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It is shown that the law of conservation of hypercharge follows from a certain permutation symmetry of
the Lagrangian provided that trilinear interactions are assumed. The permutation involves “primitive”
isospin doublet fields, which are linear combinations of fields corresponding to the observed isospin doublets
N, =, K, K¢ No permutation symmetry for the observed particles is implied. If the assumption of trilinear
interactions is not made, a multiplicative law of hypercharge conservation “modulo 4” is obtained. An
argument is presented to show that this is inconsistent with experiment.

I. INTRODUCTION

CCORDING to the present description of ele-

mentary particles, the strong interactions obey
several conservation laws, and hence are invariant under
certain ‘“‘internal” transformations. These are the 3-
dimensional isospin group, and two phase groups, which
may be taken to be the baryon gauge group and the
hypercharge gauge group. Since the known particles
satisfy the Gell-Mann—Nishijima relation,

O=1Is+3U, ey

the conservation of electric charge follows automatically
from these for such particles.! It is of some interest to
see whether the existence of such invariances may be
derived from a different assumption, which may be
applicable beyond the strong interactions. In this note,
we show that a multiplicative law of hypercharge
conservation, of the type considered by D’Espagnat and
Prentki, and by Racah,? is implied by invariance of the
strong interactions under a certain permutation of the
fields involved. The permutation symmetry is similar to
the one studied previously in connection with the muon-
electron system* and the argument given below is a

* Supported by the Atomic Energy Commission.
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simple extension of previous arguments to the strong
interactions.

It is known that if one restricts interactions to
trilinear ones, then the multiplicative law of hypercharge
conservation implies the full hypercharge gauge group,
which is equivalent to an additive hypercharge con-
servation law. Such an additive law is required by ex-
periment, for reasons we indicate at the end of this note,
and therefore it is necessary to impose some additional
restrictions such as trilinear couplings in order to obtain
the hypercharge gauge group. We will therefore consider
only such couplings in this paper. Such restrictions have
been considered before in other connections.

II. DERIVATION OF HYPERCHARGE CONSERVATION

We assume that the strong interactions involve the
following groups of particles.

(1) Two baryon isotopic doublets Bj, Bs:
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We group these into a quadruplet B by taking

B,
5
B
a doublet in a new space which we call hypercharge

space.
(2) A meson isotopic doublet M, and a doublet M€,



CONSERVATION OF

formed from its charge conjugate:

(0w ()

We also group these into a doublet,

!

in hypercharge space. These doublets are not to be
identified yet with known particles, and their elements
do not have well-defined charge, or hypercharge.

(3) The usual = and = isotopic triplets and A singlet.

Let us now ask how these fields can appear in a
Lagrangian invariant under isotopic rotations, and the
baryon gauge group, but not the hypercharge or charge
gauge group. It is easy to see that the assumed invari-
ances place no restriction on the form of interactions in
hypercharge space, although they require that the
interactions are scalars in isotopic space. In particular
the following terms may appear.

(1) “Hypercharge invariant” terms:

(a) mass terms—B1B,, _Bng, ]V_I]l/{, etc.,

(b) pion interactions—B17;Bur;, Bar:Bom,, etc., (r5isa
matrix in isospin space),

(¢c) M interactions—BiMA, BoM €A, etc.

(2) “Hypercharge noninvariant” terms:

(a) Off diagonal mass terms—B1Bs, MM¢,
(b) Pion interactions—Bi7 By,
(¢) M interactions—B1M “A; BoMA.

Here the phrase “hypercharge noninvariant” means
that if the fields By and B, were identified with nucleon
and cascade particle, and the field M with the K meson,
then these terms would violate hypercharge and charge
conservation, while the others would not. We may write
the general free field and trilinear interaction Lagrangian
for these fields as follows:

Lo=B,B+D,D+Bv,8,B+%(8,D3,D),
Lint,7r = ngmfaTiBﬂ'r}—dé WE izﬂrk—}-bi iA7r¢—|—H.C., (4)
Ling™ = cBMDA+dBN 7. D2+ H.c.

We have omitted Dirac operators in the interactions.
Ny - - - N are 2X 2 matrices in hypercharge space, while
7; acts in isospin space.

For thisLagrangian, thereisin general no hypercharge
conservation, either for the fields B, M, or for any linear
combinations of them. The first of these follows because
if the 9W; are arbitrary 2 X2 matrices, then L will not be
invariant under the transformations which would repre-
sent hypercharge for B, D:

B— eieoB,

5
D — ¢i*sD, ®)
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The nonconservation of hypercharge for linear combi-
nations of By, By or M, M¢ follows because such a
conservation law would require that the matrices
Ny - -9Ms could be simultaneously diagonalized by a
similarity transformation, which is also not possible for
arbitrary matrices.

However, if we follow the reasoning of references 3
and 4, we are led to assume invariance of L under the
discrete transformation H, which acts as follows:

HDH'=i¢D,

6
HBH-=is,B, ©)

all other fields invariant, where o acts in hypercharge
space.
<B 1— 1B 2,

M — iMG)
Bz—>'iBl, )

M¢— M

One may think of this transformation as requiring
symmetry among the primitive isospin doublet fields in
the Lagrangian. It may be seen that invariance under H
implies that the matrices 91, - - - N all commute with oy:

Jlmwj:mi. (7)

It follows immediately that 9W;=A4 ;+ B,o1, where 4,
B; are numbers. It is therefore possible to find a unitary
transformation S which diagonalizes all 91; at once,
ie., if

B'=SB, D'=SD,
where S is a 2X2 matrix in hypercharge space, then
L(B,D;)=L(B',D',SN;S~1), and we choose S so that

50'15“1= a3,
so that
qu,'S"l: A 7;+B,;03,

[S= (o1t03)/V2].

Since only the unit matrix and o3 in hypercharge space
appear in the Lagrangian for the primed fields, this

Lagrangian is invariant under the gauge group
’ 1 U
B’ — ¢ieo3B/,
D' — et

®)

The primed fields may now be identified with the ob-
served particles NV, &, and K by the rule

b= (g) = (§G> ©)

N=(B1+B,)/V2,

SO

B= (Bl“‘Bg)/\/z—, etc.

For these fields, the group (8) may be seen to be the
hypercharge gauge group.

It is important to realize that the Lagrangian ob-
tained has in general no permutation symmetry for the
fields N, = or K, K¢, This is because of the term with o3
which remains in the 91; after diagonalization. Thus,


file:///-iPU

730 G.

for example, the mass term of the baryons will be:

_ _ (A1 +By 0 N
& )2)
0 Ai— B/ \E

so that my=A41+ By, mz=A,—B;, and these are un-
equal unless B;=0. Similarly, the interactions of NV and
will in general be different.? Even the parities of NV and
can be different. In this case however, the parity
operator would involve a permutation of the original
fields Bj, By. The symmetry imposed on the primitive
fields Bi, B, shows up as a conservation law for the
observed fields.

Another point to emphasize is that we have not re-
stricted the interactions by any ‘“‘minimal” principle.
The symmetry H alone is enough to ensure that the 917;
can be simultaneously diagonalized. Contrary to previ-
ous speculations,®* the same result holds for the y—e
system, even if u and e have anomalous magnetic mo-
ments, providing that the primitive fields satisfy a
permutation symmetry.

(10)
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III. FORM OF THE HYPERCHARGE
CONSERVATION LAW

The result which has been obtained, that the strong
interactions are invariant under the hypercharge gauge
group, specifically follows in the case of trilinear inter-
actions. In the general case, the permutation symmetry
H implies invariance of the physical fields B’, M’ under
the discrete operation:

! N !
B' — 138/, (1)

D' — gD,
It is possible to construct 4 fermion interactions and 4
meson interactions which are invariant under (11), but
not for the full group.® If this were all the symmetry
present, it would make hypercharge a multiplicative
quantum number,” and allow strong interactions with

5 Since KK =KG%KE6, it follows that K and K¢ nevertheless have
equal mass, as required by 7'CP invariance.

6 An example of an interaction invariant under (11) but not for
the full group is B'e1B’B's1B’= (NE+EN) (NE+EN).

7 Compare with the discussion in G. Feinberg and S. Weinberg,
Phys. Rev. Letters 6, 381 (1961).
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AU=4 (AS=4). This possibility can be ruled out ex-
perimentally for the known particles by the following
argument.

Since the known particles satisfy Q=1I;+3U, it
follows that AQ=AI;+%AU in any interaction. Thus if
AU =4, then either AQ5#0 or Al;#0. Experimentally,
with great accuracy,® processes with AQ7%0 are absent
for known particles. So if AU=4 for some strong
interactions, then Al3=2. But I3 is a component of a
vector, and if AI;=2, it follows that |AI| > 2. That is,
the interactions which change I3 by 2 units must change
the total isotopic spin by at least two units, and so
transform in isospin space as a spherical tensor of some
rank greater than 1. If this interaction acts twice, then
it generates terms with A7;=0and with A7=0,1,2, 3,4,
by the Clebsch-Gordan theorem. The terms with |A7|
=1 will lead to strong interactions which change isospin,
but not strangeness, such as d+d — He'4-7° which
have been looked for, and not found.® We therefore con-
clude that strong interactions with AS=4 cannot occur.
A similar argument rules out strong interactions which
change strangeness, and hence 7%, by any number of
units. The crucial step in the argument is that I adds
vectorially, and not linearly. Therefore, hypercharge
cannot be a multiplicative quantum number for the
known particles.

We conclude that if the conservation of hypercharge
is to follow from the permutation symmetry H, it is
necessary to make some specific assumption about the
form of interactions.

ACKNOWLEDGMENTS

The author would like to thank Dr. Steven Weinberg
for many discussions on the topics of this paper. He
wishes to thank Dr. A. Pais for discussions on the
possible extension of permutation symmetries to strong
interactions. He would also like to thank Dr. F. Giirsey
for suggesting the correct formulation of H symmetry.

8 G. Feinberg and M. Goldhaber, Proc. Natl. Acad. Sci. U. S.
45, 1301 (1959).

9 Yu. K. Akimov et al., Proceeding of the 1960 Annual Inter-
national Conference on High-Energy Physics at Rochester (Inter-
science Publishers, Inc., New York, 1960), p. 49.



