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It is shown that the 4« intermediate state in n-m scattering plays an important role in determining the
position and perhaps even the existence of the 7-r resonance. This large effect occurs by virtue of the 3=
resonance. Quantitative estimates are given. The effect of this result on the nucleon form factors is briefly
discussed and a simple model for these functions is proposed. The possibility of higher energy pion resonances

is also considered.

I. INTRODUCTION

T was pointed out by Federbush, Goldberger, and
Treiman' that an attractive -7 interaction in the
T=J=1 state improved the qualitative understanding
of the Stanford isotopic vector form factor results.?
Frazer and Fulco,® using the Mandelstam representa-
tion,* were able to achieve a quantitative fit of the data
by assuming that a low-energy w-m resonance was
present. This resonance was then found, experimentally,
to occur at a center-of-mass energy of 5.0-5.3 in units
of the pion mass.5
Nambu® suggested that a meson with quantum
numbers 7=0, J=1 would help explain the large
spatial extent of the isotopic scalar form factors. It
was pointed out by Chew? that this particle could also
be interpreted as a bound state or resonance of a three-
pion system in which each pair of pions was in a relative
T=J=1 resonant state. An attempt® was made to
calculate the scalar form factor based on the physical
picture of the three-pion system implicit in the above
remark. It was shown that in addition to the =-w
resonance, an intrinsic three-pion resonance of rather
low energy or a bound state was needed in order to get
agreement with experiment. No attempt was made to
calculate the position of the 37 resonance in terms of
the 2w resonance.’ This resonance was discovered by
Magli¢, Alvarez, Rosenfeld, and Stevenson'® and has a
mass of 5.0.
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We would like to point out here that the logical
reverse of the above theoretical picture is very amusing.
The most striking fact which one can infer from the
form factors is that the 37 resonance should occur at
the same energy or perhaps even lower than the 2w
resonance. It is this circumstance which will be exploited
here in an attempt to show that the 3w resonance can
easily produce the 27 resonance through the 4r inter-
mediate state. If this conjecture is true, it means that
the 27 and the 3 resonances are very strongly coupled
systems and probably owe their separate existence to
this mutual coupling. However, it could be that the 3=
resonance is more ‘“‘fundamental” in some mysterious
sense and that the 27 resonance is a dynamical conse-
quence.

The graphs which couple the two resonances under
consideration do not occur in the strip approximation.!
Therefore, since we are interested in rough estimates
only, a simple model of these resonating systems will
be developed and from it a qualitative relation between
the resonances will be derived. The essential result,
namely that the 37 resonance could drive the 2=
resonance, is independent of the approximations used
here.

We will first develop a model of the 3= resonance by
assuming that there is an effective interaction constant
g for the six-point graph shown in Fig. 1. The n-r
interaction will be neglected, except insofar as it is
responsible for the existence of a six-point interaction
in the first place. The generalized N over D method*
will be used to construct unitary scattering amplitudes
for the coupled processes, 3r— 3w, 27— 2w, and
27 <> 47. The relevant amplitudes are defined as

M3/3= (3 !)_%<(—)k1’k2, I]a/ ] k1k2k3(+)>

X (2501 wy wiwaws)t,  (1.1)
Moy= 21Kk | T o | kika™®) (2wr wiws)?, (1.2)
Mos= (20) "Xk | T o | krkoksksD) (2501 wiwawsws)?,  (1.3)
Mys= (40K Ok'ky | Tt kakoks™)

X (2% we wiwaws)?,  (1.4)

and the isotopic labels have been suppressed. One
relation that will be needed is found by contracting
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F16. 1. The 3 interactions.
one of the left pions in My 3 and one of the right pions

in the first form for My4s Then by continuing to
negative values of one of the pion energies, we find that

[Mys]=2[My4] (1.3)

for the connected parts of the matrix elements. Our
next task is to work out the unitarity relations satisfied
by these functions and to try to calculate them.

II. THE 3= RESONANCE

Since we are interested in discussing only the T'=0,
J=1 state of the 3= system, a scalar invariant function
will be introduced by defining

Mys=¢xpyeapy Zu Nﬂ(kl)Arn(k)HW'&(s); (2-1)

(2.2)

where
A‘T# (k) = - ”L.E,“,)\gklykz)‘k;;g,

and (eBy) are the isotopic spin labels of the pions.
The function Hgys is assumed to depend only on s,
the square of the center-of-mass energy of the 3r
system. The absorptive part of Hys, Ay, is found by
contracting one of the initial pions and after performing
the phase space integrals; it turns out to be

Ays(s)=|Hys(s)|*Rs(5)0 (s —9), (2.3)
where R;(s) is the 3-pion phase space factor. It is
given by

R3<S)=

(s3—1)2
/ du kP (s0)Q%) (s, (2.4)
6(2r)3 J 4

where
sk (s,u) = [s— (ui+1)*J[s— (ui—1)*],

and Q?=%u—1. The extra powers of momentum in the
phase-space integral come from the fact, evident from
(2.2), that we are dealing with P states.

A solution for Hy;(s) which satisfies unitarity, and
hence sums the graphs illustrated in Fig. 1, is given by

Hys(s)=g(s)D7(s), (25)
where )
s [ q gS/ ’

The effective coupling constant g(s) contains all the sin-
gularities of H3;(s) except the physical cut which is ex-
hibited in D(s). If we wish to have a resonance, then
g(s) should be large (in some sense) and attractive
(positive). In order to introduce convenient parameters
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to describe the 37 resonance, let us define
Hy i (s)=Rs(s)[cotA(s)—1],
cotA(s)= (s—1g)/Tts?,

(2.7)
(2.8)

where Zg is the position of the 37 scalar resonance and
I is its full width, because for s~{s, we have

cotA(s)~(st—1s%)/(I'/2).
At resonance, the amplitude becomes
Hss(ts)z’iRg_l(ts). (29)

This shows that the height of the three-particle reso-
nance depends on the inverse of the available phase
space. This is in complete analogy with the two-particle
case. Let us now turn to w-m scattering where these
results on the 37 resonance will be used.

III. THE 2= RESONANCE

There are two distinct sets of graphs which contribute
to the scattering amplitude; Fig. 2 illustrates typical
“potential” graphs which were studied by Chew and
Mandelstam® and Fig. 3 shows the particular 4= state
which we would like to examine in detail. The potential
graphs contribute the negative cut in the scattering
amplitude, and they will be approximated in a simple
phenomenological manner here. The essential point, as
far as the inelastic contribution to =-r scattering is
concerned, is that the coupling between the two- and
four-pion states is described by the effective coupling
constant g which was used in the description of the 3r
resonance. In addition, we see that the graph involving
the 37 resonance in an intermediate state contributes
to the 7'=1 amplitude only; hence there is no difficulty
associated with getting large .S waves from this mecha-
nism. Now since g is “large,” this inelastic state is
strongly coupled to the 27 state. We will neglect the
four-pion graph in which one or two m-m resonances
are excited. These occur at a much higher energy than
the graph of interest and can only increase the effect
we are calculating anyway.

The unitarity condition for My, is, formally,

I M oo =120 M 25* M og+mwZ M o4* M 0. (3.1)

Each of these terms will be examined in turn. First,
the reduced 7'=J=1 amplitude, Hss, is introduced by
the relation

Ma(1)=3Q-Q'Ha(t) Py, (3.2)

where ?=0Q"2=%(—1 and P1=3%(00adss —0apdpar). P1
is the isotopic spin one projection operator.
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F16. 2. “Potential’”’ graphs.
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EFFECT OF 3r RESONANCE ON 2r RESONANCE

The transition amplitude from the two-pion to the
four-pion state is written in the form

Moo= €aBa’ €'y’ 8’ Zp ‘N,‘AT“HMU,S),

where # is the center-of-mass energy of the initial and
final states and s? is the energy of the resonating
three-pion group. This amplitude is, of course, the
analytic continuation of M3 to negative energies of
one of the pions. In our previous discussion of M 3; the
¢t dependence was neglected. This dependence will now
be taken into account in such a way as to satisfy
unitarity in the ¢ variable.

The integrals in Eq. (3.1) can be evaluated and lead
to the result for the absorptive part of Has

A 22(0 = 9 (t— 4:)H22*R2(t)£{22

(3.3)

(e3-1)2
—I—G (t— 16)/ dS H24*R4(t,S)H42. (3.4)
9

where
Ry(t)=Q(1)/8t?,
Ry(t,s)=26P3(t,5)Rs(s)/9(27)?,

(3.5)

(3.6)
and

41P2(t,s)=[t— (s+H122 01— (st —1)Z].
The unitarity condition for M s, is also easily evaluated;

A 24<t,3) =0 (t'—' 4’)H22*R2(t)H24(t,S) +6 (t— 16)
(t3—1)2
/ ds’ Hz4*(t,S’)R4(t,S’)H44(l,S’,S). (37)
9

In order to solve these coupled nonlinear equations,
one introduces' the linear equations

H22(t)D22(t) +/wds H24(f,S)D42(l,S)=]\Tzz(t), (38)

Hao (If)Du (i,S) +H24 (f,s) = Nm(i,&), (39)
H42(t,s’)D24(t,s)+H44(t,s’,s)=O, (310)

where the N’s do not have the physical cuts in £ and
the D’s are defined as

“d Ryt
Do(t)=1—Q*(t) | —————Na(l'), (3.11)
¢ / r Q) (' —1)
Dutr——00 [ LBy, G
24(t,8) = — 2(1 —_—— 24t/, s .
L«waun ’
and
o dt’  Ry({'s)
Dys(t,5)=—Q*(®) Na(t',s). (3.13)

ot T QU (1)

By assuming that Ny4=0, we have neglected the
possibility of an intrinsic four-particle resonance
occurring in H44. This could be easily added if necessary.
In general, the effect of an attractive (repulsive) 4=
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interaction is to increase (decrease) the effect of the
inelastic channels on Hse(£). One can now easily check
that the solutions to (3.8) and (3.9) satisfy the unitarity
conditions (3.4) and (3.7).

The explicit solution for Has(?) is

1122(5)[022(1)— / wds D24(l,s)D42(l,S):|

= I:ZVQQ (f) ——/mds 2\724(t,S)D42 (t,S)].

The dynamical problem consists in determining the
N’s. We will be motivated here by the twin desires of
simplicity and convergence. Therefore, out of ignorance
we will choose as our model

[\722(0 = 2a(4+t0) (t‘*’ l())‘ltAJ’?, (314)

and
Ny (t,S) =Ny (25,5) = (20)_11\]22 (If)Hg,; (S), (3 15)

where a is the scattering length. Following the work of
Chew and Mandelstam,’ we expect the parameter &,
which characterizes the left-hand cut, to be approxi-
mately

115, (3.16)

Our result does not depend critically upon this choice.
In order to normalize the function H,s with the
function Hj;, we have required [see Eq. (1.5)]

Hou(i=4, 5)=1H3(s). (3.17)

Following the results of Ref. 8, the complex singu-
larities have been included in our model only insofar
as they affect the phase of the production amplitudes.
The evaluation of Hs.(f) is now straightforward and
the result is

sz(lf)
Hy ()= {{le+Q L) = Q (DY, (3.18)
a
where i@ Rul)  Nul)
0 ! 2 ! j 90 !
Lo=[ — , 3.19
7] T eoe-0 e 19
- dy T
n@=@wm/~— . (3.20)
w6 ™ QX)W =) (Y +to)':
and
(12
Tu()= / ds R(i9) | Hu(s)?.  (3.21)

A few general remarks about this solution are
probably in order. If we let the coupling of the inelastic
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channel get very large, b — «, then the inelastic cut
disappears from the solution (3.16) and one gets the
same result as taking the strong coupling limit, ¢ — .
It is amusing that in either limit the amplitude becomes
independent of both ¢ and b.

The integral 74(¢) is positive for ¢ less than 16 and
hence has the effect of making the potential more
attractive when compared to the purely elastic case.
In fact, if Q%74(¢) is a rapidly increasing function of ¢,
then the inelastic channel can yield a resonance.! It is
this behavior that we would like to explore in a more
quantitative fashion. We will show that 0?7,4(¢) increases
linearly for reasonable values of ¢ and is quite large in
the neighborhood of the 2r resonance.

The four-particle phase space tends to keep the
inelastic contribution to A (f) small until the energy
reaches a rather large value. However, the fact that
there is a 37w resonance changes this qualitative result
drastically. The physical point here is the fact that
when the 37 resonance can be excited, it tries to change
the four-particle phase space into a two-particle phase
space. This, in turn, rises much more rapidly as a
function of the energy. Thus the inelastic contribution
can be quite sizable and energy-dependent. Since the
integrand, and therefore the integral 7,4(¢), rises rapidly
when the 37 resonance at fg can be excited, one would
expect that the 27 resonance at ¢y should occur in the
neighborhood of

va%\its%—l“l. (322)

IV. NUMERICAL RESULTS

In order to achieve a more quantitative feeling for
the effects of the 4r state without undue calculations,
the 37 resonance will be replaced by a delta function:

| Hay(s)|2=T2s[Ra(s) [ (s— 1)+ T2s ]
=P¢s’:‘[R3(ts):’_27r6(S—ls). (4.1)

These expressions have been adjusted to have approxi-
mately the same area. Using this result in Eq. (3.21),
we find

T4(0) BPI(11s). (4.2)

T 0(2n)Rs (1)

It is expected that the nonresonant corrections to the
delta-function approximation should be down by a
factor of I'/ts? and also should contain a slowly in-
creasing 4-particle phase space.

The function I4(¢) will now be evaluated. The
position of the 37 resonance will be chosen as!®

tg=32. (4.3)

This choice leads to a value of the three-particle phase

1 To this author’s knowledge, this connection was first shown
by W. Frazer and J. Ball in the partial wave case (to be published)
and independently by M. Goldberger and the author for the com-
plete amplitude (to be published). The method used in the
present paper seems to have the calculational advantage that the
inelastic contribution cannot exceed the unitarity limit.
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space of approximately
R;3(32)=150/6(2m)>. (4.4)

In order to simplify the presentation of numerical
results, we will introduce the quantity J(¢) as

8Tist(4+10)?
Lt)=—————J (1), 4.5)
9(2m)2R3(ts)
where .
J()= a' j()(¢—o, (4.6)
(tstrn?
and
J@)=PWts) (' —4)7 (' +bo) ™ (4.7)

A plot of j(?) is given in Fig. 4 as the solid line. The
function will be evaluated analytically by using the

approximation
(t—42)}

JO~>——,

16.6(t—4) (t+10)
which is plotted in Fig. 4 as the dashed line. This
approximation slightly underestimates the value of
J(f). The integral in J(#) can now be carried out
readily :

T +42
[(to+42)}— (42— 1)%]

J(®)=
lo+t

16.6(t0-4)

38
+—_L(38)}— (42—1)%] } (4.8)
4—1

A simple approximation for this function, valid for ¢ in
the range between 15 and 40, is
Q2()J ()==(t—6)/290. (4.9
In the model under consideration, it is obvious from
Eq. (3.18) that the inelastic channel simply gives, in
effect, an energy-dependent scattering length when
compared to the purely elastic case. Rather than
making an attempt to calculate the detailed position
of a mm resonance, which could hardly have any
significance at the present stage of approximation, let
us simply estimate the effect of the inelastic on the
effective scattering length A (¢), where

A()=Na(4)+Q*(D14(1). (4.10)
A () is defined more generally by the relation
L’sz (t) 1 D22 (l) —1)1
Hy(t)= + } . (411)
Nop(H)LA@)  Nn(4)

Collecting our previous numerical results, we see that
A(H)>~a-+31.5T'(t—6)/22. (4.12)

Since the 37 resonance is of the order of 20 Mev wide,
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Exact
~ Approximate

Fic. 4. Plots of j(¢)X 102

we see that at the -7 resonance position,

A (28)~a+4.5. (4.13)

This is a very large correction to the elastic scattering
length and could easily cause a resonance.!'® It may be
that our simple model has overestimated the effect of
the 4r state, because of its sensitivity to the high-energy
behavior of the amplitudes.

If the 3 resonance were as low in energy as 20, then
the effective scattering length would be

A (f)~a+800T (1—5)/23. (4.14)

The increase in the effect is due mainly to the fact
that the three-particle phase space factor R3(20) is
smaller than R3(32) by a factor of 20. This increases
the height and effect of the resonance for the same
width.

V. CONCLUSIONS

It has been shown that because of the 37 resonance,
the 4r intermediate state has a large effect on m-w
scattering. There can be little doubt that this is a very
crude estimate of the effect of the 4 state. It is also
clear from the preceding calculation that this inelastic
contribution has a very important role in determining
the position and perhaps even the existence of the
rather high energy =-m resonance.

The 47 state, by virtue of the 37 resonance, should
also play an important role in all pion processes; for
example, the isotopic vector form factors which are
discussed in the Appendix, pion-nucleon scattering,
and photoproduction, to mention but a few.

The 27 and 3w resonances should also drive 77
resonances at higher energies and in higher partial
waves via the inelastic mechanism. In particular, one
might expect a resonance in the 77=0 or 2 amplitude
in the S or (preferably) D wave at an energy of approxi-
mately 2¢,#2210.6 due to the excitation of two-vector
resonances in the four-pion intermediate state. If there
actually is a =2 D-wave resonance at 10.6, then one
might expect a lower energy S-wave resonance in this
state. The argument for this is based on the family
theorem proved in the second reference of footnote 14.
The T'=1 amplitude is also fed by this intermediate
state but its main structure should come when the four
pions can pair up to form a vector resonance and a

15 It is interesting to note that the results of Ref. 5 for the
m-m cross section tend to lie below the elastic unitarity limit.
If this circumstance remains as the experiments are improved,
it may mean that inelastic effects are beginning to play a role
even at the resonance position.
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T=0 “virtual” state of #~6. This should yield some
structure at roughly 7.6 meson masses. [ This resonance
is either P or (preferably) F wave.] The six-pion
intermediate state should also yield a contribution to
the 7’=0 amplitude when two scalar resonances are
excited at 2/¢*2211.2. These resonances, if they occur,
will also show up in the 4r — 47 scattering amplitude
as is evident from Egs. (3.8) to (3.10).

Note added in proof. The discovery of a narrow 7'=0 3,
resonance at {,~16 by A. Pevsner, et al., Phys. Rev.
Letters (to be published), should remove any doubt
that inelastic effects play a major role in producing the
m-m resonance. This value of the resonance makes Eq.
(3.22) almost an equality and will change the scalar
form factor model presented in the Appendix in an
obvious way. The change in the vector form factor is a
lowering of acceptable values of T'y.

APPENDIX. THE NUCLEON FORM FACTORS

If one assumes that the 3w resonance plays an
important role in the =-m problem, then it should also
yield an important contribution to the isotopic vector
nucleon form factors. Let us first discuss the scalar
form factors.

The 3 contribution to the form factors seems to have
two distinct “resonances.” The lowest mass contribu-
tion is the very narrow 3w resonance at 32. In addition,
the matrix elements are enhanced when the three
intermediate pions can resonate by pairs via the
T=J=1 resonance.® If all three pairs are excited to
resonance, an energy of

1=3(ty—1)=281

is required. However, if only two pairs are excited (or
even one pair) the matrix elements are also enhanced,
although to a lesser degree, and this can occur for a
much smaller value of ¢ than that given above. Another
way of describing this enhancement is that the inelastic
state composed of a 27 resonance and an extra pion
might be expected to drive the 37 resonance in analogy
to the mechanism described in the text which drives
the 2w resonance.!® This effect was, in fact, demon-
strated in Ref. 8. Thus, using a simple pole approxi-
mation,'” we expect that the scalar form factors can be
expressed as

FS(8)=aS(141/32) " 4+b5(1+1/Ts)™
+(1—a5-0%), (A1)

where T's should lie in the range 50-80. The constant
term reflects the contribution of the higher mass states
and the nonresonant background.

The vector form factors present a coupled channel
problem and let us discuss it briefly. As we have seen,

16T am indebted to M. Gell-Mann and F. Zachariasen for this
remark.

17 This type of approximation has been discussed most recently

by S. Bergia, A. Stanghellini, S. Fubini, and C. Villi, Phys. Rev.
Letters 6, 367 (1961).
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F16. 5. Nucleon annihilation
into 4 pions.

the effective threshold for the production of the 3w
resonance and a pion is (¢si+1)?, and the absorptive
part from the 4= state should rise rather rapidly above
this point. In order to achieve a more quantitative
feeling for this effect, and to make sure we are not
counting things twice, the coupled channel problem
will be solved as follows. The matrix D is introduced
as'? [see also (3.8-3.13)]

1 Dlz(t) D14(t,s)
D(t;s',s)= | Dau(?) Dyo(t) Dau(tys) |,
Dy (t,s") Das(t,s’) 8(s'—s)

(A2)

where the subscript one refers to the nucleon pair
channel. The solution for the form factors are, formally,

F(t)= fD~(),

where F and f are row matrices. If the effect of nucleon
pairs on the 27 and 4 channels are neglected, then the
form factors become

Fults) = 1a(5) = Fa()Dus(s9), (43)
AOF ()= fom / ds 1u(9)Dalss), (A%)
or)= a0~ 1 s D1 ]

X[Dgl(t)—/jds D24D41:|
—a() / “ds fDults), (A9)
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= F16. 6. Electroproduction
of 4 pions.

d(f)= Dzz(f)—'/wds Dg4(t,S)D42(t,S). (A6)

This function has been discussed in the text and leads
to the m-m resonance. In order to satisfy unitarity and
reality, the function f4(s) must be of the form

Ja(s)=ha(s)D7(s),

where %4(s) is real for 9<s<, and D(s) is given in
the text, Eq. (2.6).

In order to complete this discussion we must insert
into these formulas suitable approximations for %.(s),
Dy (t,s), and Dy (¢). The latter function can be taken
from the results of Ref. 3. In the one-nucleon exchange
approximation, illustrated in Fig. 5, the function
Dy(t,s) is simply related to the process N+N — 3,
which also enters the scalar nucleon form factor
problem. If we were to make the approximation that
the 4 state is coupled to the photon only through the
27 state, as indicated in Fig. 6, then 44(s) would vanish
and the solutions take on a particularly simple form.

Rather than attempting to carry out this calculation
in detail, let us approximate the various contributions
by simple poles. We expect from the form of (A6) that
the 27 and 4w contributions to the vector nucleon form
factors should be given approximately by

FV()=a" (141/28)"1+ bV (1+1/ Ty) !
+(1-a—b"),

(A7)

(A8)

where T'v is expected to lie in the range 45-75. It
should be mentioned that the K—K contribution has
a threshold at {~50, therefore the b terms in FV and
F#5 also will represent the contribution of this state.



