SPIN DIFFUSION

this becomes
dA(x,t)/dt+ T A(x,t) = kd?A(x, 1) /dx. 17)

Equation (17) is very similar to the diffusion equation
and has the solution

e—t/T1

Ax,f)= / A(y,0) exp[— (x—y)*/4xt]dy. (18)

(4ut)?

Note the concentration dependence enters only
through the parameter . The spin diffusion time 7 is
roughly given by

T= (4'()—1 (x_ x0)2max2[4K(T2*)2]-—1'
For a Gaussian C-R linewidth,

7=2r[ W {Av2)(Ts*)* ] (19)
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Equation (19) is easily shown to be precisely equal
to Eq. (4). [W’ is defined in (8).] Equation (18),
however, also describes the spin-lattice relaxation. The
properties of (18) are too well known to dwell on the
properties of this equation further.

This is the expression which describes the decay of
the susceptibility in pulse saturation experiments when
spin diffusion occurs.

The general solution of Eq. (16) is naturally very
difficult but satisfactory solutions for cases of interest
should present no great obstacle.

When W(0)t<1, Eq. (15) may be applied except
that in the definition of the function D(x), W(0) must
be replaced by (T2*/2) S W (x)dx.

In a later publication, the application of these results
will be discussed in relation to relaxation effects in
K3(Co,Fe)(CN)s.
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Ensembles of particles obeying Fermi-Dirac statistics are considered from a point of view which is analo-
gous to some recent work of Mayer on classical particle statistics. The density functions p, are defined for n
much smaller than the average number of particles in the ensemble. Since the knowledge of only a few p, is
sufficient for the computation of most averages of physical interest, it is important to compare different
ensembles with the same density functions, say p; and ps. The ensemble with the largest entropy is con-
structed as being the most significant. A number of simple examples are briefly considered.

INTRODUCTION

HE purpose of the present article is to give a
quantum-mechanical analog for a theorem which
was recently stated and proved by Mayer! for classical
statistical mechanics. The theorem for Fermi statistics
has the same intuitive content, but its statement and
proof is more involved. As for the general idea behind
the problem, the following may be said: Instead of
starting from an assumed kinetic energy, external field,
and interaction energy for the particles in order to find
their correlation, it is shown how their assumed proba-
bilities of occurrence in certain states and their correla-
tions can be used to find, at least in principle, the
simplest Hamiltonian responsible for these probabilities
and correlations.

STATEMENT OF THE PROBLEM

An ensemble of Fermi-Dirac particles is more con-
veniently described if the total number of particles is
not assumed to be exactly known. The state vectors &
of the dynamical system will therefore not necessarily

! Joseph E. Mayer, J. Chem. Phys. 33, 1484 (1960).

belong to an exact total number of particles. It is then
also appropriate to use the formalism of second quanti-
zation, in particular the operators ¥(x) and ¥*(x) of
particle annihilation and creation, where the coordinate
x refers to the position and spin of one particle. The
Hilbert space H in which ¥(x) and ¥*(x) operate can
be described using an orthonormalized set of one-
particle wave functions ¢,(x) whose label « refers, e.g.,
to wave vector and spin direction, or to a lattice site
and rotational state, and so forth. Every state vector
of the whole system can be written as a linear combina-
tion of Slater determinants which are constructed from
an arbitrary subset of the set { ¢.(x)}. The creation and
annihilation operators, ¥*(x) and ¥ (x), are then defined
in terms of the creation and annihilation operators

‘a* and a, in the customary manner

V*(x) =2, afo*(x). (1)

The operators a,* and a, satisfy the anticommutation
relations

‘I/(x):Zx dxﬁorc(x)y

aFatarat=6a,
(2

aartarac=a,Fa*+ar*aF=0.
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The effect of the operators a, and a,* can be easily
visualized if they operate on functions ® which corre-
spond to Slater determinants constructed from the
single-particle wave functions ¢,(x). But it cannot be
expected, nor will it be assumed, that the state vectors
of greatest physical interest correspond to Slater
determinants.

An ensemble of Fermi-Dirac particles is mechanically
defined in all detail by giving a complete (with respect
to the Hilbert space H) orthonormalized set of functions
®p and the probabilities Wp associated with ®p. It is
crucial for the difference between classical and quantum
theory that the wave functions ®p as well as the
probabilities be stated for the definition of the quantum
statistical ensemble.

The expectation value {4) of an operator 4 in the
ensemble is defined by

<A>=ZP WP((I)P)A(PP% (3>

where (®”,®") is the scalar product of the state vectors
&’ and ®’. A certain average in quantum statistics, such
as the mean free energy of the ensemble, is stationary
only if its first variation vanishes both with respect to
small changes of the values of Wp and with respect to
small changes in the wave functions ®p. Similarly the
same quantity reaches a local minimum only if, in addi-
tion to having a vanishing first variation, its second
variation is positive again with respect to small changes
of both Wp and ®p.

Usually the operators 4 of physical interest are
relatively simple in structure, since they consist of sums
of operators each of which acts on only a very small
number of particles, say one or two. The evaluation of
the expectation value for such simple operators 4 can
always be reduced to the evaluation of the one-particle
density function

p1(y,0) = (T*(y)¥ (2)), (4)
and the two-particle density function
pa(n,y ;5 £,2) =W () T* (MW () ¥ (). ©)

The generalization of these last definitions to n-particle
density functions is obvious:

Pn(yh' T Yn; X1yt '7xn)
= (1/n)T*(yu) - - T*(y)¥ (1) - W (), (6)

but the important features are already present in the
case #=2, so-that later examples will be discussed only
for n=1and n=2.

If the Hilbert space H of the dynamical system is
defined by the set of single-particle wave functions
@«(x), as suggested above, then it is natural to consider
the n-particle density function p, as an operator in the
Hilbert space H, of the n-particle Slater determinants,

1 ’W;(«Ul) e, (1)
=) b (7)
(n D“I ‘Pn(xn) ce ‘Pxn(xn)
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where K is an abbreviation for the set of indices
(k1," - - ,k»). In this space the operation of the density
function on an arbitrary antisymmetric #-particle wave
function x’ is described by the formula

X' (w1, 0 @)= /dyr : -/dyn

Xpn(yly' oy Vny X1yt '7xn)Xl(y1)' : ')y")' (8)

Since the wave functions Xx are by definition a complete
orthnormalized set in the space H ,, the density function
p» can be written as

Pn=ZKL GKLXL*(yl,' : -,yn)XK(x1,~ C ). (9)
It will be proved in the Appendix that

ngn(’(ly' . "Kn)zaKKS 1.

(10)

The quantity w,(K) can, therefore, be called “the
probability of finding simultaneously one particle in a
state k;, another in the state x; etc.” The knowledge of
w,(K) is in general not sufficient to determine p,,
because p,, is usually not diagonal with respect to the
wave functions Xgx. However, those ensembles for which
p» 1s indeed diagonal with respect to the Xk, i.e., the
ensembles with ox.=0 for KL, will receive special
attention later on.
The entropy of the ensemble is given by

S=—ko2p WpInWp,

where ko is the Boltzmann constant.

In view of many of its mathematical properties, S can
be interpreted as a measure for the lack of information
which is contained in the ensemble. Equivalently, .S is
a measure for the lack of correlation between the states
in which the particles of the ensemble are found.

On the other hand, it must be realized that, in general,
no other information is obtained experimentally from
some dynamical system, except the density functions
p1 and pg, but the knowledge of p; and p; for some
ensemble does not determine it completely. There may
be many ensembles which lead to the same density
functions p; and ps, but which have different sets of
state vectors ®p and associated probabilities W p. There
is then no way of deciding which one of these ensembles
describes the dynamical system under consideration.
Any particular choice would be equivalent to making
some additional assumptions about the system which
cannot be checked by the available experiments, since
the experiments determine only p; and ps. In order to
avoid such additional uncontrolled assumptions, it
seems reasonable to consider that particular ensemble
which has the largest entropy among all those with the
same density functions p; and ps.

Therefore the following problem arises: Given some
function

(11)

wn(yly' CYuy X1, -,x,,)

=ZKL wKLXL* (yl,' . ,yn)XK(xly' . 1xn)7 (12)
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it is required to find among all ensembles with p»=wa,
or equivalently ox . =wx1, the one with largest entropy.
It is evident that the given function w, must be such
that there exists at least one ensemble for which p,=wa,.

STATEMENT OF THE THEOREM

It will be shown that the solution of this problem can
be described in the following manner. There exists a
function

an(yly' e X1, %

:ZKL aLKXL*(yly' ‘ '7yn)xK(x17' * ‘,xn), (13)

which can be obtained, in principle, directly from w,.
This function can be interpreted as an operator in the
space H,, exactly like p, is such an operator, and acts
according to formula (8). With this function a,, it is
possible to construct an operator B, in the Hilbert space
H by the formula

anzKL aku*' . 'axl*a)\l' CONLOLE, (14)

where K and L are still abbreviations for the sets of
indices (ki,- - -,kn) and (A1,---,\,). In the usual inter-
pretation, the operator B, is the sum of operators which
act only on » particles simultaneously, so that B,
represents some #-particle potential acting between the
particles of the dynamical system. The ensemble of
largest entropy is then determined by the eigenfunctions
®p of the operator B,, i.e.,

B,®p=0pdp, (15)
and the corresponding probability is given by
W p=exp(8r+RB0), (16)

where the constant Bg serves to satisfy the normalization
condition

2 Wp=1. (17)

In addition, it will be shown: If wg,=0 for K==L,
then axz=0, for Ks£ L. The eigenvalue problem (15) is
then immediately solved, since the function ®p will
correspond to Slater determinants and the eigenvalue
Bp will be equal to the sum of those coefficients for
which the single-particle wave functions with indices
(k1,- * * kn) occur simultaneously in the Slater deter-
minant ®p. Thus, if the function w, is diagonal with
respect to some collection of Slater determinants in H,,
the ensemble with largest entropy among all those
ensembles with p,=w, is defined in terms of Slater
determinants in H, which are constructed from the
same set of single-particle wave functions.

DETERMINATION OF THE PROBABILITIES Wp
With the coefficients M k1, po quite generally defined
by

Mir,pe=(ar- - ar,Po,0n " " -0, Pp), (18)
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the expansion (9) can be written as
oxr=2.p WpMkzL pp,

so that the condition p,=w, becomes according to (12)
> pWpMxgL pp=wkr. (20)

The first variation of S vanishes with respect to small
changes of W p, subject to the subsidiary conditions (17)
and (20), if Wp is given by the formula

Wp=exp(X kL axiMxkr, prtao). (21)

The Lagrange multipliers ap and axy, have to be deter-
mined from the equations, which are obtained from
inserting (21) into (17) and (20), namely,

Y rexp(XrragiMgr prtag)=1, (22)
SpMirrpexp(> ki ax Mg, pptag)=wgr. (23)
The entropy is then given by

= *ko(ZKL wKLaKL+a0)-

If Wp is considered as a function of some parameter {,
such that condition (20) is always satisfied, it follows
that

(19)

(24)

*Wp
MKL,PP=Z -
J]

oW p
)3
J1e

MKL‘szo. (25)

It is also found, in view of X_p 0W p/3¢=0, that

9%S W p\? a*Wp
— =k Y Wf‘( ) —ko Y, InWp—— (26)
P rile P ag?

a¢?

Therefore, if Wp is given for { =0 by the formula (21),
it follows that

iR

0
—=—Fk Z WP"1<
o¢? P

We

2
><0 for ¢=0. (27)
o

S reaches a maximum with respect to variations of Wp
under the subsidiary conditions (20).

VARIATION OF THE WAVE FUNCTIONS

If the wave functions ®p change slightly, the coeffi-
cients M k1,po change in general too, so that the a9 and
akr have to be redetermined according to (22) and (23).
Therefore, the entropy S of (24) becomes dependent on
the variations of ®p.

First of all, it is then necessary to compute the vari-
ation of M k1, pq. A variation of the wave functions ®p is
most easily represented by a unitary transformation,

bp' = (e4FP)p, (28)
where F is an arbitrary Hermitian matrix Fpo=Fqp*.

If the wave functions ®p’ are inserted into (18) instead
of the ®p, and the resulting expression is expanded in
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powers of ¢, it follows that

Mg ®=Mg O+ [F,M k]

—¢[F[FMe T+, (29)
where M x1,® is now considered as a matrix with indices
P and Q. The following relations are obtained by

differentiating the subsidiary conditions (22) and (23)
with respect to ¢.

daky, OMkr pp Oag
> wkL +> a2, Wp—r +—=0, (30)
KL 6§‘ KL P 8§‘ 6)§‘
OMkr rp
Wp[ lnre
P a¢

dak: 1/ Mk 1 pp
+Mkr.rp 2, [— Mg 1 pptak 1 *——:”
K'L! ile ad

aao
+wg—=0. (31)
¢

With the help of (30) it is found from (24) that

aS OMxkr, pp
—=ko Y, akr L Wp—r (32)
a¢ KL P lile
Now it is easily seen that
agr=arx® and Mgrpe=Mirk qr*. (33)

Therefore, the right-hand side of (32) can be written
with the help of (29) as

N
—= —k() Im Z (WP— VVQ)FPQ Z OLKLMKL,QP:O,
a¢ PQ KL

for =0, (34)
where Im before the summation indicates the imaginary
part of the sum. Since the elements of F p g are essentially
arbitrary, it follows that

> kraekrMkr,op=0, for Q=P (35)

(i.e., for Wp=Wgq to be exact) as necessary and
sufficient for the vanishing of the first variation of .S.

Let us suppose that the coefficients axz have been
determined. By combining the definitions (14) of B,
and the definition (18) of Mk pe with the formula
(35), it follows that

(®0,B,8p)=0 for Q~P. (36)

[Condition (35) holds only for Wp=W ¢ according to
its derivation. But if there are many independent state
vectors ® belonging to the same probability W, then
linear combinations can be chosen in such a way that
(35) holds every time Q3 P. Equation (21) also shows
that Wp can be written as in (16) with

Bp=(p,B.Pp). (37)
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The operator B, as defined in (14) is Hermitian, so that
the equations (36) and (37) together are equivalent to
the eigenvalue problem (15). Therefore the ensemble of
stationary entropy with a given density function p,=wa,
is the same as the Boltzmann ensemble with a Hamil-
tonian operator B, and kT=1.

It is worth looking immediately at the special case
where w, is diagonal with respect to the Slater deter-
minants Xg, i.e., wx,=0for K L. The state vectors ®p
are then the Slater determinants out of which the
Hilbert space H was constructed. Indeed, if the ®p are
chosen in this way it follows at once that

K=L,
P#Q.

Also one can set axr,=0 for KL, and Egs. (35) are
satisfied. The operator B, is now simply

B,=%kaggNy- - Ny, (39)

with the occupation number N, defined by N.=a.*a..
The eigenvalues of B, are given by sums of axx over
all the n-tuple K= (ki,"--,k.) of indices which occur
simultaneously in a particular Slater determinant ®p.
The second derivative of R=—.5/ko with respect to ¢
can be written with the help of (30) and (31) as

OR\? dagy ok 1
(.
a¢ KLK'L'" 9§ a¢

X WpMkr, ppMK 1 pP—WKIWK 17)
P

OMkr,pp OMk 1 PP
ac a

PMkr.rp
—> agr Yy, Wp—— (40)
KL P tiled

=0 f
Mxkr pp or (38)
MKK,pQZO for

- X

KLK'L'

QKLOK’ L' Z Wt‘
P

The first term vanishes for the stationary ensemble.
The second term is positive definite, because it can be
written as

% Z VVPVVQ(5P2+5Q2“26P5Q)
PQ

dakr
with 5P=Z—MKL,PP- (41)
KL ¢

The third term can be written in terms of the quantity

aMKL,PP

YP=2, aky
KL ac

=—2 Im{XQ‘, Fpq I;LGKLMKL,QP}, (42)

with the help of (29) and (33). Now, if ®p are eigen-
functions of the operator B, the conditions (35) can be
made to hold every time P#(Q. Therefore, the summa-
tion over Q in (42) contains only the term Q= P, and
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the quantity in curly brackets is real, so that finally
vp=0 as a consequence of (35). For the same reason,
only terms Mgz,pp have to be considered in the last
term of (40), which becomes, therefore, with the help
of (29)

2Y krakrL 2 p WeLF,[F,.Mkr“]]rp
=4 kraxr 2 p We 2 o|Fro|*(Mkr,rr—Mx1,00)
=22 prolFre|*(Wp—Wy)
X kraxiMxrpr—2 kL oxitMkL,qQ)
=23 pq|Fpo|*(Wp—Wo)(InWp—InWg)20, (43)

where the expression (21) for Wp has been used.
Therefore, the second variation of R is positive, also
with respect to small changes of the wave vectors ®p.

EXAMPLES

(1) Semiconductors: For many problems, only the
probability w, for certain single-electron states ¢i(x) to
be occupied is of interest. Therefore, only the single-
particle density function

P1(3:%) =2 x e ™ (3) () (44)

is determined, and the ensemble of largest entropy is
defined in terms of the Slater determinants belonging
to the set {¢.(x)}. The condition (22) becomes

exp(ao)]T [1+exp(a)]=1. (45)
a, 1s, therefore, determined from condition (23) by
exp () [14exp(a) T =w,. (46)

This is, indeed, the Fermi distribution function corre-
sponding to an energy o, with k¢7'=1. The probability
W p for a certain Slater determinant is given by (21),
and can then be written as

: Wy, if o.(x) is contained in ®p;

We=]I1I _ , L (47)
« | (1—w,), if ¢.(x) is not contained in ®p.

This is just the ensemble which was indicated by

Gutzwiller? as typical of all elementary methods in

quantum statistics. Its entropy, according to (24), is

given by the well-known formula

S=—ko X [wx lnwxt (1—w) In(1—w) . (48)

As was pointed out in reference 2, this ensemble can be
used also in the case where there is interaction between
the electrons, by minimizing the free energy with respect
to the occupation numbers w, or with respect to the
single-electron wave functions ¢.(x). In the latter case,
a set of generalized Hartree-Fock equations results,
whereas in the former case a generalized Fermi distribu-
tion is obtained.

(2) Ising model: The index x now refers to a lattice-
site and spin direction, for instance, and the interaction

2 M. C. Gutzwiller, Helv. Phys. Acta 34, 514 (1961).
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energy is such as not to change the spin direction or the
lattice-site of any electron in the system. The eigen-
functions of the total Hamiltonian are, therefore, Slater
determinants, and the density function p, is diagonal
with respect to the Slater determinants of order #. In
the case of only two-body interaction, ps is of interest,
and the system is completely described by the proba-
bility wa(x,A) that the single-electron states ¢,(x) and
oa(x) are simultaneously occupied. From wa(k,\) the
two-body interaction can be computed in principle by
maximizing the entropy among all ensemble compatible
with the assumed function ws(k\).

(3) Bardeen-Cooper-Schrieffer theory of superconduc-
tivity: The single-electron wave functions are assumed
to be Bloch waves which are characterized by their
wave vector k and their spin direction ¢ or . A complete
system of orthonormalized state vectors ® is constructed
by operating on the vacuum for each value of k, with
one of the four following operators

CxV= (1= h)+ (h)laxr™ e *, pV=(1—1u)?,
Ck(2)=_(hk)%_f“(l-hk)%akT*a—k&*, Pk(2)=fk2,

Cr®=anr¥, PP =fr(1=fw),
C®W=ga_y %, Pe®=1(1—fy).

The numbers Cx ¥ associated with the operators py(®
are the probabilities for Cx® to operate on the vacuum.
Thus, each state ®p is written as

®p=]] Cx|vac),
k

(49)

(50)

where for each possible value of k the operator Cy is
one of the four operators Ci'¥. The probabilities W p
are given by an analogous formula
WP:I};I?k, (51)
where for each possible value of k the number py is one
of the four probabilities pi®. The numerical values of
hx and fy are restricted to the interval from 0 to 1, and
are determined by minimizing the free energy of the
ensemble.
The density functions and the entropy can be cal-
culated in a straightforward manner for the Bardeen-

Cooper-Schrieffer ensemble. The results are the well-
known formulas

p1(3,%) =2k i it * () it (%)

Feow* @ e ()}, (52)

PZ(ﬂ,y'B 5,90)”—"Pl("),E)Pl(y,x)*Pl(ﬂ,x)m(}’:g)
Fx*(my)x (&%), (53)

x(£0) =2k [nx(1=nx)— fr(1— fi) ]
X{ et (£ ot () — o_xs (E) ot ()},  (54)

S=—=2ko 2_1{ (1—fx) In(1—fi)+fx Infi}, (55)
b= (nx— i)/ (1—=21). (56)
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The function x(¢,x) defined by (54) is the same as the
one used by Valatin? although it results in that article
from a different definition.

The assumption (49) for the probabilities px® seems
unduly restrictive. One might at first think of an
ensemble where the only relation between the proba-
bilities pi® is

SU)

Such an ensemble might be further specified by re-
quiring its first-order density function to be given by
(52) and its second-order density function by (53) with
given values for 7y and fy, but the parameter %, and
the probabilities px® to be found by maximizing the
entropy. A simple but somewhat tedious calculation
shows, however, that under these conditions the entropy
is indeed maximized by the values (49) for p? and the
values (56) for iy. In order to maximize the entropy of
an ensemble with the density functions p; and p» given
by (52) and (53), it is, therefore, necessary to couple the
probabilities Wp in a more involved manner than in
(51) and to choose state vectors ®p of a more compli-
cated type than (50). Such ensembles may be of interest
in view of the problem of the specific heat in
superconductors.*

(4) Kinetic equation: For many problems it seems
sufficient to consider a description in which only the
first-order density function is taken into account, e.g.
Landau’s® theory of the Fermi liquid. At each time ¢ an
ensemble has to be found which is compatible with the
first-order density function without introducing too
many additional hypotheses. It is again at this point
that the entropy of the chosen ensemble has to be
considered in order to eliminate unwarranted assump-
tions. This problem will be left to a later paper.

Pk(1)+?k(2)"'Pk(3)+Pk(4) =1.

3J. G. Valatin, Phys. Rev. 122, 1012 (1961).
1Cf. H. A. Boorse, Phys. Rev. Letters 2, 391 (1959).
8 L. D. Landau, Soviet Phys.—JETP 3, 920 (1957).
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APPENDIX

Let us consider an arbitrary ensemble which is
specified by the complete orthonormalized set of state
vectors ®p and the associated probabilities Wp. The
quantity w, (k1,- - * k) can be written as the expectation
value,

W, (k1 + i) = (B - B ¥ - ),

for that ensemble. The state vectors ®p arc now
expanded in terms of the Slater determinants 4’ which
are constructed from the set of orthonormalized single-
particle wave functions ¢.(x). Let us therefore write

®p=2 qcpedy.
With the help of formula (3) and introducing the
statistical matrix (or density matrix)
Ter=2_p cPr*Wrcpq,
the quantity w,(k1,- - - ,k») becomes
Wy (K1, okn) =2, or Tor (PR 00 " - - ax, x, -0 PQ).

But the operator acting on ®¢' is just V,,---V,,
where N,=a,*a, is diagonal with respect to the state
vectors ®¢ and has only the eigenvalues 1 or 0 according
to whether or not the single-particle wave function ¢, (x)
is contained in the Slater determinant ®4’. Therefore
one finds

Wa (k" kn) =220 T,

where the prime on the summation restricts the values
of Q to those for which ®¢’ contains simultaneously
@ (%), - -+, @« (x). Now one can write

2o ree=2prWp2d|crel?

which is obviously greater or equal to zero, but also
smaller than one because of (17) and the unitarity of
the transformation cpg,

2 |erel?S Xalcre|?=1.
This completes the proof of the inequality (10).



