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The equilibrium equations for the distribution of magnetization directions in a Zomogeneous ferromagnetic
body possess one-dimensional solutions with some resemblance to a domain structure. It is shown here that
under strictly one-dimensional conditions, which are possible only in an infinite plane plate, all the solutions
in which the magnetization is not uniform are unstable, and that the Bloch wall acquires its stability from
three-dimensional considerations implicit in the initial formulation of the problem.

1. INTRODUCTION

N a ferromagnet at a specified temperature 7" and in
a specified applied field Hy, the vector magnetization
M has a fixed magnitude M, but a direction that may
vary with position. The condition for stable equilibrium
is that the thermodynamic potential G corresponding to
choice of T and H, as independent variables (the Gibbs
free energy) shall be a minimum with respect to the
direction cosines ai, as, and az= =4 (1—a?—as?)? of M.
Mere equilibrium, without regard to stability, requires
only that G be stationary, i.e., that its first variation
vanish; this requirement leads to nonlinear partial
differential equations and boundary conditions.! One-
dimensional analytic solutions exist in certain cases and
resemble observed domain structures.2?® It is therefore
important to find whether the equilibrium in these
states is stable, i.e., whether the second variation of G
is positive (or at least non-negative) for arbitrary vari-
ations of a1 and as,.

We shall investigate solutions obtained under the
constraint that thereis variation with only one Cartesian
coordinate, z. Such a strictly one-dimensional situation
can exist only in an infinite plate bounded by planes
z=const; we shall suppose that the plate occupies the
region 2:<2< 2. In a homogeneous plate in a uniform
applied field, the equilibrium equations have uniform
solutions a;=const=a;. They also have, at least in
certain cases, non-uniform solutions a;=a;(%) ; this will
be shown in Sec. 2. We shall show that all the non-
uniform solutions are unstable. We shall then discuss
the implications of this theorem with respect to the
Bloch wall and to the effect of imperfections.
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2. EQUILIBRIUM CONDITIONS
For unit area normal to Oz,
22
G=/ Loy oo’ o1 000)d3, 1
21

where

L(a1,7a2’3a17a2)
= %C[Ol1’2+012/2+053/2]+ f1 ((Xl,ag)
-Ms(HO:cal‘i‘HOyfh'}‘Hozag)—%M'H,. (2)

Here a/=da;/dz; C is an exchange constant, fi is the
crystalline-anisotropy energy, and H’ is the field in-
tensity of the poles due to M. The term —3iM-H’
represents magnetostatic self-energy. It is not an energy
density ; its integral over any volume V gives, within the
limitations of the Lorentz local-field formula,® the
mutual energy of pairs of dipoles inside V, plus half the
mutual energy of pairs of which one member is inside V
and the other outside. In one-dimensional variational
procedures, this term yields the correct torques; but its
physical meaning must not be forgotten.

The pole distributions are uniform layers normal to
Oz. Therefore by elementary magnetostatics

H,=H',=0, H',=—4xM,, 3)
and
—IM-H'=2aM 2=2xM 2as; )

the magnetostatic self-energy is equivalent to an ani-
sotropy energy of density 27w M j2a;?, which favors mag-
netization normal to Oz.

In a homogeneous crystal in a uniform applied field,
G is a minimum for uniform magnetization along a
direction that minimizes the effective anisotropy-energy
density

f(al,lh) = fl(al,az)
—M (Homor+Ho oo+ Ho.a3)+ 20 M 2a3;  (5)

f(a,a9) includes the effects of external and internal
fields. Because of the positive definite character of the

4 W. F. Brown, Jr., Am. J. Phys. 28, 542-551 (1960).
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exchange term in L, non-uniform equilibrium states can
be at most metastable. Our problem is to find whether
they are metastable or unstable.

In terms of @ and ay,
L=%[m110£1,2+ 2m12a1'a2'+ m22a2'2]+ f, (6)

where the m;;’s are functions of «; and as. The first
variation of G is

2 2 /9L oL
5G=/ Z(——&a/-{- 5(15)(12

=1 da; da;

~(£ e

=1 da;

=2 2 2 d 0L OL
+ Z(————-f-—)&aidz. (7
dz dai Oay

21 2 =1

The equilibrium conditions are found by equating to
zero the coefficients of éa; and da, in the integral and in
each boundary term. This gives the differential equations

d oL oL
’——’—‘—’_’_‘201 (121)2) (8)
dz 0y o
and the boundary conditions
dL/3a;/=0 at 3=z, 0r 25, (1=1,2). 9)

From Eq. (9), because of the positive-definiteness
of (mij),

(i=1,2). (10)

Equations (8) are identical with Lagrange’s equations
of motion, and G with Hamilton’s integral, for a particle
of mass C and Cartesian coordinates ai, as, a3, con-
strained to move on the unit sphere under the influence
of forces derivable from a potential energy — f(a,as)
(note the minus sign); in this dynamic analog, z is time.
In the derivation of Lagrange’s equations by variation
of Hamilton’s integral, the positions at times z; and 2,
are held fixed, whereas in our magnetic problem a;(z;)
and «;(2») are free to vary ; consequently our variational
procedure yields boundary conditions as well as differ-
ential equations. Solutions of the magnetic problem
correspond, in the dynamic analog, to motions in which
the particle is released from rest at time 2, from such a
position that it just comes to rest at time z,. In simple
cases, such as the case f=Kas (motion of a spherical
pendulum in the earth’s gravitational field), the possible
motions include periodic motions between points of
instantaneous rest, with periods dependent on the
amplitude; thus nonuniform solutions of the magnetic
problem exist at least for some forms of f and for some
values of z,—z;. An inhomogeneous specimen, in which
the anisotropy constants vary with g, corresponds to
motion in a force field with time-dependent potential.
We consider only the homogeneous specimen.

For a uniform solution, a;’ as well as ;" vanishes at
each boundary; then from the differential equations,
0f/8a1=8f/da;=0 at the boundaries. Conversely, a
solution with a;” =a,”’=0 or with df/da1=09f/das at a

ai/=0 at z=2; or 2y,
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boundary must be a uniform solution. This is obvious
from the dynamic analog: a particle with zero initial
acceleration as well as zero initial velocity is at rest at
an extremum of potential energy and will remain so. In
examining the non-uniform solutions, therefore, we may
assume that a;"" and a”, or df/da; and df/daz, do not
both vanish at a boundary.

3. INSTABILITY OF THE NONUNIFORM SOLUTIONS

Under the conditions assumed (variation only with z,
and no explicit dependence of f on z), we shall show that
for any solution with a1’ (21), as’(z1), a1’(z2), and
as”'(25) not all zero, a variation da:(z), daz(z) can be
found that makes the second variation of G negative.

For this purpose we consider a variation of the form

50(1‘—_—‘ 61%,;(2)““627)1‘(2), (11)

where €, and e; are arbitrary small constants. The
variation of G, to the second order in €; and e, is

5G= %{A 11[%]612+ 2A 12[u,v]€162+A 22[‘1}]622} y (12)

where A1 is a functional of #; and %, 432 of v1 and vs,
and A1 of %y, #s, v1, and v,. Our proof consists in the
construction of a particular #:(z) and #,(2z) such that
A11=0 and such that, for suitably chosen v:(z) and
v2(2), A127%0. Then by the calculus of extrema in two
independent variables, an e and e can be found for
which éG is negative.

The following reasoning leads naturally to a suitable
choice of u;.

To compute the term A 1o[%#,v ]ere2 in Eq. (12), for any
u; and v;, we can make a variation e;#; from equilibrium
and then make a further variation esz; from the already
varied state. The first step, to the first order in e,
produces no change in G. The second step produces a
change which, to the first order in es, is given by Eq. (7)
with da; set equal to ey; and with the coefficients of éa;
evaluated at the end of the first step. If these coefficients
are now evaluated only to the first order in €, the result
neglects the part of 6G proportional to €% as well as the
part proportional to e? and already neglected, but
evaluates correctly the part proportional to ees and
therefore enables us to evaluate A4 15[ %,v].

To evaluate An[#], we note that the formula for
Ai1o[u,v] holds for any v, and therefore, in particu-
lar, for v;=u; But setting v;=u, in Eq. (11) is equiva-
lent to replacing e; by ei+e and v; by 0. Therefore
Au[u]ed+2A4 1o w,u ]eres+ Aos[ 2 Je> must be equal to
Au[#](e1+e2)? for arbitrary €; and e, whence Aq[u]
= A[u,u]. We can therefore find 41:1[#] by replacing
v; by #; in the formula for A4 15[ #,v].

Now consider a variation e;%; that consists in a shift
of the equilibrium solution along Oz by a distance —e;;
that is,® ex;=a;(2+ e1) —a;(2) or, to the first order in ¢,

& The values of a; (z+€1) at points z such that z+e: is outside the
specimen correspond to continuations of the motion of the

analogous particle, under the same conservative forces, to times z
earlier than 3, or later than z,.
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#s;=a;’. The varied functions a;(z+ ¢;) satisfy the differ-
ential equations (8) exactly, but they fail to satisfy the
boundary conditions (9) by an error of order ¢;; there-
fore the change 6G due to the second step e;v; receives no
contribution from the integral in (7) but only contribu-
tions from the boundary terms. In the special case
v;=u;=a;, the boundary terms also vanish, so that
Au[u]=0. To show that A1, [#,v] can be made to differ
from 0, we write 8G explicitly :

G= [(7n11a1,+m12a2/) €1+ (mma1'+m22(¥2') 62'02]

= 6162[(m11a1"+m12a2")'01
+ (mmm“‘l‘mzzaz")'l)z]

224-€1

21t

22
, (13)
21

since the terms ejes(dmi;/0ar)vie/ay’ vanish at the
boundaries. Now suppose that either ey’ or a;”’ 40 at 2:
we can take, for example, v;(21)=0, v;(22) =a,;’; then
by virtue of the positive definiteness of (m;;), the right
member of Eq. (13) will be nonzero. Therefore, 41, in
Eq. (12) can be made nonzero by proper choice of v;.

We now give a formal proof, not dependent on the
devious reasoning used above for evaluating A 1o[u,v]
and A y[u]. We take u;=a;. Let

(14)

write L; for dL/dx;, L for 82L/0x.dx;; and let ¢
represent dg/dz for any quantity ¢. Then direct ex-
pansion to the second order in the variations

W o — — e
Y1i=aoayp, Xe=oaz, X3=o1, X4=ag;

(15)

(where wi=11, wo=1,', w3=v1, ws=1) gives Eq. (12),
with, for example,

’
0x ;= ey + eqws,

2 4 4

Ap[uy]= 2o > Lix/wids

o =1 =1

22 4 4
= 2 wi{X Lix/}dz
=l i=1
22 4
=/ Z wJ'ledZ. (16)
21 i=1
But from the differential equations (8),
L1,=L3, L2,=L4; (17)
and from the definitions,
w1=w3’, ‘ZU2=’LU4’. (18)
Hence
22
A 12[14,'0:]= (w3'L3+W4’L4+w3L3’+w4L4’)dz
2 g 9L AL\|®
= (ng:;—i—w/;LQ = (01—+U2~) ) (19)
Z dory dag .

Z1

which is equivalent to Eq. (13) by virtue of Eq. (8)
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(applied at a boundary point) and Eq. (10). A similar
calculation with v; replaced by a;’ shows that 41;[%]=0.
The proof that 4 15[, ] can be made different from zero
is the same as before.

4. APPLICATION

The theorem thus proved rules out, as unstable, all
non-uniform strictly one-dimensional equilibrium states
in a homogeneous specimen. Two types of nonuniform
one-dimensional state remain physically significant.

First, suppose that there is still variation only with z
but that the material is not homogeneous, i.e., that the
parameters in f vary with z. (This includes, as a limiting
case, surface anisotropy.) We may regard an inhomo-
geneous specimen as an originally homogeneous one
perturbed by a nonuniformity of properties. If the per-
turbation is small, states derived from stable uniform
states will be stable, and all other states will be unstable.
As the perturbation increases, it may destabilize some
states and stabilize others; the number of stable states
need not be conserved in the process. Thus our theorem
does not invalidate Aharoni’s calculations® on the effect
of imperfections; the stability of his states must be
investigated directly.

Second, consider the Landau-Lifshitz method? 8 of
calculating the internal structure and energy of a Bloch
wall. Here the boundary conditions are imposed in
advance: the magnetization is required to have a
specified direction at z=— o and another at z=- .
The stability of at least one nonuniform solution is
thereby assured. But no grounds for imposing such
boundary conditions will be found in any strictly one-
dimensional situation; they come out of a previous
three-dimensional analysis on a larger scale, with ex-
change energy neglected and discontinuities of magnet-
ization therefore allowed. Such discontinuities, as in the
familiar “closure-domain” model, minimize the mag-
netostatic energy ; the wall calculation is then a method
of patching up the model by replacing discontinuities by
gradual transitions. The wall calculation, therefore,
derives its justification from three-dimensional con-
siderations implicit in the initial statement of the
formally one-dimensional problem.

In calculations such as those of Kaczér,® the boundary
conditions imposed are not that the magnetization have
specified directions at z=d=c but that its direction
cosines be periodic, with a specified period. The justi-
fication for the periodic boundary conditions and for the
exclusion of the uniform solution must come from three-
dimensional considerations similar to those that justify
the Landau-Lifshitz calculation.

6 A. Aharoni, Phys. Rev. 119, 127-131 (1960); C. Abraham and
A. Aharoni, bid. 120, 1576-1579 (1960); A. Aharoni, J. Appl
Phys. 32, 2455-246S (1961).

7L. Landau and E. Lifshitz, Physik. Z. Sowjetunion 8, 153—
169 (1935).

8 C. Kittel, Revs. Modern Phys. 21, 541-583 (1949).

9 J. Kaczér, Czech. J. Phys. 8, 278-284 (1958).
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The three-dimensional considerations implicit in wall
calculations are seldom mentioned. In fact, it is usual to
assume that a minimum of G has been found when, in
fact, all that has been found is a solution of the Euler
equations (8). Nothing is said about the substitution of
another boundary condition for the one that comes, just
as unambiguously as does the differential equation, out
of the formal variational procedure; and nothing is said
about the sign of the second variation, which determines
the stability. It does not follow from this that the usual
calculations are necessarily not useful, but it does follow

that they are lacking in completeness and consistency.
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Finally, let us examine, from a three-dimensional
point of view, a uniform state that was found stable
under the constraint of one-dimensionality. If the
magnetization has no component along Oz, the state is
stable with respect to arbitrary three-dimensional varia-
tions; for every term in G is at a minimum with respect
to such variations. But if there is a z component, re-
moval of the constraint may allow a decrease of G by
development of a structure nonuniform in x and y; for
such nonuniformity can decrease the magnetostatic
energy. Thus domain formation appears to be an essen-
tially two- or three-dimensional phenomenon.
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Hardness values of 65 nonmetallic crystalline solids of 16 different structures are compared with data of a
newly introduced concept: “the volumetric lattice energy.” When such solids are classified according to a
new interpretation of lattice anharmonicity, a set of linear interrelations is obtained which covers the entire
hardness range. Thus, on the basis of interatomic cohesive forces, the over-all hardness of these solids becomes
unambiguously defined. Hardness receives the dimension (ergs/cm?) or (kcal/cm?), and an absolute scale.
Such hardness data become independent of anisotropy, structure type, and valency of the atoms. Conversion
from relative to absolute hardness, as well as estimation of lattice energy data through appropriate hardness
testing, becomes possible. For example, the extremely high hardness value of the rare type-II diamond could
be determined to be 1.7 times that of the type-I diamond, purely from atomic data. Analogous treatment
of the hardness of metallic solids poses additional problems.

I. INTRODUCTION

LL hardness measurements are relative, and the
data obtained by the many different methods of

hardness testing are for the greater part not comparable -

with one another.! The hardness of a solid is defined by
the resistance against lattice destruction and is con-
sidered to be a function of the interatomic forces.?
Attempts towards a physical definition of hardness
were made by Friedrich, Goldschmidt and others.? Yet
hardness has in general defied unambiguous physical

L H. Tertsch, Neues Jahrb. Mineral. Monatsh., p. 121 (1955).

2C. W. Stillwell, Crystal Chemistry (McGraw-Hill Book
Company, Inc., New York, 1938), pp. 29, 225-239. R. C. Evans,
An Introduction to Crystal Chemistry (Cambridge University Press,
New York, 1948), pp. 21-23. H. Tertsch, Festigkeitserscheinungen
der Kristalle (Springer-Verlag, Vienna, 1949), pp. 171-257. H. von
Weingraber, Technische Haertemessung (C. Hauser-Verlag,
Muenchen, 1952). C. Zwicker, Physical Properties of Solid Mate-
rials (Pergamon Press New York, 1954), pp. 258-261. H. G. F.
Winkler, Struktur und Eigenschaften der Kristalle (Springer-Verlag,
Berlin, 1955), pp. 266-285.

3 E. Friedrich, Fortschritte der Chemie, Physik und Physikalischen
Chemie (Verlag Gebr. Borntraeger, Berlin, 1926), Vol. 18, Heft 12,
pp. 1-44. V. M. Goldschmidt, Geochemische Verteilungsgesetze der
Elemente (Jacob Dybwad-Verlag, Oslo, 1927), pp. 102-127.

definition.* This presentation intends to develop such a
definition.

The vast majority of hardness data of crystals are
given in numerical units according to Mohs (M scale).
Therefore, the experimental hardness data of this study
for the greater part refer to this M scale. As recent
work shows, there is a sound physical basis upon which
equal intervals of scratch-hardness can be constructed
and, in fact, the M scale follows it surprisingly well up
to the relative hardness H=9.5 About 999 of all known
materials belong to a hardness range from H=1 to
H=9, while the relative difference in hardness between
successive materials is small within this range. Thus
the M scale is quantitatively useful up to H=9.

However, the complementary range between corun-
dum and diamond (corresponding to H=9 and 10 in

4 H. Tertsch, reference 2. D. Tabor, Endeavour 13, 27 (1954).
W. F. de Jong, General Crystallography (W. H. Freeman & Com-
pany, San Francisco, 1959), pp. 236.

5 E. Troeger, Neues Jahrb. Mineral. Monatsh. 233 (1954).
D. Tabor, Proc. Phys. Soc. (London) B67, 249 (1954) (includes a
compi%ation of pertinent literature). D. Tabor, Endeavour 13, 27
(1954).



