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The problem of calculating the ordering and properties of low-
lying levels in configurations of the type 564 falls into four parts:
(a) the choice of a coupling scheme to define the basic eigenfunc-
tions; (b) the evaluation of the matrix elements of the spin-orbit
interaction and of the Coulomb interaction in the form of linear
combinations of certain radial integrals; (c) the estimation of the
radial integrals; (d) the diagonalization of the energy matrices.
With regard to (a), the Jj coupling scheme is considered to be the
most appropriate; this implies that the Coulomb interaction be-
tween the core, comprising the equivalent f electrons, and the d
electron (to whose levels the respective symbols J and j refer) is
weak compared with the interactions within the two systems.
Part (b) is carried out by applying the tensor operator and group
theoretical methods of Racah. For (c), values of the Slater inte-
grals Fi(5f,6d) and Gi(5f,6d) are estimated for various atoms by
assuming that they maintain the ratios one to another as they do in
Thr, and that their variation along the actinide series parallels

1. COUPLING SCHEMES

T is now well established that the ground configura-
tions of Par,! Ur,2® Npr,* Pur, Amr,® and?” Cmr are
5f26d, Sf6d, 5f*6d, 5f¢ 5f7, and 5f76d, respectively.
The presence of a number of f electrons makes these
configurations very complex; nevertheless, the ordering
and the properties of the lowest levels of 5f¢ and 57 are
understood tolerably well. This is not the case with
configurations of the type f"d; indeed, even the ques-
tion of the ordering of the lowest levels is by no means
easy to answer. The special problems connected with the
addition of a d electron to a configuration of the type f*
form the subject of this paper.

The central problem can be stated very simply.
Taking the states of a configuration f»d as a basis, we
have to diagonalize the matrix of Hi+ H,, where H; is
the Coulomb interaction between the electrons, and H,
represents the spin-orbit coupling. In detail,

Hi= 3 é/ri,

>
and

Hy=3 s E(ro)siL.

The symbol 7;; stands for the distance between electrons
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the variation of G3(5/,7s). The last parameter is known for Thi,
and analyses of Urr, Puir, and Amm show that it decreases as one
advances along the actinide series. This decline is interpreted as
being due to the collapse of the 5f shell, and the internal nature of
the 5f electrons allows some general statements to be made about
the spin-orbit coupling constants. Additional information on the
parameters is provided by an analysis of the properties of the four
lowest levels of Cmi. Part (d) is accomplished for the very lowest
levels of f2d, f3d, f*d, f%d, and f1% by the simple expedient of
neglecting all off-diagonal elements; for Ut f3d, where extensive
spectroscopic information is available, the interaction of the levels
deriving from the Jj coupling of 4Ig/2 to 2Ds/2 with those deriving
from the coupling of 4I11/2 to 2Dz is included. Where experimental
data are available, agreement with the theory, both in respect to
the positions of the levels and to their Landé g values, is good—
often surprisingly so in view of the approximations made.

i and 7; s; and l; denote the spin and orbital angular
momentum, respectively, of electron 7. The function
£(r;) depends on the central field potential and has the
same significance here as in the book by Condon and
Shortley.® The complete matrix of Hi+H, breaks up
into a number of smaller matrices, each characterized by
the quantum number J, of the total angular momentum
of the electron system. (The reason for the subscript 2
will soon be apparent.) Even so, the number of rows and
columns possessed by these matrices increases very
rapidly with #, and an exact diagonalization is often
extremely tedious. A more profitable approach, and one
that has a greater physical significance, is to choose the
basic states in such a way that the largest entries in the
matrix of Hi+H, form an extended string of tiny
matrices running along the main diagonal. Provided the
coupling between these tiny matrices is not too large,
each one can be diagonalized separately.

In treating configurations of the type f*d, it is
advantageous to consider the f electrons as forming a
central core, not only because they spend most of their
time well within the orbit of the d electron, but also
because the techniques for dealing with # equivalent f
electrons have been extensively developed. Within the
5f shell, Russell-Saunders (LS) coupling, although not
perfectly fulfilled by any means, is certainly a better
approximation than 7j coupling. If the Coulomb inter-
action between the d electron and an electron of the core
is energetically more important than the spin-orbit
coupling of the d electron, then LS coupling is a reason-
able approximation for the entire configuration f*d; in
this coupling scheme the basic states are of the type

| fry1S1L1,d,S2LoT 2 M 5). )]

8E. U. Condon and G. H. Shortley, The Theory of Atomic
Spectra (Cambridge University Press, New York, 1935).
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F16. 1. Schematic representation of the energy levels for f*d in
Jj coupling. The ground term of f*is 57, which gives rise to the
levels 814, 515- - -, °I5. In the absence of any interaction between the
core and the d electron, the combined energy level system can be
found by superposing the multiplet comprising the levels 2D; and
2D; on every level of the core: in this way the levels labelled by the
pair of symbols J3, j are obtained. Every such level breaks up into
a number of levels when the interaction between the core and the d
electron is included. This is illustrated here for (J1,7)= (4,2).

The quantum numbers have their usual meanings, and
are subscripted to denote the groups of electrons to
which they refer. Odd subscripts are always used to
label states of the core, whereas quantum numbers that
refer to the entire electron system have even subscripts.

In view of the different spatial distributions of the 5 f
and 64 electrons, it is not unlikely that the energy as-
sociated with the spin-orbit coupling of the d electron
exceeds the Coulomb energy of interaction between the
d electron and an f electron. It is now more appropriate
to treat the core and the d electron as two separate
systems, whose total angular momenta J; and j are
weakly coupled to form J,. We refer to this type of
coupling as Jj coupling; the corresponding basic states
are

i f"’Y1S1L1jl,de,J2M2). (2)

The energy-level pattern to which this coupling scheme
corresponds is shown in Fig. 1 for the case of n=4.
Inorder to discover which of the two coupling schemes
more nearly approximates to the actual coupling scheme
of the actinides, we consider the Zeeman splittings of the
ground levels of Paz, Uz, Np1, and Cmi1. For LS coupling,
the Landé g value for a level characterized by the
quantum numbers Se, Ly, and J, is given simply by

g=8(SeLoJ5), 3)

where

J(T+1)+S(S+1)— L(L+1)

SLT)=1
2SL)=1+ 27 (J+1)

On the other hand, for Jj coupling, it can be shown by
elementary tensor operator techniques that
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TaBLE L g values.

LS coupling Jj coupling
Ground Ground level Experimental
Atom  level g J1,5)2 g g
Par  ‘Kue 0769  (4,3/2)11/2 0.800  0.8141--0.0004
Ur 5Lg 0.714  (9/2,3/2)6 0.745  0.75
Npr 8Liz  0.615 (4,3/2)11/2  0.655 0.65514-0.0006
Cmi 9D, 2.667 (7/2,3/2)2  2.600 2.561 =4-0.003

]2(Jz+1)+J1(]1+1)_j(j+1)

g=g(S1LaJ1)

272(J+1)
+‘(dWJAJTFU+jU44)_]KJrFD )
g(say) 27 Ut D) .

The quantum numbers Se, L, and J, for the ground
level in LS coupling can be found by applying Hund’s
rule to the entire configuration f*d; the quantum num-
bers S1, L1, J1, and j which label the ground level in J j
coupling can be found by applying Hund’s rule sepa-
rately to the core and to the d electron. The results of
the calculation are given in Table I. Remarkably good
agreement is obtained between the experimentally ob-
served g values and those calculated on the assumption
of Jj coupling. We conclude that the states (2) form a
more suitable basis than the states (1). The superiority
of Jj coupling has been stressed by members of the
atomic-beam group at Berkeley in their experimental
papers, though we reject their explanation that devia-
tions between the last two columns of Table I are due to
configuration interaction.”

2. MATRIX ELEMENTS

Although our main interest lies in configurations of
the type fd, it is scarcely any more trouble to develop
the theory for the general configuration 7. Accordingly,
the specialization to f"d is dropped. It is particularly
easy to evaluate matrix elements of Hy in the Jj
coupling scheme, since this operator does not couple the
electron I to the core [*. On making the abbreviation

Yi=1mysSiLs,
we can write
WaT 15t §' T M 5| Hs T 5,51 7,7 1M 5)
=8(J1,73)d(5",5")0(J 2, 0)8(M 2, M 1)
X[o@¥a)cw (sV'7 | s-1] st 5")
+oW1| X s HysT) ], (6)
where the summation runs over the 7 electrons forming

the core. The spin-orbit coupling constants {; and ¢ are
given by equations of the type

§'z=/: R2(r)&(r)dr,
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where R; is the appropriate radial eigenfunction. The
matrix elements on the right-hand side of Eq. (6) can be
found by the usual techniques for handling configura-
tions of equivalent electrons.® Thus

(st7'|s-1sl’5")

i 1 1
- Cyrgren @/ L
J

and
WT1 |2 s 1Y)
= a[31(4-1) (21+1) 2La41) (2Ls+1) (2514 1)

. S S 1
X(253+1)/2]’2‘(—1)J1+Sl+s;,+z+%{ l

Ly Ly Jy

XE7Wnld) @sl¥) explim (S+L)]

3 4 o111
S

53 S 1 S L3 Ll L
Quantities of the type (¥1[¥) are fractional parentage

coefficients: ¢ defines a term of /71,

The ease of calculating matrix elements of Hy in the
J 7 coupling scheme is offset by the difficulty of treating
H,. Even in LS coupling the resultant expressions are

quite cumbersome. Thus, using the standard methods of
tensor operators,'® we find that the contribution to

Wl ,SaLo| Hil sl ,SaLs), (M

coming from the Coulomb interaction of the electron ¥’
with the electrons in the core is equal to

Zk [Dk(’ﬂ, SlLng; L2)Fk(%,l,n”ll)

+E(n; S1L1,SsLs; SaLo)GE(n'ln"'1) ] (8)
In this expression, F*(#'l,n"'l') and G*(n'ln’'l') are the
usual Slater integrals (see Condon and Shortley?®), the
symbols #’ and #” denoting the principal quantum

numbers attaching to electrons / and ', respectively.
The quantities Dy and E; are given by

Dy (n; S1liLs; Ly)

= (214+1) (2I'+1)8(S3,54)8 (Lo, L4)6(S1,53)

xo=(0o)G e ol 1 )
X @l UP[[gs), (9)

and

9 J. P. Elliott, B. R. Judd, and W. A. Runciman, Proc. Roy. Soc.
(London) A240, 509 (1957).
10 G, Racah, Phys. Rev. 62, 438 (1942); 63, 367 (1943).
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E(n; SiL1,SsLs; SaLs)
= n(214-1) (21 +1)5(S5,S8)8(Ls, Ls)
XL(2S14+1) QL1+1) (2S5+1) 2Ly+-1) JH(— 1) 1+ 55

< E Y swmwin| £ 0
0 0 0) W)Wl | S Sy
L 1 L)

X kB VY (10)
Li U Ly

The tensor U™ is the sum of the unit tensors u;® for
the electrons 7 of the core; the reduced matrix element
occurring in Eq. (9) is given by

WllUP]gs)
=n 3y W¥) @sl¥) explin (LA-k+14Ly)]

oL L
><[<2L1+1><2L3+1>]f{L l k}. (11)

In order to find the matrix elements of H; in the Jj
coupling scheme, we write

| (S3L)T5,(sV) 5" T 4)
= Z ((SgS)S4,(L3l’)L4,J4l (SSL3)J37(‘YZI)].”7]4)
S4,L4
X | (S38)Ss,(Lil')La, T o)

as is well known,!!

((S55)S,(Lol") La,J 5| (SsLs) T 5,(s1) 7", 1)
=[(28++1) 2LA-1) (27541) 25"+ 1) ]

Sg S S4
XALs U Lay.
Js 7 T

Hence
(11/1]1,Sllj/,]21 Hl ! ¢3J3,Sl’]'”,]4)
=06(Jo,J)[ 271+ 1) (275 +1) (257 +1) 25"+ 1) ]

S1 s Sz Ss S S2
X Y (2Se+1)(2Le+1)S Ly ! LopsLs U L
S2,L2 ~11

Js J Jo

(12)

Ji 7 T
X (¢1;ll)S2L2l H1|¢3,l,,S2L2).

It might be hoped that when the expression (8) is
substituted for the matrix element under the summation
in Eq. (12), the detailed forms of D) and E; would per-
mit the sums over Sy and L. to be carried out. We can
examine the feasibility of this simplification by drawing

1t A, R. Edmonds, Angular Momentum in Quantum M echanics
(Princeton University Press, Princeton, New Jersey, 1957).
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Fi6. 2. The coupling diagram for Dj.

out the coupling diagrams for the sums. This is done in
Fig. 2 for the sum involving Dy and in Fig. 3 for that
involving E;. Every triangular condition in the sums,
save those involving the running indices S and L,, is
replaced by the junction of three branches labelled by
the corresponding quantum numbers of angular mo-
mentum. The figure for Dy, is quite simple; in fact, if the
branch labelled J» were eliminated, it would be identical
to the figure for the Biedenharn-Elliott sum rule.!* The
effect of the extra branch is to produce an additional 6-j
symbol when the sums over S; and L, are carried out.
Instead of the product of two 6-7 symbols, which the
Biedenharn-Elliott sum gives rise to, we obtain the
triple product

[jl k ]'II {]I k j”}’fl k J3}

l’ R l, } Js 12 ]1 L3 Sl Ll

together with some associated factors. The situation for
E}, is more complex, however. The intricate connectivity
of the coupling diagram suggests that in this case the
sums over Sy and L, cannot be carried out so simply.
Indeed, we have a species of 18-;5 symbol to contend
with. Faced with this difficulty, the best approach
seems to be to construct the 9-7 symbols and the matrix
element on the right-hand side of Eq. (12), and then

explicitly perform the sum. When =2, the sum com-
prises at most ten terms.

I%

F1c. 3. The coupling diagram for .

JUDD

3. SIMPLIFICATIONS

Prior to the insertion of the matrix elements (7) into
the sum of Eq. (12), the quantities D, and E; of
Egs. (9) and (10) must be evaluated. If we are interested
solely in the lowest groups of levels for configurations of
the type I, then only the lowest terms of the core I”
are relevant in the first approximation. For these, S1=S;
=S, the maximum spin for /”: in detail,

Sn=%in for 0<n<2+1,
or
Sn=3(4l+2—n) for 2A+1<n<4+2.

In the following we shall assume that the quantum
number L, is sufficient to define a term of maximum
multiplicity of the core; the symbols v, can therefore be
dropped.

We first confine our attention to the case for which
0<n< 2l+1, that is, to the first half of the shell. As is
well known, the terms of maximum multiplicity exhibit
a certain symmetry about the quarter-filled shell: for
example, the terms of f2 are *P, °F, and 3H, while those
of f® are ®P, SF, and ®H. This is a reflection of the fact
that irreducible representations of Usyy1 (the unitary
group in 2/4-1 dimensions) of the type

[111---1] and [111---1]
—_— —

n 20+1—n

decompose into the same set of irreducible representa-
tions of R (see, for example, Jahn'?). The branching
rules for the reduction Us;y1— Raip1 are particularly
simple to describe for representations of Usypi com-
prising a succession of ones: if # </, we simply replace
the square brackets by parentheses, adding zeros to
make the total number of enclosed digits up to 7; if
I+1<n <2041, we write down 2/4+1—# ones and add
n—Il—1 zeros, again enclosing the resulting set of /
digits in parentheses. Both representations (13) de-
compose into the same representation of Ry;1, and we
denote it by (11-.:10---0). Under the reduction
Rs141— Rs, this simple representation decomposes into
precisely those irreducible representations Dy, of R; for
which L is a term label. For /=3, n=2,

(110) - iDl“i— 203—{— Ds.

Now the tensors U® (2k+1)% for k=1, 3, ---, 2I—1
form the I(2/—1) components of a single generalized
tensor that transforms according to the representation
(110- - -0) of Rpyy1, while for k=2, 4, - - -, 2I, the tensors
form the 1(2/4-3) components of a single generalized
tensor that transforms according to the representation
(20 - -0) of Ry11. (These results are due to Racah.’)
By means of the theory of groups, it is possible to show
that (11---10---0) occurs not more than once in the

(13)

2H. A. Jahn, Proc. Roy. Soc. (London) A201, 516 (1950).
13 G. Racah, Phys. Rev. 76, 1352 (1949).
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decomposition of the Kronecker products

(110---0)X (11- - -10---0),
and
(20---0)X(11---10---0).

An application of the Wigner-Eckart theorem gives at
once

@S La||UD|inS Ls)
=A>\(l“+l—"Sm’L1HU(")Hl““—"Sm’Lg), (14)

where A4, is independent of L; and L3, and has at most
one value for odd A and another for even A (excluding
zero). The symbol S,,” stands for the maximum spin of
p21-nand is equal to $(2141)—S,.

To find the first value of A, we set A\=1and L= L.
The tensor U® is proportional to L, and we obtain

Ax=1 for odd A.

The second is a little more difficult to arrive at. If
L= Ly=L,, the maximum value for the given S.,, then
a state of the type |I%S,L.M sM 1) can be expressed as
a single determinantal product state if M s and M 1, also
have their maximum values. In this case, it is straight-
forward to derive the equation

(I8 S L] U1 L)
2= 2041 (2L t3)!(21=2)1
2,1 l_(sz—z>1(2z+3)z]'

On setting Ly=L;=L,, and A=2 in Eq. (14), we find
Ay=—1 for even A.

Both results, and also the trivial case of A=0, can be
summarized in the equation

(I"SuLa||UD||17%S mLs)
= (—1)ML(2H=RS, T[T ]| )28, Ly)
Fo00)8 (L, La)L (2141 QLA1 . (15)

The value of Eq. (15) is soon apparent. If the 3-5
symbols of Eq. (9) are not to vanish, £ must be even.
Hence, for >0,

Dk(ﬂ, SleLs, Lg): ~Dk(2l+1—n, Sm,L1L3, Lg). (16)

Again, for S1=S;=S, (with the condition #n<2l+1
maintained), the parental spin S can assume only the
value S,,—% in Eq. (10). We may therefore place the
6-j symbol before the summation sign. If we expand the
9-7 symbol, after a single interchange of its first and
third columns, the summation over ¥ becomes identical
to that of Eq. (11). We may now use Eq. (15) and re-
verse the sequence of operations: the new reduced
matrix element is expanded by means of Eq. (11) and
then the sum over the product of three 6-7 symbols is
carried out. The point of this manoeuvre is that the
phase factor (—1)™1in Eq. (15) prevents a 9-7 symbol’s
being formed, and we get instead a product of two 6-7

617

symbols. The final result is
Ek(%, Sle,Sng; SzL2)

a5 AN INAY
= (—1)28 (25,,.+1)(2z+1)<0 o 0)

s Sp—3 Sn
X{S Sz Sm

}[a@l,La)— (2 1—m) (20 +1)

XLELA+ D) QLAD T Xy ' TP @' 19

Ik V(1 kY
g CbLar
X{Lz Ly L'HL2 Ly L}:| {7

In this expression,
Y =S, L

and ¢/ defines a term of the configuration /2:~*. The
advantage of Eq. (17) over Eq. (10) is that the 9-j
symbol is replaced by a pair of 6-5 symbols. These can
be rapidly found from the tables of Bivins et al.,"*
whereas the arguments of many of the 9-7 symbols
occurring in Eq. (10) are too large for existing tables of

9-7 symbols to be of use.

Similar techniques to those described above can be
used to derive expressions for configurations in the
second half of the shell, that is, for configurations [*/’ for
which 2/41<n <4142, The equation
(IrSuLa||[UM||I7S0Ls)

= (ln—2t—15m1L1H U()‘)Hl"*”“ISm’Lg)

+8(\,0)0(L1,Ls)[ (2141)(2L14-1) ¢
can be used in place of Eq. (15). The extension of Eq.
(16) is
D (n; SnLils; Ly)

=Dk(’ﬂ—2[— 1 5 Sm,L1L3; Lg)

Maintaining the condition 7>2/+41, we can also prove
Ek(%; SmL1,SmL3; Sm“l—%, Lz)

—— et E Y a9
’ 0 0 0)°
and
E/C<7’L; Sle,SmL3; Sm'_%y Lz)
20+1 1 BV 2 2S,+1
o 6 0) s

X Ep(n—21—1; Su'L1,Sw'L3; I+1—Sm, Ls).

(20)

The striking invariance of £ (n; SuL1,SuL1; Sut1i, Ls)
with respect to Ly and L, can be seen in a direct way by

1R Bi;;ns, N. Metropolis, M. Rotenberg, and J. K. Wooton,
The 3-j and 6-7 Symbols (Technology Press, Massachusetts Insti-
tute of Technology, Cambridge, Massachusetts, 1959).
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expressing the states as linear combinations of de-
terminantal product states and using the conventional
techniques of Condon and Shortley.® Many of the
formulas given above can be checked by using the tables
of matrix elements of H, for configurations of the type
d™p; it is to be noted, however, that in the collected
tables of Slater,' all diagonal matrix elements are given
relative to the average energy of the configuration. The
formulas of this section require some elaboration for
configurations /"’ with />4, since the symbols v; are
sometimes necessary to distinguish terms of maximum
multiplicity of /™.

4. CONFIGURATIONS lIs

On setting /=0 in Egs. (9) and (10), and dropping
the delta functions §(S3,S4) and §(Ls,L4), we get

Dy(n; SiliLs; Ly)=n8(%,0)8 (Y1,¥5)8 (L1,Ls),
and
Ey(n; S1L1,S5L3; SeLs)
=n8(k,1)8(L1,L2)8(L1,Ls)[ (25:1+1)(2S5+1) J(20+1)7

X (—1) 81453 35 (Y1 ) (303{[‘/-’):? i ii }

21

If S1#S;, the parental spin S is limited to the value
£(S1+.S3). The 6-7 symbol can be placed before the
sigma and the sum over ¢ gives §(¥1,¥3). But according
to the initial hypothesis, S17£.S5s; hence Ej is zero. For
S1=35; the dependence of the fractional parentage
coefficients on S, given explicitly by Racah, allows the
sum over ¢ to be carried out. With some manipulation,
we obtain

Ex(n; S1L1,S5Ls; S113, Lo)

=—08(k,1)8 (L1, L2)d(Y1,¥3) (S1t3m)/ (21+1), (22)
and
Ey(n; S1L1,S3L3; S1—%, L)
=6(k,1)8(L1,L2)8 (1,¢3) (S1+1—3n)/ (204+1).  (23)

These results are equivalent to those previously ob-
tained by Van Vleck!¢ (see also Slater?®).

The extreme simplicity of Egs. (21), (22), and (23)
enables the summation in Eq. (12) to be carried out. If
we are interested solely in the relative energies of the
terms, we may disregard D and also the symbols 37 in
Eqgs. (22) and (23). For J1=J3, we get

W1T 1,253, 2| H1|¥sJT 3,253,T2)
=£3W1¥s)GH(20H1)7H (24 1)
X[L1(Li+1)—S1(S1+1)—J1(J1+1)],
where the plus sign is taken for J,=J1+3%, the minus
sign for Jo=J1—3%. If J15%J 5, then we may take Ji=J,

15 J. C. Slater, Quantum Theory of Atomic Structure (McGraw-
Hill Book Company, New York, 1960), Vols. I and II.
16 J. H. Van Vleck, Phys. Rev. 45, 405 (1934).

(24)
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+3%, J3=JyF3. The result of the calculation is

W1 ok3, 28y, Jo| HilYsT 275, 253, J2)
=6(Y¥s)G 2+ 1)1 (2T 1)1
XL(S1+Li+T2+3) (SiH-Lit-3—T2)
X(Li+To+3—S1) (S1+T+3— L) ]

It is understood that Eq. (24) includes only the con-
tribution coming from the interaction of the s electron
with the core; to obtain the complete matrix element
we must add

(25)

T 1| HalgsT ).

5. PARAMETERS

Equation (6) permits a matrix element of Hs to be
expressed as a linear combination of the spin-orbit
coupling constants {; and {;.. By substituting (8) into
Eq. (12), we can express the contribution to a matrix
element of H; arising from the Coulomb interaction of
the electron "'’ with the core (#'l)" as a linear combina-
tion of the Slater integrals F*(n'l,»"'l") and G*(n'ln''l').
Only those integrals need be considered for which the
associated quantities D and Ej are nonzero; an in-
spection of the 3-5 symbols in Egs. (9) and (10) indi-
cates that for configurations of the type 5f"6d we may
restrict our attention to F°, F? F* G', G°, and G®. The
interactions within the core introduce the additional
integrals F*(5f,5f), where k=0, 2, 4, and 6; however,
the lowest levels in a configuration of the type 5f"6d
derive from the Hund term of the corresponding core
configuration 5f* (see Fig. 1), and hence these integrals
do not enter into the calculations. Since only the rela-
tive energies of terms are of interest to us, F°(5f,6d) can
be dropped. Following Condon and Shortley,® we
introduce

Fo(5£,6d)=F2*(5f,6d)/105,

Fu(51,6d)=F*(5,6d)/693,
G1(5£,6d)=G'(51,6d)/35,
G5(51,6d)=G*(51,6d)/315,
Gs(51,6d)=G*(5,6d)/1524.6,

to avoid the occurrence of large denominators in the
calculations.

(26)

From the considerations above, we see that the
energies of the levels of 5f"6d deriving from the ground
term of the core 5™ depend on the seven quantities

g‘fr g‘da F27 F4; Gl, GS, G5.

If accurate Sf and 64 radial eigenfunctions were avail-
able for atoms of interest to us, then these quantities
could, in principle, be calculated. In the absence of such
calculations for Par, Np1, and Cmi, we are obliged to
treat them as parameters, to be adjusted to fit the data.
However, in order to make the comparisons meaningful,
it is important to impose some restrictions on the values
that it is supposed they can assume. Corresponding
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parameters in different actinide atoms should vary in a
systematic way along the actinide series: for example,
we expect

¢r(Par; 5 f26d) <¢r(Ut; 5 f*6d)
<{r (NpI; 5f46d) <§'f(CmI; 5f76d)

The ratios of the Slater integrals G* and F*, one to
another for a given atom, are characteristic of the
nature of the two-particle interaction (in this case
Coulombic), and are comparatively insensitive to the
shapes of the radial eigenfunctions. We may greatly re-
duce the number of disposable parameters by assuming
that the ratios are not merely insensitive but actually
invariant; Racah’s values (in cm™) for Thiir,'® namely,

Fa(5£,6d) =190,
Fa(5£,6d)= 22.6,
G1(5f,6d) =423,
Gs(51,6d)= 43,
Gs(5f,6d)= 5.9,

can then be used as a basis for calculations throughout
the entire actinide series. For a neutral atom .41, the
matrix elements of H1 now depend on the single parame-
ter Q(A1) that satisfies

Fi(A1; 51,6d)=Q(A1)F (Thir; 51,6d),
and 27

Gi(A1; 51,6d)=Q(A1)G(Thitr; 51,64).

The insertion of .41 and Thir in the parentheses makes
clear the atom to which the Slater integrals refer.

The internal character of the 5f electrons has already
been mentioned. Evidence for the contraction of the 5f
shell at the onset of the actinide series is presented in
the next section ; at this point we wish merely to indicate
how the assumption that the core of 5f electrons lies
near the nucleus can be used to obtain information about
the parameters {; and {;. The properties of the f
electrons should be largely independent of the presence
of the outer electrons; consequently we expect equations
of the type

¢ (UL; 5£%6d75%) = ¢ (UTL; 5 f752)
= (Unr; 5f37s)=¢,(Urv; 5 f%)

to be fairly well fulfilled. The sequence of values (in
cm™)
¢(Thir; 56d7s)=1195,

¢r(Thirr; 5 f6d)= 1240, (28)
and

¢ (Thiv; 5£)=1236,

obtained by Kessler'” and Racah'® supports this hy-
pothesis. Furthermore, the properties of the outer elec-
trons should be unaffected if an f electron is removed
and at the same time the nuclear charge is reduced by

17 D. Kessler, Physica 17, 913 (1951).
18 G. Racah, Physica 16, 651 (1950).
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TasLE II. Parameters for Priv 452 (in cm™?).

Parameter Theory® Expt.b
Fy(4fAf) 395.6 306.6
Fy(4fAf) 50.93 51.51
Fe(41,41) 5.405 5.286

a E, C. Ridley, Proc. Cambridge Phil. Soc. 56, 41 (1960).
b W. A. Runciman and B. G. Wybourne, J. Chem. Phys. 31, 1149 (1959).

one unit. This statement is exemplified by

¢a(Thiir; 5 f6d) = 1430,
and (29)

¢a(Actr; 6d)=1361,

which can be obtained from Racah’s paper and the ob-
served! separation of 2Ds and 2D; in Aciit. Since the 5 f
shell has not collapsed to its typical transuranic radius
for as early a member of the actinide series as thorium,
we may expect the consequences of the assumption of a
highly contracted Sf shell to be even better fulfilled for
the atoms further along the series.

Cohen? has carried out a relativistic self-consistent
calculation for the normal uranium atom, and it might
be thought that the accurate 5f and 6d radial eigen-
functions that he obtains could be used to check Egs.
(27) and, if necessary, supplant them. A set of Slater
integrals has been calculated by Winocur? from Cohen’s
eigenfunctions, and used, with other sets, in an exami-
nation of the properties of the lowest levels in Par.! In
spite of the indisputable accuracy of the eigenfunctions,
the notorious unreliability of analogous calculations for
other atoms is a strong reason for treating the set of
Slater integrals with a good deal of reserve. Slater® has
commented on the discrepancies between the experi-
mental and theoretical values of F*(3d,3d) ; correspond-
ing values of F*¥(4f,4f) are given in Table II for Priv.
The discrepancies are popularly ascribed to configura-
tion interaction; more precisely, they can be visualized
as due primarily to an internal screening effect,? pro-
duced by the closed shells of electrons, which prevents
the full Coulomb field of one 4f electron from being felt
by the other. The orbits of the two 4f electrons in Priv
correspond to the same radial eigenfunction and overlap
strongly ; even so, discrepancies of up to 20%, are to be
noted in Table II. For the integrals F*(5f,6d) and
G*(5f,6d), we may expect the disagreement to be much
more severe, since the 6d electron is essentially an outer
electron, whereas the 5 f electrons are located deep inside
the atom. From these considerations, it seems best to
follow the traditional approach and take the radial
integrals as variable parameters; owing to Egs. (27),
these are effectively only three, namely @, {7, and {q.

W, F. Meggers, M. Fred, and F. S. Tomkins, J. Research
Natl. Bur. Standards 58, 297 (1957).

2 Stanley Cohen, Lawrence Radiation Laboratory Report
UCRL-8633, 1959 (unpublished).

21 Joseph Winocur, thesis, Lawrence Radiation Laboratory
Report UCRL-9174, 1960 (unpublished).

22 B, R. Judd and I. Lindgren, Phys. Rev. 122, 1802 (1961).
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6. COLLAPSE OF THE 5f SHELL

The term analyses that have been performed to date
on the spectra of members of the actinide series are
fragmentary in character. It is therefore important to
take advantage of such data as are available. Like the
rare-earth series, a common feature of singly ionized
atoms of the actinide series is a low-lying configuration
of the type f"s. Such configurations are easy to analyze,
since, according to Eqs. (24) and (25), the interaction of
the s electron with the core depends, for members of the
actinide series, on the single Slater integral G*(5f,7s).
The orbit of the 7s electron lies mainly in the outer
shells of the ion, and hence should not change very
much if simultaneously a 5 f electron is added to the core
and the nuclear charge is increased by one unit. The
variation of G*(5f,7s) along the actinide series therefore
reflects the behavior of the 5f electrons in the core, and
bears directly on the parameter @, since the latter
represents the analogous variation of G*(Sf,6d) and
F*(5f,6d).

It is convenient to begin with the typical case of
Urt 5f*7s. Schuurmans, van den Bosch, and Dijkwel?
have observed four levels corresponding to J=7/2,9/2,
11/2, and 9/2 at energies 0, 1052.65, 3683.82, and
3759.55 cm™ relative to the lowest energy of the four.
On the assumption that LS coupling is a good approxi-
mation for the four 5f electrons, the lowest levels of the
core are the pure levels 14, °I5, - - -, 5I5. The functions
8(¥1,¥s) in Egs. (24) and (25) indicate that within this
approximation, the interaction between the s electron
and the core can be treated exactly without the neces-
sity of considering perturbations from levels deriving
from excited terms of the core. If we suppose °75 lies an
energy A above %14, then 37 must lie 114 /5 above %74 for
the Landé interval rule to be obeyed. From Eqs. (24)
and (25), we find that the energies e(J2) of levels of

5I8.

5[7

516 -

515 e

s, o

Fic. 4. Levels of the configuration f% that derive from the
core multiplet °7. The Jj limit is on the left, the LS limit on the
right.
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Sjf*7s are given by the solutions to the equations
—2G*/T—€(7/2)=0,

3G3(14)/35

‘A —3G3/35—¢(9/2) 0

3G3(14)4/35 8G3/35—e(9/2)|
114/5+G*/14—e(11/2) 5G%/14 o
5G3/14 A+G/14—e(11/2)|

etc. The limits A>>G® and G>>4 correspond to Jj and
LS coupling, respectively; the equations given above
enable intermediate coupling schemes to be studied. To
plot out e(J;) in a convenient way, we define

n=[e(J2)—1447/[(264)*+ (5G*/7)* T,
E=x/(1+x),
x=(5G*/7)/(264).

The curves of 7 against £ are drawn out in Fig. 4. They
possess the following properties: (i) The Jj and LS
coupling extremes correspond to £=0 and 1, respec-
tively; (ii) for a given value of £, the various values of 9
determined by the curves represent the values of e(J2)
to scale; (iii) for both £=0 and {=1, the maximum and
minimum values of 4 differ by 1; (iv) for all £, the center
of gravity of the energy level system lies on the line
n=0. A similar coordinate scheme has been used in
other contexts by Condon and Shortley.® For Ui, we
find that quite a good fit can be obtained between ex-
periment and theory if we take G*=2600 and 4 =2850
cm™. In detalil,

¢(J2)+804=61, 1100, 3604, 3730,

for Jo=7/2,9/2,11/2, and 9/2, respectively. The num-
ber 804 is added to e(J3) so that a direct comparison can
be made with the experimental results quoted at the
beginning of this paragraph. The quality of the fit can
be seen from Fig. 4. The data of Albertson, Harrison,
and McNally® on Ndiz, for which 4f%s is the ground
configuration, are also included in this figure. The agree-
ment with the theoretical curves could in this case be
very much improved by relaxing the Landé interval rule
with respect to J; in the limit £=0.

We may carry out a similar analysis with the data of
McNally and Griffin?* for Puir 5f%7s. The positions of
the core levels "F; deviate so much from the Landé
interval rule that it is essential to treat them and G® as
variable parameters. The results of the calculation are
given in Table IIT; with G*(5f,7s)=2240 cm™ and the
energies of the core levels given in the second column of
the table, we obtain the energies e(J2)+403 in the fifth
column. It is interesting to notice how closely the calcu-
lated positions of the levels of the core agree with the

W. E. Albertson, G. R. Harrison, and J. R. McNally, Jr.,
Phys. Rev. 61, 167 (1942).
( % J. R. McNally, Jr., and P. M. Griffin, J. Opt. Soc. Am. 49, 162
1959).

and

where
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TasrE III. Data for Putr 5/7s. (All energies are in cm™.)
Energies Energies of Energies of
of core corresponding e(J2) observed lgl
Core levels levels levels in Pur Ja +403 levels Theory Expt.
Ty 7691
, 3 7437 7498.5 1.34 1.304
T 6061 6144.2 Z 5718 57180 1.61 1.579
. 3 5527 5502.1 1.16 1.168
T 4281 4299.6 3 14031 3969.9 1.69 1.670
. 1 3263 3235.8 0.13 0.304
T 2110 2203.6 i 1990 2015.0 1.1 1.883
Fo 0 0.0 3 —27 0.0 3.47 3.139

levels of Pux 5%7s? as found by Bovey and Gerstenkorn?
(see column 3 of Table III), thus substantiating the
hypothesis of the internal nature of the 5 f electrons. The
Landé g value of the level corresponding to the linear
combination

cosf| f87F Jo—%, 25y, Jo)+sind| f °F Jo+3, 25y, Jo)
is easily found to be given by

g=3+03+32/oH1) cos2s
+ (195/4—.]22—“.]2)% 51n2¢9:|/4J2(]2—I- 1),

from Egs. (3), (4), and (5). The calculated values of | g|
are compared to experiment in the seventh and eighth
columns of Table ITII. Discrepancies are to be ascribed
largely to the impurity of the core levels 7F;, which
undoubtedly contain large admixtures of °D;, 5F;
and 5G .

Fred and Tomkins?® have found that the level 7.Ss lies
2598.32 cm™ above %S4 in Amix 5f77s, and this datum
leads at once to a value of 2274 cm™ for G*(5f,7s).

Meggers, Fred and Tomkins® have observed the four
levels 1Fs, 3F,, 3F 3, and 3F4 in Actx 5f7s. The coupling is
intermediate between LS and jj, and a reasonable fit
can be obtained with G®*=15400 cm™. The various
values of G*(5f,7s) are collected in Table IV ; the result
of a calculation by Racah!” for Thimr 5f7s is included.
The striking features of this table are the sharp drop of
G3(51,7s) in passing from Acrr to Thirr, and the levelling
off in the decline of this parameter for later members of
the actinide series. The reduction of G*(5f,7s) must be

TABLE IV. The integrals G3(5/,7s) (in cm™).

zZ Atom Configuration G3(5f1,7s)
89 Actx 5f7s 15 400
90 Thim 5f7s 5341
92 Ut 5/4s 2600
04 Pur 57575 2240
95 Amix 5f"7s 2274

25 L. Bovey and S. Gerstenkorn, J. Opt. Soc. Am. 51, 522 (1961).
26 M. Fred and F. S. Tomkins, J. Opt. Soc. Am. 47, 1076 (1957).

mainly ascribed to the collapse of the 5f shell. Mayer?”
has shown that with the onset of the actinide series a
deep potential well for 5f electrons develops near the
nucleus; when Z is large enough, a 5 f electron is drawn
from the outer shells of the atom into the interior. As Z
increases, the internal 5 f orbits become well established
and change little with Z. The orbits of the 4f electrons
in singly ionized rare earth atoms exhibit a similar
stability, the integral G*(4f,6s) remaining quite close to
1450 cm™ throughout the entire rare-earth series.

7. CmI

The low-lying levels in the configuration f’d are par-
ticularly easy to treat. The lowest term of f7is 85, and
is well separated (probably by as much as 20 000 cm™)
from the first excited level. Furthermore, Eqgs. (9) and
(10) simplify considerably on setting Li=L3;=0, and it
is straightforward to plot out the arrangements of the
energy levels for points intermediate between LS and J j
coupling. This is done in Fig. 5; an analogous system of
coordinates to that of Fig. 4 is adopted. The configura-
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Fic. 5. Levels of the configuration f7d that derive from the core
level 8S7/2. In the LS extreme, which is shown on the left, the term
85 of f7 couples with the d electron to give the terms °D and "D.
The Jj extreme is on the right.

27 M. Mayer, Phys. Rev. 60, 184 (1941).



622 B. R.
tion f7d has been observed in the spectrum of Gdr as
well as in that of Cmr; the experimental data® for the
former are included in Fig. 5, and lie quite close to the
LS extreme. The contraction of the multiplet ?D relative
to the theoretical scheme is due mainly to an excited
term 7D of f’d, deriving from the level P of the core;
its effect is to reduce {4 for "D to

g‘d—-32§‘f(2G1+3G3_33G5)/3A7

where A is the energy of P above 3S.

It can be seen from Fig. 5 that the ratios of the
spacings between the lowest four levels change only
slightly from LS to Jj coupling; indeed, the Landé
interval rule is obeyed in both limits. Fortunately, the
abscissa corresponding to Cmr can be quite accurately
found by making use of the observed’ g values for the
lowest levels, and fitting them to a theoretical scheme.
The high accuracy of the atomic beam results makes it
desirable to improve the simple methods that led to the
entries in Table I. In the first place, the operator
L+28S is replaced by L+g,S, where g,=2.0023. For
electrons of the core, this correction is small compared
with the effects of the deviations from perfect LS
coupling. Marrus et al.,% find that the g value of 3572 in
Amr 5f7 is not exactly 2.002, but instead 1.937. The
admixture of ®Py; in the level 857/, that produces this
discrepancy is presumably slightly different from the
admixture of %Py, in the core level 8572 of Cmr 5764
but in the absence of further information we shall sup-
pose they are the same. The Slater integrals enter the
calculation through the single parameter

G=24G1+96G3+- 528G,

which represents the energy separation of °D and 7D in
the LS limit. Denoting the g value of the impure core
level 857, by g(7/2), we find

g=[T2(Jo+1)+121g(7/2)/275(J2+1)

+(6—g)[Jo(Jo+1)—121/107(Jo+1)

+sin’p{ (g.— [ 2/2(Jo+1)—19 |}

—25[¢(7/2)—11}/1075(J2+1)
+sin2¢ (g — DL (J2+7) (6—T2)
X (J2+2)(J2—1) J/107:(J2+1)  (30)

for the g value of a level of total angular momentum J,
where ¢ satisfies

2¢_[(]2+7) (6—J2)(Jo+2)(Jo—1)]
2= )+500/G

When two levels with the same value of J, occur, the
root for which sin2¢>0 must be selected to give the g
value of the lower level. With 50¢4,/G=17 and g(7/2)
=1.937, we obtain the numbers in the second column in
Table V. In view of the neglect of diamagnetic and
relativistic corrections in the calculations, the agree-

28 H. N. Russell, J. Opt. Soc. Am. 40, 550 (1950).

JUDD
TaBLE V. g values for Cmi.
J2 Theory Experiment
S 1.6672 1.6714-0.003
4 1.7798 1.7764-0.002
3 2.0030 2.000+0.003
2 2.5590 2.56140.003

ment is as good as can be expected. The ratio {4/G fixes
the position of the vertical line marked Cmr in Fig. 5;
rather surprisingly, it does not lie as close to the Jj
extreme as the discussion of Sec. 1 leads us to expect.
The populations of the various levels in the beam of
curium atoms permits approximate energies of the
lowest four levels to be found, and thereby determines
the magnitude of {4 and G. With {4;=2200 and G= 6471,
the calculated positions of the lowest four levels are 0,
490, 1230, and 2380 cm™ relative to the ground level.
As can be seen in Fig. 5, the agreement with experiment
is good.

For the Slater integrals Gy(Thimr; 5f,6d), we find
G=17 395. The contraction factor 2(Cmi), defined in
Egs. (27), is thus 0.372. From Table IV, it is clear that
the corresponding reduction factor for G*(5f,7s) is ap-
proximately 2250/5341=0.421. The similarity between
these two factors suggests that the variation of G*(5f,7s)
along the actinide series can be taken to represent the
variation of Q. More precisely, it suggests the validity of
the equation

G¥(A11; 5£,75) =Q(A1)G*(Thitr; 5£,7s).  (31)

This equation, which at best can only be a crude ap-
proximation, enables us to make use of Table IV to
estimate the Slater integrals F;(5f,6d) and G(5f,6d)
for a number of actinide atoms.

8. U1

Of the spectra of all atoms beyond thorium, that of
uranium has received the greatest attention. Kiess,
Humphreys, and Laun? obtained the positions of 18 low
odd levels of Ui, several of which could be confidently
assigned to the ground configuration 5 f36d. Blaise® has
recently extended this list of levels by taking advantage
of the isotope shift U?®-U?3 and has also corrected
some assignments made by Kiess et al.

At the outset of the analysis we confine our attention
to those levels of 5f%6d that derive from the term 4I of
the core 5f%. From the tables®® of the reduced matrix
elements of U™ the coefficients Dy may be rapidly
found by using Eq. (9). It can be seen from Eq. (17)
that the evaluation of the coefficients E; requires the
construction of certain coefficients of fractional parent-
age connecting the configurations f* and f3. With the

2 J. Blaise, Results presented at the Atomic Spectroscopy
Symposium, Argonne National Laboratory, June, 1961 (un-
published).

3 B, R. Judd, Proc. Roy. Soc. (London) A250, 562 (1959).
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TasLe VI. Energies of low-lying terms of several configurations 5/76d (in cm™), (Slater integrals as for Thiir.)
5,264 5/%d 57464 5/3d 5/1°6d
K 6702.3 3L 4468.5 47 4040.4 sp 4619.4 1G 1409.8
2R 3460.5 3K 2764.5 ‘K 3251.2 D 3891.2 ‘H 463.1
G 3286.8 3 1843.6 iL 2406.7 5G 2293.1 i —843.9
P 1196.3 3G 1757.3 iG 82.7 8f —2354.3 1K —8346.7
2y 788.4 37 —937.9 1H —146.7 J:4 —3406.4 1L —9663.7
‘H —2265.8 5G —1739.7 sH —3172.7 8p —9169.2 5G —14337.7
G —2460.4 5H —2523.3 5G —4746.3 8 —13253.0 SH —14 468.9
H —4090.5 57 —4063.1 67 —7565.8 8f —15819.2 6L —14 528.6
7 —6219.5 5K —9796.7 5K —11125.6 8D —16318.2 SK —15596.6
K —7975.8 5L —10636.7 SL —13087.6 8G —18 568.0 67 —16940.0

aid of Racah’s tables'® we obtain

(fRILf ) =—(1/8)},
(f*oI{f *G)= (21/88)},

(feILf* D)= (7/11)A,

On putting the quantities Dy and E into expression (8),
we arrive at the following energies for the terms of
5f%6d deriving from the core term *I:

and

3G,5G:  (210F,—476F,)/33

+ @&, —1)(17G1— 142G+ 14 486Gs) /33,
SH,5H: (—5F,+408F,)/11

+ @&, —1)(—21G,+496G5+3997Gs) /11,
S[,51:  (—51F,—408F,)/11

4+ &, —1)(—9G1+334G,+2581Gs) /11,

SK,°K: —4F+17TF+ (3, —1) (17G1+38G5+-101Gs),
SLSL:  4F,—3F (%, —1)(21G1+54G5+21Gs).

The factor multiplying the linear combination of the
integrals Gy is % for triplets and —1 for quintets. A con-
stant term has been omitted from these expressions.
Owing to Egs. (27), we may conveniently postpone
choosing a value for @(Ut) and simply insert the Slater
integrals for Thrr into these expressions. The resulting
energies are included in Table VI. As is to be expected,
the Hund term °L is lowest.

The next step is to perform the sum of Eq. (12). The
9-4 symbols are not too tedious to evaluate, since one of
their arguments is 4. The resulting matrix elements be-
tween states in Jj coupling have to be multiplied by
Q(Ur) to allow for the reduction in the Slater integrals
F(5f,6d) and Gr(5f,6d) in passing from Thiir to Ul
TFrom Table IV and Eq. (31) we immediately obtain

Q(Ur)=2600/5341=0.487.

In view of the approximate character of this calculation,
it seems preferable to round off this figure to 0.5. The
Slater integrals for Ut can now be obtained by simply
dividing the corresponding integrals for Thi by 2.

If we were interested solely in the four lowest levels of
5f%d, that is, in those deriving from the coupling of the
ground level Iy, with the level 2Dj); of the d electron,
then the fixing of Q(U1) would eliminate all disposable

parameters, and the calculation could be completed.
However, the observation of higher levels prompts a
study of those levels deriving from the couplings of
41112 with 2Dy, and of *Iy» with 2Dgjs. To place the
structures that derive from these three coupling schemes
relative to one another, we need to know the energies of
41112 above 4Iy;5 and 2Dg), above 2D3/5. These two energy
separations depend on {; and {4, respectively. For the
former, we can improve on the elementary approach,
which involves estimating {; and then assuming perfect
LS coupling in the core to find the energy gap between
41172 and *Iy/2. Schuurmans et al.® have observed that
for Ut Sf3, 4111 lies 4421 cm™! above 4y/2; the hypothe-
sis of an internal Sf shell allows us to assume that this
figure also represents the corresponding energy separa-
tion for the core levels of Ut 5f36d. At the same time, we
automatically make some allowance for deviations from
perfect LS coupling in the core; for it is known?® that
similar deviations in configurations of the type 4/ have
the effect of increasing the separation of the two lowest
levels above the value that would be calculated on the
assumption of perfect LS coupling.

The spacing between 2Djys and 2Dy, is a little more
difficult to estimate. It would be unrealistic to suppose
that Egs. (29) could be reliably extended to give

¢a(Ut; 5f36d) =¢a(Cmr; 5f764),

since the atomic number changes by as much as 4 in
going from U to Cm. However, we can be fairly sure
that ¢4 for Ut lies between the limits of 1430 and 2200,
corresponding to Thrr and Cmi, respectively. The
spacing between 2Dy and 2Dy, is 5¢a/2, and for ¢4 of
about 2000 cm™, this spacing is very similar to the value
of 4421 cm™! given above for the energy separation of
the two lowest levels of the core. In the absence of more
precise information, we assume that the energies are not
just similar, but actually identical; this makes the
computational work slightly easier, and corresponds to
a value of 1768 cm™ for {4(Ut; 5f36d). Levels for which
J2=4, 5,6, and 7 occur in the coupling of 471y to 2D3
as well as in that of 4Iys to 2Dy)s; the calculated energies
are therefore the roots of quadratic equations.

The results of the calculation are given in Table VII
and are drawn out in Fig. 6. It can be seen that the

31 B. R. Judd, Proc. Phys. Soc. {London) A69, 157 (1956).
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TasLE VII. Comparison between experiment and theory for UL

Energy (in cm™) g value

Js Theory Expt. Theory Expt.
7 10 222 10 069.1 0.906

4 8181 1.007

6 7931 7005.5 0.898 0.97
2 7600 0.333

5 7539 7864.1 0.969

8 7645.6

7 7326.1

3 7504 7103.9 0.648

4 7308 5991.3 0.781 0.86
5 6285 5762.0 0.839 0.82
6 4330 4275.7 0.921 0.93
3 4119 3868.4 0.700

7 3711 3800.8 0.920 0.91
4 3510 4453.4 0.725 0.66
5 818 620.3 0.738 0.73
6 0 0.0 0.745 0.75

theory accounts extremely well for the general grouping
and over-all pattern of the observed levels; the g values
are reproduced reasonably well too. The most noticeable
discrepancies occur for the two lowest levels for which
Je2=4. The two levels at 7645.6 and 7326.1 cm™! possess
J2 values of 8 and 7; presumably they arise from the
combined coupling of 4Iy3s to 2D3s and 4I1y/2 to 2Dyg)s,
just as the levels at 4275.7 and 3800.8 cm™, with J,
values of 6 and 7, arise from the combined coupling of
411172 to 2Dy and 41y to 2Ds)s, and lie much lower than
their companions with smaller J,.

It is not difficult to show that a model based on LS
coupling gives a less satisfactory account of the experi-
mental results. Within states of a given S and L, the
replacement

2 if(r)si-1;—AS-L

v 7
(9/2,5/2)
(11/2,3/2) 4
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F1c. 6. Low-lying levels of UL The calculated splittings of the
degenerate levels (J1,7) produced by the interaction between the
outer d electron and the core f2 are shown on the left. The ob-
served scheme is on the right. The levels are labelled by Js, the
quantum number of the total angular momentum of the core plus
the d electron.
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is valid; the values of A for all terms deriving from the
core term %I of Sf® are given in Table VIII. It is now
straightforward to calculate the multiplet splittings:
their centers of gravity are simply the term energies of
5f%d in Table VI, corrected by including the factor
Q(Ur). Taking 2(U1) to be 0.5, and treating {; and {4 as
variable parameters, we soon find that it is impossible to
get even a moderate agreement with experiment. The
occurrence of a low-lying level for which J,=3 is par-
ticularly difficult to understand on a model based on LS
coupling, in contrast to the natural explanation it re-
ceives if the Jj coupling scheme is adopted. The latter
model also gives better agreement with almost all the g
values, a result that must be regarded as quite remark-
able when it is recalled that the g values of atoms
approximating to Jj (or j7) coupling are subject to
first order corrections, whereas small deviations from
perfect LS coupling produce no changes in the g values.

9. OTHER ACTINIDE ATOMS

The analysis of the previous section can be extended
to other configurations of the type f»d. The Coulomb
energies of the terms deriving from the Hund term of
the core have been calculated for =2, 4, 8, and 10
with the aid of Egs. (17), (18), (19), and (20); the re-
sults are included in Table VI beside the analogous
calculation for f3d. Since no spectroscopic analyses are
yet available for Pai, Np1, Bki, or E1, the sums (12)
have been carried out only for 7' and j” both equal to
4, with values of J; and J; appropriate to the lowest
level of the ground multiplet of the core configuration.
The results are given in Table IX; the corresponding
results for Ut 5f%d are included for purposes of com-
parison. The calculations for Par were performed in
collaboration with J. Winocur, who has also considered
the perturbing effects of other levels deriving from the
core multiplet *H (see references 1 and 21).

A number of generalizations can be drawn from
Table IX. For configurations 5764 with <7, the
ordering of the levels is inverted with respect to J: that
is, the energies of the levels increase as J, decreases. If
»n>17, however, no special ordering can be discerned. It
is interesting to notice that in the first case, the J, value
of the lowest level agrees with that calculated on
applying Hund’s rule to the configuration 5f"6d as a

TaBLE VIII. Spin-orbit parameters A for Ur.

Term A
G (35¢74-6¢4)/60
G (T¢r—2¢4)/20
0 (55¢s+3ta)/120
*H (11¢—¢a)/40
24 (65¢s—3¢a)/168
57 (13¢s+¢4)/56
3K 5(23¢7—3¢4)/336
*K (23¢7+5¢4)/112
L (3¢ r—ta)/16
L (3¢rt+ta)/16
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TasLE IX. Energies of low-lying levels in several actinide atoms.

Atom and

configuration Par 5264 Ui 5/36d Npz 51464 Bkr 51864 E1 5/196d
Assumed @ 0.6 0.5 0.45 0.3 0.3
Energies of 5/2 4657 3 4119 5/2 3794 15/2 1459 15/2 394
levels with 7/2 4031 4 3510 7/2 2743 13/2 1103 19/2 350
specified J2 9/2 699 5 818 9/2 1899 9/2 364 13/2 70
(in cm™) 11/2 0 6 0 11/2 0 11/2 0 17/2 0

whole; indeed, the expansion of the lowest Jj coupled
state in terms of LS eigenfunctions reveals a very strong
component corresponding to the Hund term. For ex-
ample, for Uz, we find

|*70/2,2D372,6) = [2(34)}/13]|°L)+[ (30)¥/13]| *K)
—---—[3(2)¥/1430][°Gy),

showing that over 809, of the Jj coupled state com-
prises |®Lg). In the second case, namely that for which
#>7, an analogous correspondence between the lowest
J7 coupled state and that deduced on the basis of
Hund’s rule no longer obtains. Thus for 5 f86d, the Hund
term is 8H ; if 3¢;>2¢4 (as seems virtually certain), the
lowest level deriving from this term is 8H17/.. However,
no level for which J,=17/2 appears under the column
for Bk in Table IX. If 5f%d turns out to be the ground
configuration for Bki, we shall almost certainly be con-
fronted with a situation where the ground level of a free
atom cannot be correctly predicted from Hund’s rule.

10. CONCLUSION

Although much of the foregoing has been taken up
with discussing the advantages of the Jj coupling
scheme, there should be no mistaking its essentially ap-
proximate character. Strictly, we have already aban-
doned it in the treatment of eight excited levels in
U1 53%6d; for by including the interaction of the levels
deriving from the coupling of *Ig2 to 2Dg. with those

deriving from the coupling of Iy to 2Dy/s, we force J1
and j to lose their status as good quantum numbers.

A more complete calculation would take into account
the interactions of all levels of the same value of J,
deriving from the lowest core multiplet. For Uz 5f%6d,
this would involve diagonalizing matrices as large as
8X8 (for J,=6). Until such a program is undertaken,
there appears to be no virtue in adjusting the Slater
integrals to improve what is already a satisfactory fit;
for the neglected interactions are almost certainly large
enough to render such adjustments meaningless.

A program of much greater magnitude is that of
considering the entire configuration 5/36d; there are 42
terms for which J,=6, and finding their energies in-
volves diagonalizing a matrix with that many rows and
columns. Even if this were done, a really excellent fit
might still elude us. The ground level "Mg of the
configuration 5f%6d?7s has been observed? to lie only
6249 cm™ above the ground level of 57%6d7s?%, and the
interaction between these two configurations could be
significant.
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