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which symbolic equation has the following explicit
meaning as an equal-time commutator :

Gﬁﬂbf@%¢ﬁ@0}=ﬁ[®¢@#9ﬂ¢wﬁy
+/(dxll) Zle(x’x//)i(qu(x//),

~V”3)¢(x”,x’)(—a’k—i‘lcp"(x')’):l .

ab

If the expression for ¢ is substituted in the equation
for dog, one obtains a fundamental transverse equation
of motion,

—d0g= 1+ (V—i'lg) DeV]: G,
or, equivalently,
— o= Y1+ (V—i'tg’ ) DV ]
J1+VD4(V—i‘tg’) ]} : GT
— P14 (V—314") DV ] il Dy,

One implication of this equation of motion is the
equal-time commutator

[1908,8 1= f 1+ (V—1i'lg") Dy V- [1+ VD4 (V—i'lg’)].

JULIAN SCHWINGER

If we introduce an arbitrary real numerical transverse
vector function a,(x) and define the Hermitian operator

AWF/WMm

this commutator becomes

[i004,4]= / (dx) b.b,

where the Hermitian vector b is
b=[14VDs(V—i‘ltg’)]-a.

But the vacuum expectation value of such a commu-
tator can never be negative,

{([A4,P"],AT)=2AP°4)>0,

and therefore
12>0.

Finally, we state the equal-time commutator

LG % (),G" (") ]=[0* Dy (x,X") . 141G (&)’
F 4G (). Dp(x,X)0 T,

and leave the proof to the reader.
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Strange Particle Production in Proton-Proton Collisions*
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An estimate is made for strange particle production in p-p collisions based on the single pion exchange
model. For the three-particle final state (KYN), fair agreement with experiment is achieved in both the
total cross sections and the momentum and angular distributions of the final particles. For the four-particle
final state (KY N), general qualitative agreement is achieved for all total cross sections but one. In this, the
case of w%+p+K*+A%(Z% production, it is suggested that perhaps ¥* production in p-p collisions plays

an important role.

I. INTRODUCTION

ECENTLY there has been much interest in the
single boson exchange mechanism in high-energy
collisions.! Ferrari has made a calculation for associated
production in proton-proton collisions at incoming en-
ergies of 2 to 3 Bev in the lab system.? Of the two models
he considered (single pion exchange and single K-meson
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exchange) the pion exchange model seems to fit the
experimental data rather well® This result naturally
suggests that perhaps single pion exchange plays a
dominant role even at the relatively low energies of a
few Bev for many other nucleon-nucleon collision
processes. In this note we shall concern ourselves only
with strange particle productions with or without an
additional pion in the final states.

In Sec. IT the three-particle final states of the kind
p+p— Y+K+N are considered. The treatment is
essentially that of Ferrari’s with some modifications.

3 R. I. Louttit, T. W. Morris, D. C. Rahm, R. R. Rau, A. M.
Thorndike, and W. J. Willis, Proceedings of the Tenth International
Rochester Conference on High-Energy Physics, 1960 (Interscience
Publishers, Inc., New York, 1960).
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The momentum-energy transfer squared, A? is given a
cutoff at nucleon mass squared, M2 This energy-
momentum cutoff has as a consequence that the inter-
ference term in the total cross section is negligibly
small. This point has already been made by several
authors,! and we shall neglect the interference term
throughout in our calculation. In order to compare the
calculated results with experimental values available,?
total cross sections for various reactions are computed
at 2.85 Bev incident proton lab energy. Furthermore,
the momentum and angular distributions of the final-
state particles are calculated for a particular reaction,
pHp— pHETHA.

In Sec. IIT the four-particle final states of the kind
p+p— Y4+ K+N+r are considered. The treatment
follows closely that proposed by Salzman and Salzman.*
It is however emphasized that in the energy range under
consideration the virtual pion nucleon scattering cross
section may be modified significantly, by the factor
[(W—=MP2+AT[(W—M)2—u2]™, from the real pion-
nucleon scattering cross section. It is found in the
course of the calculation that for all reactions except
one the calculated cross sections agree with the experi-
mental results fairly well. The one exception is in the
production of 7+ p+ K+4A%(Z°), where the calculated
value is much too small in comparison with the experi-
mental cross section. It is suggested that perhaps ¥*
and K’ formation in p-p collisions plays an important
role in this case.

II. THREE-PARTICLE PRODUCTION

The reactions under consideration are

p+p— p+H KA, (1a)
ptp— p+ K427, (1b)
p+p— nt K43 (1¢)
p+p— p+KH20. (1d)

The processes are represented graphically by the dia-
grams in Fig. 1. We shall write the scattering cross
section for any of the processes considered as follows:

do=do 4+dop. (2)

The interference term has been left out explicitly in (2).

1
dos= al<fiT|1>Pa<p1+pz pn—pr—px)

(2m)° 4p
” » - M My 1 <2M 2
X prvdpyu pKUEnUEYUZEKU U)
3 ¥ )
=(27r)5 o [{fIT]4)|%6(p1+pa— pn—pv— px)

X8(pr*+My*)s (px®+M )b (p*+M?)

S Xd'p.dipydipk, (3)
4 I*. Salzman and G. Salzman, Phys. Rev. 121, 1341 (1961).
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Fic. 1. Diagrams representing processes (1a)-(1d).

where p1, ps, and pa, py, px are the 4 momenta of the
incoming protons and of the outgomg nucleon, hyperon
and K meson respectively. =—(p1+ p2)2 is the
square of the total energy in the center-of-mass system
(the U system) and p= ($U?—M?)} is the center-of-
mass momentum of the initial protons. M, My, and
Mk are the rest masses of nucleon, hyperon, and
K meson, respectively. The subscript U designates the
various momenta and energies in the U system.

(IT]5y=pv,px| Apa)(pnAl pr)(A2+p2) 7L (4)

A= (p1—pn.)? and u is the pion mass. dog is obtained
from do 4 by an interchange of ; and p,. Upon integra-
tion over the angles the two terms give equal contribu-
tions to the total cross section, and we have oo, =20 4.

Next we introduce the “cross section” for the virtual
process n+p — K+ YV,

dao(W; A?)
1 MM \
= 2n )QWHP%PK]A,PM 3(poatA—pr—
X8 (py*+My?)s(px*+M ) d'pydipx, (5)

where W2= — (py+ px)? is the square of the total energy
in the K-¥ center-of-mass system (the W system), and
k is defined as

W= (24 M) (kw2

Substltutmg Egs. (4) and (5) into Eq. (3) and integrat-
ing, we obtain

(2’ —_/ / kW (A )2

X8(A+pn—p1)d (P> + Moo (W; A)d*Ad*p,.  (6)

Px)

ca(U)=

<pn)A}pl>|o

The vertex function |{p,,A|p1)|? can be rewritten as

for «°

A? 1
|<Pn)A|PI>[2=4Tf2—;><{ (7)
m

2 for =%

a result expected from p-wave static nucleon model and
invariance considerations.
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TasLE 1. Total cross sections (in mb) for three-particle pro-
duction. (We have taken &, p.A%°=0.5 mb, &,*,.3*x*
=0.2 mb, 6,%.3"E0 =0, "p.3%°=0.25 mb, 7,95 * =3[0, p.3*&x "
+ET—P*2_K+—ET~P-'E°KDJ=0'1 mb)

Calculated Experimental
AK*p 0.049 0.051+0.011
ZtK*n 0.058 0.0470.012
=K% 0.036 0.030+:0.010
ZKtp 0.015 0.01340.007

Since A? and W? are two invariant scalars in the
problem, we shall use them as integration variables.
The Jacobian for the transformation can be obtained
in a straightforward manner, and the result is

1 1 Mdap

aa(U)= —_—
@ (2m)? (pU) 2 ?

x(;) / AWHEW / d(A2)FA—;§M—2)200(W; Ay, (8)

It is now assumed that
oo(W; M) =ao(W ; —u?) =ao(W),

where oo(W) is the real cross section for 74p — K4V
at the c.m. energy W. Therefore,

w4(0) =§7_r<§)x(;>(p;])2/ medW

min

: n

X 2kW?ao(W) / a(AY)y——,

(A2+M2)2

This is essentially Eq. (13) in Ferrari’s paper. His
I(W) is defined as

)

A a2 (W) A2
(W)= / A(A)———.
Brin® (W) (A2+-p?)?

However, in the energy range under consideration, in-
cident proton energy at 2.85 Bev in the lab system
corresponds to W below 2.1 Bev, and An.® is always

(10)

1 1
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Fic. 2. Angular distribution of A% in the W system.
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_F16. 3. (a) Momentum distribution and (b) angular distribu-
tion of p in the c.m. system. Full curves are calculated values;
dashed curves are experimental.

greater than MZ If we make a cutoff for the energy-
momentum transfer squared at M2, and define

M2 A2
TW)= / AA)— (11
Anin? () (A2+p?)? )
Eq. (9) becomes
1 /G?
020
8 \dnr
(1> ! medW w2
X 2k wYJ(w). (12
; (PUP/WM (NI OF). (12)

A numerical integration of Eq. (12) is now carried out,
where the values for oo(IW) are taken from experiments.

8 1958 Annual International Conference on High-Energy Physics
at CERN, edited by B. Ferretti (CERN Scientific Information
Service, Geneva, 1958); Proceedings of the Tenth Annual Inter-
national Rochester Conference on High-Energy Physics, 1960
(Interscience Publishers, Inc., New York, 1960); F. S. Crawford,
Jr., R. L. Douglas, M. L. Good, G. R. Kalbfleisch, M. I.. Steven-
son, and H. K. Ticho, Phys. Rev. Letters 3, 394 (1959).
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Frc. 4. (a) Momentum distribution and (b) angular distribu-
tion of A in' the c.m. system. Full curves are calculated values,
dashed curves are experimental.

The results are collected in Table I together with ex-
perimental cross sections. Fairly good agreement is
obtained in all four cases.

In order to have a better comparison between theory
and experiment, a detailed calculation of the momentum
and angular distributions of the nucleon, hyperon, and
K meson in the final states is desirable. An attempt is

made here to give a rough calculation in the case of

A° production.

The calculation is in principle straightforward but
rather tedious. The momentum and angular distribu-
tions of the final proton in the U system are easily done,
but that of the hyperon and K meson involve the trans-
formation from the W system to the U system. The
information available from 7=+ p — A%+ K interaction
is in the W system with no dependence on the azimuthal
angle ¢ whatsoever. However, in the transformation to
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Fic. 5. (a) Momentum distribution and (b) angular distribu-
tion of K* in the c.m. system. Full curves are calculated values;
dashed curves are experimental.

the U system the angle ¢ plays an important role and
complicates the calculation.

The procedure adopted in calculating the A® and K+
distributions in the U system is as follows: The angular
distribution of A® in the W system is approximated by
regarding half of the A”s coming out in the backward
cone, — 1< cosfaw < —0.5, and the rest in the interval
—0.5< cosfaw < 1. An uniform distribution is assumed
for both regions. Figure 2 gives this angular distribu-
tion. From the experimental evidence available® it
seems that this approximation is not too bad in the
energy region under consideration. The W integral is
then divided into several intervals, and within each
interval the A? integral is again subdivided. The con-
tributions from the various W—A? regions with the
same pay or cosfry are then collected with the appro-
priate factors attached. Similar treatment is also ap-
plied to the K+ distribution.

Figures 3-5 give the momentum and angular spectra
of the final p, A%, and K* in the U system together with



1052 TSU
the experimental data.® Good qualitative agreements
can be seen in all the distributions, adding further sup-
port to the single pion exchange hypothesis. The un-
realistic sharp drop at cosf,y=#£0.5 in the proton angu-
lar distribution is the result of our cutoff at A= M?2, and
should not be taken too seriously. The necessary kine-
matic relations between the W system and the U system
are collected in the Appendix.

III. FOUR-PARTICLE PRODUCTION

The reactions under study are

p+p— 7+ p+H KA, (13a)
p+p— wttntKHAY (13b)
p+p— O+ p+ KA, (13c)
p+p— ot p+ K20, (13d)
pHp— mrHnt K420, (13e)
p+p— o p+ K+, (13f)
p+p— 7+ p K2, (13g)
p+p— ot p+H K2, (13h)
p+p— mrnt K42 (13i)
p+p— T+ p+ K42, (13))
p+p— otnd- K2+ (13k)

The analysis of (13) is handicapped by the possibility
of the final-state pion being produced at either vertex.
Figures 6 and 7 represent the two possible types of
graphs.

Since detailed information on the interaction m+p —
7m+K+YV in the energy region relevant here (pion
kinetic energy in the lab system between 1 and 1.7
Bev) is not yet available, we shall not concern ourselves
with this type of graph here. Of course it will be neces-
sary to reevaluate our results when the relevant in-
formation becomes available and the 7+p — 7+K+7V
cross sections are shown to be important. In that case
an analogous treatment to that given in Sec. IT will be
applicable.

Here we shall restrict ourselves only to the graphs
of the type in Fig. 6. At one vertex we have the pion-
proton elastic or charge exchange scattering. The
energy of interest lies in the -3 resonance region, al-
though one of the pions involved is a virtual one. The
other vertex involves the associated production of
strange particles in 7-p collisions as in Sec. II.

F1c. 6. Diagram representing
processes (13).

6 A. M. Thorndike, Bull. Am. Phys. Soc. 6, 17 (1961), and pri-
vate communication from A. M. Thorndike and R. R. Rau. I am
indebted to Dr. Thorndike and Dr. Rau for this information.

Fic. 7. Diagram representing
processes (13).

The expression for the nucleon-nucleon scattering
cross section has been given by several authors.! Here
we shall follow Salzman and Salzman closely.

o'totZZU'A, (14)
2 1 1
oa(U)= / I — / / AW’
(2m)® (pU)? (A2 +u?)?
XEW? (W ; AW (W5 A2).  (15)

Again the interference term is explicitly neglected in
Eq. (14). The notation used is similar to that used in
Sec. IT with U?= — (p1+p2)?, the total energy squared
in the over-all center-of-mass system (the U system),
W2= — (py+px)?, the total energy squared in the K-V
c.m. system (the W system), W'2=—(p,+p.)?, the
total energy squared in the final 7N system (the W’
system).

U=2(p+ M),

W= (B MY (),

W= (M) (),

(16)
A?= (p1— P1)*= (P2— p2)?,
P]ZPY+PK,
P2:p1r+pn-

o(W; A% is the “cross section” for K-V production,
and is set equal to o(W) as in Sec. IL. o(W’; A?) is the
“cross section” for w-p elastic or charge exchange
scattering, and we set

o (W'; 4= (ﬁ)zaw )= (%)QW')

k/

[<W'—M>2+A2 (W'+M>2+A2J (W)
(W' =M= (WM =

(W'—M)24A?
R (W), (17)
(W= My
where Ay is the three-momentum transfer in the W’
system, or the momentum of the virtual pion in that
system, and &’ is the momentum of the corresponding
real pion. This momentum square dependence for the
“scattering cross section” is suggested by the p-wave
static nucleon model, and is probably correct quali-
tatively in the low-energy 2-3 resonance region. It
might be emphasized that this correction factor devi-
ates from unity appreciably for A2 M? when W’ is in
the resonance region, 1.2M < W’ < 1.45M (the region of
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TaBLE II. Total cross sections (in ub) for four-particle production.

Experi-
Calculated mental
A0 9.6
wt+p+ K0+ {20 e } 12.4 144
0
1r++n—f—K++{ A (1):;5} 1.35 241
0 -
A4 p K {QD &2 } 2.70 1144
Tt pH K2 2.8 342
o p KB 0.25
+
el ok g;gﬁ} o 4
Kyt 0.50

interest here). The net result of including this correction
is that Eq. (15) is approximately increased by a factor
of ten. In fact, even at very high energies U=14M
(proton lab energy of 100 Bev) the contribution from
low W and W’ regions may play an important role in
the nucleon-nucleon production cross sections both
because of the large 3-3 resonance cross section and also
because of the large correction factor involved.

It is now a straightforward task to calculate the
integral (15) by numerical integration keeping in mind
the relationship among the limits of the three integra-
tion variables,*

W24 4-2M2 A
w0 1- ]
U2
2

= (=M =M+ (P =W (1)

From the present experimental data®? on 7+ p—
74N and 7+p— K+V we have evaluated the total
cross sections for the processes (13a)-(13k). Isotopic
spin invariance has been invoked to calculate #'-p
interactions. The results are collected in Table II to-
gether with experimental data. It is seen that there are
fair agreements between calculated values and the ex-
perimental results in all cases but one. In the case of
4+ p+K+4A%(Z°) production the calculated value is
much too small in comparison with the experimental
result.

It is true that perhaps one should not attach too
much importance to the absolute values of the calcu-
lated cross sections, since this is only a first attempt at
an order of magnitude estimate. However, the relative
cross sections should be more meaningful, because they

7 G. Puppi and A. Stanghellini, Nuovo cimento 5, 1305 (1957);
J. Ashkin, J. P. Blaser, F. Feiner, and M. O. Stern, Phys. Rev.
105, 724 (1957); W. D. Walker, W. D. Shephard, and J. Davis,
Phys. Rev. 118, 1612 (1960).
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reflect directly the result of isotopic spin invariance
apart from minor phase-space considerations. In this
sense the discrepancy between the calculated cross sec-
tion and the experimental value for 7%+ p+K+4A°(Z)
production is perhaps a real one.

As pointed out at the beginning of this section, the
possibility of having the pion produced at the K-V
vertex is not necessarily small. The recent discovery of
a hyperon resonance Y* may enhance the contribution
from this type of graphs, at least in cases where A® is
involved. Indeed, experimentally several probable ¥*’s
were found in p-p collisions.® Since the number of ob-
served events is small in all four-particle final-state
strange particle productions, it is not yet statistically
significant enough to say whether the single pion ex-
change model gives an adequate description of this
type of interactions.

IV. DISCUSSION

Originally the idea of an intermediate virtual pion
exchange was introduced for very high energy inter-
actions where the collisions are mostly peripheral. The
treatment considered here seems to indicate that it
may also play a dominant role at the relatively low
energy of 3 Bev. Whether our agreements with experi-
ment may be purely fortuitous is not clear. The various
approximations made are plausible but not established.
In the case of three-particle production one has a
stronger reason to expect the model to be essentially
correct. On the other hand, four-particle productions
involve more uncertainties both theoretically and ex-
perimentally. Information on KYVr production in m-p
collisions and especially ¥'* formation will be most
helpful in clarifying many aspects of the problem here.

APPENDIX: KINEMATIC RELATIONS FOR
PROCESSES (1)

I'Vmin’-_*]t[}"Jf‘ZilK,

I'anxz U“‘A’[,
P:PY‘+PK,
Pr=—Tp2,

In the W system we have (see Fig. 8):
pyw=prw=[W2—(My+Mg)* ]}
X[W>— (My—Mx)*]}/2W,

the momenta of the hyperon and K meson in the W

Frc. 8. Kinematics

P
in the W system. w

Pxw
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Py
Py
Pyy
Pay Py F1c. 9. Kinematics
> YU & in the U system.
fny
Pny
system;

Eyw=(W*+My*—Mx»/2W,
Exw= (W—My*+Mg>)/2W,
the energies of the hyperon and K meson, respectively;
Eow = (paw®+ M2t = (W2 M*4A?)/2W,
the energy of the incident proton; and
W= (prw+Mv*)+ (prw'+ M)},

the total energy in the W system.
In the U system we have (see Fig. 9):

Pyy=Py=[U— (W+MPILU*— (W= M)]/20,

the momenta of the recoil nucleon and the W system
in the over-all c.m. system; and

E,u=(U—W+M?)/2U,
Wo=(U+W2—M?)/2U= (W*+ P,

the energies of the recoil nucleon and the W system,
respectively.

YAO

The kinematic relations between the W system and
the U system are given by

B=Py/Wuy,
(1—=p)~t=(U+W2—M?2)/2UW,
where 8 is the velocity of the W system relative to the
U system.

The various angles appearing in Figs. 8 and 9 are
defined as follows:

P1v- Prv=DP2v- Pu=ppnv cost,u,
paw Pu= pawPu costo,
P2v-Pru=ppyu cosfyu,
Pew* Pyw= pewpyw Ccosfyw,
prw-Pu=pywPy cos®,
and we also have the relations

cos O = cosfyw cosfo+sinfy w sinfy cos o,
tanfo= p sinf,u(1—52)%/ (p cosf,u—3UB).
The energies of the hyperon and the K meson in the
U system are given by
Eyy= (Eyw+Bpyw cos0) (1—5)73,
Exy= (Exw—Bprw cosO)(1—£7)~%
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