 Soszy 0 0
24 Sfosze Soszz Sos22 Sesay 0 0
25 Sisex Sisez Siszz — f1say 0 0
26 flSm: fl&x.r flez "‘fla‘xy O 0
Fis lzs Siiez Siizz 0 0 0
F, FET 34rz S3422 S 34ay 0 0
Fiss S35z Sasuy S3522 0 0 0
F36 f35yy 3bzx f35zz 0 0 0
44 llxz fllz:v fllzz 0 0 0
15 Jasyy S35z fas22 0 0 0
46 S3bz Sasyy J3522 0 0 0
F55 fll;c:c f!lzz fllzz O O 0
Fse Satez 345 S34ze — fstay 0 0
FGG fllxz fllx:c fllzz 0 0 0

The components of the second rank tensor F;; will be
denoted by fijy. Here ¢ and j refer to the simple
tetragonal lattices which are interacting; 8 and v to
the coordinates x, v, and 2. For example,

47 , 3%inE— it
fijzz=—=+V Z s
3 7th lattice 7in®
3x‘inyin
fiimy=V 22 .
jthlattice 74,8

Because of the symmetry of the cassiterite structure,
there are relations between the various components
fiigy- These relations are indicated in Table I.

Optical Case

When the frequency of the driving field is sufficiently
high that all polarizations are electronic, the equations
for the local fields are derived from Eq. (3). There are
six such equations, one for each type of site. The
polarizabilities a; are defined by p;=«,E;.

Consider first the case of an applied field in the z
direction. There is no monopole contribution to the
field in the z direction. Since fi;., and f.;,. are both zero
for all 7 and j, the polarizations are all parallel to the z
direction. The symmetries of the environments of the
sites are such that for the titanium sites Py,=P,, and
a1,=az,; and for the oxygen sites, Ps,= Ps,= Ps,= Py,
and ag,=as,=as;=as,. The six vector equations
derived from Eq. (3) may immediately be reduced to
two independent scalar equations:

E12=E02+Plz(fllzz+f122z)+P3z(2f13zz+ 2f23zz),
E3z=E02+ Plz<f132z+f23zz) (7)
+P32 (fllzz+f34zz+ 2f3522)-
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Since Py./E1.=a1, and P3,/E3,= a3, there are only four
unknowns. In addition, there is a relation between the
total polarization and the optical dielectric constant n.*:

n2Eo,= Eo,+8m (P1,42Ps,). ®)

When the applied field is in the x direction, the
equations corresponding to Egs. (7) and (8) contain
more terms. The monopole fields are not all zero; nor
are the cross terms in the Lorentz factors. The sym-
metries of the two titanium sites are such that Pi,= P,
and Pi,=—Py,; Gi1=G,=0. By symmetry, the mono-
pole fields at the oxygen sites are related by Eq. (6).
Hence, in the absence of an applied field, the oxygen
polarizations P2 are related by

-P31:0= “P4:¢:0=P5:00= —Pgs?

=P3y0= —P4y0= —‘Psyo:l)e,yo.

©)

The total polarization of an oxygen site is written
B.=PI+P;, where P; is the increment in the polari-
zation caused by the applied field. The local fields are
written in a similar manner. The polarization incre-
ments when a field is applied in the x direction are
related by

Pyy=Pyy= Py,= Py,

and (10)
P, = Py = — Pg,=—Ds,.
1t follows from Egs. (9) and (10) that
z z= z 3 = 2]).' zy
%3 +1§4 SBE +16 3 (11)

%3y+%4y= *T\EW'"QBM/: 2Py,

It is possible to use Eq. (11) to set up the equations for
the local fields so that polarization increments due to
the applied field may be calculated without evaluating
the monopole field at a lattice site.

Then the six vector equations derived from Eq. (3)
relating the polarizations and the fields, summed
appropriately to remove the monopole field terms, may
be reduced to four independent scalar equations:

E1,= Eoot Pro(f11eaF f1200)+ P322 (f130et f1422)
+P3y2 (f13zy+f23a:y),
Ely = Ply (fll.:w:_" fl?zz)‘l"P:i:cz (f13x1/"' f233y)
+P3y2 (fIsz_fzsza),
E3z= E02+P1x(f13xx+j23a:a:)+Ply <f13xy_ f23xy)
+P3:c(f112x+f34zzz+f35xa:+ f35xy)+P3yf34zy,
E3y= Plz(fl3zy+f23zy)+P1y(fl3z:v_‘ f23xz)+P3xf34xy
+P3y (fllxx+f34z:c"‘f35:va:""f35zy), (12)
where E; is the increment in the local field at the oxygen
sites due to the applied field. Since Pi./E1.=P1,/Ey,
=ay,/V,and Ps,/E3,= P3,/ Es,= a3,/ V, these equations
contain only six unknowns.

An additional equation relates the polarizations and
the optical dielectric constant n.2:

”a2E0:=E0x+87r(P1x+2P3x)' (13)
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There are no terms involving the polarizations in the
v direction in Eq. (13) since

6

Z Pjy=0.

=1

Static Case

When the driving frequency is low, there are addi-
tional ionic polarization terms in the local field equa-
tions. These terms will be due to the shift in location
of the various lattices with respect to each other.
Cohen® has shown that for small displacements, as in
rutile, the appropriate equations are derived from Eq.
(3) as before in the optical case, with the addition of
terms of the type

¥ (P;-QP/)-FH. (14)

=1 q:

Py is the ionic polarization of the jth lattice. p/=¢,5;,
where g; is the effective charge of the ions in the jth
lattice and 9; is the displacement of the jth lattice from
its zero-field position.

In rutile, ¢1=g2= —2¢3= —2¢4s= —2¢5= —2¢s. As for
the ionic polarizations, the equations for the local
fields are insoluble unless some assumption is made
concerning the relative motions of the various ions.
Several modes of motion are possible in rutile. In the
cases worked out below, the ionic polarization was
assumed to be a displacement of the titanium lattices
with respect to the oxygen lattices, with the oxygen
lattices held fixed.

When the field is in the z direction, the electronic
polarizations are related as before in the optical case.
In addition, the ionic polarizations P’ are in the z
direction and are related by P1./= P,.’. The six vector
equations derived from Eqs. (3) and (14) for the local
fields reduce to

Ey.= EotPr.(frizet f1222)
+ Q2PsAPr.) (fiseat fos22),
Es,=Eot (P14 P1.)) (fiseet f2302)
+ Poo(fr1eat fsza2 fa522)-

The equation relating the polarizations and the static
dielectric constant is

50E0z=E()z+87r(P12+P1zl+2P32)-

(15)

(16)
The ionic polarizability «;,’ is defined by
Plz’zalzlElz/V.

When the field is in the x direction, the electronic
polarizations are related as above in the optical case.
The ionic polarizations are in both the x and y directions.
Assuming as before that the ionic polarization is a
displacement of the titanium lattices with respect to
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fixed oxygen lattices, symmetry requires that Pi,’= Ps./,
_Ply’= —“sz’, and alx'=a1y’=Plx'/Elx—_—Ply’/Eu. Re-
writing the local field equations [Eqs. (12)] to include
the ionic polarization terms, the six vector equations
derived from Egs. (3) and (14) may be reduced to four
scalar equations:

E1z= EOz+P1z(f11z:c+f12zz)
+ (Plz,+2P3x) (f13z5c+f23z:c)
+ (P1,"+2Psy) (fisey— fesan),

Elyz (Plz,+2P3z) (flS:cy"‘f%ry)
+P1y (fllzx_ f12zx) - 2P1y,f12:cz
+ (Ply/+ 2P3y) (f13x:c_f23zz),

Eso=Eost (P1ot+P1o") (f1szot fazen)
~+ Ps3o(f11wet f3azat fs5zat fosuy)
+ (P1y+P1yl) (f13zy_' fzszy)—I"PaufM,y,
Esy= (P1otP12) (Fraeyt frazy) + Psofaazy
+ (Pry+P1y) (f1325— f2302)
+P3y (fllzz+f34xx“ f35a:x_f35yy)-

The equation relating the polarizations and the static
dielectric constant is

7)

EaEOx=E0x+8T<P1x+P1x’+2Paz), (18)

since
6
2. Py=0.
=1

It will be noted that in the local field equations the
unknowns always exceed the number of equations.
It is therefore necessary to make some assumption
regarding the unknowns in order to solve the equations.

Polarization Catastrophes

The critical value of the ionic polarizability necessary
to cause a polarization catastrophe may also be calcu-
lated from equations for the local fields. Local field
equations are written in terms of the polarizations. A
nonzero solution for the polarizations is found in the
case of no applied field. (This corresponds to spon-
taneous polarization without a change in crystal
structure.) The critical polarizability is then Pi/E..

The critical polarizability for ferroelectric transitions
in which the oxygen lattices are held fixed and the
titanium lattices are spontaneously displaced may be
calculated from Eqgs. (15) and (17). It is assumed that
the polarizations are related by Pi.'=P, in the z
direction and P1,/=Ps,’ and Py/=—Ps, or Py,/= P,/
and Pi/=—P,, in the xy plane, or any combination
of these relations.

A similar calculation can be made for the case of an
antiferroelectric polarization in the z direction. It is
assumed that Py’ = P,.'; hence, by symmetry, Ps,= P4,

REBECCA A. PARKER

Tasre II. Components of the Lorentz factors in rutile.

Fi; Siiea Siivy Siiez Jiiey  fiivz fijue
Fu 0.50361 0.50361 11.55911 0 0 0
Fi. 5.92395 5.92395 0.71845 0 0 0
Fis 8.04624 8.04624 —3.52614 9.65294 O 0
Fos —2.04474 —2.04474 16.65583 9.57433 0 0
Fs4 6.97766 6.97766 —1.38898 3.24913 0 0
Fss 14.51841  —4.69007 2.73800 0 0 0

= — Py, = — Pg,. The resulting equations are

E1.=P1.(fu1ze— f12:2) —2P1. 1222
+ (-Plzl+ 2P3z) (flSzz_ f23zz);

E3z= (Plz_l_Plz’) (f13zz_‘f23zz)
+P32(fllzz+f34zz_ 2f35.zz)-

Other types of ferroelectric and antiferroelectric
transitions in rutile are possible, but appropriate
equations have not been derived. As long as the volume
of the unit cell remains constant, the calculations will
be similar to those outlined above, with the same
Lorentz factors. If the transition requires a larger
unit cell, the Lorentz factors must be recalculated for
the new simple lattices.

All of the calculations outlined in this section are
applicable to any crystal with a cassiterite structure.
The values of the components of the Lorentz factors to
be used in the equations will be different in each case
because of the variations in the lattice parameters
and c¢/a. But otherwise the equations are identical.

(19)

LOCAL FIELD CALCULATIONS IN RUTILE

The local field equations derived above for the
cassiterite structure [Eqs. (7), (8), (12), (13), and
(15)-(18)] were solved in the case of rutile.

Rutile (TiO,) is a cassiterite with a unit cell charac-
terized by ¢=4.5931 A, ¢/a=0.6441, and #=0.3090.12
The components of F; defined in Eq. (5) have been
computed in the case of rutile.® They are listed in
Table II. The components of Fy; agree with values
calculated by Mueller.

Polarizabilities in Rutile

Slater” has evaluated the polarizabilities in barium
titanate using similar equations for the dielectric
constants and local fields. His procedure was first to
find reasonable values of the electronic polarizabilities
which are compatible with the observed refractive
index. Then the ionic polarizability was calculated
from the static dielectric constant and these electronic

2 F, A. Mauer, Constitution and Microstructure Section, this
laboratory, (unpublished results).

B L. R. Walker, Bell Telephone Laboratories, Murray Hill,
New Jersey (unpublished results).

14 H, Mueller, Phys. Rev. 47,947 (1935).
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polarizabilities. The same procedure was followed to
deduce the polarizabilities in rutile from the optical and
static dielectric constants.

Slater” has explained the refractive index of barium
titanate by a titanium polarizability 4rae;=2.34 A% and
an oxygen polarizability 4ras;=30.0 A% The volume of
the rutile unit cell’? at 300°K is 62.42 A3. The values of
the refractive indices of rutile calculated from Egs.
(7), (8), (12), and (14) using these polarizabilities are
n.=2.617 and n,=2.776, compared with the experi-
mental values of 2.903 and 2.616, respectively.!> On the
other hand, if the electronic polarizability of titanium
is assumed to be 2.34 A3/4r, the electronic polariza-
bilities of oxygen calculated from the experimental re-
fractive indices are 4ras, = 32.68 A® and 4ra;z,=28.73 A®.
These values are listed in Table ITI.

Cohen® has estimated the ionic polarizability of
titanium to be 4may’=11.90 A3 in barium titanate at
the ferroelectric transition. Using this value and
4oy =2.34 A% and 4ra;=30.0 A% as before, the static
dielectric constants calculated from Egs. (15), (16),
(17), and (18) are e,=31 and ¢,=76, compared with
the experimental values of 170 and 86, respectively.*®
However, if the electronic polarizabilities deduced from
the refractive indices are used in the equations, the
ionic polarizabilities calculated from the experimental
dielectric constants at 300°K are 4mwa;,/=11.47 A® and
4o, =12.88 A3,

If it is assumed that the electronic polarizabilities
per unit volume are constant, the relation between the
dielectric constant and the ionic polarizability in
titanium dioxide may be written

9.259
e.=—0.823+ (20)
1—5.150(4was.’/ V)
and
4.070
€=2.773+ (21)

1= 4.612(4rard/ V)

The denominator in the corresponding equation for
barium titanate! is 1—5.38(4way’/V). According to
Egs. (20) and (21), the dielectric constant of rutile
will be infinite in the ¢ direction if 4mwa;/=12.127 A?
and in the a direction if 4ma;,’=13.542 A%. These
values may also be calculated from Egs. (15) and (17)
as the ionic polarizabilities necessary to cause a ferro-
electric polarization catastrophe. The critical polariza-
bility in rutile is only a little larger than the value
11.90 A% which Cohen® calculated for a similar transi-
tion in barium titanate. All of the polarizabilities in this
section are listed in Table III.

Even at 300°K the ionic polarizability in rutile is
nearly large enough to cause a ferroelectric polari-
zation catastrophe. The ratio of the ionic polarizability
at 300°K to the critical value is 0.946 in the ¢ direction

15D, C. Cronemeyer, in Massachusetts Institute of Technology

Laboratory for Insulation Research Report No. 46, 1951 (un-
published), p. 19.

IN RUTILE 1717

TasLE IIL. Polarizabilities at 300°K in rutile.

Polarizabilities (A3)

4ra, 4drag
Rutile
titanium (electronic) 2.34 2.34
oxygen (electronic) 32.68 28.73
titanium (ionic) 11.47 12.88
Critical ionic polarizability
ferroelectric catastrophe 12.13 13.54
antiferroelectric catastrophe 286

Barium titanate
titanium (electronic) 2.34

oxygen (electronic) 30.00
barium (electronic) 24.42
titanium (ionic) 11.90
Critical ionic polarizability
ferroelectric catastrophe 11.90
antiferroelectric catastrophe 9.89

and 0.951 in the a direction. A temperature coefficient
of the polarizability per unit volume

Vd(a’/V)> 0.05
o« dT " 300°K

=—17X1074/°K  (22)

would be sufficient to cause a transition at 0°K.

The value of the ionic polarizability necessary to
cause an antiferroelectric transition in the z direction
was calculated from Eq. (19). If the electronic polariza-
bilities deduced from the refractive index are used,
4may’ =286 A? is calculated as the critical ionic polariza-
bility. This value is so much larger than that calculated
above from the static dielectric constant that this type
of antiferroelectric transition seems unlikely.

The critical ionic polarizability to cause a similar
antiferroelectric transition in barium titanate® is
9.89 A%, This is somewhat less than the value 11.90 A3
which Cohen calculated was required for ferroelectricity
in barium titanate. Hence he concludes that the favoring
of ferroelectricity in barium titanate cannot be explained
by this simple dipole-dipole interaction model.

Polarizations in Rutile

The equations relating local fields and dielectric
constants [Egs. (15), (16), (17), and (18)] may also be
solved for the local fields. The experimental values of
the refractive indices and the static dielectric constants
were used in the calculations.

By symmetry, there are no net polarizations perpen-
dicular to a field applied in the ¢ or @ directions in
rutile. However, because of the large off-diagonal
elements in some of the Lorentz factors (Table II),
there are sizeable individual polarizations perpendicular
to a field applied in the a direction. These cross polari-
zations are zero when the field is applied in the 2z,
[1107, or [110] directions. The results of the calcu-
lations will therefore be given in these directions.
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TasrLeE IV. Lorentz corrections in rutile. The Lorentz correc-
tion L; is defined by E;=E,+LP. Li=4r/3=4.189 for cubic
environments.

Lorentz correction
Optical case Static case

Rutile, ¢ direction

titanium (1 or 2) 6.546 6.548
oxygen (3, 4, 5, or 6) 4.042 4.530
Rutile, [110] direction
titanium (1) 5.378 11.307

3.713 5.954
oxygen (3 or 4) 3.500 8.347
(5 0r 6) 3.310 0.362
Barium titanate
titanium 6.02 17.3
barium 3.69 0.39
oxygen (a) 5.45 13.2
(bl or bz) 385 207

The contribution to the total polarization due to the
electronic polarization of titanium is <359, in all cases.
Hence, the results of the calculations should not be
strongly dependent upon the value assumed for the
electronic polarizability of titanium.

The relation between the applied field and the local
fields and polarizations may be conveniently represented
as an effective Lorentz factor or Lorentz correction.

Lorentz Corrections in Rutile

The increment in the local field E, at a site in the
lattice due to an applied field Eq may be written

Ez‘: E0+L,','P,

where P is the total polarization and L. is the Lorentz
correction. If the environment of the field point is
cubic, it follows from Eq. (3) that L;=4/3xl. More
generally,

As noted above, F,; is the Lorentz factor for the
interaction between the simple lattices ¢ and j. In the
effective Lorentz factor L, these factors are weighted
by the relative contribution that the associated polari-
zation makes to the total polarization.

The calculated Lorentz corrections in rutile are
listed in Table IV. The Lorentz corrections in barium
titanate calculated from the results of Slater” and
Triebwasser® are also listed. In the optical case, none of
these factors is very different from 47/3=4.189. In the
static case in the z direction in rutile, the Lorentz
corrections are about equal to those in the optical case.
In the [110] direction in the static case, the Lorentz
corrections are two or three times 4m/3 at sites 1, 3, and
4 and only one-tenth of 47/3 at sites 5 and 6. In barium
titanate in the static case, the Lorentz corrections are
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even larger at the titanium and e oxygen sites and about
one-half of 47/3 at the b oxygen sites.

Sites 3 and 4 in rutile and site ¢ in barium titanate
correspond to oxygens in a titanium-oxygen chain
parallel to the applied field. Sites 5 and 6 in rutile
and sites & in barium titanate are in titanium-oxygen
chains perpendicular to the field. In barium titanate,
chains of the type O-Ti-O-Ti-- - extend through the
crystal in the x, v, and z directions. In rutile, there are
chains of the type O-Ti-O-O-Ti-O-- - - in the [110] and
[1107 directions. In both structures, the local fields in
the optical case are similar to those for cubic environ-
ments. But in the static case, the local fields are 2 to 4
times larger when the field is parallel to the titanium-
oxygen chain and 2 to 10 times smaller when the field
is perpendicular. The Lorentz corrections in rutile are
not quite as large as those in barium titanate.

Effective Charge in Rutile

The effective charge of the ions in the lattice may be
estimated from the ionic polarizability®®: a)'=q%/K,
where ¢, is the effective charge of the titanium ion and
K is the force constant of the vibration of the titanium
ion. These force constants have been calculated from
the Raman spectrum of rutile.’'8 The effective force
constant for a vibration of a titanium ion with the
rest of the crystal held fixed is ~1.08X10% d/cm in the
¢ direction and ~1.16X105 d/cm in the @ direction.?
a’~1 A% has been deduced from the dielectric con-
stants. Hence, ¢1/e~0.7, compared with the nominal
value -+4. Slater” has estimated a similar effective
charge (~1) for the titanium ion in barium titanate.
According to Pauling,® the electronegativity of oxygen
is 3.5 and that of titanium 1.6; the expected ionicity is
then ~409% or ¢q1/e=~1.6.

From this effective charge and the Lorentz correction
calculated above (Table IV), the displacement of a
titanium ion is estimated to be ~10~%5 cm when a 1
v/cm field is applied to the crystal. This is a justifi-
cation of the assumption of small ionic displacements
in the calculations of the local fields in rutile in the
static case.

CONCLUSIONS

Local field equations have been derived for the
cassiterite structure (space group Dg't). Equations for
calculating critical polarizabilities for representative
ferroelectric and antiferroelectric polarization ca-
tastrophes have also been derived.

These equations have been solved in the specific
case of rutile. The Lorentz factors for the interactions

16 J. H. Barrett, Phys. Rev. 86, 118 (1952).

7 B. Dayal, Proc. Indian Acad. Sci. 32A, 304 (1950).

18 P, S, Narayanan, Proc. Indian Acad. Sci. 32A, 279 (1950).

¥B. Dayal and N. Appalanarasimham, J. Sci. Research
Benares Hindu Univ. 1, 26 (1950).

2 L. Pauling, The Nature of the Chemical Bond (Cornell Uni-
versity Press, Ithaca, New York, 1945).
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between pairs of simple tetragonal lattices are quite
different from 4w/3 calculated assuming cubic
symmetry.

The electronic and ionic polarizabilities in rutile are
deduced from the optical and static dielectric constants
at 300°K. These are very similar to the polarizabilities
used to explain the dielectric constants of barium
titanate. The ionic polarizability is within 59, of being
large enough to cause a ferroelectric polarization
catastrophe in both the ¢ and ¢ directions.

Calculations of the Lorentz corrections in rutile show
no large enhancements of the local fields in the z
direction over the field which would be predicted
assuming cubic symmetry. The local fields in the
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[110] direction in rutile are similar to those in barium
titanate. The Lorentz corrections show that when ionic
polarization occurs, there is a large local field parallel
but a small field perpendicular to titanium-oxygen
chains in these two crystals, whether the chain is
O-Ti-O-Ti-- -+ as in barium titanate, or O-Ti-O-O-
Ti-O-- - - as in rutile.
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Static Dielectric Constant of Rutile (TiO,), 1.6-1060°K

REBECCA A. PARKER*
National Bureau of Standards, Washington, D. C.

(Received June 8, 1961)

The static dielectric constant e of rutile has been measured as a function of temperature from 1.6 to
1060°K. Rutile does not appear to be ferroelectric or antiferroelectric in this temperature range. At low
temperatures, e approaches a limiting value of 257 in the ¢ direction and 111 in the ¢ direction. e30°x =170
and 86, respectively, and e1000°x =97 and 58. The ionic polarizability of titanium is calculated using the
previously derived Lorentz correction in the rutile structure. The polarizability at all temperatures is very
close to the critical value for a ferroelectric polarization catastrophe. The temperature variation of the ionic
polarizability is explained qualitatively on the basis of other properties of the crystal.

INTRODUCTION

UTILE is a tetragonal crystal with a ¢/a ratio of

0.6441.1 It has large refractive indices? (7.=2.903,
n,=2.616) and large static dielectric constants®* (e,
=170, ¢,=86) at 300°K. There are several reasons for
expecting that rutile might undergo a ferroelectric or
antiferroelectric transition at a temperature below
300°K.

In crystals in which all of the sites have cubic en-
vironments, a polarization catastrophe will occur when
> i 4mwa;/3V 21, where a; is the polarizability, V is the
volume of the unit cell, and the summation is per-
formed over the unit cell.® According to the polariza-
bilities of O~2 and Ti** calculated by Roberts® and the
unit cell volume! at 300°K, this sum in the case of

* Present address: Clarendon Laboratory, Oxford.

1F. A. Mauer, Constitution and Microstructure Section, this
laboratory (unpubhshed results).

2D. C. Cronemeyer, in Massachusetts Institute of Technology

Laboratory for Insulation Research Report No. 46, 1951 (un-
published), p. 19.

3 A. R. von Hippel, Dielectric M aterials and Applications (John
Wiley & Sons, Inc., New York, 1954).

4F. A, Grant, Revs. Modern Phys. 31, 646 (1959).

5 C. Kittel, Introduction to Solid State Physics (John Wiley &
Sons, Inc., New York, 1956).

6 S. Roberts, Phys. Rev. 76, 1215 (1949).

rutile is 1.024. Hence, on the basis of this calculation,
rutile would be expected to be ferroelectric at room
temperature. The environments of the sites in rutile
are not cubic, so this calculation is not entirely ap-
propriate. But the large dielectric constants at room
temperature suggest that the polarizability per unit
volume is not very far from the value required for a
catastrophe.

The local environment of the titanium sites in rutile
is similar to that in barium titanate: The titanium site
is surrounded by an octahedron of oxygen sites with a
titanium-oxygen distance of ~2A. Slater” and Trieb-
wasser® have shown that when ionic polarizations occur
in barium titanate, there are large local fields at some
of the lattice sites. Corresponding calculations of local
fields in rutile’ show that when the titanium ion is
ionically polarized in the [110] or [110] direction,
there are similar large local fields at sites in the rutile
lattice. The values of the electronic and ionic polariza-
bilities deduced from the optical and static dielectric
constants at 300°K are very similar to those used by

77J. C. Slater, Phys. Rev. 78, 748 (1950).
88S. .lnebwasser J. Phys. Chem. Solids 3, 53 (195
9 R. A. Parker, precedmg paper [Phys. Rev. 124, 1713 (1961)7.



